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Abstract. In this paper we calculate the constants of strong uniqueness of minimal norm-one
projections on subspaces of codimension k in the space lgz). This generalizes a main result of
W. Odyniec and M. P. Prophet [J. Approx. Theory 145 (2007), 111-121]. We applied in our
proof Kolmogorov’s type theorem (see A. Wojcik [ Approzimation and Function Spaces (Gdansk,
1979), PWN, Warszawa / North-Holland, Amsterdam, 1981, 854-866]) for strongly unique best
approximation.

1. Introduction. Let X be a normed space and let Y C X be a nonempty subset. An
element y € Y is called a strongly unique best approximation (briefly SUBA) to =z € X
if and only if there exists r > 0 such that for every v € Y

2 —vll = llz = yll + rllv =yl (1)

The largest possible constant r satisfying the above inequality is called the strong unicity
constant.

The concept of strong unicity was introduced by Newman and Shapiro in 1963
(see [20]). The main classical example of this notion are spaces P, of polynomials of de-
gree not greater than n treated as subspaces of C[0, 1]. More precisely, for any f € C[0, 1]
there exists r,(f) > 0 such that

1f =l = 1f = pu(HI + ra(H)llp = pu(HI],

where p,,(f) denotes the best approximation of f in P,.
Generally, this property is stronger than uniqueness of the best approximation. Strong
unicity implies local Lipschitz continuity of the best approximation operator (see e.g. [6]).
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Another important application of this notion is the estimate of the error of the Remez
algorithm ([9, 25, 26]).

Strong unicity has been studied by many authors and there are a large number of
papers devoted to it, for example [1, 2, 3, 5, 8, 15, 18, 19, 21, 22, 23, 29, 31]. Also many
authors have described the asymptotic behaviour of r,(f) as n tends to infinity for a
given function f € C[0,1] (see e.g. [10, 12, 24|). The Kolmogorov criterion for strongly
unique best approximation has been introduced by Bartelt and McLaughlin in [3].

Let us denote by £(X,Y) the set of all linear, continuous operators from X into Y.
We use the notation £(X) as an abbreviation for the space £(X,X). By P(X,Y) let us
denote the set of all linear, continuous projections going from X onto Y, i.e.,

PX,Y)={PeL(X,Y): Py=yforany y € Y}.
In the case of projections the notion of strong unicity reduces to

DEFINITION 1.1. Let Py € P(X,Y). Then P, is called a strongly unique minimal projec-
tion (we will write a SUM-projection for brevity) if and only if there exists r > 0 such
that for any P € P(X,Y)

IP] = [Boll + [P — Pol|. (2)
The largest possible constant for which the inequality in (2) holds is called a strongly
unique projection constant (briefly SUP-constant).

It is clear that any SUM-projection is the unique minimal projection in P(X,Y).

Now, let us introduce some notation. By Sx we denote the unit sphere in a normed
space X and by ext Sx the set of its extreme points. The symbol e®, s =1,... n, stands
for the linear functional on I such that ef(x) = s for x € I, Let X be a Banach
space and Y C X be its closed subspace. Set

E(z) ={f € ext Sx- : f(z) = ||z} (3)
and
EYZ{LEZ:(X,Y) :L‘y:O}. (4)
LEMMA 1.2 (See e.g. [4]). Assume X is a normed space and let Y be its subspace of
codimension k, Y = ﬂle ker f, where f' € X* are linearly independent. Then there
evist y, ..., y* € X satisfying f'(y?) = 6i; fori,j =1,...,k such that
k

Pr=ux- Zfz(a:)yl for zeX.

i=1
THEOREM 1.3 (See e.g. [27], [7, Prop. 2.1, p. 55]). Let X be a finite-dimensional normed
space. Then
ext SE*(X) =ext Sx- ® ext Sy,
where (x* @ x)(L) = «*(Lx) forx € X, 2* € X* and L € L(X).
Now we present Kolmogorov’s type criterion, concerning strong unicity.

