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Abstract. A criterion for strongly exposed points of the unit ball B(las) in Musielak-Orlicz
sequence spaces [y equipped with Orlicz norm is given.

1. Introduction. It is well known that the notion of strongly exposed point is a basic
conception in the geometric theory of Banach spaces. It has numerous applications in
separation theory and control theory. Criteria for strongly exposed points in all classical
Orlicz spaces were given [LWW, WJS]. In [SL], we obtained a criterion for such points
in arbitrary Musielak-Orlicz sequence spaces endowed with the Luxemburg norm. In
this paper, we give a criterion for strongly exposed points in arbitrary Musielak-Orlicz
sequence spaces equipped with Orlicz norm.

Let [X, ] - ||] be a Banach space; S(X) and B(X) be the unit sphere and unit ball
of X, respectively; X* be the dual space of X. For 2 € S(X), define Grad(z) = {f €
S(X*): f(z) = 1}. A point x € S(X) is called an exposed point of B(X) if there exists
f € Grad(z) such that 1 = f(z) > f(y) for all y € B(X) \ {z} [S]; moreover, if there
exists f € Grad(z) such that for any sequence {z,} C B(X) the condition f(z,) — f(x)
implies x,, — = (n — 00), then z is called a strongly exposed point of B(X) [L]. Then f
is called an exposed functional and a strongly exposed functional for x, respectively.

Let N be the set of all natural numbers; R the set of all real numbers. By M = {M;}{2,
we denote a Musielak-Orlicz function provided that for each ¢ € N, M; : (—o0, +00) —
[0, +00] satisfies

1. M;(0) =0, limy— 00 M;(u) = 0o and M;(u;) < oo for some u; > 0;
2. M;(u) is even convex and left continuous in [0, 4+00).
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328 7. SHI AND C. LIU

A Musielak-Orlicz function is a sequence of Orlicz functions in fact. Let p; (u) and
p;i(u) denote the left-hand and the right-hand derivatives of M;(u), respectively. The se-
quence N = {N;}:2,, where N;(v) = sup,o{u|v| — M;(u)}, which has the same property
as M;(u), is called the complementary function of M. The functions g; (s) = sup{t :
pi(t) < s} and ¢;(s) = sup{t : p;(t) < s} are the left-hand and the right-hand derivatives
of N;(u), respectively [C]. Let us set

a; =sup{u > 0: M;(u) =0}, B; =sup{u>0: M;(u) < oo},
&; =sup{u>0: Nj(u) =0}, [ =sup{u>0: N;(u) < oo}.
It is easy to verify that

- Mi(s) :
i 1 1 =1 i )
@ s—0t S s—»l%lJr Pi (S) s—>1r(r)1+p (8)
5 M;(s) :
, 1 =1 =1
fi= lim — Jim py(s) = lim pi(s)

Let

M;(u+¢€)+ M;(u—¢)
’ J

Clearly, SC}y, is the set of all strictly convex points of M;. An interval [a, b] is called
a structurally affine interval of M;(u) (SAI(M;) for short) provided that M;(u) is affine
on [a, b] and it is not affine either on [a —¢,b] or on [a, b+ €] for all € > 0 [C]. It is obvious
that

SChy, = {uER:V€>O M;(u) <

SChuy, =R\ U(an,bn), where [a,,b,] € SAI(M;), n=1,2,....

We say that M = {M;}3°; satisfies the §3-condition (M € &9 for short) if there exist
a>0, K > 0,i € Nand ¢; > 0 (i > ig) with >, ; ¢ < oo such that M;(2u) <
K M;(u) + ¢; holds for all ¢ > ig and all u with M;(u) < a. It is known that hps = I/ if
and only if M € 63 [HY].

