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Abstract. This note is motivated by [GGG], where an algorithm finding functions close to
solutions of a given initial value-problem has been proposed (this algorithm has been recalled in
Theorem 2.2). In this paper we present a commonly used definition and basic facts concerning
B-spline functions and use them to improve the mentioned algorithm. This leads us to a better
estimate of the Cauchy problem solution under some additional assumption on f appearing in
the Cauchy problem. We also estimate the accuracy of the method (Theorem 2.6).

1. Introduction. In this note we will approximate solutions of the initial-value problem
by an algorithm proposed in [GGG], improved by applying B-spline functions instead of
usual Schauder basis in C([o, o + 3]).

The initial value problem is formulated in the following way:

Givena €R, 3>0,1>1,20 €R!, f €C(la,a+ 3] xRL RY), find x € CH([o, a + (], RY)
such that

{w) = f(t,2(t), tea,a+p] (1.1)

z(a) = xo.

We additionally assume that there exists M € R such that
vt e a,a+ B Yo,y R f(t2) = f(t,y)lle < Mz —yllo
The equivalent reformulation of this problem in an integral way is to find the unique fixed
2010 Mathematics Subject Classification: Primary 35F25; Secondary 41A15.
Key words and phrases: nonlinear initial-value problem; Cauchy problem; B-spline functions;

approximation of solutions.
The paper is in final form and no version of it will be published elsewhere.

DOI: 10.4064 /bc92-0-27 [391] © Instytut Matematyczny PAN, 2011



392 K. WESOLOWSKI
point of the operator T : C([a, a + 8], R!) — C([a, a + 3], RY) given by the equation

(Tz)(t) :::L'O—i-/ f(s,z(s))ds, t€[a,a+ 0], xeC([a,a—l—ﬁ],Rl),

where the norm in C([a, a + 3], R!) is

[2lloo == sup [|z(t)]leo
te[a,a+p]

Before we proceed, let us recall after [KC] the definition of B-spline functions of
order k.
Let us take an infinite sequence of knots in R such that

o<t <t <ty <ti <t < ...,

where lim; ,_ . t; = —o0 and lim;_, t; = co.
B-spline functions of order 0 are the functions BY, i € Z, defined by

B?(w) = {

B-splines function of order k > 0 are defined in the recursive way

1, ti <x <ty
0, z<t;orax>1ti41,

Tl gty PR T gy s g

Bk({L‘) = ;
1
! ! tivkt1 —tig1 T

Livk — 1
Let us recall after [KC] one basic fact concerning B-spline functions.

THEOREM 1.1. If a real-valued function x(-) is defined on [, o+ 3] = [to, tn], k > 2, and

o0

9= a(tiy2)Bf

(we assume that x(t;) = x(a) if i <0, and z(t;) = x(b) if i > n), then
max |z(t) — g(t)| < kw(z;0),

te[a,atp
where
0:= max (t; —t;_1),
—k<i<n+1
and
w(z;d) := max |z(s) — x(¢)].

|s—t|<6

The above w is called the module of continuity of x.

2. Using B-spline functions in an algorithm finding solutions of nonlinear
initial-value problems. Let us consider a continuous function z(-) : [a,a + 5] — R.
Fix k,n € Ny and choose {t;}_ such that

a=ty<t1 <...<tp,=a+p.

Let
6= - max (tl — ti—l)- (21)

1=1,..., n
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Additionally let us take
t_iZ:to—i~(5, i:1,2,...
and
t7l+¢2:tn+i'5, Z:1,2,
We define these points in order to be able to define B-spline functions BY for each i € Z,
especially for i = —k,...,n— 1.
Having n and {¢;} let us define an operator

[e'S)
i=—007

Qn: Cla,a+B)) 3z Qn(x) € C([a, a + B])
by the formula

n—1

Qula) = 3 a(tis2)BL. (2.2)

i=—k
where C([o, o + f]) is endowed with the sup-norm.

REMARK 2.1. Using the above notation, we have
() = Qu(2)(1)] < kw(;9).
Proof. Because of the properties of the B-spline functions of order k we have
Bi(t) =0, t & (i tivr+1)
It gives us that if ¢ € [o, a + ], then
BF(t)=0 forie{ ..,~k—2,~k—1}U{n,n+1,n+2,...},

max |z
te[o,a+0]

and so
gt) = 3 wltien)-BEW) = 3 altire) - BE(E) = Qui@)(t) for t € [a,a+ B,
i=—00 i=—k

On the other hand, for our chosen points t;, we have that

L max (L —tig) = max (t —tio).

Applying Theorem 1.1 we get the desired conclusion. =
At this point we would like to recall after [GGG] the result which inspired our research.