THEOREM 1.4 (See e.g. [30, Th. 2.1, p. 855]). Let X be a normed space and let Y C X
be one of its subspaces. Assume that x € X \'Y. Then yo €Y is a strongly unique best
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approximation to x with a constant v > 0 if and only if for any y € Y there exists an
f € E(x —yo) such that Re f(y) < —r|y|

As a consequence of Theorem 1.4 we obtain the following

LeMMA 1.5 (See [15, Th. 1.3, p. &4]). Let V C X, dimV =n, zo € X\ V, v9 € V. If vy
is a SUBA to xg in V, then

r = inf sup  g(v)
veSy (QEE(zofvg) )

is the strong unicity constant.
Lemma 1.5 permits us to calculate the strong unicity constants of some subspaces of
).
2. The main result. Let n > k > 3. Define
FO = fake fakgns 02,0,
FE = fi 00 2 0:0,..,0),

FO = (fF R 0,0, £5)

under the constraints
; 1
0<ff<§ for i=1,....n—k j=1,... k,

n—k

) ) . 1 .
E 45 =1 f’rjl—k-‘rj>§ for j=1,... k. (5)
i=1
Let
k .
H= m kerf(J). (6)

j=1
The aim of this paper is to calculate the strongly unique minimal projection constant of
the space P(Zég),H).

W. Odyniec and M. P. Prophet have given a lower bound for the above strongly
unique minimal projection constant in [22]. Using Lemma 1.2 and (8) they have directly
calculated all norms occurring in the formula (2). Next, with the help of arduous esti-
mations they have proved that the SUP-constant sg of the space P(lég), H) satisfies the
inequality

min{sy,...,s0 "} < s0 < 1, (M

where

st :min{ﬁ‘kJr1 _fil fﬁ*kﬁ_ff fﬁ_flk} i=1,....,n—k.
0 FATTRIE D S SN AR (o o Y
In our paper we improve their result and we calculate the SUP-constant of the space
P(lc(:ol), H). We use the Kolmogorov criterion for the strong unicity.
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It is well known (see [14, Remark 1.12], [21, Th. I11.3.1]) that there exists exactly one
minimal projection Py € P(lg:f), H), ||Py]l =1 and P, has the form

k
Po() =Td=>_ fO()y",
j=1

where
Y9 = (01, On e, 1/ gy Onhggints -, 0n), =1,k (8)
Now we find the set E(Pp) (see (3)).
LEMMA 2.1. Let us define for s =1,...,n — k the sets
As ={(z1,. .., 251, 1s, Tsq1,. .., xpn) s x; €{=1,1} fori=1,...,n, i # s}
and the set

B={(-11,...,— Lyt Tpn—pg1,---&n): x; €{=1,1} for i=n—k+1,...,n}.
Let Py € 79(15;‘), H) be the minimal projection. Then the set E(Py) has the form
E(P) =FUG,

F={e®@ax:x€ A, s=1,...,n—k},
X X 1
G :{eé ®z:x € B, s satisfying f;"_(”_k) = 5},
where e° € (lS,Z))* is such that e*(x) = x5 for x € I s=1,...n.
Proof. By Theorem 1.3
E(PRy) C extlgn) @extl™) C{e*@x:zcextiV}.
Notice that by Lemma 1.2

k
(¢ @a)(Po) = wa = Y _ [P (@), (9)
j=1
The equality (e®* ® x)(Py) = |[|[Po]| =1 for s € {1,...,n} is true if and only if
k
Ts — Zf(])(x)ygj) =1 (10)
j=1

Since ygj) =0forj=1,...,k,s=1,...,n—k (see (8)), the equality (10) implies z; =1
for s € {1,...,n — k}. Hence we get the form of the set F.

Let us consider now s € {n —k+1,...,n}. By (8) and (9)
f(s—(n—k))(x)

(¢* @ @)(Po) = wy — [ (2)ylm () = g - S

Hence e* ® x € E(P) if and only if

f(s—(n—k))(x)

fsi(nik) and € extI(V. (11)

T, — 1=

(n— (5= (n—k))
It is easy to see that if fo~ " > 1/2 then 0 < 'ff,(ﬁ@' < 2, 50 (11) cannot hold.
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Assume now that s € {n — k + 1,...,n} satisfies fi "% =

(11) is equivalent to the following alternatlve
fem=) )y = -1, z,=-1, and z;e€{-1,1} for i=1,...,n
or

f(sf("*k))(x) =0, z,=1, and z;€{-1,1} for i=1,...,n.