Let [° denote the space of all real sequences u = {u(i)}52,. As usual, for u € 19, let
suppu = {i € N : u(i) # 0}. For each u = {u(i)}32; € I°, we define the modular py; of
w by pam(u) = Yoo Mi(u(i)). The linear set {u € I° : ppr(Au) < oo for some A > 0}
endowed with the Luxemburg norm

[ull(ary = inf{X > 0: par(u/A) < 1}

or the Orlicz norm
oo

Jullar = sup{ 3 ui)o(i) : pv(v) < 1} = nf +(1+ pag(hu)

k>0
i=1 Z

is a Banach space, denoted by [(5s) or Iy (vespectively), and it is called the Musielak-
Orlicz sequence space [C, M, RR]. The subspace

{u € lpr : YA > 0 iy, such that Z M;(Au(i)) < oo}
>0
equipped with the norm || - |[(ary (or || - [lar), which is also a Banach space, is denoted
by h(ary (or har, respectively). For any u € Iar, |[ullary < [Jullar < 2[Jullary [C, M, RR].
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Let Opr(u) = inf{A >0: >, Z—(“g\i)) < oo for some iy}. It is known that Op(u) =
dist(u, h(ary) = dist(u, har) [SZ] and (heary)* = lar, (ha)* = lnvy [KR, C, M, RR].

We say that ¢ € (Ip)* is a singular functional (p € F for short) if p(u) = 0 for
all w € hys. The dual space of Iy is represented in the form (I5)* = Iy & F, i.e., each
f € (Iapr)* has the unique representation f = v + ¢, where ¢ € F and v € Iy, and v
is called the regular functional with (u,v) = > 22, u(i)v(i) for all u = {u(i)}2, € Ip
KR, C, M, RR]. Tt is well known that [|f|| = inf{A > 0 : px(2) + 12l < 1} for every
f € (lar)” [WH].

2. Main results. For the convenience of reading, we present some auxiliary lemmas.
LEMMA 2.1 (see [WS]). Ifu € I\ {0}, then Kpr(u) # 0 if and only if >  Ni(3) > 1
1ESupp u

or S Ni(B;)=1and sup L (5:) < 00, where Kpr(u) = [k, kX*] with

) . \u(z | wr MV
1€ESupp u 1€ESUpp u

ky = inf{k >0: pn(p(klul)) ZN pi(klu(i)|)) > }

ky* = sup{k > 0: pn(p(klu|)) < 1}.
LEMMA 2.2 (see [CW]). Let u € Iy \ {0}. If S Ni(Bi) > 1, then ||ulla = T(1+

1Esupp u

m(kw)) if and only if k € Kar(u). If Y Ni(B;) < 1, then |lullar = 3 |u(@)|6;.

i€Esupp u 1Esupp u
LEMMA 2.3. Ifu € Iy and Ky (u) # 0, then f = v+ @, where v € l(ny, ¢ € F, is a
support functional of u if and only if for k € Kyr(u)
(1) pn(v) + lloll =1,
(2) e(ku) = lloll,
(3) u(i)v(i) >0 and p; (klu(@)]) < [v(@)| < p;(klu(i)]) for all i € N.
Proof. Tt can proceed in an analogous way as the proof of Theorem 1.77 in [C]. m
LEMMA 2.4. Let un,u € ly, |lunllv — lullme and un(i) — u(i) as n — oo for each
1 € N. Then:
() If Kpr(u) =0, then ||uy, — ullar — O;
(i) If Ky (u )7&@ and M € 69, then ||u, — u|lar — 0.
Proof. (i) Ky (u) =
By Lemmas 2.1 and 2.2, |lullas = 3 |u(i)|3;. For any & > 0, choose iy € N such that
i=1

|32 u(i)es]|,, = 3 |u(i)|B: < §, where

>0 i>10

e; = (0,...,0,1,0,...).
Since uy, (i) — u(i) (i =1,2,...), there exists n; € N satisfying

i0

D (un (i) = u(i))e;

i=1

<5
M 3
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for n > nq.

