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Abstract. In this paper, we introduce two iterative schemes for finding a common element of
the set of a common fixed points of a countable family of nonexpansive mappings and the set
of solutions of the variational inequality problem for a monotone, Lipschitz-continuous mapping
in a Hilbert space by using the hybrid projection methods in the mathematical programming.
Then we prove strong convergence theorems by the hybrid projection methods for a monotone,
Lipschitz-continuous mapping and a countable family of nonexpansive mappings. Moreover, we
apply our result to the problem for finding a common fixed point of two mappings, such that
one of these mappings is nonexpansive and the other is taken from the more general class of
Lipschitz pseudocontractive mappings. Our results extend and improve the results of Nadezhkina
and Takahashi [SIAM J. Optim. 16 (2006), 1230-1241], Zeng and Yao [Taiwanese J. Math. 10
(2006), 1293-1303] and many authors.

1. Introduction. Let H be a real Hilbert space with inner product (-, -) and norm || - |.
Let C be a nonempty closed convex subset of H and let Po be the metric projection of
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H onto C. A mapping S : C' — C is said to be nonezrpansive if
1Sz = Sy|| < llz =yl (1)

for all z,y € C. We denote by F(S) the set of fixed points of S. A mapping A of C into
H is called monotone if

(Au — Av,u —v) >0, (2)

for all u,v € C. A is called a-inverse-strongly-monotone if there exists a positive real
number « such that

(Au — Av,u —v) > al|Au — Av||?, (3)

for all u,v € C. A is called k-Lipschitz-continuous if there exists a positive constant k
such that for all u,v € C'

[Au — Av|| < kfju =, (4)

Obviously, it is easy to see that every a-inverse-strongly-monotone mapping A is mono-
tone and Lipschitz continuous.

The classical variational inequality problem is to find u € C such that (v —u, Au) >0
for all v € C. We denote by VI(A, C) the set of solutions of this variational inequality
problem. The variational inequality has been extensively studied in the literature. See,
e.g. [17, 18] and the references therein.

Construction of fixed points of nonexpansive mapping is an important subject in the
theory of nonexpansive mappings. However, the sequence {S"z}52, of iterates of the
mapping S at a point £ € C' may not converge even in weak topology. More precisely,
Mann’s iterated procedure is a sequence {x, } which is generated in the following recursive
way:

Tpt1 = QpZp + (1 — ap)Sxn, n>0, (5)

where the initial guess x¢ € C is chosen arbitrary. However, we note that Mann’s itera-
tions have only weak convergence even in a Hilbert space [9].

For finding an element of F'(S) N VI(C, A) under the assumption that a set C C H
is closed and convex, a mapping S of C into itself is nonexpansive, and a mapping A
of C into H is a-inverse-strongly-monotone, Takahashi and Toyoda [16] introduced the
following iterative scheme:

zo=x € C,

Tpt1 = QpZpn + (1 — apn)SPo(x, — A\pAxy,), (6)
for every n > 0 where {a, } is a sequence in (0, 1) and {A,} is a sequence in (0, 2a). They
proved that if F'(S) N VI(C, A) # 0, then the sequence {x,} generated by (6) converges
weakly to some z € F(S)NVI(C, A).

In 2006, motivated by the idea of Korpelevich’s extragradient method [8], Nadezhkina

and Takahashi [11] introduced an iterative scheme for finding an element of F(S) N
VI(C, A). They proved the following weak convergence result.

THEOREM 1.1 ([11, Theorem 3.1]). Let C be a nonempty closed convex subset of a real
Hilbert space H. Let A be a monotone and k-Lipschitz-continuous mapping of C into H.
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Let S be a nonezpansive mappings from C' into itself such that F(S)NVI(C, A) # 0. Let
{zn} and {yn} be sequences in C defined as follows:

ro=x € C,
Yn = Po(zn — AnAzn), (7)
Tpt1 = QnZp + (1 — an)SPo(xy — A\yAy,) VYn >0,
where {\,} C [a,b] for some a,b € (0,1/k) and {ay} C (¢,d) for some ¢,d € (0,1). Then
the sequences {x,} and {yn} converge weakly to the same point z € F(S) N VI(C, A),
where z = limy, o Pp(s)nvi(c,a)Tn-
Recently, Zeng and Yao [20] proved the following strong convergence theorem:
ro=x € C,
Yn = Po(zn — AnAxy,),
Tnt1 = anZo + (1 — apn)SPo(xn — A\yAy,) Vn >0,
where {A\,} and {«a,} satisfy the following conditions:

(i) {\uk} C (0,1 —9) for some § € (0,1);
(ii) {an} € (0,1), 307 oy = 00, limy, 0o v, = 0.

