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Abstract. The theory of matched pairs of groups is surveyed with special interest in appli-
cations to braided groups and quasitriangular structures on the bi-smash product Hopf algebra.

Introduction. In 1981, I introduced the notion of a matched pair of groups (S, B)
and defined the bi-smash product Hopf algebra (kS)* ® kB over a field k, when S is
a finite group [T], motivated by W. M. Singer’s work [Si] on Hopf algebra extensions.
Later, S. Majid [Mj] extended and applied this work in the study of quantum groups.
Further, the cohomology theory of matched pairs of Hopf algebras was studied by I. Hof-
stetter [H] and A. Masuoka [Msl], [Ms2]. During this research, Masuoka found out that
the notion of a matched pair of groups had been obtained essentially by G. I. Kac [K]
in 1968 and that the cohomology theory of matched pairs of groups had been studied
there.

Recently, some interesting progress in the study of matched pairs of groups has been
made by two groups of algebraists, ESS (Etingof, Schedler, Soloviev) and LYZ (Lu, Yan,
Zhu), during their study of set-theoretical solutions of the Yang-Baxter equation. Es-
pecially, the group ESS [ESS] has obtained some deep results on classification of finite
braided sets. In this survey, I give an elementary and diagrammatic approach to the
introductory part of the ESS-LYZ theory. This will enable the reader to appreciate
their deeper results (which are not discussed here) more easily. On the other hand, the
latter group LYZ has obtained some interesting construction of quasitriangular struc-
tures on the bi-smash product Hopf algebra H(S,B) = (kS)* ® kB [LYZ2]. I also
give a natural categorical explanation of this construction, based on Masuoka’s observa-
tion [Ms3].

In §1, we review the notion of a matched pair of groups (S, B) and matched product
B S, and explain the matched pair condition by means of diagrams of the form
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S B
y
AN
B S
motivated by [LYZ1]. This idea is used throughout the paper.

sAD

We describe the structure of H(S, B) in terms of jigsaw puzzle pieces <> with
/ !/

edges decorated by elements in S and B. v

In §2, we introduce the notion of a braided group as the group version of a braided
set. It is a matched pair of groups of the form (G, G) and appears implicitly in [LYZ1].
The works [ESS], [So] are written in terms of 1-cocycle data which are equivalent to our
braided groups. We briefly review the equivalence of these two notions.

In §3, we review the construction of the structure group Gx of a braided set X,
and interpret the results of [LYZ1] to show that Gx becomes a braided group. Let
(Gx,Nx,mx) be the 1-cocycle datum corresponding to this braided group. Soloviev [So]
has presented the group Nx by generators and relations. We give an elementary proof
of this presentation.

In §4, we define an LYZ pair &, : S — B for a matched pair of groups (S, B). LYZ

pairs are characterized by:
(a) £ and 7 can be extended to group homomorphisms
§&n:Bx<S — B

which are identity on B,
(b) every element of Ker(£) commutes with every element of Ker().

If (¢,7) is an LYZ pair for (S, B), it induces a braided group structure on S (Theorem 4.5),
and this enables us to combine the study of LYZ pairs with our previous consideration
of braided groups, especially leading to the construction of the universal LYZ pair and
study of minimal LYZ pairs in §5.

Let S be a braided group. We show (Proposition 5.1) that there is a unique matched
pair structure on (5,5 <1 S) such that the injections

ing,in; : S —» S8

form an LYZ pair. Further this pair (ing,in;) enjoys some universality.

We call an LYZ pair (£,7) minimal if they are group isomorphisms S — B, because
if this is the case (and the groups are finite), the corresponding quasitriangular Hopf
algebra H (S, B) is minimal. To study minimal LYZ pairs, it is enough to assume S = B
and n = id. This leads to the notion of a {-braided group which means a pair of a braided
group S and its group automorphism ¢ such that (£,id) is an LYZ pair for (S,S). This
condition is easy to describe and admits to define the notion of a &-braided set (X, &) as
its set version. We generalize some of the previous results on braided sets and groups to
&-braided sets and groups.

In §6, we review the construction of a quasitriangular structure on H (S, B) from an
LYZ pair (¢,n) [LYZ2]. We give some nice categorical interpretation to the braiding
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structure on the category of right H (S, B) modules M (g, ) associated to the LYZ pair
(§,m). The original idea is due to Masuoka [Ms3]. The monoidal category My (s, p)
is monoidally equivalent to some category GMp, with G = B < S. Masuoka has
constructed a natural braiding on g/\/l p from a pair of group projections &,7 : G — B
whose kernels commute with each other element-wise. The LYZ braiding is simply the
transport of the Masuoka braiding through the monoidal equivalence.

1. Matched pairs of groups

DEFINITION 1.1 ([T]). A matched pair of groups means a triple (S, B, o) where S and
B are groups and

0:9%xB—BxS, (s,b)—(s—bs—b)

is a map satisfying the conditions
s—=(t—=b)=st —b,
st—b=(s—= (t—=0))(t— D),
(s —b) — c=s+ be,
s—=bc=(s—=b)((s—=b)—¢)
for s,t € 5, b,c € B.