. Then the equality

By (5)
x;=—1fori=1,....,n—k, z,=-1, =z €{-1,1} for i=n—-k+1,...,n
or
z;=—1fori=1,....n—k, z,=1, =x;€{-1,1} for i=n—k+1,...,n. =
REMARK 2.2. Let L € Ly (see (4)). Then

k
L(-) = Zf(a)(.)z(y)
j=1
where z9) € H for j =1,...,k. Since H = ﬂ?zl ker ) we additionally get that
2= (- Z S/ fig forall i j=1,....k.

LeMMA 2.3. Let L € Ly, L(-) = ijl F9 ()29 where 20) € H for all j = 1,...,k.

Then i
L) = _max (Z]Z + > ol 01)- (12)
= =1

Proof. Let x € l(n) By Remark 2.2 we get

k ) 9 ; f1(7) ";kfk(l)
5 i = (s DL B
i=1 n

n—k+1

Let us define the constant A := max;—1__,— ||e*o L||. Now we show that |le*oL|| < A
forany se {n—k+1,...,n}. Let se {n—k+1,...,n} and let = € 1) lz]| = 1. We
find

k s—(n—k) z)
s D S f
(e oL><w>|:\—Zf<><x>
i=1 fS
s (n—k) S (n—k)
<Y om IZf‘ Do | = 5 oty
p=1 fé p=1 f
fs (n—k) ) fs (n—k) B l_fss—(n—k)
Zl fs Tps—(n—k) ||€ OL” < Zl f (n—k) A= s—(n—k) - A
p= p=1Js s
s—(n—k)

Taking into account that fs >1/2fors=n—k+1,...,n we find

[[(e® o L)|| < S _max letoL|| for s=n—-k+1,...,n

,,,,,
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Hence
1Ll = _max_ le"o L. (13)

To calculate the norm of the operator L we find ||e® o L for s =1,...,n — k. Let
el and s € {1,...,n —k}. Then

kK n—k
I(e® 0 L)(2)] = ‘Zf(l V20| = ‘Z(Z forp + friz—k-i-ixn—k-i-i) -2

i=1 p=1
n—k k
Z( f;zgz))xp—l—z n—k+i% s xn ki
p=1 i=1
By the above formula for s € {1,...,n — k}
n—k k k
levoll= max |73 i)y + 3 (FionesnOnpns. (19
tloo’lp—1 “i=1 i=1
Let so € {1,...,n — k} be such that the maximum (13) is attained on the coordinate sg.
Then by (14)
n—k k
2= max 157 (57 o) ) + Z 2|
reextloo Ip=1 =1

Taking
k
xp:sgn(z:fl()>forp:1, ,n—kand z,_j4; = sgn(z0! )forz:l K
i=1
we get,
n—k k

Izl = 2|3 £

p=1 =1

+Zf’:7, k+z|Z

This completes the proof. m
LEMMA 2.4. Let

U= {(2(1)7...,z(k)) e (Ir . W) eH, j=1,...,k

Cmax (SIS e an eril20]) = 1} (15)
""" p=1 i=1
We define
n—k k
My, 20) = 37| Y +an S |+fo g (16)
p=1 i=1
pF#s

for (W, 2 eU s=1,...,n—k,
My(zW, . 20 = max ka(z(l),...,z(k)) for (2, ..,z eU
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and
k ' koo _
M3 (=0, W) =Y (14 )2+ D 2D (17)
j=1 j=1
for (W, 2 eU se{l,...,n—k} satisfying f-F) =1/2,
My(zM, ..., 20 = max M3z, 20y for (W 2Ry e

s=n—k+1,...,n
satisfying fsf("’k):l/Q

Then the SUP-constant of P(l(" H) is equal to

= (1) () (1) (k)
T—(z(l)jf_g?k))eUmax{Mlz vy 2N Mp (2L 2N (18)

Proof. Let Py € P(l(()g), H) be aminimal projection. Then 0 € Ly is a best approximation
to Py in Lp. Assume that L € Ly and | L|| =1, i.e.,

L(-):if(j)(-)z(j) and _max_ (Z‘Z Fiz®

j=1 p=1 =1

k
+ Z f’li,fk?+i|z.gl)|) =1
i=1

(see Lemma 2.3). Applying Lemma 1.5, Remark 2.2 and Lemma 2.1 we get

= Jui - i () ()2
r= min ( max g(L)) = (2(1)7‘T‘?ir(lk))€U[max{ max (Zf )2),
ILlI=1 s=1,..., n—k
k
s G)y(. (j))}]
IGB,s:I};%)k(%»l ..... n (6 ® I) (Zf ( )Z . (19)
satisfying f5~("~® =12 Jj=1

Our proof will be completed if we calculate the quantities

max (e’ ® x (fo) (j)) fors=1,...,n—k,

xes

max e’ ®x (Zf 7)) fors=n—k+1,...,n satisfying fj’(”*k) =1/2.

