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Abstract. The paper deals with dimension-controllable (tractable) embeddings of Besov spaces
on n-dimensional cubes into Zygmund spaces. This can be expressed in terms of tractability
envelopes.

1. Introduction. Let W 1
p (Rn) with 1 < p <∞ be the classical Sobolev spaces normed

by

‖f |W 1
p (Rn)‖ =

(∫
Rn

|f(x)|p dx
)1/p

+
(∫
Rn

|∇f(x)|p dx
)1/p

, (1.1)

where |∇f(x)|2 =
∑n
j=1

∣∣∂f(x)
∂xj

∣∣2. Let
Q
n =

{
x = (x1, . . . , xn) ∈ Rn, 0 < xj < 1

}
(1.2)

be the unit cube in Rn. Let W 1
p (Qn) be the restriction of W 1

p (Rn) to Qn, normed by

‖f |W 1
p (Qn)‖ =

(∫
Qn

|f(x)|p dx
)1/p

+
(∫
Qn

|∇f(x)|p dx
)1/p

(1.3)

and let W̊ 1
p (Qn) be the completion of C∞0 (Qn) = D(Qn) inW 1

p (Qn). Recall that W̊ 1
p (Qn)

can be isometrically identi�ed with the subspace

W̃ 1
p (Qn) =

{
f ∈W 1

p (Rn) : supp f ⊂ Qn
}

(1.4)

of W 1
p (Rn), normed by (1.1). Let f∗(t), 0 < t ≤ 1, be the usual decreasing (= non-

increasing) rearrangement of f ∈ W̃ 1
p (Qn). Then(∫ 1

0

(1 + |log t|)p/2f∗(t)p dt
)1/p

≤ c ‖f |W 1
p (Rn)‖ (1.5)
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for all f ∈ W̊ 1
p (Qn), where the constant c > 0 is independent of the dimension n ∈ N

(but may depend on p). This has been proved in [22, Section 7.1], based on [21]. It is

our main aim to study corresponding inequalities for Besov spaces B̃spp(Q
n), in place of

W̃ 1
p (Qn) = W̊ 1

p (Qn), where B̃spp(Q
n) is de�ned similarly as in (1.4), 1 < p < ∞, s > 0.

In particular if 1 < p <∞ and 0 < s < 1/p, then one obtains as a special case(∫ 1

0

(1 + |log t|)spf∗(t)p dt
)1/p

≤ λ−1
(∫
Qn

|f(x)|p dx
)1/p

+
(∫

Qn×Qn

|f(x)− f(y)|p

(λ|x− y|)n+sp
dxdy

)1/p

≤ 2%n
(∫

Qn

|f(x)|p dx+
∫
Qn×Qn

|f(x)− f(y)|p

|x− y|n+sp
dxdy

)1/p

(1.6)

for all f ∈ Bspp(Q
n) = B̃spp(Q

n), with constants λ, 0 < λ ≤ 1, and % > 0 which are

independent of the dimension n ∈ N (but may depend on s, p). Factors of type 2%n with

% independent of n ∈ N can be incorporated in the underlying Besov-norm by a suitable

dimension-independent rescaling of the distance |x| → κ|x|, κ > 0, and the Lebesgue

measure. This may justify to call embeddings of type (1.6), and also (1.5), tractable in

analogy to corresponding notation in common use in complexity theory, [23, 24].

The plan of the paper is the following. In Section 2 we comment �rst on so-called log-

arithmic Sobolev inequalities and how they are related to the above-described assertions.

Otherwise we collect basic de�nitions and basic assertions for Zygmund spaces and Besov

spaces. In Section 3 we prove (1.6) and a more general assertion for B̃spp(Q
n), 1 < p <∞,

s > 0. The corresponding Theorems 3.3 and 3.7 may be considered as our main results. In

Section 4 we introduce tractability envelopes in analogy to the nowadays well-established

growth envelopes for function spaces, including Bspq(R
n) and F spq(R

n). We have no �nal

results, but some (maybe bold) conjectures which may serve (at the best) as a sound

basis for future research.

2. Preliminaries

2.1. Logarithmic Sobolev inequalities. We use standard notation. Let N be the

collection of all natural numbers and N0 = N∪{0}. Let Rn be Euclidean n-space, R = R
1.

Let Ω be a domain in Rn. Then Lp(Ω) with 1 ≤ p <∞ is the usual Banach space of all

complex-valued Lebesgue-measurable functions such that

‖f |Lp(Ω)‖ =
(∫

Ω

|f(x)|p dx
)1/p

is �nite. We need Ω = R
n and Ω = Q

n where Qn is the unit cube (1.2). Let W 1
p (Rn) be

the above Sobolev space normed by (1.1). Then

‖f |Lr(Rn)‖ ≤ C ‖f |W 1
p (Rn)‖ if 0 <

1
p
− 1
n
≤ 1
r
≤ 1
p
,

are the classical Sobolev embeddings. If p is �xed and n → ∞ then the admitted r

tend to p. Asking for non-trivial target spaces which apply to W 1
p (Rn) or W 1

p (Qn) for

all dimensions n ∈ N one may think about Zygmund spaces of type Lp(logL)a, a ≥ 0,
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as in (1.5), (1.6) or, more general Lorentz-Zygmund spaces Lpq(logL)a. As indicated in

Introduction, such embeddings will be called tractable if the norm of the corresponding

embedding operators can be estimated from above by 2%n where % ∈ R is independent

of n ∈ N. The �rst decisive step in this direction was done in 1976 by L. Gross in his

seminal paper [11]. Let ν be the Gauss measure in Rn,

ν(dx) = (2π)−n/2 e−|x|
2/2 dx, hence ν(Rn) = 1.