The product B x S forms a group with product
(1.5) (0,5)(c, t) = (b(s = ¢), (s < c)t).

This group is denoted by B < S. Conversely, if B and S are subgroups of a group G
such that the product map B x S — G is bijective, then (S, B) forms a matched pair
with structure o(s,b) = (s = b, s — b) defined by sb = (s — b)(s — b).

The structure map o of a matched pair (S, B) is bijective. The triple (B, S, 1)
forms a matched pair, called the opposite of (S, B). The group S < B is isomorphic to
B S by (s,b) — (1,8)(b, 1).

Let 5,5’ € S and b,b’ € B. We denote the relation

(1.6) (t',s") = o(s,b)

by the diagram

s b b s
0 Xow X
b s’ s b

The structure map o : S X B — B x S is non-degenerate in the sense of [ESS], [LYZ1].
Hence if we choose (s,b) (resp. (s,b’), resp. (b',s'), resp. (b,s’)), then the rest elements
(0, s") (vesp. (b,s’), resp. (s,b), resp. (s,b’)) are determined by diagram (1.7).
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Characterization of matched pairs of groups by group factorizations yields that (1.7)
implies

st v s’ bt ! st
AN AN /
(18) /\ , /\ ’ /\ -
b (S/)—l (b/)—l s (s’)’l (b/)71

The diagrammatic notation yields the following simple expression of conditions (1.1)—
(1.4) (cf. [LYZ1], (4), (5)).

PROPOSITION 1.2. Conditions (1.1)-(1.4) are equivalent to:

s \ t\ b st\ b
(19) /\ = /\ :

v s’ t’ v s't

s —~— b c s \ be
(1.10) /\/\ = /\

v c s’ b s’

Proof. The assumption of (1.9) impliesd’ = s — (t = b), ' =s+— (t =~ b), ¢’ =t —b.
Hence (1.9) is equivalent to (1.1) and (1.2). Similarly, (1.10) is equivalent to (1.3) and
(14). =

Let k be a field and let (S, B) be a matched pair of groups where S is a finite group.
Let H = kB be the group Hopf algebra and K = (kS)* the dual group Hopf algebra.
The right action S < B induces a left action of B on K, making a left H module algebra
K. The left action S — B makes H into a right K comodule coalgebra. The pair (H, K)
becomes an abelian matched pair of Hopf algebras in the sense of [T, 1.1], hence the
smash product algebra and the co-smash product coalgebra structures on K ® H give
rise to a Hopf algebra called the bi-smash product [T, 1.4]. We denote this bi-smash
product Hopf algebra by H(S, B). This is denoted as k(S) »< kB by Majid [Mj, 6.2.1].

The structures on H (S, B) are described as follows (cf. [Mj, Fig. 6.2 and 6.3]). We
prepare the set S of jigsaw puzzle pieces

s b S b
(1.11) <> where X with s, in S, b, b’ in B.
VvV Y s

Each piece has 4 edges decorated by 2 elements in .S and 2 elements in B as above. The
decoration is determined by decorating any two adjacent edges freely. In other words,
there are four canonical bijections between S and S x B. In this sense, we may drop
decoration of some edges as follows:

S Ab s Ab s
S = S = D — ... etc.
Vs v e
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sAD t AC
Two pieces <> and <> are called S-composable if s’ = t. If this is
/

Vs vV

s A be
the case, <> is a piece in S by (1.10), called the S-composition. Similarly, the
e

B-composition of two B-composable pieces is defined by using (1.9).

s ADb
Conversely, given a piece Q in §, we may consider the set of B-composable
/

S/

S Ab
pairs of pieces whose B-composition is Q . Such a pair is called a B-decomposition
/

vV

EN S Ab
of <> . A B-decomposition of Q is in 1-1 correspondence with a decom-
/ /

Vs vV

position s = tu in S or a decomposition s’ = t'u’ in S as follows. If s = tu, the pair of

pieces in S
t uAb
OO

sAD
is a B-decomposition of <> . Similarly, if s’ = t’«/, then the pair
/

b '
b
b<>’ ’ Qu’

is a B-decomposition.

s
With these preliminaries, we describe the Hopf algebra structure of H (.S, B) as follows.

(1.12) H(S, B) has a basis S over k.

(1.13)  The algebra structure.

s A be
sAb tac <> if s" =1,
<> . <> — eV
¥YVs VY

0 otherwise,
s Al
the unit = Z <> .
ses 1 Vs

s Al
Note that <> , s €S, give rise to orthogonal idempotents.
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(1.14) The coalgebra structure.
(8 b) Z t TN b
A 0) 200 -2 00,
vV s=tu b s'=t'u’ ot u

sAD
the sum over all B-decompositions of <> ,
/

b !
SADb
€< <> >:5371:53/71-
Vs

s
(1.15) The antipode.

s AD ()" (b))
(L) O

The above description will be used in §6.