In this theorem it is assumed that Q,, : C([ar, a+]) — C([a, v+ f3]) is a projection defined
by

Qun(z) =Y _ XTIy, (2.3)
=1

where {I';};>1 is the Schauder basis associated with a dense sequence of distinct points
{si}i>1 In [a,  + F] such that s1 = «, s3 = a + § and {\;};>1 is the unique sequence of
scalars such that « =Y 2 A, - T;.

.....

C[o, a+ B],RY) — C([av, o + B8], RY) be the integral operator

Txz(t) = xo Jr/ f(s,x(s))ds.
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Let T : [a,a + 3] — R! be a continuous function. Let m > 1 and ny,na,...,ny, > 1.

Let us consider the functions
w(t) :==z(t),  telma+pl
L) i= [y (),  te€lmatfl, r=1,...,m,
and .
lt) = a0+ ([ Qu(Lros(9)y )
If u is the solution of the Cauchy problem, then

(MB)™  Mgime  —1 | N
Ju = ymll < o MO Tz — || + Z 1Tyr—1 — yrll

(Mp)™"

— (m—r)!

REMARK 2.3. The claim of the above theorem is true for @, (defined by (2.2)) used
instead of Q,,.

Observe that at no point of the proof of Theorem 2.2 given in [GGG] the authors
have used the fact that Q,, is a projection. The key fact was that ||Q,|| = 1, which for
@y, defined by (2.2) will be shown in the proof of Lemma 2.4. However, application of
Q. instead of Q,, will significantly improve the estimate of | Ty,_1 — .||, which will be
shown in Theorem 2.6.

From now on (particularly in the lemma below) we will be considering the algorithm
defined in Theorem 2.2 with @,, given by formula (2.2) instead of Q.. given by the formula
(2.3).

LEMMA 2.4. If f is a C* function such that %f(t, x) and a%f(t, x) satisfy global Lipschitz
condition with respect to the second variable, then the sequence of the derivatives {L)},>1
is uniformly bounded.

Proof. Notice that for z € C([o, a + f])

n—1
1Qs @)l = || 3 w(tis2) BE
i=—k

0o
<zl Y B =,
1=—00

since > ;0 B¥ =1, and so ||Q,|| < 1. On the other hand, taking = = 1 we have ||z|| =1
and [|Q;(z)|| = 1, and what follows, ||Q,|| = 1. The rest of the proof follows the proof of
Lemma 3 in [GGG]. =

At this point we will use

THEOREM 2.5 (see [KC, p. 360]). Let p be a natural number such that p < k < n,
x € CP([a, . + B]). Then for § given by (2.1) we have

dist(x, S¥) < kP&P||z P,
where S¥ is the subspace of (C([c, a+8]), ||:|loo) generated by {BF|[to,t,] : —k < i <n—1}.
Now we will prove the main result of this note.

THEOREM 2.6. If the assumptions of Theorem 2.2 are satisfied and, moreover,
f € CP([o, a+B] xRLRY) for some p € N such that p < k < n, and the partial derivatives
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of f up to the order p satisfy the global Lipschitz condition with the constant M > 0 with
respect to the second variable, then

-r

Z\\Tym w0 < oy e LM (24)

and the sequence of the derivatives {LS“};?; is uniformly bounded.

Proof. Let us notice first that L,_; € CP([a, o + 8]) for r > 2. Indeed, L%, consists
of sums and products of partial derivatives of f up to the order p and derivatives of
ya (d=1,...,7 — 1) up to the order p. By our assumption, all the derivatives of f up
to the order p are continuous. Notice that y/._;(t) = Qn,._, (f(t,yr—2(t))) and—because
of the derivative properties of B-spline functions— @, _, (f(¢,y»—2(t))) has continuous
derivatives up to the order £ — 1 and so it has continuous derivatives up to the order p,
since p < k — 1.
Now, let us notice that

||Tyr71 - yTH S ﬁHerl - (Qn,,(Lr71>q)q:1,...,l
Due to Theorem 2.5
et = (Qn, (Lr—1)q)g=1,..all < kP67 L .

Hence
m (MB)m— m ] (MB)y™—"
Zl | Tyr—1 — yJIm < ZlﬁkpépuL(”)lﬂm

‘1/87?7,7’
P &P
< BKP§ _max HL 1l E

.....

< BRPOP max HLifi)lHeM"-

Now we will prove the uniform boundedness of the sequence {Lf«p )}j’;l. For p =11t
follows from Lemma 2.4. Notice that Lip ), despite of its complicated formula, consists
only on finite number of sums and products of
oty f
otidxd
Since f € CP(ja, a+ B] x R, RY), we have || gtlajmfj (t,0)|| < K for some K > 0. Notice that
by the global Lipschitz condition
81+]f ai—i—jf 1+]f
1 (t Hg’—t 1 (t
| 5525 g7 V1D < || e (b v 0) ~ B

yﬁa)l and

(ty’/’ l(t)) for 1§a§p71§27]§pa2+]§p

8i+jf
ot9r 0 H
< My ()] + K.