Then for any n ∈ N,∫
Rn

|f(x)|2 ln |f(x)| ν(dx)

≤
∫
Rn

|∇f(x)|2 ν(dx) +
∫
Rn

|f(x)|2 ν(dx) ln
(∫
Rn

|f(x)|2 ν(dx)
)1/2

(2.1)

is one of the main results in [11]. Here ln is the natural logarithm to base e. Otherwise

we take log always to base 2. Since ν(Rn) = 1 one can reformulate (2.1) as∫
Rn

|f(x)|2
(
1 +

∣∣ln |f(x)|
∣∣) ν(dx) ≤

∫
Rn

|∇f(x)|2 ν(dx)

+
(

1 + ln
(∫
Rn

|f(x)|2 ν(dx)
)1/2

)∫
Rn

|f(x)|2 ν(dx) + e−1.

(2.2)

This is less elegant but avoids cancellations on the left-hand side and is nearer to assertions

of type (1.5): If (R, µ) is a measure space with µ(R) = 1 and 0 < p <∞, a ∈ R, then∫
R

|f(x)|p
(

1 +
∣∣log |f(x)|

∣∣)ap µ(dx) <∞ (2.3)

if and only if (∫ 1

0

(
1 + |log t|)ap f∗(t)p dt

)1/p

<∞, (2.4)

[3, p. 252] (quoted also in [10, p. 66]). This makes clear that the left-hand sides of (1.5),

(2.2) are related, but it remains to control the respective equivalence constants, what

might be not so obvious. We do not comment on the history and the far-reaching appli-

cations of these so-called logarithmic Sobolev inequalities . One may consult [7, Chapter 2],

the relevant parts of [1], the most recent survey [22], dealing with a large variety of di�er-

ent aspects of inequalities of the above type involving logarithmic terms, and [5]. But we

formulate a few assertions which illustrate the situation, now in terms of the Lebesgue

measure dx instead of the above Gauss measure. Recall that ln is the natural logarithm

to base e. According to [12, p. 60] one has∫
Rn

|f(x)|2 ln |f(x)|dx ≤
∫
Rn

|∇f(x)|2 dx− n
(1

2
+

1
4

ln(2π)
)

(2.5)

if ‖f |L2(Rn)‖ = 1, and, more general for 1 < p <∞,∫
Rn

|f(x)|p ln |f(x)|dx ≤
∫
Rn

|∇f(x)|p dx− γn,p (2.6)

if ‖f |Lp(Rn)‖ = 1, where γn,p is explicitly known in terms of the Γ-function. If f has not

Lp-norm 1, then one must replace f(x) in (2.5), (2.6) by f(x) ‖f |Lp(Rn)‖−1. The outcome

is similar as in (2.1). But in contrast to the Gauss measure the Lebesgue measure of Rn
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is in�nite. Then it is at least questionable whether a counterpart of (2.2) can be derived

from (2.6) and the just indicated modi�cation. Just on the contrary, this observation

suggests to ask for corresponding logarithmic inequalities for spaces on bounded domains

in Rn. This is an additional motivation for the inequality (1.5) based on (1.4) with c

independent of n. We refer again to [21, 22] for further assertions of this type in the

context of isoperimetric inequalities and W 1
p -spaces. Similar results have been obtained

in [19, 20]. It should be mentioned that my interest in problems of this type originated

from a talk by M. Krbec at the conference Function Spaces IX , Kraków, July 2009,

about this topic. Of course one can restrict (2.5), (2.6) to f ∈ W̃ 1
p (Ω) where W̃ 1

p (Ω) is

the obvious counterpart of (1.4) with the bounded domain Ω in place of Qn. Then one

can step from (2.6) to a counterpart of (2.2). But this does not result immediately in the

sharp assertion (1.5) with (1.4). In [19, 20] one �nds several inequalities of type (1.5) but

with the Luxemburg norm of (2.3) on the left-hand side and some additional restrictions

for the parameters involved.

2.2. Zygmund spaces. First we describe some basic assertions about Zygmund spaces

de�ned in terms of rearrangements. The standard references are [3] and [8]. We rely

mainly on [8], using some notation introduced there. Let (Γ, µ) be a set Γ furnished with

a non-atomic measure µ such that µ(Γ) = 1. LetM0(Γ, µ) be the collection of all complex-

valued µ-measurable µ-a.e. �nite functions. The distribution function of f ∈M0(Γ, µ) is
the map µf : [0,∞)→ [0,∞) given by

µf (λ) = µ
({
x ∈ Γ : |f(x)| > λ

})
, λ ≥ 0.

The (non-increasing) rearrangement of f is the function f∗ : [0,∞)→ [0,∞) given by

f∗(t) = inf
{
λ ∈ [0,∞) : µf (λ) ≤ t

}
, t ≥ 0.

For f ∈ M0(Γ, µ) and g ∈ M0(Γ, µ) and a suitable equimeasurable function g̃ of g one

has ∫
Γ

∣∣(fg)(γ)
∣∣µ(dγ) ≤

∫
Γ

∣∣(fg̃)(γ)
∣∣µ(dγ) =

∫ 1

0

f∗(t)g∗(t) dt, (2.7)

[8, pp. 64, 77/78].

Definition 2.1. Let 0 < p <∞ and a ∈ R. The Zygmund space Lp(logL)a(Γ, µ) is the
collection of all f ∈M0(Γ, µ) such that

‖f |Lp(logL)a(Γ, µ)‖ =
(∫ 1

0

(
1 + |log t|

)ap
f∗(t)p dt

)1/p

<∞. (2.8)

Remark 2.2. De�nitions of this type are well known since a long time. It is a special

case of [8, pp. 95, 96]. If 1 ≤ p < ∞ then Lp(logL)a(Γ, µ) is a Banach space although

(2.8) is only an equivalent quasi-norm. In particular it makes sense to ask for the dual

space Lp(logL)a(Γ, µ)′ of Lp(logL)a(Γ, µ) in the usual interpretation.

Proposition 2.3. Let (Γ, µ) be as above, 1 < p <∞, a ∈ R. Then

Lp(logL)a(Γ, µ)′ = Lp′(logL)−a(Γ, µ),
1
p

+
1
p′

= 1,
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with equivalent (quasi-)norms, where the equivalence constants are independent of (Γ, µ),
but may depend on p and a.