2. Braided groups
DEFINITION 2.1. A braided group means a pair (G, o) where G is a group and o :
G x G — G x G is a map such that
(2.1) the triple (G, G, o) forms a matched pair of groups,
(2.2) if (v',2") = o(x,y), then y'a’ = xy for z,y,2',y € G.
Obviously, (2.2) is equivalent to saying that
mult : GG — G, (x,y) — zy

is a group homomorphism.

REMARK 2.2 ([LYZ1], Theorem 1). (a) In order for the pair (G,o) to be a braided
group, conditions (1.1), (1.3) (for S = B = G) and (2.2) are sufficient, i.e., the rest
conditions (1.2) and (1.4) follow from them.

(b) If (G,0) is a braided group, then o is a braid operator on G x G. Thus (G, 0)
forms a non-degenerate braided set in the sense of [ESS].

If the braided set (G, o) is symmetric, we call (G, o) a symmetric group. This condition
is expressed diagrammatically:

x Y y x! x Yy
AN AN /
(2.3) . = . or s
y/ 1,/ T y y/ Jj/
for z,y, 2,y in G.

ExXAMPLE 2.3 (of trivial braided groups). (a) G is arbitrary and o is defined by
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(b) G is abelian and o is defined by

\/
. , T,y €G.
Yy x

PROPOSITION 2.4. A braided group G is symmetric if and only if
(2.4) (x—y) t=y =zt foralax,yinG.

Proof. By (1.8) and (2.3), G is symmetric if and only if

-1 -1
(2.5) . = o for z,y, 2,y € G.
y ! (@)t )

Under the assumption of (2.5), we have 2/ = x — y and y’ is determined by data x, y,
x’ as y'x’ = xy. This implies immediately the equivalence of (2.4) and (2.5). m

DEFINITION 2.5 ([ESS], Def. 2.2). A I-cocycle datum means a triple (G, N, w) where
G and N are groups such that G acts on N on the right as group automorphisms
NxG— N, (a,z)—a<z
and 7 : G — N is a bijective 1-cocycle, i.e.,
(2.6) m(zy) = (v(z) 9y)w(y), =,y €G.
Braided groups and 1-cocycle data correspond categorically ([LYZ1], Theorem 2). If
G is a braided group, we put

(2.7) N =Ker(mult : G < G — G)

We let G act on N by:

(2.8) a<z = (z74 Da(z,1), a €N, z€QG.
We define the 1-cocycle 7 : G — N by:

(2.9) n(z) = (z72), = €q.

Then (G, N, ) is a 1-cocycle datum. We have
(2.10) m(x —y)=n(x)y, z,y€QqG,
as is easily checked.
Conversely, let (G, N,7) be a 1-cocycle datum. Then the following map is bijective:
(2.11) GxG—GxN, (z,y) v (xy,7(y)).

Transport the group structure of G x N to G x G along this bijection. Then a matched
pair structure on (G, G) is defined. Since we have a commutative diagram

GG — Gx N
(212) mm Aection
G

the multiplication is a group homomorphism. Hence G becomes a braided group.
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PROPOSITION 2.6 ([LYZ1], Prop. 4). Under the above correspondence, the braided
group G is symmetric if and only if N is abelian.

X
AN
\ ’ m7y7x/7y/€G'

(2.13) m(zy) = 7(y'a’) = n(z —y)n(y) = 7y < 2")m ().

Here, note that 2’ = x — y. Hence, if N is abelian, we have y = 3’ «— 2’. This implies

Proof. Assume we have

Since zy = y'2’, we have

we have
/ !

Y T
X
AN
€z )
hence G is symmetric by (2.3). Conversely, if G is symmetric, we have y = y’ — 2.
Hence (2.13) implies
m(2)m(y) = m(y)m(2').
Since we can choose z’,y arbitrarily, this implies N is abelian. m
COROLLARY 2.7. If G is symmetric, we have
(7' Da(z, 1) = (1,27 Ya(l,2), € G, a€N.

The correspondence between symmetric groups and abelian 1-cocycle data is implicit
in [ESS] and fully studied there.

Let G be a braided group. Let T',. (resp. I';) be the kernel of the right action < (resp.
left action —), i.e.,

€z g
r geqG N forallz € G
r = \ >
xgx_l
(2.14)
g x
AN
r, = geG . forallx € G
T rlgx

Put I' =T, NTIy. If G is symmetric, I',, = I'; by Proposition 2.4.
LEmMA 2.8. T, x {1}, {1} x [« G =< @G.
Proof. (2.14) implies

(1,2)(g,1) = (zgz~ ' z), 2€G, geT,.

Hence
(1,2)(g, 1)(1,96_1) = (;vgac_l, 1).
This implies T',, x {1} <G <1 G. Similarly, {1} xT'<Gx<G. n
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PROPOSITION 2.9. (a) ' is an abelian normal subgroup of G
(b) The matched pair structure o : GXG — G X G induces a map G/T xG/T' — G /T x
G /T which makes G/T into a braided group, i.e., G/T is a quotient braided group of G.