They proved that the sequences {x,} and {y,} converge strongly to the same point
Prsynvi(c,a)zo provided that lim, o [|[Zn41 — sl = 0.

On the other hand, motivated by the idea of Nakajo and Takahashi [12], Nadezhkina
and Takahashi [10] introduced the following iterative scheme for finding an element of
F(S)NVI(C, A) and proved the following strong convergence theorem by using the CQ hy-
brid method. Recently, Takahashi, Takeuchi and Kubota [15] proved the following strong
convergence theorem by using the new hybrid method in mathematical programming.

THEOREM 1.2 ([15, Theorem 3.3]). Let H be a Hilbert space and let C' be a nonempty
closed convex subset of H. Let {T,,} be a sequence of nonexpansive mappings from C into
itself such that (\,—, F(T,,) # 0 and let o € H. For C; = C and x1 = P, x¢, define a
sequence as follows:

Yn = QpTp + (1 - an)Tnxn7
Crny1={2€Cn:[lyn — 2| < [lan — 2[l}, (8)
Tn+1 = Pe,.,T0, 121,

where 0 < a,, < a < 1 for all n > 1. Let T be a mapping of C into itself such that
F(T) = (,—, F(T},). Suppose that for each bounded sequence {z,} C C, limy, .o || 2n4+1 —
Tnznll = 0 implies that lim, o ||2n — Tmzn|| = 0 for each m € N. Then {x,} converges
strongly to zo = Pp(1yTo-

Inspired and motivated by the previously mentioned results, the purpose of this paper
is to improve and generalize the processes (7) and (8) to the new general processes for
finding a common element of the set of common fixed points of a countable family of
nonexpansive mappings and the set of solutions of the variational inequality problem for
a monotone Lipschitz-continuous mapping. Let C' be nonempty closed convex subset of a
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Hilbert space H, A be a monotone and k-Lipschitz-continuous mapping of C into H and
{Sn} be a sequence of nonexpansive mappings from C' into itself such that (2, F(S,)N
VI(C, A) # 0. Define {z,,} in two ways:

rg=x € C,
Yn = Po(x, — MAxy,),
Zn = Qpdn + (1 - an)SnPC(xn - )‘nAyn)7 (9)

Cn={2€C:|zn— 2| < llzn — 2|},
Qn={2€C:{(x,— 2,20 — x,) > 0},
Tn+1 = Po,ng, 0, n=0,1,2,...,
and
zo€ H C1=0C, xz1=Pguxy,
yn = Po(xn — MnAxy),
Zn = oy + (1 — an)SnPo(xn — A Ayn), (10)
Crnp1 ={2 € Cn ||z — 2[| < |lzn — 2|},
Tny1 = Pc, 0, n=>1,
where 0 <, <c<landO0<a<\, <b< % forallm=1,2,3....

We shall prove that both iterations (9) and (10) converge strongly to a point z in
N>, F(S,) N VI(C, A). Our results extend and improve the corresponding ones an-

n=1

nounced by Nadezhkina and Takahashi [10] and Zeng and Yao [20].

2. Preliminaries. Let H be a real Hilbert space. Then

lz = ylI* = llz[I* = lyI* — 2(z — v, 9) (11)
and
Az + (1= Nyl = AMz]* + (1 = Vlyl* = 21 =Nz - y]? (12)
for all z,y € H and X € [0,1]. It is also known that H satisfies the Opial condition [13],
that is, for any sequence {z,} with x,, — z, the inequality
liminf [z, — o < liminf 2, — y] (13)
holds for every y € H with y # x.

Let C be a closed convex subset of H. For every point x € H, there exists a unique
nearest point in C', denoted by Pcx, such that

|z — Pex|| < [lz —y|| forallyeC.