Remark 2.4. This assertion follows from [8, Theorems 3.3.4, 3.4.41, Corollary 3.4.44,

pp. 85, 114, 117], where the independence of the equivalent constants follows from Lux-

emburg's isometric reduction to a model case, where Γ = I, unit interval on R, and the

Lebesgue measure. As far as duality is concerned one may also consult [10, p. 68] with a

reference to [2, Theorem 8.4, p. 30].

We need some extrapolation assertions. Let now Γ = Ω be a domain (= open set)

in Rn furnished with the Lebesgue measure µ = µL and µL(Ω) = |Ω| = 1. In what follows

we rely on [10, Section 2.6.2, pp. 69�75], based on [9], extending [29]. Let

1
pσ

=
1
p

+
σ

n
> 0, 0 < p <∞, σ ∈ R,

with the speci�cations

1
pσj

=
1
p

+
2−j

n
and

1
pλj

=
1
p
− 2−j

n
> 0, (2.9)

where J ≤ j ∈ N, J ∈ N, 2J > p/n. We simplify Lp(Ω, µL) by Lp(Ω) and

Lp(logL)a(Ω, µL) by Lp(logL)a(Ω).

Proposition 2.5.

(i) Let 0 < p <∞ and a < 0. Then Lp(logL)a(Ω) is the set of all complex-valued Lebesgue

measurable functions f such that

∞∑
j=1

2jap‖f |Lpσj (Ω)‖p <∞. (2.10)

Furthermore,( ∞∑
j=1

2jap‖f |Lpσj (Ω)‖p
)1/p

∼ n−a
(∫ 1

0

(
1 + |log t|

)ap
f∗(t)p dt

)1/p

(2.11)

with equivalence constants which are independent of the dimension n ∈ N (but may depend

on p, a).

(ii) Let 1 < p <∞, a > 0 and 2J > p where J ∈ N. Then Lp(logL)a(Ω) is the set of all

complex-valued Lebesgue measurable functions g which can be represented as

g =
∞∑
j=J

gj , gj ∈ Lpλj (Ω), (2.12)

such that

‖{gj}‖p,a =
( ∞∑
j=J

2jap‖gj |Lpλj (Ω)‖p
)1/p

<∞. (2.13)

Furthermore,

inf ‖{gj}‖p,a ∼ n−a
(∫ 1

0

(
1 + |log t|

)ap
g∗(t)p dt

)1/p

(2.14)
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where the in�mum is taken over all representations (2.12), (2.13), with equivalence con-

stants which are independent of the dimension n ∈ N (but may depend on p, a).

Proof. Step 1. The equivalence (2.11) follows from the explicit calculations in [10,

p. 70/71, formulas (9), (12), Remark 1].

Step 2. For given p with 1 < p <∞ one can replace the summation over j ∈ N in (2.10)

by j ≥ J . Then one has 1 < pλj <∞ for all n ∈ N. Let
1
p

+
1
q

=
1
pλj

+
1
qσj

= 1, j ≥ J.

Then part (ii) follows from the duality arguments in [10, pp. 72/73] and the above Propo-

sition 2.3.

Remark 2.6. Later on we need part (ii) of the above proposition, proved by duality.

But there are more direct proofs at least for the representation (2.12), (2.13) which apply

to all 0 < p < ∞. This can also be done in the context of Lorentz-Zygmund spaces

Lpq(logL)a(Ω) where 0 < p, q ≤ ∞, a > 0 (and also a < 0 generalising (2.10), (2.11)).

We refer to [18, 6] which are the decisive papers for problems of this type and might be

also of some use for further developments in the context of this paper. But one has to

care how the related equivalence constants depend on the dimensions n ∈ N. Otherwise
the standard references for Lorentz-Zygmund spaces are [3, 2, 8]. This may also pave the

way to extend what follows to tractable embeddings of type

Bs
pq(Q

n) ↪→ Lpu(logL)a(I), a > 0,

where Bs
pq(Q

n) with 0 < p, q ≤ ∞, s > 0, are Besov spaces of measurable functions,

treated as subspaces of Lp(Qn). Details may be found in [31, Chapter 9] (based on

numerous references given there), [17] and more recently [16, 25, 26, 33].

2.3. Besov spaces. We recall a few de�nitions and basic assertions for the classical

Besov spaces Bspq. We will be especially interested in Bspp(R
n) and Bspp(Q

n) with s > 0,
1 < p <∞. Here Qn is again the unit cube (1.2). Let

(∆1
hf)(x) = f(x+ h)− f(x), (∆M+1

h f)(x) = ∆1
h(∆M

h f)(x),

where x ∈ Rn, h ∈ Rn, M ∈ N, be the iterated di�erences in Rn. Let 1 < p, q < ∞,

0 < s < M ∈ N and

‖f |Bspq(Rn)M‖ = ‖f |Lp(Rn)‖+
(∫
|h|≤1

|h|−sq
∥∥∆M

h f |Lp(Rn)
∥∥q dh
|h|n

)1/q

. (2.15)

The classical Besov space Bspq(R
n) consists of all f ∈ Lp(Rn) such that for �xed admitted

M the norm (2.15) is �nite. It is well known that these norms are equivalent to each other.