Proof. (a) (2.14) implies we have

T Y
AN
o z,y €T,
y x
hence I is abelian.
(b) Similarly to Lemma 2.8, we have I'x {1}, {1} xI'<G 1 G, hence I'xI'aG 1 G. The

quotient (G <1 G) /(' xT") factors as a product of subgroups G/T'x {1}, {1} x G/T yielding
a matched pair structure on (G/T', G/T'). This structure is obviously induced by o. =

Soloviev’s Theorem 2.6 [So], which is stated in terms of cocycle data, is equivalent to
the above proposition.

COROLLARY 2.10. The braided group G = G/T' corresponds to the 1-cocycle datum
(G, N, =) where N = N/Nr with

(2.15) Nr={(g""9) | geT}
and T is induced by w. Nr is central in N.

Proof. If g € T', x € G, then

(z,1)(g; 1)(‘%717 1) =(1,z)(g, 1)(1, ‘ril)

by the proof of Lemma 2.8. Hence (g,1) commutes with (x~!, z). Similarly (1, g) com-
mutes with (z71,z). Hence Nt is central in N. The rest is obvious. =

3. The braided group Gx. Let (X,0) be a non-degenerate braided set. We write
(3.1) c: XxX—-XxX, (z,y)— (x—=y,z—1y).

This is bijective satisfying the braid relation, and the actions x — and < y are bijections
of X onto itself. We use the symbol as in §1:

T y y ’
AN /
(3.2) . or
y/ 1,/ x y
to mean the relation (y',2') = o(z,y).

DEeFINITION 3.1 ([ESS], 2.1). Let Gx be the group defined by generators X and
relations

(3.3) Yo' =ayif (v,2') = o(z,y), z,y€X.

THEOREM 3.2 ([LYZ1], Theorem 9). Gx has a unique structure of a braided group
such that the canonical map X — Gx preserves the braiding.
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The matched actions g — h, g — h, g,h € Gx are constructed as follows (see [LYZ1]

for details):
Step 1. The braid relation for ¢ implies

N Ty = oy (@),
3.4
. Kx :‘{w;x);y = e y) o

where z,y,z’,y’,z,u € X. Hence the actions y — and + y extend to group actions

GxxX—X, (g9,2)—g—ux,
(3.5) )
XxGx =X, (z,9)—x+g.
Step 2. By means of actions (3.5), we put
(3.6) r—g=aglx—g)~" g-a=(g—x)'gx, z€X, gelx.

One can prove that (i) the actions  — and < « are bijections of Gx onto itself, (ii)
condition (3.4) is valid for these actions with z,u € Gx. Hence these actions extend
to left and right group actions of Gx on Gx. One can prove that the extended actions
satisfy the compatibility condition

(3.7) gh=(g—h)(g=—h), g,heCGx.

Thus Gx becomes a braided group by Remark 2.2.

Let (Gx,Nx,mx) be the 1-cocycle datum corresponding to the braided group Gx,
Soloviev [So], Theorem 2.5 has obtained a presentation of the group Nx by generators
and relations. We review his presentation below.

If (G,N,r) is a 1-cocycle datum, it follows from (2.6) and (2.10) that we have

AN
(3.8) K = m(zy) =7m(2)n(y), x,y,2"y €G.

This implies:

(3.9) Yy

(3.10) oy=y"-dl iy 2 in X.
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THEOREM 3.3 ([So], Theorem 2.5). The map wx : X — Nx induces a group isomor-
phism Ax =, Ny.

Comparison of (3.9) and (3.10) shows immediately that wx induces a group homo-
morphism 7x : Ax — Nx. We show that 7x is an isomorphism.

LEMMA 3.4. The right action X — Gx (3.5) extends to a right action Ax — Gx as
group automorphisms.

Proof. Tt is enough to show that
(@ =g (y=9) =@W"+—g (@ —yg), gelx

with the assumption of (3.10). In fact, the braid relation implies that we have

This diagram means that
iy =yl 2y and 2y =a"—g, yi=y—yg, ¥y =y" —g
Hence we are done. =

Now, Theorem 3.3 is proved in several steps.
Step 1. We can form the semidirect product Gx X Ax. The map

(3.11) X —>GxxAx, z+— (z,x)

extends to a group homomorphism

(3.12) f:Gx — Gx x Ax.

In fact, with the assumption of (3.10), we have in Gx x Ax
(z,2)(y,y) = (zy, (v = y) - y) = (zy,2" - y),
W )@a') = (2, (o) -a') = (a2,

Hence they coincide.
Further, the map

(3.13) f:Gx = Gx — Gx x Axr, (g.h) — (g,1)f(h)

is a group homomorphism.
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In fact, it is enough to show that
g
\ . ! /
h/ g/
It is easy to see we can assume g, h, g’, h’ are in X. If this is the case, the claim follows

directly from the definition of f.
Step 2. We have a commutative diagram

GX X GX f GX X AX
mm‘ Aeetion
Gx

Hence f induces a homomorphism f : Nx — Ax. On the other hand, we have a
homomorphism 7x : Ax — Nx. Since f(z=1,z) = (=1, 1)(z,2) = (1,z), z € X, we
have f o7x = id. On the other hand, 7x is surjective by the next lemma. Hence we
have proved Theorem 3.3.