For s € {1,...,n—k} and = € A; we obtain

k n—k
(es®x)(2f(]) (J)) Zfﬂ Z(Zf’xp +f_ kg Un—k+j% (l))
=1 j=1 p=1
n—k k
(ij (J))ﬂf +Zfi L
p=1 j=1

Taking x, = Sgn(Zf:1 f;;z(j)) forpe{l,...,n—k}\{s} and xp_py; = sgn(zgj)) for
7=1,...,k we get
n—k k

néix (me (j)) Z‘Z fi (”‘+fol k+zlz(])|+2f’ (),
T

p=1 i=1
p#S
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hence
n—k k koo 4 koo
MO, 20 = SIS 2O 43 fi 2D+ 3 9,
p=1i=1 i=1 i=1
pF#S
Let s€ {n—k+1,...,n} be such that fimn=h) 1/2 and let « € B. Then we calculate
(e° @ ) (Z f(J)(.)Z(J)) - Zf](x)zgj) — Z((_ Z fg)zgj) + fjkkﬂxn,kﬂzgﬂ))
j=1 j=1 j=1 p=1

k k

(_1 + fyjl_k-l,-j)zgj) + Z fi_k+jxn—k+jzgj)'
j=1 j=1
Taking x, g4, = sgn(zéj)) for j=1,...,k we get

k k k
max(e’ © ) (Y SV () = Y (<14 Fi )28 + D F ),

i=1 i=1 i=1

hence
Mzs(z(l)7 R Z(k)) = Z(_l + 7JL—k+j)Z£J) + Z qum—k-s-j‘zgj)‘-
Jj=1 j=1

Consequently, by (19) we obtain our result. m

THEOREM 2.5. The SUP-constant of the space P(lgg), H) satisfies the inequality

r<l-—2 max g, (20)

i=1,..., n—k

Jjo __ J
o = max - fi. (21)
i=1,..., n—k
Let us define
1 k
jo) %0 20
Z(JU) — (01, ey 02’0_1, 712'0,02'04_1, e ,On_k7 1 gy 7)
n—k+1 n

and
20) = (04,...,0,) for j# jo.
Now we show that (21 ... 2(F)) € U (see (15)). Since

. 3
f(P)(Z(]O)) - ,fii(’] +f's—k+p. 77 0o _ 7fi7(’) Jrffo =0
n—k+p

and by the definition of z) for j # jo we obtain that 2() € H for j = 1,..., k. Taking
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into account the equalities

n—k k k n—k
SIS 5+ D Skl = S (Dl + () |-
p=1 i=1 i=1 p=1

n—k n—k
) (-

k
+Y fi 2P =0 for se{l,...,n—k}\ {io},
i=1

n—k k o
> el
p=1 i=1

we demonstrate that (2(1),...,2(®)) € U. Now we calculate constants M;(z(V), ..., 2(F)
and My(z(V, ..., 2(®)). First note that

My (=, ZEZHS
p=1 =1
p#io

ZfrlL k+z‘z(2)|+z 10 1(;)

72 n— k+]07f1]00:172f500'

P?ﬁlo
For s e {1,...,n—k}\ {io} we get

n—k k k k
MG, o) = SIS 0] + 3 Fi o0+ Y 70 = 0
p=1 i=1 i=1 i=1
p#s
Hence
Mz, Wy =1—2f°, (22)

Let us consider s € {n —k+1,...,n} such that fi~ "™ = 1/2. Then

(n—Fk)
0 = Ji_ppreen

f (n—k) )
and
k . . k . .
My(z0, Y =N (1 02D+ 1)
i=1 j=1
( 1+ n— k+]0) gjo) + f»r]z()—k+jo|z<gj0)| = (2 7]10 k+jo I)Z:gj())
o s—(n— k)
2(2fﬂ0 k+jo 1)f10