Let Bspq(Q
n) be the restriction of Bspq(R

n) to Qn and let

B̃spq(Q
n) =

{
f ∈ Bspq(Rn) : supp f ⊂ Qn

}
. (2.16)

These spaces can be considered likewise as closed subspaces of Bspq(R
n) or as subspaces

of Lp(Qn) in the context of distributions on Qn. If 1 < p = q < ∞, 0 < s < 1, then
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Bspp(Q
n) can be equivalently normed by

‖f |Bspp(Qn)‖λ = λ−1
(∫
Qn

|f(x)|p dx
)1/p

+
(∫

Qn×Qn

|f(x)− f(y)|p

(λ|x− y|)n+sp
dxdy

)1/p

(2.17)

where 0 < λ <∞. Recall that

Bspp(Q
n) = B̃spp(Q

n) if 1 < p <∞, 0 < s < 1/p. (2.18)

If λ = 1 then we put ‖f |Bspp(Qn)‖ = ‖f |Bspp(Qn)‖1. We assume that the reader is familiar

with these basic assertions about classical Besov spaces. We refer to [28, Theorem 2.5.1,

p. 189; (8), Remark 2, pp. 323/324] as far as (2.15), (2.17) is concerned and in connection

with (2.16), (2.18) to [31, De�nition 1.95, p. 59, Section 1.11.6, p. 66].

3. Main results

3.1. Tractable embeddings, I. It is the main aim of this section to prove (1.6). We

need some preparation. Let Qn be the unit cube (1.2) and let Bspp(Q
n) with 1 < p <∞,

0 < s < 1/p, be the above Besov spaces, normed by (2.17). We rely on the Haar wavelet

basis of Bspp(Q
n) according to [33, Section 2.3.3]. We give a brief description. Let

hM (t) =


1 if 0 ≤ t < 1/2,

−1 if 1/2 ≤ t < 1,

0 if t 6∈ [0, 1),

(3.1)

hF (t) = |hM (t)|, t ∈ R. (3.2)

Let n ∈ N,
G = (G1, . . . , Gn) ∈ G0 = {F,M}n

which means that Gr is either F or M . Let

G = (G1, . . . , Gn) ∈ Gj = {F,M}n∗, j ∈ N,

which means that Gr is either F or M where ∗ indicates that at least one of the compo-

nents of G must be an M . Hence G0 has 2n elements, whereas Gj with j ∈ N has 2n − 1
elements. Let Zn be the usual lattice in Rn consisting of all m = (m1, . . . ,mn) ∈ Rn with

integer-valued components mr. Let

P
n
j =

{
m ∈ Zn : 0 ≤ mr ≤ 2j − 1; r = 1, . . . , n

}
, j ∈ N0.

Then {
hGjm : j ∈ N0, G ∈ Gj , m ∈ Pnj

}
(3.3)

with

hGjm(x) =
n∏
r=1

hGr
(
2jxr −mr

)
(3.4)

is the well-known (L∞-normalised) orthogonal Haar wavelet basis of L2(Qn). Let C be the

complex plane. Let bpp(Qn) with 1 < p <∞ be the spaces consisting of all sequences µ,

µ =
{
µGjm ∈ C : j ∈ N0, G ∈ Gj , m ∈ Pnj

}
(3.5)
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with

‖µ |bpp(Qn)‖ =
( ∞∑
j=0

∑
G∈Gj

∑
m∈Pnj

|µGjm|p
)1/p

<∞. (3.6)

According to [33, Section 2.3.3, Theorem 2.26] the system {hGjm} is a common uncon-

ditional basis in all spaces Bspp(Q
n), 1 < p < ∞, 0 < s < 1/p. In particular, any

f ∈ Bspp(Qn) can be uniquely represented as

f =
∞∑
j=0

∑
G∈Gj

∑
m∈Pnj

µGjm 2−j(s−n/p)hGjm, (3.7)

µGjm = µGjm(f) = 2j(s−n/p+n)

∫
Qn

f(x)hGjm(x) dx, (3.8)

and

‖f |Bspp(Qn)‖ ∼ ‖µ |bpp(Qn)‖ (3.9)

(equivalent norms). First we clarify how the sequence norms in (3.9) are related to the

norms introduced in (2.17).

Proposition 3.1. For 1 < p < ∞, 0 < s < 1/p, there is a constant λ = λ(p, s),
0 < λ ≤ 1, such that for all n ∈ N and all f ∈ Bspp(Qn),

‖µ |bpp(Qn)‖ ≤ ‖f |Bspp(Qn)‖λ, (3.10)

with µ =
{
µGjm(f)

}
as in (3.5), (3.8).

Proof. The starting term in (3.7) is the characteristic function of Qn. This gives the �rst

term on the right-hand side of (2.17) (even with 1 in place of λ−1). For all other terms

we have

supphGjm = Qjm = 2−jm+ 2−jQn,
∫
Qn

hGjm(x) dx = 0.

It follows that∣∣∣∫
Qn

f(x)hGjm(x) dx
∣∣∣ = 2jn

∣∣∣∫
Qjm×Qjm

(
f(x)− f(y)

)
hGjm(x) dxdy

∣∣∣
≤ 2−jn+2jn/p

(∫
Qjm×Qjm

∣∣f(x)− f(y)
∣∣p dxdy

)1/p

.

By (3.8) one has

|µGjm| ≤ 2js+jn/p
(∫

Qjm×Qjm

∣∣f(x)− f(y)
∣∣p dxdy

)1/p

. (3.11)

Let Dn =
{
z = (x, x) : x ∈ Rn

}
be the n-dimensional diagonal hyper-plane in R2n. We

use the Whitney decomposition of

R
2n \ Dn =

{
(x, y) : x ∈ Rn, y ∈ Rn

}
\
{

(x, x) : x ∈ Rn
}

into dyadic 2n-dimensional cubes as constructed in detail in [27, pp. 167�169]. By re-

striction to Q2n one obtains a decomposition of Q2n \
{

(x, x) : x ∈ Qn
}
into tubular
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neighbourhoods T l, l ∈ N, of Q2n \ Dn, consisting of 2n-dimensional dyadic cubes Q̃l,m̃,