LEMMA 3.5. Let G be a braided group with generators X such that X — G C X.
Then the corresponding group N is generated by (v~ %, x), v € X.

Proof. Let M be the subgroup of N (C G <1 G) generated by (=1, x), z € X. The
assumption implies that M is normalized by G x {1} and G x M contains {1} x G. Hence

GXxM=GxG=Gx N
yielding M = N. m

COROLLARY 3.6 ([ESS], Proposition 2.5). If (X,0) is a symmetric set, then Nx is a
free abelian group with basis (z~*
18 1njective.

,x), x € X. In particular, the canonical map X — Gx

One can refine the construction G/T" in §2 in case of Gx. Let T', (resp. I';) be the
kernel of the right action < (resp. left action —) of Gx on X (3.5). These are smaller
than the T, and I'; defined in §2. If (X, o) is symmetric, they coincide since X C Gx.
Put ' =Ty NT,.. Similarly as Proposition 2.9, we have

PrOPOSITION 3.7. (a) I is an abelian normal subgroup of Gx.

(b) Gx /T is a quotient braided group of Gx.

COROLLARY 3.8 ([So], Theorem 2.6). If (X, o) is a finite non-degenerate braided set,
then Gx /T is a finite braided group.

4. LYZ pairs. Let (S, B) be a matched pair of groups. If S is a finite group, we
have the bi-smash product Hopf algebra H(S, B) (§1). When k& = C, Lu-Yan-Zhu [LYZ2]
describe all positive quasitriangular structures on H (S, B) by means of homomorphisms

(4.1) ¢&n:S— B

satisfying some curious conditions. We would like to call such pairs LYZ pairs and study
more in §§4-5.
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DEFINITION 4.1. A pair of group homomorphisms (£,7) (4.1) is called an LYZ pair
if the following conditions are satisfied:

s b
AN s)b = Vs
(4.2) K =>{ &) ,g( /) . 5,5 €8S, b eB,
% s 77(5)5 = b 77(5 )
(4.3) Let s,t € S. Define s',t' € S by the diagrams

£(s) ¢ s n(t)

KX
Then t's’ = st. )

Condition (4.2) implies &, n extend to group homomorphisms
(4.4) £7:Bx<S — B

which are identity on B.
(4.2) and (4.3) imply

, Y

with notations in (4.3) ([LYZ2], Lemma 2.4).
We put

N = Ker(€), N, = Ker(7),
me(s) = (&(s) 71 8), my(s) = (n(s)™1,5), s€S.
LEMMA 4.2. Under condition (4.2), we have
(43) & me(s)my (t71) = m (¢ e ().
Proof. With notations in (4.3), we have

)T n(t)

(4.6)

Hence
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If these are equal, then s't=! = (¢/)~!s or t's’ = st yielding (4.3). Conversely, if (4.3) is
true, we have

N
5(8/)—1 /
by (4.5). Hence
me(s)my(t™h) = (&(s)7n(t'), s,
mt me(s) = (&) (E)7s)
which coincide since £(s)n(t) = n(¢')é(s’) by (4.2). »
Since Ng = {m¢(s) | s € S}, we have
PROPOSITION 4.3. A pair of group homomorphisms (£,m) (4.1) is an LYZ pair if and
only if
(a) they extend to homomorphisms (€,7) in (4.4),
(b) every element in N¢ commutes with every element in N,).

EXAMPLE 4.4. If G is a symmetric group, (id, id) is an LYZ pair for the matched pair
(G, G). This follows from Propositions 2.6 and 4.3.

Define a map
SxS—8xS, (st)—(t's)
by condition (4.3). We illustrate this map as usual by diagram

(4.7) X

' s’
THEOREM 4.5. The above map makes S into a braided group.

Proof. Since condition (2.2) is satisfied by (4.3), we check that (S,S) becomes a
matched pair of groups by the above map. By Proposition 1.2, we have only to check
conditions (1.9) and (1.10) for (S,.5). But they follow from the corresponding conditions
for (S, B) through homomorphisms £ and 7, since (4.7) is equivalent to (4.5). m

The equivalence of (4.5) and (4.7) means that
(id,n) : (5,5) = (S, B),  (&1d): (5,5) — (B,5)

are homomorphisms of matched pairs of groups. This and an easy observation yield the
following:

PROPOSITION 4.6. Let (§,n) be an LYZ pair for (S, B).
(a) We have the following group homomorphisms:
nid: S8 — BxS, (s,t) — (n(s),t),

(4.8)
id<é: S8 — B S, (s,t)— (1,5)(&(t),1).
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(b) We have commutative diagrams

B S Ld S S _idet | B S

(4-9) lﬁ lmult lé

3

B PR/ s —— B

B~ S B
g\; 4/77
B

(4.10) S

Note that the common homomorphism S .S — B in (4.10) maps (s,t) to n(s)&(¢).
COROLLARY 4.7. ni<id and id < & induce the following isomorphisms:

nid idpag
N, N Ne

(4.11) K ~ ~
(77(8)7175) RE— (57158) S (17571)(6(‘9)71)

PROPOSITION 4.8. Let (&,m) be an LYZ pair for (S, B). There is a unique automor-
phisms F' of the group B 1< S such that
(4.12) F(n(s)~ts) = (1,s71)(&(s),1), s€S,
(4.13) F(b,1)=(b,1), be B.