We show that
M;(zW . 20y <1 - 2]%0 for s € {n—k+1,...,n} such that fs~=% =1/2. (23)
By (5) and definitions of ig and jo (see (21)) we obtain
. o (nek , . o
2230 4yso — D T <2000 = ) = 1) f =200 - 2f0) £



274 A. MICEK

Hence, to demonstrate inequality (23) it is sufficient to verify that
Jo £3 Ji
200 =2f0)fi) <1—=2f". (24)

Note that
conditions

24) follows immediately from the fact that fi];]‘) < 1/2. By Lemma 2.4 and
22)—(23) we get

—~

r < max{M;(zV,... 20 My, .. 2 =1 -2 max fL] " (25)

Now we prove the main result of this paper.

THEOREM 2.6. Let fU, ... f%) satisfy conditions (5) and n > k > 3. Then the SUP-
constant v of P(léz),H) is equal to
1-2 max fLJ
7=1,.
'L_l,...,nf
Proof. Let (21 ..., 2M) € U realize minimum in (18). Then by (15) there exists ig €
{1,...,n — k} such that

n—k k
PDIFELE Zfi psled =1 (26)
p=1 j=1
By (18), (20) and (26) we get
> e <o (27)
7j=1

We show that j satisfying zfj ) > 0 does not exist. Assume to the contrary that for

li,...,lg such that {l1,...,l} ={1,...,k}

A 50, 2 S0, 2 <o, L 2 <o (28)

ZO

Taking into account, (20) it is sufficient to verify that inequalities (28) imply

Ml(z(l),...,z(k))>l—2 max ff (29)
J=1,es
i=1,...,n—

If we show that the inequality

n—k k

>

p=1 j=1
p#io

+Zf77L k+g|zzo ‘J’_Z io 10 <1-2 HllaX f7 (30)

cannot be true then this will establish

MW 2y >1 -2 max ff >1-2 max  f/,
J=1yek " 10 =L,

which implies (29). Assume to the contrary that for (2(),... 2(®) satisfying (28) the
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inequality (30) is true. Then

k
Z]Z +3 il |+Z i 2
=1

p=1 i=1
pF#io

k
=1 > r e
i=1

Hence (30) is equivalent to the following inequalities

1+2(Z 7 l0)<1—2 max f]

.....

and
'max —I—Z i 10
By (26)
n—k k .
1= Z‘Zfljlzlo Zfer k+]|Z(J)
p=1 j=1
(SN ©)
i) l;
=22 fie +an %, Z A
p=1 j=1 j=s+1

n—k

=§(§NwwMH) +§Xi2ﬂ—smg“>

=1 j=s+1 =

S

j=1
From the above calculations we get

S

! L
Z z( ) > Zan s )250])—1.

j=s+1 j=1

Applying (28) and (32) we can write

(4) _ (15) (15)
[z, +Zmd o +me+§jmm

sk j=st1

i, (15)
SRS W TN vE
j=s

j lj l;
2 maX +Zflo 7,0 + _Hlan %70 ' (Z(anfkﬂrlj - 1) z(o )

j=1 j=1

1)
Z 2fn k+l ) 7;(0J -

Jj=s+1

1)

275

k
Z L) =1a2(30 ).
=1

(31)

k
Z 5 (15)

10

(32)
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- L lj Li| (s
[ max [ @f g, - D+ 2] A0 >0

0

L [j=1,. .k
j=1
a contradiction with (31). Hence by (27) for io € {1,..., k} satisfying (26)
z§j><0 for j=1,... k. (33)
Now (26) is equivalent to
k
(4)
29 = -1, (34)
j=1

By (16), (33) and (34) we get

n—k k k k
Mo (0,20 = SIS 0| el Y i)
p=1 i=1 i=1 i=1
p#io
St Re) 2 e ma () =12 mes A
i=1 i=1,. ok i=1 i=1,. ok
Hence
r= max{Ml(z(l), ceey z(k)), Moz, .., z(k))} > ]\/Ilio(z(l)7 e z(k)) >1-2 max 3
=1, n—
By (20) |
r=1—2 max ZJ
J=1,...k
i=1,....,n—k
The proof is complete. =
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