Q̃l,m̃ ⊂ Q2n, of side-length 2−l and some m̃ ∈ Z2n. It follows from the construction that

c1 n
−1/22−l ≤ |x− y| ≤ c2 n1/2 2−l if (x, y) ∈ T l,

where 0 < c1 < c2 <∞ are independent of n ∈ N and l ∈ N. We transfer this decomposi-

tion by translation and dilation to Qjm×Qjm. The corresponding 2n-dimensional tubular

neighbourhood T ljm of (Qjm ×Qjm) \Dn consists again of cubes Q̃l,m̃ of side-length 2−l

and some m̃ ∈ Z2n. Now l = j + k with k ∈ N. Then

2j(s+n/p)
(∫

T j+kjm

|f(x)− f(y)|p dxdy
)1/p

≤ 2cn 2−k(s+n/p)

(∫
T j+kjm

|f(x)− f(y)|p

|x− y|n+sp
dxdy

)1/p (3.12)

for some c > 0 independent of n ∈ N. We do not care about constants 2cn with c > 0 in

what follows. Then we may assume that a �xed cube Q̃l,m̃ ⊂ T l, l ∈ N, is involved in the

above construction only for cubes Qjm ×Qjm with l > j ∈ N0 and at most one m ∈ Pnj .
Now it follows from (3.6), (3.11), (3.12) that

‖µ |bpp(Qn)‖p ≤
∫
Qn×Qn

|f(x)− f(y)|p

(λ|x− y|)n+sp
dxdy

with some λ, 0 < λ ≤ 1, independent of n ∈ N compensating factors 2cn, say, 2cλ1/p = 1.
This proves (3.10).

Remark 3.2. If
∫
Qn
f(x) dx = 0 then it follows from the above arguments that

‖µ |bpp(Qn)‖ ≤
(∫

Qn×Qn

|f(x)− f(y)|p

(λ|x− y|)n+sp
dxdy

)1/p

(3.13)

where 1 < p <∞, 0 < s < 1/p.

Theorem 3.3. Let 1 < p <∞, 0 < s < 1/p. There is a constant λ = λ(p, s), 0 < λ ≤ 1,
such that for all n ∈ N and all f ∈ Bspp(Qn) normed by (2.17)(∫ 1

0

(
1 + |log t|

)sp
f∗(t)p dt

)1/p

≤ ‖f |Bspp(Qn)‖λ. (3.14)

Proof. Let f be given by (3.7), (3.8). The starting term in this expansion is

χQn

∫
Qn

f(x) dx, where χQn is the characteristic function of Qn.

This contributes to λ−1‖f |Lp(Qn)‖ in (3.14), (2.17) and also to the replacement of f by

f −
∫
Qn
f(x) dx. Hence we may assume that

∫
Qn
f(x) dx = 0. Let

f =
∞∑
j=J

fj−J , fl =
∑
G∈Gl

∑
m∈Pnl

µGlm 2−l(s−n/p)hGlm

with 2J > p as in Proposition 2.5(ii). This index-shifting is unimportant. Again we do

not care in estimates from above and from below about constants 2cn where c ∈ R is
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independent of n ∈ N (but may depend on p, s). With pλj as in (2.9) one has for j ≥ J ,∥∥fj−J |Lpλj (Qn)
∥∥pλj ≤ 2cn

∑
G∈Gj

∑
m∈Pnj−J

|µGj−J,m|p
λj 2−j(s−n/p)p

λj 2−jn.

Using s− n
p + n

pλj
= s− 2−j and p < pλj one obtains that

2js
∥∥fj−J |Lpλj (Qn)

∥∥ ≤ 2cn
(∑
G,m

|µj−J,m|p
λj
)1/pλj

≤ 2cn
(∑
G,m

|µj−J,m|p
)1/p

.

By (2.13) and (3.6) one has ∥∥{fj−J}∥∥p,s ≤ 2c
′n
∥∥µ|bpp(Qn)

∥∥.
Now (3.14) follows from (2.14) and (3.13).

Remark 3.4. There might be a temptation to rescale the Euclidean distance |x| in Rn
by λ|x| with some λ, 0 < λ ≤ 1 (independent of n ∈ N) or to rescale accordingly the

Lebesgue measure µL(Ω) by µλL(Ω) = λn|Ω| to get rid of λ in (2.17) and (3.14). But we

have the impression that it is more natural to choose λ = 1 and to accept factors 2%n in

the corresponding estimates. In other words, one can reformulate (3.14) by(∫ 1

0

(
1 + |log t|

)sp
f∗(t)p dt

)1/p

≤ 2%n
(∫
Qn

|f(x)|p dx
)1/p

+ 2%n
(∫

Qn×Qn

|f(x)− f(y)|p

|x− y|n+sp
dxdy

)1/p (3.15)

for some % ∈ R which is independent of n ∈ N (and of f ∈ Bspp(Qn)). This coincides with
(1.6). Embeddings of this type will be called tractable. Both (3.10), (3.13) and (3.15) are

counterparts of (1.5).

3.2. Tractable embeddings, II. We outline brie�y how Theorem 3.3 can be extended

from 1 < p <∞, 0 < s < 1/p to 1 < p <∞, s > 0. We deal with B̃spp(Q
n) according to

(2.16) as a subspace of Bspp(R
n), normed by (2.15) for some �xed M with 0 < s < M ∈ N.

If s ≥ 1/p then (2.18) is no longer valid. Instead of Haar wavelet bases we rely now on

su�ciently smooth Daubechies wavelet bases. We give a brief description following [32,

Sections 1.2.1, 1.2.2, pp. 13�17] where one �nds further details and references to the

literature. As usual, Cu(R) with u ∈ N collects all continuous functions on R having

continuous bounded derivatives up to order u (inclusively). Let

ψF , ψM ∈ Cu(R) with

∫
R

ψM (t) tv dt = 0, v ∈ N0, v < u, (3.16)

be real compactly supported Daubechies wavelets with L2-norms 1. This is the smooth

substitute of hF , hM in (3.1), (3.2). Then{
ΨG
jm : j ∈ N0, G ∈ Gj , m ∈ Zn

}
with

ΨG
jm(x) =

n∏
r=1

ψGr
(
2jxr −mr

)
, G ∈ Gj , m ∈ Zn, j ∈ N0, (3.17)
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is the counterpart of (3.3), (3.4). It is a (L∞-normalised) orthogonal basis in L2(Rn).
The Rn-counterpart of the sequence space bpp(Qn) with (3.5), (3.6) is the space bpp(Rn)
consisting of all sequences

µ =
{
µGjm ∈ C : j ∈ N0, G ∈ Gj , m ∈ Zn

}
with

‖µ |bpp(Rn)‖ =
( ∞∑
j=0

∑
G∈Gj

∑
m∈Zn

|µGjm|p
)1/p

<∞.