Proof. By Corollary 4.7, there is a unique isomorphism F : N, = N defined by
(4.12). Since we have

B>xS=BxN,=DBxNg,

it is enough to show that F' preserves the conjugate action by B. Assume that

b
AN
o , s, ¢S, bbcB.

G~ ((s) 7 8) (b, 1) = (07 n(s) T, 8") = (n(s") T, S).

Then we have

Noting that

8_1 4
AN
E(s)b=b'&(s") and K
b (s)71
(6L 1)L s7(E(s), (b, 1) = (b7 s (E(s)b, 1)

—
~—
—
AN
—~

V)]

~

~—

—_
N

= (07 sTHE) ) = (1, ()7

Hence F' preserves the conjugate action by B. m
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This automorphism F' was introduced in [LYZ2], Theorem 3.1.
PROPOSITION 4.9. The automorphism F of B <1 S has the following properties:

(4.14) F(1,5) = (n(s), (1,57 (E(s),1) = (€(5), (L, 57 1) (n(s), 1), s €S,
(4.15) noF =¢ EoF =,

(4.16) F(Ni) =Ny, F(Nn) = Ng,

(4.17) F? =id.

Proof. The first half of (4.14) follows from (4.12) and (4.13). The latter half follows
since (n(s),s™1) commutes with (£(s),s™1) by Proposition 4.3. Note that (4.14) means
F stays invariant relative to interchange & < 7. (4.15) follows from (4.13) and (4.14),
and this yields (4.16). We have

F2(Ls) = (n(s), )F(1,s71)(E(s). 1)
= (n(s), D)(n(s™1),1)(1,8)(E(s71), 1)(E(s), 1) = (1, 9)
yielding (4.17). m

5. The universal LYZ pair and minimal LYZ pairs. Let S be a braided group.
For s,s" € S and (t,u), (t',u') € S .5, we write

s (t,u) S t U
AN ™~
8 ( 4 - K
t' s’ t/ u/ s’

This means a relation among relevant elements (or a subset of (S x.S >1.8) x (S 1.5 S)).
If one has a pair (s, (t,u)), there is a unique pair ((¢',u’), s’) satisfying condition (5.1).
Hence the correspondence (s, (t,u)) — ((t',u),s’) may be viewed as a map S xS >1.5 —
S8 xS.

PROPOSITION 5.1. (a) The above map makes (S, S >1.5) into a matched pair of groups.

(b) The injections ing,ing : S — S xS, s — (1,9),(s,1) form an LYZ pair for
(S, S 8).

(¢c) The braided structure on S induced by the LYZ pair (ing,iny) coincides with the
original one.

Proof. (a) We check conditions (1.9) and (1.10). (1.9) becomes

T \s\ t/u TS ~ t /u
52 > - K

t/ u/ ,r/ S/ t/ u/ r/s/
which holds obviously. As for (1.10), we have to choose b, ¢ from S 1 .S. Then we can
assume b, ¢ belong to S x {1} or {1} x S. If bisin S x {1} (resp. {1} X .5), we can assume

b’ is also in S x {1} (resp. {1} x S). Thus there are 4 possibilities of the choice of b, ¢
(and b',¢’). Here we use the notations of (1.10). Among them, the only nontrivial choice
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is the case b = (1,t) and ¢ = (u, 1), hence b’ = (1,¢') and ¢ = (v/,1). In this case, (1.10)
becomes

s /t u s ~ up
59 e K
t/ o’ s /A )

if (1,¢)(u,1) = (u1,t1) and (1,¢) (v, 1) = (uf,t}). Now we have

t U t u
AN AN
\ and \
U1 tl u’l tll
Hence the assertion follows from the braid relation

s t U s t u
y \/
¢ _ )
(5-4) U™ - AN
u) t, s up ot s
(b), (c). First we check condition (4.2). This means (5.1) implies

(5.5) (1,8)(t,u) = (t',u)(1,5"), (s,1)(t,u) = (t',u')(s,1).
In fact, (5.1) implies there is s° € S such that

s t s° u

K X

t s° u’ s’

Then we have
(1,8)(t,u) = (t',s°u) = (t',u's),
(st,u) = (t's°,u) = (', u)(s,1).
To prove (b), (c), it is enough to show

v w (1,v) w v (w, 1)

o N T %4

w' v w o (1,v") (w',1) o

/
where v, w, v, w’ € S. This follows directly from definition (5.1). m
The above LYZ pair has the following universality.
PROPOSITION 5.2. Let (§,n) be an LYZ pair for a matched pair of groups (S, B).