Case I. There are an infinite number of n for which Kys(uy,) = 0, ie., |lupllp =

i |t (2) |BZ Since

i=1
1> wnlied]| =7 lun@18s = > fun @13 = 3 lun(D18s = lunllar = un(0)15
>0 1>10 i=1 i=1 i=1
— llullar — Z [u(@I8: = || Y uti)
1>10

we can choose ng > ny satisfying || Y- un (i )61HM < £ (n>mng). Hence
>0

[ — ullar < Hi(un(i) —u(i))e; |

S e
1>10

for n > ng.

Case II. There are an infinite number of n for which Ky (u,) # 0, i.e., ||un|a =
k%(l + par(knuy)) for some k, € (0,00). We will show that &, — co. Otherwise, without
loss of generality, we may assume that k,, — ko < co. By the Fatou Lemma, we get the
contradiction:

1 . 1 .
lullar < =1+ par(kow)) < lim (1 + par(kntn)) = T lunlar = [fullar.
0 n—oo kn n—oo

Now, combining k,, — oo with u, (i) — u(i) for i = 1,2,..., we get

( £ 3 Mk (1) > é(l—i—pM(knun)) - kiZMi(knun(i))

>0 =1
= [Junllm — Z k | n (D) — [lullm — Zlu B = Ju(d)|B:
1>10
for n — oo. Hence

HZun(i)ez %(HZM k un())) <

>0 1>10

Wl ™

for n large enough. Therefore

i
un—uMgH Up (1) — u(?))e; —i—H up(1)e; —l—H u(i)e
= wllar < [0 =], + [ 3wt + |30

<tHi4i=c
3 3 3

for n large enough.
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(11) K]\/[(u) 7é @ and M € (58
Case I. There are an infinite number of n for which Kys(uy,) = 0, i.e., |lupllyr =

S |un(i)|B:. By the Fatou Lemma, we have
i=1

oo oo
follar < 315, < Jim S un (3 = i e = s
=

i=1
0 ~

and consequently, ||u|lar = 3 |u(i)|8;. Repeating the process of the proof in Case I of (i),
i=1

we obtain that ||u, — u||as — 0.
Case II. There are an infinite number of n for which Ky (u,) # 0, ie., ||un|a =
é(l + par(knuy)) for some k, € (0,00).

M7(k7,u7,(z
k

1I-1. If k,, — oo then, for any i € N, lim ) — |u()|3;. By the Fatou Lemma,

n

A e L .
fullr < 3 @I < Hm (14 pas(kaa)) = T unllar = e
i=1 "
whence |[ulpr = 3 |u(i)|B;. Repeating the process of the proof in Case II of (i), we
i=1
obtain ||Un — u||M — 0.
1I-2. If k,, — k < oo then, by the Fatou Lemma,
1 . .
Jullar < 7 (1 pas (k) < Tim (14 pas () = T unllar =
whence [Jul[as = £(1+ par(ku)) and par(knuy) — par(ku). Combining this with M € 69,
by Lemma 4 in [ZCH] and k,, — k, we obtain |Ju, —u|lps — 0. =
LEMMA 2.5. Let ||ull(ar) = 1, |lonlly =1 (n € N) and (u,v,) — 1 as n — oo. Then:
(a) vp(j) — 0 as n — oo whenever |u(j)| < o,
(b) vn(5) = 0 or liminf (Juon (i) [p; ([u(3)]) — [on (5)|p; (Ju(@)])) = 0 as n — oo whenever
a5 < lu(j)| < f; and [u(i)| > 0.
Proof. The proof of (a) is the same as the proof of Lemma 1.3(i) in [BHW].
If (b) is not true, there are aj, < |u(jo)| < Bj,, |u(io)| > 0 and a > 0 satisfying
inf v, (o) = d; > 0
and
[on (i0)|pjo ([u(Go)]) < |vn(Go)lpi, ([ulio)]) =20 (n=1,2,...). (1)
Since py(vn) < [[vn(v) < |lvnllv = 1, we get [vn(i)] < b;, where b; = N7 (1) if
N;i(8i) > 1 and b; = §; if Ni(8;) < 1. By (1), we have p;_(|u(ig)|) > 0.
L. If p; (Ju(io)|) < oo, we can obtain a contradiction via repeating the process of
Lemma 1.3 (ii) in [BHW].
2. If p;_(Ju(io)|) = oo, there exists 7; > 0 such that

bio s, ([u(jo)|) + 2a
d;

00 > p; (|u(io)| —7) > 0<r<mr).
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Then

[on (o) [pi, (|uio)| = 1) = djop3, ([ulio) =)
> biopjo (|u(do)]) + 2a = [vn(io)|pjo (Iujo)]) + 2a.