According to [32, Theorem 1.20, p. 15] the system {ΨG
jm} is a common unconditional

basis in all spaces Bspp(R
n), 1 < p < ∞, 0 < s < u. In particular, any f ∈ Bspp(Rn) can

be uniquely represented as

f =
∞∑
j=0

∑
G∈Gj

∑
m∈Zn

µGjm 2−j(s−n/p) ΨG
jm, (3.18)

µGjm = µGjm(f) = 2j(s−n/p+n)

∫
Rn

f(x) ΨG
jm(x) dx (3.19)

and

‖f |Bspp(Rn)‖ ∼ ‖µ |bpp(Rn)‖.

The counterpart of Proposition 3.1 relies on the following version of Whitney's approxi-

mation theorem.

Proposition 3.5. Let n ∈ N, M ∈ N, 0 < σ ≤ 1 and 0 < p < ∞. Then there is a

positive constant λ = λ(M,σ, p) such that for any f ∈ Lloc
p (Rn) and any cube Q in Rn

with side-length a > 0 there is a polynomial P (x) of degree less than M satisfying∫
Q

|f(y)− P (y)|p dy ≤ 2λn a−n
∫
|h|<σa

∫
Q

∣∣∆M
h f(y)

∣∣p dy dh. (3.20)

Remark 3.6. A detailed proof may be found in [17, Appendix, pp. 87�93] with a constant

C = C(M,σ, p, n) in place of 2λn with λ = λ(M,σ, p). The authors did not care about

the dependence on n ∈ N. But the proof shows that one can choose C = 2λn. Assertions
of type (3.20) have a long history which may be found in [17, pp. 87�90]. Special credit

is given to the Russian school, in particular to some rare publications by Yu. Brudnyi.

Fortunately enough there is a recent survey [4] by Yu. Brudnyi himself about this topic

which may be consulted for further information.

Now we are in a similar position as in Section 3.1. Let 0 < s < M ∈ N. Then
B̃spp(Q

n)M means the space in (2.16) normed by (2.15).

Theorem 3.7. Let 1 < p < ∞, 0 < s < M ∈ N. Then there is a constant % =
%(s, p,M) > 0 such that for all n ∈ N and all f ∈ B̃spp(Qn),(∫ 1

0

(1 + |log t|)spf∗(t)p dt
)1/p

≤ 2%n‖f |Bspp(Rn)M‖. (3.21)

Proof (outline). We are now in the same position as in the proof of Theorem 3.3. Let f

be given by (3.18), (3.19) with u = M in (3.16). In contrast to Haar bases there is now a

moderate additional overlap. But this spoils the estimates only by additional factors of
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type 2cn. In particular there are now 2cn starting terms Ψj
Gm with j = 0, G = (F, . . . , F )

having non-empty intersection with Q
n. This results in the term 2cn‖f |Lp(Qn)‖. For

the other wavelets one can apply the cancellation (3.16), (3.17) to the coe�cients µGjm in

(3.19). Then it follows from Proposition 3.5 in the same way as in the proof of Proposition

3.1 that

‖µ |bpp(Rn)‖ ≤ 2cn‖f |Bspp(Rn)M‖, f ∈ B̃spp(Qn).

Afterwards one can argue as in the proof of Theorem 3.3.

Remark 3.8. Recall that W̊ 1
2 (Qn) = W̃ 1

2 (Qn) = B̃1
2,2(Qn), where W̃ 1

2 (Qn) is normed

by (1.3) and B̃1
2,2(Qn) may be normed by (2.15), say, with M = 2. It is remarkable

that these di�erent, but nevertheless distinguished, normings result in di�erent tractable

embeddings. With p = 2 one has by (1.5),(∫ 1

0

[
(1 + |log t|)wf∗(t)

]p dt
)1/p

≤ c ‖f |W 1
p (Rn)‖, f ∈ W̊ 1

p (Qn), (3.22)

if w ≤ 1/2, and by (3.21),(∫ 1

0

[
(1 + |log t|)af∗(t)

]p dt
)1/p

≤ 2%n
∥∥f |B1

pp(R
n)2

∥∥, f ∈ B̃1
pp(Q

n), (3.23)

if a ≤ 1. We have c in (3.22) independent of n ∈ N, but 2%n in (3.23) with % > 0 indepen-

dent of n ∈ N. This comes from scaling. It cannot be the reason for the above remarkable

di�erence. By the considerations in [21, 22], but also by respective counterparts in [20],

one can expect that w = 1/2 in (3.22) is sharp for all 1 < p < ∞. The same applies to

a = 1 in (3.23) supported by the above considerations for all 1 < p <∞.

It is well known that inequalities of type (3.21) can be reformulated in terms of Hardy

inequalities. One may consult [30, Section 16] and the references given there. First we

recall that the equivalence (2.3), (2.4) can be extended to p = ∞. For this purpose we

complement De�nition 2.1 as follows. Let a < 0. Then L∞(logL)a(Γ, µ) is the collection
of all g ∈M0(Γ, µ) such that

‖g |L∞(logL)a(Γ, µ)‖ = sup
0<t≤1

(1 + |log t|)ag∗(t) <∞. (3.24)

According to [10, p. 66] with a reference to [3, p. 252] a function g belongs to

L∞(logL)a(Γ, µ) = Lexp,−a(Γ, µ)

if and only if there is a constant ν > 0 such that∫
Γ

exp
{(
ν|g(x)|

)−1/a
}
µ(dx) <∞.