Pc is called the metric projection of H onto C'. It is well known that Pc is a nonexpansive
mapping of H onto C and satisfies

(x =y, Pca — Pey) 2 ||Pex — Poy|)? (14)
for every x,y € H. Moreover, Pox is characterized by the following properties: Pox € C

and
<17_P01773J—P01'>§0a (15)
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lz = ylI* = llz — Peal|® + |ly — Pez|® (16)
forallz € Hyy € C.
In the context of the variational inequality problem, this implies that

u € VI(A,C) & u = Po(u — AAu), for all A > 0. (17)

A set valued mapping T': H — 2 is called monotone if for all 2,y € H, f € Tz and
g € Ty imply (z —y, f —g) > 0. A monotone mapping 7 : H — 2 is maximal if the
graph G(T') of T is not properly contained in the graph of any other monotone mapping.
It known that a monotone mapping 7' is maximal if and only if for (z,f) € H x H,
(x —y,f —h) >0 for every (y,g9) € G(T) implies f € Tx. Let A be an inverse-strongly
monotone mapping of C into H and let Nov be the normal cone to C' at v € C, i.e.,

Nev={we H: {(v—u,w) >0 VYueC},
and define

Av+ Nev, wveC,

Tv = 1
Y { 0, véC. (18)
Then T is maximal monotone and 0 € T'v if and only if v € VI(C, A); see [14].

The following lemma will be useful for proving the convergence result of this paper.

LEMMA 2.1 (Browder [2]). Let C be a non-empty closed convex subset of a uniformly
conver Banach space E, and suppose S : C — FE is nonexpansive. Then the mapping
I — S is demiclosed at zero, i.e.,

Ty =T, Ty —Sxyp, — 0 implies x = S. (19)

LEMMA 2.2 ([1], Lemma 3.2). Let C be a nonempty closed subset of a Banach space
and let {T,} be a sequence of nonexpansive mappings of C into itself. Suppose that
Yoo isup{||Thi12 —Tpz|| : 2 € C} < co. Then, for eachy € C, {T,y} converges strongly
to some point of C. Moreover, let T be a mapping of C into itself defined by

Ty = lim T,y forallye C.
n—oo
Then lim,, oo sup{||Tnz — Tz| : z € C} = 0.

3. Main theorems. In this section, we prove strong convergence theorems by hybrid
methods for finding a common fixed points of k-Lipschitz-continuous monotone mappings
and a family of nonexpansive mappings in Hilbert spaces.

THEOREM 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let A
be monotone and k-Lipschitz-continuous mapping of C into H. Let {S,} be a sequence of
nonexpansive mappings from C into itself such that (o—, F(S,)NVI(C, A) is nonempty.

n=1

Let {xn},{yn} and {z,} be sequences in C defined as follows:
xo=x € C,
Yn = Po(zn — AnAzy),
Zn = n&n + (1 — an)SnPo(zn — AnAyn),
Cpn={2€C:|lzn — 2| < [lzn — 2|},
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Qn={2€C:(xy—2zz0—2s) >0},
Tnt1 = Po,ng.r0, n=0,1,2,...,
where 0 < a, < ¢c < 1l and 0 < a < A\, < b < %forallnz 1,2,3.... Let

Yoo sup{||Sn412 — Snz| 1 2z € B} < oo for any bounded subset B of C and S be a
mapping of C into itself defined by Sz = lim, o Snz for all z € C and suppose that

oo

F(S) =21 F(Sn). Then {xn},{yn} and {z,} converge strongly to Pp(s)vi(c,a)To-

Proof. We divide the proof into four steps.

Step 1. We claim that C,, and @, are closed and convex for all n > 0, and F(S) N
VI(C,A) C C, N Qy, for all n > 0. From the definition of C,, and Q,, it is obvious
that C,, is closed and @, is closed and convex for all n > 0. Since C,, = {2z € C :
lyn — znll® + 2{yn — Tn, Tn — 2) < 0}, we deduce that C,, is convex for all n > 0.