Since pj, is right continuous, one can find a number 0 < r < r; such that

Pjo ([u(jo) +7) — pjy (Ju(jo)|) < % .
Then
(pjo ([(Go)| +7) = pjo (|u(Go)])) [vn(io)| < a.

Thus, for n € N,
[vn (i0) [Pjo ([u(Go) | + 7) < vn(io)|pjo (Iuo)]) + a < |vn(jo)lp;, ([ulio)| — 7) — a.

Now, repeating the proof of Lemma 1.3(ii) in [BHW], we can also get a contradiction
finishing the proof of Lemma 2.5(b). m

REMARK 2.6. According to the proof of Lemma 2.5(b),
tim inf (o, (i) |p; ([u(5)]) = lva (5)Ipi (lu(@)])) =0
whenever o < |u(j)| < §; and 0 < p; (Ju(?)]) < 0.

LEMMA 2.7 (see [BHW]). If |lullary = 1, Om(u) < 1, v, € S(In) for any n € N and
(u,vp) — 1 as n — oo, then lim sup > N;(v,(i)) =0.

070 n i>iqg
LEMMA 2.8 (see [ZW]). w € S(Ipr) is an exposed point of B(lyr) if and only if
1. In the case Kpr(u) =0, suppu = {ig};
2. In the case Kyr(u) # 0, we have
(a) if Card(suppu) =1, then u(i) = 0 implies a; = 0,
(b) if Card(suppu) > 1, then for any k € Kp(u) we have
i. {t eN:klu()| e R\ SCp, UAU B} =0,
ii. if py(p~(klu])) =1, then {i € N: klu(i)| € B;} =0,
ili. if pn(p(klul)) =1 and Opr(ku) < 1, then {i € N: klu(i)| € A;} =0,
where A, U A;, B. U B; are the sets of all those left endpoints and right endpoints of

SAI(M;), respectively, satisfying p; (s) = pi(s) whenever s € AL U Bj and p; (s) < pi(s)
whenever s € A; U B;.

THEOREM 2.9. Let u € S(Ipr) and Kpr(u) = 0. Then the following are equivalent:

(a) w is a strongly exposed point of B(lnr);
(b) w is an exposed point of B(lnr);
(c) suppu = {ip}, a singleton.
Proof. Tt is obvious by Lemma 2.8 that (a) implies (b), and (b) implies (c).

Suppose suppu = {ip}. Without loss of generality, we may assume that u(l) > 0
and u(i) = 0 (¢ # 1). Since Kp(u) = 0, by Lemmas 2.1 and 2.2, N;(3;) < 1 and
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1 = ||lullar = u(1)B1. Then v = (31,0,...) € Grad(u). Now, we shall prove that v is a
strongly exposed functional for u.

Let {u,} be a sequence in S(lps) satisfying (un,v) — 1 (n — 00). In view of Lemma
2.4 to prove |lu, — u|lpr — 0, it suffices to show that u, (i) — u(i) (i =1,2,...).

From 1 «— (i, v) = 1, (1)v(1) = up(1)51, we have u, (1) — 1/, = u(1) as n — oco.
In the following, we will consider two cases to prove that w, (i) — u(i) for i # 1.