(a) The map n*&: S S — B, (s,t) — n(s)&(t) is a group homomorphism.
(b) (id,n*&) : (S,S>8) — (S, B) is a homomorphism of matched pairs of groups.
(¢) The above homomorphism transforms the LYZ pair (ing,iny) to (§,7).
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Proof. (a) See (4.10).
(b) Since (4.7) implies (4.5), it follows that we have

s\ t U S — n(t) &(w) s\ n(t)&(u)
on 09 - 5 - X
o S ) ) Y ) S

(¢) is obvious. m

EXAMPLE 5.3. Let (X,0) be a finite non-degenerate braided set. We have a finite
braided group S = Gx /T by Corollary 3.8. Hence we have a quasitriangular Hopf algebra
H(S, S 09).

We turn to minimal LYZ pairs. A quasitriangular Hopf algebra (H, R) is called
minimal if H is the only Hopf subalgebra containing R.

PROPOSITION 5.4. Let (§,7n) be an LYZ pair for a matched pair of finite groups (S, B).
If € an n are isomorphisms S — B, then H(S, B) is a minimal quasitriangular Hopf
algebra.

This follows immediately from the description of the quasitriangular structure R in
[LYZ2], Theorem 2.3 (see (6.4)).

EXAMPLE 5.5. Let G be a finite symmetric group. Then (id,id) is an LYZ pair for
(G,G) by Example 4.4. Hence it gives a minimal quasitriangular structure on H(G, G).
Since we have

GxG=GxA with A= Ker(mult),
the Hopf algebra H(G,G) is quasi-isomorphic to H(A,G) = (kA)* # kG [LYZ2, Prop.
4.1], [EG, Thm. 4.2]. If k is an algebraically closed field of characteristic 0, then (kA)* ~
kA*, so that (kA)* # kG is isomorphic to the group Hopf algebra k(A* x G). Thus
H(G,QG) is a twist of the group Hopf algebra k(A* x G). Minimal quasitriangular Hopf
algebras of this form are studied in [EG].

We may call the LYZ pair (&, 7) minimal if € and 7 are group isomorphisms S — B.
In this case, we can assume S = B and n = id by the following:

PROPOSITION 5.6. (a) Let S be a braided group and £ a group automorphism of S.
Then (&,id) is an LYZ pair for (S, S) if and only if we have

t £(s) ¢

o Sa X aees

v s v £(s)
(b) Let (&,m) be a minimal LYZ pair for the matched pair of groups (S, B). Then
(én~1,id) is a minimal LYZ pair for the pair (S, S).

Proof. (a) (5.8) is part of (4.5). Condition (4.2) is automatically satisfied.

(b) This is obvious, since we have an isomorphism of matched pairs (id,7) : (S, S) =
(S,B). m

DEFINITION 5.7. A pair of a braided group S and its group automorphism ¢ is called
a &-braided group if condition (5.8) is satisfied.
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If (S,€) is a finite &-braided group, we have a minimal quasitriangular Hopf algebra
H(S,S) with structure induced by the LYZ pair (&, id).

PROPOSITION 5.8. Let (S,€) be a &-braided group.

(a) € is an automorphism of the braided group S.

(b) We have T) =T, =T and T = £(T") with the notations in (2.14) (for G = S).
(c) Every element in ' commutes with £(s)s™1, s71&(s), s € S.

(d) S/T is a &-braided group.

Proof. (a) (5.8) yields

s\ t t’\ £(s") 6(8)\ £(t)
K = N7 AN
t’ s’ £(s) §() &)

hence £ preserves the braiding.
(b) If g €T, and x € S, we have

since x71gx € T',. By (5.8), this yields

3
(5.9) X

Since £ is bijective, this means g € I';. Hence I', C I';. If g € Ty and € S, we have
similarly

(5.10) X

E(xga™")
This means £(g) € T';.. Hence {(T';) C T';.. On the other hand, we have {(T",) = T, and

&(Ty) =Ty, since € preserves the braid structure by (a). Hence I' =T, =T
(¢) (5.9) and (5.10) imply

gé(x) = () g and wé(g) = E(x)E(g)é(x) e
if ge I’ and x € S. The assertion follows from this.
(d) is obvious. m
We consider the set version of £-braided groups.

DEFINITION 5.9. A &-braided set means a triple (X, o0,£) where (X,0) is a non-

degenerate braided set and & is a bijection of X onto itself satisfying condition (5.8)
for S = X.
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THEOREM 5.10. Let (X, 0,&) be a &-braided set. Then & extends to a group automor-
phism & of Gx. (Gx,§) is a &-braided group.

Proof. Similarly to Proposition 5.8 (a), £ is an automorphism of the braided set
(X, o). Hence it induces an automorphism & of the braided group Gx. Condition (5.8)
for S = Gx can be deduced easily from (5.8) for S = X by using Proposition 1.2. m

COROLLARY 5.11. We have Ty =T, =T and £(T") = I" with the notations of §3 (above
Proposition 3.5).

This can be proved similarly to Proposition 5.8 (b).
If (X,0,€) is a finite {-braided set, we have a finite {-braided group Gx /T yielding a
minimal quasitriangular Hopf algebra H(Gx /T, Gx/T).