Next, we show that

F(S)NVI(C, A) € Cp, Vn>0. (20)

Put v, = Po(xy — A\pAy,) for all n > 0. Let w € F(S) N VI(C,A). Thus, we have
u = Po(u — Ay Au). From (16) and the monotonicity of A, we have
v = ull? < llon = AnAyn = ull* = llen = AnAyn — val|?
= [len — “H2 = llzn — Un||2 + 220 (AYn, u — vp)
= [lzn — UH2 — & — Un||2
+ 20, ((Ayn — Au,u — yn) + (Au, u — yn)) + (AYn, Yn — Un)
< lzn — UH2 — |z — Un||2 + 22 (AYns Yn — Vn)
= llon = ul® = lon = ynll* = 2(@n = Yo, Yn = va) = Iy — va?
+ 20 (Ayn, Yn — vp)
= llzn — ull® = llzn = ynll* = lyn — val®
+ 2(xp, — M AYn — Yny U — Yn)-
Since y, = Po(xn — AnAz,) and A is k-Lipschitz-continuous, it follows that

(T — AMAYn — Yn, Un — Un) = (T — MpATy — Yy Un — Yn) + (M AZn — M AYn, Un — Yn)
< (AnAzp — A AYn, Un — Yn)
< Mkl = yullllvn — ynll-
So, we obtain
[on = ul® < |z = ull® = 20 = yall* = llyn — vall?
+ 2Xnkl|lzn = ynllllve — ynl
<wn = ull® = 20 = ynll® = lyn — vall?
+ k(20 = yall® = llon = yall®)
= [lzn = ull® + Ak = Dllzn = yall* = (1 + Aak)l|yn — vnll® (21)

< lln —ull®.
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Therefore, from (21), 2z, = apy — (1 — ay) Sy, and u = Spu, we have
l2n — u||2 = llan(zn —u) + (1 — ) (Spvn — u)||2
< apllz, —ull? + (1 = ap)|[Spvn — ul|®
< aplzn — uH2 + (1 = an)|lvn — UH2
< ap|en —ull? + (1= an)(|zn —ul® + Ak = Dllzn — ya]?)
<lwn —ul® + (1 = an) Ak = D20 — ya? (22)
< wn — ul?
for all n > 0 and hence u € C,,. So F(S)NVI(C, A) C C,, for all n > 0.
Next, we show that
F(S)NVI(C,A) C Q, foralln>0. (23)
We prove this by induction. For n = 0, we have F(S) N VI(C, A) C CQyp. Suppose that
F(S)NVI(C,A) C Q. Then § # F(S)NVI(C, A) C C,, N Q,, and there exists a unique
element z,1 € C;, N Q,, such that z, 1 = Pc, g, To. Then
(Tn41 — 2,20 — Tny1) >0
for each z € C,, N @,,. In particular,
(Tpe1 — Do — Tpy1) >0

for each p € F(S) N VI(C, A). It follows that F(S) N VI(C,A) C Qn+1 and hence (23)
holds. Therefore
F(S)NVI(C,A) Cc C,NQ, foralln >0.

This implies that {x,} is well-defined.
Step 2. We claim that the following statements hold:

1. {z,} is bounded;

2. ||Tps1 — xnl| — 0.
It follows from the definition of @,, that z,, = Pg, xo. Therefore

|zn — xol] < ||z —xo|| forall z € @, and all n > 0.
Let z € F(S)NVI(C, A). Then
|xn — ol < ||z — 0| for all n > 0.
On the other hand, from x,,+1 = Pc,nQ, o € @rn, we have
|zn — zol| < ||@nt1 —xol] for all m > 0.

Therefore {||x,, — zo||} is nondecreasing and bounded. So lim,,_, ||, — @o|| exists. This
implies that {z,} is bounded. From (21) and (22), we also obtain that {z,} and {v,} are
bounded.

Since xn+1 = Pc,ng, To € Qn, we have (@, — Tp41, 20 — Tp) > 0. It follows from (11)
that

[Zns1 — xn||2 = [(#n41 — z0) = (Tn — 370)“2

= ||lznt1 — $0||2 — |z — 1‘0||2 — 2{Tpy1 — Tn, Tp — To)
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< llznt1 = oll* = 2 — 2ol
for all n =0,1,2.... This implies that
lim ||@pi1 —2p] =0. (24)
Step 8. We claim that the following statements hold:

1. limy oo ||Tn — 20 ]| = 0 and lim, o0 ||2n — ynl| = 0;
2. limy, o0 | STy — 2, || = 0 and limy, o0 ||Spzn — 24| = 0.