Case I. There are an infinite number of n for which Kys(uy,) = 0, ie., |lupllp =

3™ [un(i)|B;. Then
=1

Z |U7L|Bi = Z |un(z)|/@z - un(l)ﬁl = Hun”M - <un7U> —-1-1=0,
1=2

i=1
whence u, (i) — 0 =u(i) for i = 2,3,....
Case II. There are an infinite number of n for which K (u,) # 0, ie., ||uplla =
= (1 + prr(kyuy)) for some ky, € (0,00). From

(M1 (R (1)) + i M;(Fun(i)) +1)

i=2
1
== (Lt par(knun)) = llunllar =1, (2)

we can get that k, — oo. Indeed, suppose that k, — ko < oco. By (2), we have the
contradiction:

1= lim - (M (knun(1) + 1) = ki(Ml(kouu)) 4 1) > [lully = 1.

n—oo n 0

From (2), we also have
1 .
lim_ ™ Z; M (knun (i) = 0.
If |un ()| > ¢ >0 (i # 1), we can also get the contradiction:

& .
0= lim -~ ; M; (K (7))

1
> liminf — M; (kpun, (7))
n—oo ki,

= liminf ————|u,(i)| > ¢B; > 0.
n—o kyp|un(i)]
So u, (i) — 0 =wu(i) for i = 2,3,..., and the proof is finished. =

THEOREM 2.10. A point u € S(Ipr) with Kpr(u) # 0 is a strongly exposed point of B(lpr)
if and only if M € 89 and

1. if Card(suppu) = 1, then u(i) = 0 implies o; = 0;

2. if Card(suppu) > 1, then for any k € Ky (u)
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(a) {i e N: klu(i)| e R\ SCy, UA,UBL} =0,
(b) there exists w € Grad(u) such that Oy (w) < 1,
(c) if pn(p~ (K|u|)) = 1, then {i € N : k|u(i)| € B;} = 0; if pn(p(k|u|)) = 1, then
{i e N: k|u(i)| € A;} =0,
where A;, A}, B; and B] are defined as in Lemma 2.8.
Proof. Necessity.
Suppose that M ¢ 69. For any k € K (u), since [Jul[ar = £ (14 par(ku)), Onr(ku) < 1.
If Op(ku) = 1, for any ¢ > 0, j € N, by the definition of 0/(ku) we have
> M(k“(l)) = 00. Take 0 = ng < n3 < ng < ... such that

i M<1k_u(1@;]) >1 (j=12...).

i:n]-,1+1

Setting w/ = u — [u]p’_,, where [u]p)_, = ZZL]n] 41 u(i)e;, we have u/ € B(ly). For

[ =v+pecGrad(u) (v €lny, v €F),
1> f(u!) = (u—[ulpz_,,v) +(u—[ul_,)

= . Z U)
i=1 i=n;+1
= (u,v) +p(u) = flu) =1 (j = o0)

and

. . 1 1y 1
o= = Ny > 3 (1 ;) 1 (o)

This shows that u is not a strongly exposed point, a contradiction.

Let now 0p;(ku) < 1. Take w € Ip such that pp(w) < oo and Opr(ku — w) # 0
(indeed, if Oy (ku) # 0, we take w = 0; if 7 (ku) = 0, we take w € S(Ipr) with Opr(w) #0
by Theorem 5 in [K]). Then there exists ¢ € S(F) such that ¢(ku — w) # 0.

Letting

Up = (u(l)7 .o u(n), %w(n—i— 1), %w(n +2),. ..),

we have
oo

Junllar < 3 (1 + pasthun)) = 1 (14 3 Milhu() + Y Miw()
1
k

i=1 i=n+1
= (L4 par(ku)) = [lullar = 1.

For any f = v+ ¢ € Grad(u), since 07 (ku) < 1, ¢ = 0 by Lemma 2.3, and

YTV B S

1> flun) = (v,up) = > u(i)v(i) + % > wli)v(i) = (u,v) = f(u) = 1.

i=1 i=n+1

But
1
llun, — ullar > |o(u — uy)| = )go(u - Ew)‘ >0 (VneN).

This contradicts the fact that u is a strongly exposed point.
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So, we proved the necessity of M € §9.