We specify (Γ, µ) to (Qn, µL) omitting the Lebesgue measure µL in the notation.

Corollary 3.9. Let p, s,M, % be as in Theorem 3.7. Then

‖fV |Lp(Qn)‖ ≤ 2%n ‖V |L∞(logL)−s(Qn)‖ · ‖f |Bspp(Rn)M‖ (3.25)

for all n ∈ N, all f ∈ B̃spp(Qn) and all V ∈ Lexp,s(Qn).
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Proof. By (2.7) and (|f |p)∗ = f∗p one has∫
Qn

|f(x)V (x)|p dx ≤
∫ 1

0

f∗p(t)V ∗p(t) dt.

Then (3.25) follows from (3.24) and (3.21).

Example 3.10. Let 1 < p < ∞ and 0 < s < 1/p. Then there is a constant λ = λ(p, s),
0 < λ ≤ 1, such that for all n ∈ N and all f ∈ L1(Qn),∫

Qn

∣∣log |x|
∣∣sp ∣∣f(x)− fQn

∣∣p dx ≤
∫
Qn×Qn

|f(x)− f(y)|p

(λ|x− y|)n+sp
dxdy (3.26)

where fQn =
∫
Qn
f(y) dy is the mean value of f (admitting∞ on the right-hand side or on

both sides of (3.26)). This follows easily from Corollary 3.9, Theorem 3.3 and Remark 3.2.

4. Tractability envelopes

4.1. Envelopes. Growth and continuity envelopes measure the singularity behaviour of

functions belonging to some function spaces in Rn or in domains Ω, Ω ⊂ Rn. This theory
began some ten years ago, [13, 14, 30]. Nowadays there are numerous papers about this

topic. We refer in particular to the recent book [15]. The above considerations suggest to

complement this theory by tractability envelopes . First we recall very few notation and

assertions about growth envelopes adapted to the above considerations.

We complement the Zygmund spaces as introduced in De�nition 2.1 by Lorentz-

Zygmund spaces where now Γ = I = (0, 1) is the unit interval and µ = µL is the

Lebesgue measure. Let

0 < r <∞, 0 < u ≤ ∞, a ∈ R.
Then Lru(logL)a(I) is the collection of all Lebesgue-measurable complex-valued functions

f on I such that(∫ 1

0

[
t1/r

(
1 + |log t|

)a
f∗(t)

]u dt
t

)1/u

<∞ if 0 < u <∞

and

sup
t∈I

t1/r
(
1 + |log t|

)a
f∗(t) <∞ if u =∞.

These are quasi-Banach spaces. The references are the same as in Remark 2.6. A short

description and some discussions may be found in [30, Section 11.6, pp. 174�176]. The

Zygmund spaces according to (2.8)

Lr(logL)a(I) = Lrr(logL)a(I) and the Lorentz spaces Lru(I) = Lru(logL)0(I)

are special cases. Let 0 < r <∞, a ∈ R, 0 < u0 < u1 <∞. Then

sup
t∈I

t1/r
(
1 + |log t|

)a
f∗(t) ≤ c1

(∫ 1

0

[
t1/r

(
1 + |log t|

)a
f∗(t)

]u1 dt
t

)1/u1

≤ c0
(∫ 1

0

[
t1/r

(
1 + |log t|

)a
f∗(t)

]u0 dt
t

)1/u0
(4.1)

is a well-known monotonicity assertion of the Lorentz-Zygmund spaces, [30, p. 188] and

the references given there.
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Let Qn be again the unit cube according to (1.2). Let Aspq(Q
n) with A = B or A = F

be the well-known scales of spaces introduced by restriction of the corresponding spaces

Aspq(R
n) to Qn with

0 < p <∞, 0 < q ≤ ∞, s > 0, s− n

p
= −n

r
where 1 < r <∞, (4.2)

and let Ãspq(Q
n) be de�ned similarly as in (2.16). One may think about the above spaces

Bspq(Q
n) and B̃spq(Q

n) as introduced in Section 2.3, or W 1
p (Qn) = F 1

p,2(Qn) and W̃ 1
p (Qn).

Then

EG|Aspq(Qn)(t) = sup
{
f∗(t) : ‖f |Aspq(Qn)‖ ≤ 1

}
, 0 < t ≤ 1, (4.3)

is the growth envelope function . Similarly EG|Ãspq(Qn)(t). Of interest is the qualitative

behaviour for t ↓ 0. This justi�es to replace the growth envelope function by any other,

say, decreasing continuous smooth function EGAspq(Qn)(t) which is equivalent near t = 0,
hence

c1EGAspq(Qn)(t) ≤ 1 + EG|Aspq(Qn)(t) ≤ c2EGAspq(Qn)(t), (4.4)

0 < t ≤ 1, for some 0 < c1 < c2 < ∞. Recall that the monotonicity (4.1) remains valid

for any real continuous monotonically increasing function ψ(t) on the interval [0, 1] with
ψ(0) = 0, ψ(t) > 0 if 0 < t ≤ 1, in place of t1/r(1 + |log t|)a, [30, Proposition 12.2,

pp. 183�186]. One may choose in particular ψ(t) = EGAspq(Qn)(t)−1. Then the couple

EGA
s
pq(Q

n) =
(
EGAspq(Qn)(·), u

)
is called the growth envelope for Aspq(Q

n), where u, 0 < u ≤ ∞, is the in�mum of all v,

0 < v ≤ ∞, such that (∫ 1

0

[
ψ(t)f∗(t)

]v dt
t

)1/v

≤ c ‖f |Aspq(Qn)‖

for some c > 0 (modi�cation if v = ∞). This makes sense by the above comments.

Detailed discussions may be found in [30] and in particular in [15]. Similarly for Ãspq(Q
n).