Since x,41 € Cp, we have ||z, — zp11| < ||Tn + Tna1]]- This implies that

1
”‘T" - Snvn” = 1—a, ”Zn - xn“
1
< 1l ot + o = nsal)
<1 ||
Tn — Tn
—1—ay, +1
for all n > 0. From (24) and 0 < v, < ¢ < 1, we get
lim ”xn - SnvnH =0. (25)
SiHCe ||xn - ZTLH S ||xn - fZ?n-‘y—l” + ||frn+1 - ZnH S 2||I’n — xn‘i‘lHﬂ Vn Z O, lt fOHOWS that
lim ||z, — 2| = 0. (26)

For each u € F(S)NVI(C, A), from (22), we obtain

12 = ull® < flon = ull® + (1 = an) Ak = Dllzn — yal.
Thus, we have

1
(1= an)(Ank)
<
T (1= an)(Ank)
Since ||, — 2, || — 0 and the sequences {x,,}, {25, } are bounded, we obtain ||z, —y,| — 0.
As A is k-Lipschitz-continuous, we have

Hyn - UnH = HPC(xn — MAmry) — Po(z, — AnAyn)”
< AnllAz, — Ay,

< Akl n —ynll = 0 as n — oo.

lzn = yall? < (lzn = ull® = ll2n — ul®)

|20 — ull + |z — ul) |20 — 2n]

This implies that
lim ||y, — | = 0. (27)
Moreover, we note that
[Snzn — Tnll < [Snzn — Snynll + [1Snyn — Snvall + [[Snvn — nl
< zn = Ynll + [1yn = vall + [[Snvn — z4]|-
From (25), (26) and (27), we obtain

lim ||Spzn — x| = 0. (28)
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Since Y% sup{||Sz — Spz| : z € {z,}} < o0, and
152y — || < S2n — Snall + [|Sn@n — znl
<sup{||Sz — Snz|| : z € {zn}} + |Snzn — xul,

it follows that
lim ||Sz, — x,| = 0. (29)

n—oo

Step 4. We claim that {x,} converge strongly to zp, where zp = Pr(synvi(c,a)To- Since

{zn} is bounded, there exists a subsequence {z,, } of {z,} which converges weakly to z.

By [11, Theorem 3.1 pp. 197-198], we can show that z € VI(C, A). Next, we show that

z € F(S). Let {z,, } be another subsequence of {z,,} which converges weakly to z. Since

I — S is demiclosed, it follows by Lemma 2.1 that z € F(S). Hence z € F(S)NVI(C, A).
Since z,, = Py, xo and zp € F(S) N VI(C, A) C Q,,, we have

[2n = zoll < [lz0 — ol-
It follows from zo = Pr(s)nvi(c,a)To and the lower semicontinuity of the norm that

20 — woll < 12 — woll < Hminf [, — woll < limsup [2n, — w0l < 120 — 2ol
k—o0

k—o0
Thus, we obtain that limy_c ||Zn, — Zoll = ||z — @o|| = ||20 — z0]|-
Using the Kadec-Klee property of H, we obtain that

lim z,, =2 = 2.
k—o0

Since {zn,} is an arbitrary subsequence of {z,}, we can conclude that {x,} converges
strongly to zo, where 29 = Pp(s)nvi(c,a)Zo- So, from ||z, —y,|| — 0 and ||z, — z,|| — 0,
we infer that both {y,} and {z,} converge to 290 € Pp(r)nvi(c,a)To. ™

Setting S;, = S in Theorem 3.1, we have the following result.
THEOREM 3.2 (Nadezhkina and Takahashi [10, Theorem 3.1]). Let C' be a nonempty

closed convex subset of a real Hilbert space H. Let A be monotone and k-Lipschitz-
continuous mapping of C into H. Let S be a nonexpansive mapping from C into itself
such that F(S)NVI(C,A) # 0. Let {z,},{yn} and {z,} be sequences in C defined as
follows:

rg=x € C,

Yn = Po(x, — M Axy,),

Zn = n®n + (1 — ) SPe(zn — AnAyn),

Co={z€C:|zn =2l < [lzn — 2|},

Qn={2€C:(xy,— 2,20 — x,) > 0},

Tn+1 :PCnﬂan(h n:071727"‘7 (30)

where 0 < oy, <c<1land0<a<X, <b< f foralln=1,2,3.... Then {z,}, {yn}

and {z,} converge strongly to Pp(s)nvi(c,)To-

Setting Po(I — A, A) = I in Theorem 3.2, we have the following theorem.
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THEOREM 3.3 (Nakajo and Takahashi [12]). Let C be a nonempty closed convex subset
of a real Hilbert space H and let S be a nonexpansive mapping from C into itself such
that F(S)N A=*0 # 0. Suppose x1 = x € C and {z,,} is given by

Yn = QpTn + (1 - an)ana

Co={2€C:lyn — 2l < llan — 2|},

Qn={2€C:{x,— 210 — ) >0},

Ln41 :PCnﬁanOv n:071727"'7 (31)

where 0 < o, < ¢ < 1. Then {x,} converges strongly to Pps)x.