Since any strongly exposed point is also an exposed point, by Lemma 2.8, the condi-
tions 1, 2a and 2c are necessary.

Suppose the condition 2b is not necessary, i.e., Card(suppu) > 1 and Oy (v) = 1 for
any v € Grad(u). Then ILm lv = [v]nll(ny = 1, where [v],, = (v(1),v(2),...,v(n),0,...).
Take w,, € S(Ipr) such t%a‘so

= N 1
(W0 = [ln) = Y wa(@)v(i) > o = [lallv) — — on=12,..
i=n+1
Without loss of generality, we may assume that w, = 72 . wy(i)e;. Putting
1/ .
Up = 5( u(i)e; + wn),
i=1

we have

1
12 5 (i + lwnllac) = llunllar = (wn, 0)
1 n oo
- 5(2 u@o(i) + Y wn(i)v(i)> 1.
i=1 i=n+1
So, ||un|lar — 1 and (uy,,v) — 1. Noticing that

(n — 0),

1 1 1
e = wnllar = 5[edal = 3 lellar = 5

-2
we obtain that u is not a strongly exposed point.

Sufficiency. We will consider two cases.

Case 1. suppu = {ip}. Without loss of generality, we may assume that u(1) > 0 and
u(i) =0 for i # 1. Set v = ﬁel. Then v € Grad(u) and py(v) =1 by virtue of Lemma
2.3. Now, we shall prove that v is a strongly exposed functional for u.

Let u, € S(ipm) (n = 1,2,...) with (up,v) — 1 (n — o0). In order to prove that
lun, — ul|ar — 0, we only need to show that u, (i) — u(i) for ¢ = 1,2, ..., by Lemma 2.4.

From 1 « (u,,v) = un(l)ﬁ, we get u, (1) — u(l).

When j # 1, if &; > 0, then u,(j) — 0 by Lemma 2.5(a); if &; = 0, then ¢;(|v(j)|) =
¢;(0) = 0 by condition 1: a; = 0. In view of Lemma 2.5(b), we get

0.< tim (Jun(Dlg; (0()) — ()i (0(1))) = — Tim_fu (3 a5 (v(1)) <0,
therefore u,(j) — 0.
Summing up, we have u, (i) — u(i) for i =1,2,....
Case 2. Card(suppu) > 1.
Subcase 2-1. pn(p~(k|u|)) = 1. In this case, v = {p; (klu(?)])signu(i)}2, is the
unique support functional for . In view of conditions 2a and 2c, we have
; (lv(@)]) = ¢; (p; (klu(@)])) = ai(p; (klu(i)])) = qi(|v()]) = klu(i)]

for e =1,2,.... Now, we shall prove that v is a strongly exposed functional for u.
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Let u, € S(lyp), n = 1,2,..., with (u,,v) — 1 as n — oo. Since Ox(v) < 1, by
Lemma 2.7,

lim supZM un(?)) =0,

ig—00 p
>0

whence,
Jim sup 3 fun (o(i)| < lim (sup 30 Miwa (i) + Y- Ni(w(@)) =0. (3)
" i>ig i>ig i>ig
If u(y) = 0, taking iy € suppu, by Lemma 2.5(b), we have
0 < lim inf (Jun (i0)|g; (Jv()]) = |un(i)lg;, (Iv(io)]))
= lim inf (|un (i) [k[u(5)] — [un (5)|Klu(io)])
= lim inf (—|un (§)[klu(io)]) < 0.

Consequently, u,(j) — 0.
If u(j) # 0, we claim that there exists a constant ¢ satisfying

lun (D) _

n—oo |u(j)]

In fact, for any i, j € supp u, according to Lemma 2.5(b), we have
tim inf [[u, (2) g5 (0 ()]) — (1)l (J0()])]
= tim inf [Jun (DK (5)| — fun (7)) ] > 0
and
ti inf [Ju (7) a: ([0 (D)) — uen (85 (J0)D)]
= tim inf [Ju (5) [Kfu(i)| — fun 0) K ()] = 0

i.e., limsup||uy, () [ku(§)] — [un(j)|k|u(i)|] < 0. Consequently,

Jim [Jun () Klu(5)] — [un (7)[Klu()|] = 0.