With p, q, s, r as in (4.2) it comes out that

EGB
s
pq(Q

n) = EGB̃
s
pq(Q

n) =
(
t−1/r, q

)
(4.5)

and

EGF
s
pq(Q

n) = EGF̃
s
pq(Q

n) =
(
t−1/r, p

)
. (4.6)

Let now{
Aspq(Q

n) : n ∈ N
}
,
{
Ãspq(Q

n) : n ∈ N
}
, 1 < p, q <∞, s > 0,

be sequences (by dimension) of spaces of the above type with �xed norms. One may

think about the spaces B̃spq(Q
n) according to (2.16) normed by (2.15) where M ∈ N with

s < M is �xed. Similarly one can �x the norms of F̃ sp,2(Qn) = W̃ s
p (Qn) by

‖f |W s
p (Qn)‖ =

∑
|α|≤s

∥∥Dαf |Lp(Qn)
∥∥, s ∈ N, 1 < p <∞. (4.7)

This coincides essentially with (1.3) if s = 1. Let % ∈ R. Then

ET |
{
Aspq(Q

n)
}

(t)% = sup
{
f∗(t) : 2%n

∥∥f |Aspq(Qn)
∥∥ ≤ 1, n ∈ N

}
≤ ∞, (4.8)
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0 < t ≤ 1, is the counterpart of (4.3) (admitting ∞). Let

%0

({
Aspq(Q

n)
})

= inf
{
% : ET |

{
Aspq(Q

n)
}

(t)% <∞, 0 < t ≤ 1
}
≤ ∞

(admitting ∞). Similarly for
{
Ãspq(Q

n)
}
. If %0 <∞ and %0 < % <∞ then (4.8) is called

a tractability envelope function . Similarly as in (4.4) it is reasonable to admit decreasing

continuous smooth function ET
{
Aspq(Q

n)
}

(t) which are equivalent to the tractability

envelope function near t = 0, hence

c1 ET
{
Aspq(Q

n)
}

(t)% ≤ 1 + ET |
{
Aspq(Q

n)
}

(t)% ≤ c2 ET
{
Aspq(Q

n)
}

(t)%

for some 0 < c1 < c2 and 0 < t ≤ 1. Let again ψ(t) = ET
{
Aspq(Q

n)
}

(t)−1
% .

Definition 4.1. Let 1 < p, q < ∞, s > 0. Let %0

({
Aspq(Q

n)
})

< ∞ and %0 < % < ∞.

The couple

ET
{
Aspq(Q

n)
}
%

=
(
ET
{
Aspq(Q

n)
}

(·)%, u
)

(4.9)

is called the tractability envelope for
{
Aspq(Q

n)
}
, where u, 0 < u ≤ ∞, is the in�mum of

all v, 0 < v ≤ ∞, such that(∫ 1

0

[
ψ(t) f∗(t)

]v dt
t

)1/v

≤ 2%n‖f |Aspq(Qn)‖ (4.10)

for all f ∈ Aspq(Qn) and n ∈ N (modi�cation if v =∞). Similarly for
{
Ãspq(Q

n) : n ∈ N
}
.

Remark 4.2. If one wishes to have a closer look at %0 and % then it might be reasonable

to replace 2%n in (4.8), (4.10) by c 2%n with some c > 0 independent of n ∈ N (to avoid

that small n ∈ N spoil the values of %0 and %). The assumption % > %0 seems to be

reasonable to exclude some limiting situations in those cases where (4.8) with % = %0 is

also �nite for any t, 0 < t ≤ 1.

4.2. Conjectures. Recall that

EGLp(Qn) =
(
t−1/p, p

)
, 1 < p <∞. (4.11)

This can be checked easily, but it can also be found in [15, Section 4.2, pp. 66/67] together

with corresponding assertions for Lorentz spaces and Lorentz-Zygmund spaces. Let s > 0,
1 < p < ∞ be �xed. If n → ∞ then one has r ↓ p in (4.2), (4.5), (4.6). On the other

hand, if one applies (4.1) with r = u1 = p and a = s to (3.21) then one obtains that

sup
t∈I

t1/p
(
1 + |log t|

)s
f∗(t) ≤ 2%n ‖f |Bspp(Rn)M‖

for all f ∈ B̃spp(Qn), n ∈ N. Similarly (1.5) gives

sup
t∈I

t1/p
(
1 + |log t|

)1/2
f∗(t) ≤ c ‖f |W 1

p (Rn)‖

for all f ∈ W̃ 1
p (Qn), n ∈ N. There are good reasons to believe that not only these

estimates, but also (3.21), (1.5) are sharp. This can be formulated as follows.

Conjecture 4.3.

(i) Let 1 < p < ∞ and 0 < s < M ∈ N. Let B̃spp(Q
n) according to (2.16) normed

by (2.15). Let % > 0 be su�ciently large. Then

ET
{
B̃spp(Q

n)
}
%

=
(
t−1/p(1 + |log t|)−s, p

)
.
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(ii) Let 1 < p <∞. Let W̃ 1
p (Qn) according to (1.4) normed by (1.3). Let % ≥ 0. Then

ET
{
W̃ 1
p (Qn)

}
%

=
(
t−1/p(1 + |log t|)−1/2, p

)
.

Remark 4.4. Compared with (4.11) there is a non-trivial gain by powers of log which is in
good agreement with (2.1), (2.2) going back to [11]. One may ask for tractability envelopes

for other scales of spaces. First candidates are W̃ s
p (Qn), s ∈ N, 1 < p < ∞, normed by

(4.7), and B̃spq(Q
n), 1 < p, q <∞, s > 0, normed by (2.15) with 0 < s < M ∈ N. We do

not know what is the outcome. But

ET
{
W̃ s
p (Qn)

}
%

=
(
t−1/p(1 + |log t|)−s/2, p

)
, s ∈ N, 1 < p <∞,

and

ET
{
B̃spq(Q

n)
}
%

=
(
t−1/p(1 + |log t|)−s, u

)
, s > 0, 1 < p, q <∞,

with u = p or u = q look at least reasonable, worth to be considered.
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