THEOREM 3.4. Let C be a nonempty closed conver subset of a real Hilbert space H. Let
A be monotone and k-Lipschitz-continuous mapping of C into H. Let {S,} be a sequence
of monexpansive mappings from C into itself such that (\,—, F(S,) N VI(C, A) # 0 and
let xog € H. For Cy = C and x1 = P, xo, define a sequence {x,} of C as follows:
Yn = PC(mn - /\nAmn)y
Zp = QpTp + (]- - an)SnPC(l'n - AnAyn)a
Crt1={2 € Cyp: [l2n — 2| < |lzn — 2]|},
Tni1=FPc, w0, n=123...,
where 0 < o, < ¢ < 1land 0 < a < Ay, < b < 2a for alln = 1,2,3.... Let
oo i sup{||Snt12 — Snz| 1 2 € B} < oo for any bounded subset B of C and S be a
mapping of C into itself defined by Sz = lim,_, o, Spz for all z € C and suppose that
F(S)=N,_, F(Sn). Then {z,} converges strongly to w = Ppsynvi(c,a)Zo-
Proof. We first show by induction that F'(S) N VI(C,A) C C, for all n = 1,2,3.... It
is obvious that F'(S) N VI(C,A) C C = (4. Suppose that F(S) N VI(C,A) C C} for
each k =1,2,3.... Hence, for u € F(S)NVI(C, A) C C}, we have u = Po(u — Apr1Au).
Putting v, = Po(z, — A\ Ayy,) for all n > 0, as in the proof of Theorem 3.1, we can show
that

[on, = ull® < llen —ull® + Ak = Dlzn — yall® < [lzn — ul]?
and
lzn = ull® < flan = ull® + (1 = an)Ank = Dllzn — yull* < 20 —ul?

for all n > 0. Thus u € Cy,, n > 0 and hence F(S) N VI(C, A) C C,, for all n > 0.

Next, we prove that C,, is closed and convex for all n = 1,2,3.... It is obvious that
C1 = C'is closed and convex. Suppose that C}, is closed and convex for some k = 1,2,3.. ..
For z € Cy, we know that ||z — z|| < ||ay — 2| is equivalent to

Iz — kaQ +2(z — xg, K — 2y > 0.

So, Cj41 is closed and convex. Then, for any n =1,2,3..., C, is closed and convex. This
implies that {z,} is well-defined. From x,, = P¢, xo, we have

(o — Tpy Ty —y) >0
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for each y € C,,. Using F(S) N VI(C, A) C C,,, we also have
(xo — @p,xy —u) >0 for each u € F(S)NVI(C,A) and n=1,2,3....
So, for u € F(S)NVI(C, A), we have
0 < (xo— Tpn,xn —u)
= (x9 — Tp,Tpn — To + To — U)
= —llzo — x|l + [lzo — @nllllzo — ull-
This implies that
|0 — zn|| < ||zo — u| for all w € F(S)NVI(C,A) and n=1,2,3....
By the same as in the proof of [15, Theorem 3.3], we can show that (xo—xp, Tn—Tnt1) > 0
and hence lim,_, ||Zn+1 — x| = 0.
On the other hand, from x, 41 € Cp, 41 C C, we have
l2n = Znsall < [lon — Tnsall- (32)
Further, we have
[zn = nll = lan®n + (1 — ) Snvn — 24|
= (1 — an)||Snvn — x|
As in the proof of Theorem 3.1 (Step 3), we obtain
nlLH;O |zn — Spvn]l =0 and nan;o |lzn — Sz, || =0, (33)

since {z,} is bounded. Let {z,,} be a subsequence of {z,} such that z,, — z9. By
the same argument as in the proof of [6, Theorem 3.1, pp. 346-347], we can show that
20 € VI(C, A). Since I — S is demiclosed, it follows by Lemma 2.1 that zg € F(.S). Hence
20 € F(S) N VI(C, A).