So, we can get lim,,_, ‘T‘u"((j))‘l = ¢ (a constant). From

(un, v Zun (i) < lun@0(@)] < llunllacllollvy = 1, (4)
i=1
combining this with (3), we have 1 = hrn Z |un (2)||v(@)| = ¢ Z |u(3)]|v(7)] = ¢, whence

lim |u, ()| = |u(i)| for any i € N. In order to prove that Hun —ullar — 0, by Lemma
2.4(ii), it is enough to verify that lim wu, (i) = u(%) for any ¢ € N. From (4), we also have

lm |u,(d)v(i)] = lm w,(i)v(i), ie.,

i [u (8)|p; (Klu()]) = Tim w, (i)p; (K|u()]) sign u(i).
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Therefore, if p; (k|u(i)|) # 0, then lim w, (i) = u(i); if p; (k|u(é)|) = 0, then u(i) =0
n—oo

by condition 2a and 2c, whence lim w,(i) = 0 = u(i). So, for any i € N, we get
lm u, (i) = u(i).

Subcase 2-2. pn(p~ (k|ul)) <1 < pn(p(k|ul)). By condition 2b, there is w € Grad(u)
satisfying 6n(w) < 1. Choose 7 > 0 and 49 € N such that Y N;((1+ 7)w(i)) < oo and

>0
(14 7)|w(@)| < B (i > ig). Let us define
J = {i € N:py (klu@)]) < pi(klu(i)])}-

In the following, we shall construct v € Grad(u) with p; (k|u(j)]) < |v(5)| < p;(klu(j)])
for j € J.

L p;- (u()) < [w(7)] < p; (Hlu(i)]) (G € J), then we put v = w.

IL If w(j)| = pj (klu(j)|) for some j € J, then we define Jo = {j € J : |w(j)| =
p; (klu(i)N)}; if [w(d)| = pj(klu(s)|) for some j € J, then we define Jo = {j € J : |w(j)| <
pj(klu(j)])}. It is obvious that Card(J \ Jo) > 0.

For i € Jy, © > ig, take v} > 0 such that

Z Ni((1+ m)w(i)) + Z Ni((1+7)(Jw(@)| + 1)) < oo.
i>10,1€Jo 1>10,0€Jo

For i € Jy, take r; > 0 (r; < r}) for i > ig, such that |w(i)| + r; < p;(k|u(?)]) and

S Nw() + 30 Ni(lw@)] + i) < 1+ (30 Niw(@) = 37 Ni(py (lu@)) ).

iZJo i€Jo iZJo iZJo
Let

> Ni(w(@)) + 22 Ni(|w(@)] +7:) —1

__igJo i€Jo

> Ni(w(i)) — 22 Ni(py (k[u(i)]))

Z€J0 7'€J(J

Then 0 < r < 1. Put
o(i) = {rpi(ku(iﬂ)signu(i) + (1 =r)w() i¢gJy

w(i) + r; signu(i) i € Jo.
Then py(v) =1, O5(v) < 1 and v € Grad(u). Moreover,

pi (klu(i)]) <[v()] <p;klu@)]) (G € J).
By virtue of condition 2a, we can deduce that g; (|v(¢)]) = ¢;(|v(3)|) = k|u(i)| for each
1 € N. The remaining part of the proof in this case is the same as the proof of Subcase
2-1 to get that v is a strongly exposed functional for w.

Subcase 2-3. pn(p(k|u|)) = 1. In this case, v = {p; (k|u(7)|) signu (i) }$2, is the unique
support functional for u. By conditions 2a, 2c, we also have ¢; (Jv(i)]) = ¢(|v(?)]) =
klu(i)| for each i € N. With the same method as in the proof of Subcase 2-1, we can
derive that v is a strongly exposed functional for u. m
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