@0+

We get the same estimate for f, taking f instead of 2 Btlay (t yr—1(t)) in the above
calculations.
On the other hand, since

yr(t) = xo + (/{: Qnr(Lr—l(S))q ds) _ )
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we have
yr(t) = (Qn (Lr—l(f))Q)qzl ..... 1= (Qnr(f(t’y”l(t)))q)qzl 11111 L
n—1
= Z F(tiva, yr1(tira)) - Bf (1)
i=—k
and for p > 1

= i Ftivosyr—1(tive)) - (BE)P=D(2).

i=—k
It is a well known fact for B-spline functions (see [KC, p. 347]) that BF € Ck~(R). Since
p <k, (BF)P=1 are continuous on R for all —k <i <n — 1 and so they are bounded on
[, o+ O]
Keeping in mind that

1f @& yr—a ()] < Mlyr—1(8)| + K

we get
n—1

lyP < > (Mlly,all + K) - (BHP~ V(1) = (M]|y,—1|| + K) - D
i=—k
where D is an upper bound of Z;L_:_lk(Bf)(p’l)(t) on [a, o+ 3].
In order to complete the proof, we only need to show that {y,}, is a uniformly bounded

sequence.
We will show that for » > 2
r—1
) (e (M(t — )
o @1 < ool + (ool + 57 ) o2 + 3 ol + 37) (2:5)
j=1 '

leading us to the conclusion that
-1

Il < ol + (1ol + ) o+ 3= (Il + ) 57
=1

7! 4!

which proves the uniform boundedness of {y, },.
Applying again the fact that ||f(¢,y-—1(2))|| < M||yr—1(t)|| + K, let us notice that
¢

Hmwnsmw+/umm4@m+KMs (2.6)

e}

which gives us the estimate
g2 (O] < [lzoll + (Myol| + K)(t — )
< [lzoll + (Mlyoll + K)B.
It is easy to check that

K (M(t—a))?
g2 < llzoll + (ol + 37) 52 + (leoll + 37) = =
Agsuming that the inequality (2.5) is true for r, we will show that it remains true for

r+1.

K (Mt -a))
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By the inequality (2.6), we get
t

lyrsr ()] < llzo]l + / (Mly, ()| + K) ds

[

< bl + [ (il + (ol + 25y Q22

r!

+§(|3€0|| e 30 B ) as

_ K\ M7 (t—a)™*!
= ||lzol| + M(H?/OH + M)W

r—1 ; ;
K\ Mi(s—a)itt
+ M E rol| + — ) —7——
j1(|lo M) JG+1)

(M= T 5™ (g + ) LI

+ M([|zoll + K)(t — )

= flwoll + (ol + 5 ) = =S
- ro YT M) e < M 5!

This completes the proof of the theorem. m

COROLLARY 2.7. With the assumptions of Theorem 2.6, if u is the solution of the initial-
value problem defined by (1.1), then

M m
fu—ymll < PP M0 75 3 1 prrer max L@ M @)
m! r=1,..., m
It is worth mentioning that using the operator @, defined by (2.2) in the algorithm
proposed in Theorem 2.2 instead of the operator @, defined by (2.3), we can obtain a
better estimate of the left-hand side of inequality (2.7) (compare with the inequality

MB)™ o ,
Ju =l < PO by 3 200 w2l

achieved in [GGG]), which enables us to better estimate the solutions of Cauchy problem
(1.1), if f is a function of higher regularity, whose derivatives satisly global Lipschitz
condition with respect to the second variable.

T have focused on B-spline functions to improve estimate of the solutions of the Cauchy
problem, because of their simple recursive formula and nice calculation properties, very
useful in numerical analysis.

Observe that the proof of Theorem 2.6 is valid not only for operators (@, defined
by formula (2.2). Instead of @, we can use any sequence of operators P, : C([a, a0 +
B]) — C([o, @ + F]) such that the norm of {P,} is uniformly bounded and the image of
{P,} is regular enough. For example {P,} can be taken as the Bernstein operators, the
Fejér operators and their various modifications. Also projections associated with other
Schauder bases can be considered in Theorem 2.6. More information about Schauder
bases in Banach spaces can be found in [BFGG, M, S].

Theorem 2.2, [GGG], as well as Theorem 2.6 provide us with a new numerical method,
which does not need to solve systems of algebraic equations—collocation methods—or to
use quadrature formulas, especially useful for [ > 1.
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