Finally, we show that , — w, where w = Pp(s)nvi(c,a)To. Since {x,} is bounded,
there exists a subsequence {z,, } of {z,} such that z,, — w’. Since {z,,} C C and C is
closed and convex, we obtain w’ € C.

Since x,, = Pe, g and w € F(S)NVI(C, A) C C,,, we have

[[2n — 2ol < [lw — ol
It follows from w = Pp(s)nvi(c,4)To and the lower semicontinuity of the norm that

lw— 20| < ||w" — zo|| < liminf||z,, — x| < limsup ||z,, — zoll < ||w — 0]
k—o0 k—oo
Thus, we obtain that limg_, ||Zn, — Zo|| = [[w’ — zo|| = ||w — o]|. Using the Kadec-Klee
property of H, we obtain that
lim z,, =w = w.
k—oo
Therefore {z,,} converges strongly to w, where w = Pp(p)nvi(c,a)To. =
Setting S, = S in Theorem 3.4, we have the following result.

THEOREM 3.5. Let C be a nonempty closed convex subset of a real Hilbert space H. Let A
be a monotone and k-Lipschitz-continous mapping of C' into H. Let S be a nonezpansive
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mappings from C into itself such that F(S)NVI(C, A) # 0 and let xg € H. For C; = C
and 1 = Po, o, define a sequence {xy,} of C as follows:

Yn = PC(xn - ATLAJ;TL)7
Zn = ¥y + (1 — ) SPe(zn — AnAyn),
Crr1={2€Cpn:|zn — 2| < |lzn — 2|},
Tnt1 = Po,, w0, n=1,2,3..., (34)

where 0 < o, < ¢ <1l and 0 < a < Ay, < b < 2« for alln = 1,2,3.... Then {z,}
converges strongly to zg = PF(S)QVI(QA)mO.

Setting Po(I — A\, A) = I in Theorem 3.4, we obtain Theorem 1.2.

4. Applications

4.1. Monotone operator. In this section, we consider the problem of finding a zero of
a monotone operator. A multivalued operator T': H — 2 with domain D(T) = {z €
H : Tz # (0} and range R(T) = {Tz : z € D(T)} is said to be monotone if for each
x; € D(T) and y; € Tz, it = 1,2, we have (x1 — z2,y1 — y2) > 0. A monotone operator T
is said to be maximal if its graph G(T') = {(x,y) : y € T} is not properly contained in
the graph of any other monotone operator. Let I denote the identity operator on H and
let T : H — 2" be a maximal monotone operator. Then we can define, for each r > 0,
a nonexpansive single valued mapping J, : H — H by J, = (I +rT)~ . It is called the
resolvent (or the proximal mapping) of T. We also define the Yosida approximation A,
by A, = (I — J.)/r. We know that A,z € TJ,z and ||4,z| < inf{||y| : y € Tz} for all
x € H. We also know that T=10 = F(J,.) for all r > 0; see, for instance, Rockafellar [14].

LEMMA 4.1 (the resolvent identity). For A, u > 0, there holds the identity
K K
S = J”(X + (1 — X)‘b‘x)’ r e H.
By using Theorem 3.1 and Lemma 4.1 we may obtain the following improvement.

LEMMA 4.2. Let C be a nonempty closed convex subset of a real Hilbert space H. Let
T C H x H be a mazimal monotone operator such that D(T') C C C (,~q R(I +rT) and
let J, be the resolvent of T and {r,} be a sequence in (0,00). Ifinf{r, :n=1,2,3...} >0,
and Y07 | |rng1 — rn| < 0o, then

1) Yoo ysup{[|Jr,, .z — Jp, 2|l : 2 € B} < 0o for any bounded subset B of H,
(i) Jrx =limy— 00 Jy,z forallz € C and F(J,) = (\.—, F(J;,), where limy, oo r, = 7.

n=1
Proof. We first prove (i). Let B be a bounded subset of H. Since {J,,z : z € B, n =
1,2,3...} is bounded, from Lemma 4.1, using the resolvent identity

T T
J,ﬂmz:Jm( n z+(1— n )J+z) 2 e H,
Tn+1 Tn+1
we obtain
7011 = 7nl
H‘]Tn+lz - ']7nZH S = = ||J7’n+1z - Z”

n

< M|Tn+1 - Tn|
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sup{||Jr, ., 2—2[:2€ B,n=1,2,3...}

for each z € Band n=1,2,3... where M = =123 ]

. Hence we get

Zsup{HJTle —Jp, 2| 1 z€ B} < MZ |Pna1 — o] < 00.

n=1 n=1
Next, we prove (ii). By the assumption for {r,}, we know that r, — r for some r > 0.
Since || Jrz — J, 2| < @ z — Jrz||, we obtain that lim,, o J;., 2z = J,z for all z € H.
Then J,z = lim, o J,, x for all x € C and hence F(J,.) =(,—, F(J.,)=T"10. =

n=1

By Lemmas 4.2 and Theorem 3.1, we have the following theorem.

THEOREM 4.3. Let C' be a nonempty closed convex subset of a real Hilbert space H.
Let T C H x H be a mazimal monotone operator such that T=*0 # 0 and D(T) C
C C NysoRU +7T) and let J. be the resolvent of T. Let a > 0 and let A be an
a-inverse-strongly monotone mapping of C into H. Let {x,,} be a sequence in C defined
as follows:

xg € C s arbitrary,
Yn = anZn + (1 — apn)Jp (Xn — MpA(zn — A\ Azy)),
Co={2€C:|lyn — 2| < llzn — 2|},
Qn={2€C:{x, — 2,20 — ) >0},

Tn+1 = Po,ng, 0, n=0,1,2,...,

where 0 < ap, < a < 1 for alln = 1,2,3...,{\} C (a,b) C (0,2c) and {r,} is a
sequence in (0,00). If inf{r, :n=1,2,3...} >0 and >, | |rnt1 — rn| < 00, then {z,}
converges strongly to z, where z = Pp-19avi(c,a)Zo-

Proof. Since H is a Hilbert space, C = D(T) is closed and convex and F(.J,.) = T~10 for
all » > 0. By Lemma 4.2, we have the following
F(Ja)= () F(Jr,) =T'0#0.
n=1
We note that F(T') = VI(4, C). Therefore, by Theorem 3.1, we obtain {z,} converges
strongly to z = Pr-i9nvi(c,a)Zo- ®

4.2. Strictly pseudocontractive mappings. A mapping T : C' — C is called strictly
pseudocontractive on C' if there exists k with 0 < k < 1 such that

|7 — Tyl < lle — y|2 + k(I = Tz + (I — Ty, for all 2,y € C.

If Kk = 0, then T is nonexpansive. Put A = I — T, where T : C — C is a strictly
pseudocontractive mapping with k. We know that A is %—inverse strongly monotone
and A710 = F(T) (see [6] and [19]).

Using Theorem 3.1, we have the following theorem.
THEOREM 4.4. Let C' be a nonempty closed convex subset of a real Hilbert space H.

Let {S,,} be a sequence of nonexpansive mappings from C into itself. Let T be a strictly
pseudocontractive mapping with constant k of C into itself and let {x,} be a sequence
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generated by

xg € C is arbitrary,
Yn = WnZn + (1 — @) Sn Po((1 — Ap)xn + M T (2, — AnAzy)),
Co={2€C:lyn — 2|l < [lzn — 2|1},
Qn=1{2€C:{x,— 2,29 — x,) > 0},

ZTnt1 = Po,ng,x0, n=0,1,2...,

where 0 < ap, <a <1 foralln=1,2,3... and {\,} C (a,b) C (0,2a).

Let 507 sup{||Sn412 — Snz|| : 2 € B} < oo for any bounded subset B of C and S be
a mapping of C into itself defined by Sz = limy,_, Spz for all z € C' and suppose that
F(S) =2, F(S,). Then {z,} converges strongly to Pr(synr(r)To-

n=1
Proof. Put A=1—T. Then A is %—inverse—strongly monotone. We have that F(T) is
the solution set of VI(A,C) i.e., F(T) = VI(A4,C) and

Po(xn — MA(xy — MAzxy)) = (1 — Ap)zn + N T (2, — A Axy).
Therefore, by Theorem 3.2, {x,,} converges strongly to z = Pr(s)np(r)To. ®
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