6. Quasitriangular structures on H(S, B). Let H be a Hopf algebra over a field
k. Recall that a quasitriangular structure on H is given by an invertible element R in
H ® H satisfying the following conditions:

(6.1) (A ®id)(R) = Ri3Ras,
(6.2) (id ® A)(R) = Ri3R12,
(6.3) A°P(z) = RA(z)R™Y, x= <€ H.

If (H, R) is a quasitriangular Hopf algebra, the category of right H modules M g has
the following structure of a braided category. For two right H modules V, W, the map

T: VW -WeV, Thvw)=(w®v)R

is a right H linear isomorphism. This natural isomorphism 7 satisfies the hexagon axiom
making My into a braided category.

Let (S, B) be a matched pair of groups where S is finite. Let (£,n) be an LYZ pair
for (S, B). We define an element in H(S, B) ® H(S, B):

00 -% Q RO

s,tes 77

where we use the braided structure X (4.7) on S. Note that
/ /

s t s n(t) v £(s") s )t
AN AN AN AN
(6.4.1) K = K and K , hence K
t s’ nt) s £s) ¢ n(t)t s

THEOREM 6.1 ([LYZ2], Theorem 2.3). R, is a quasitriangular structure on H(S, B),
and we have

Rye = tw(R. ')
where tw(a ® b) = b® a.
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In fact, Lu, Yan and Zhu characterize these quasitriangular structures as positive ones
when k& = C. It is possible to check that the R¢, (6.4) satisfies conditions (6.1)-(6.3)
by direct calculations. But in the following, we would like to give a natural categorical
explanation of this fact, suggested by Masuoka [Ms3].

We begin by describing the category of right H (S, B) modules M (g p) explicitly.

Define the category Mp as follows. An object is an S-graded vector space over k,
V = (Vs)ses which is also a right kB module in such a way that

(6.5) VibC Viey, s€S, be B,

where we use the right action S +~ B. Morphisms in Mg are kB linear maps preserving
the S-gradation. If V' and W are two objects in *Mp, the tensor product V ® W has
S-gradation

(6.6) VeWw),=Piew,

s=tu

Define a right B action on V @ W as follows:

(6.7) (V@ wy)b=v(u—>b) @w,b, veV, w, eW,, be B,

where we use the left action S — B. This structure makes V ® W into an object in
SMp, and M p becomes a tensor category with this tensor product.

PROPOSITION 6.2. The tensor categories My (s, gy and SMp are identified with each
other as tensor categories.

Proof. Let V be a right H(S, B) module. We put

s Al
(6.8) Ve=V- <> , se€s.
1

S

sal
Since <> , 8 € S are orthogonal idempotents, we have V' = @, 4 V,. Thus V is
1Vs

S-graded. Define a right B action by

sAD
(6.9) veb = v, - Q , vs €V, s€S, be B,
b

N . . s .
where . We claim V is an object in ® Mp. Since
/ /\ /

OO0
Vs 1V Vs

we have
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This means (6.5), since s’ = s < b. Assume we have

S b

X

W s’\ ¢ , CEB.
X,

Then we have

sAb  sac s Abe
(vsb)e = vy - Q . <> = v - <> = v, (bc)
b/ s/ C/ s// b/C s//

and v,1 = v,. Hence V becomes an object in “Mp. Conversely, if V is an object in
SMp, we define a right H (S, B) action on V as follows. Let v = (v4)ses be an element
inV = &sesVs. We put

s Ab
(6.10) v - <> = v;b.
b/ !/

S

we leave the reader to check that V' becomes indeed a right H (S, B) module. In this way,
we can identify My (s ) = S Mp as categories. We also leave it the reader to check that
the diagonal action on V ® W is described by (6.6) and (6.7). m

Let G be a group and B a subgroup of G. Define a category g./\/l p as follows. An
object is a G-graded vector space M = (My)gec which is a kB bimodule in such a way
that

(6.11) bMgc C Myge, b,c€ B, g€ G.

Morphisms are kB bimodule maps preserving the G-gradation. If M and N are objects
in g/\/l B, we have a kB bimodule M ®;p N, which has the following G-gradation:

(M ®ip N)4 = the span of my ® ny, for all my € My, nj, € N, with fh = g.

It is easy to check that M ®jp N becomes an object in M p. Thus G Mp is a tensor
category.

PROPOSITION 6.3. The tensor categories “Mp and B™S Mp are canonically equiva-
lent as tensor categories.

Proof. Let V be an object in “Mp. We make kB ® V into an object in 5™ M.
Define the B 1 S-gradation by

(6.12) (kBRV )4 =00V, (bs)€ BxS.
Define the kB bimodule action by

a(b®@vs)c=ab(s — ¢) ®vse, a,b,c€ B, vg € Vg, s€S.
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One can easily check that the above structures make kB ® V into an object in 5™ Mp.
If V,W € S Mp, we have a left kB linear isomorphism

(kBRV)Qkp (kBW) ~ kBVW

(6.13)
(a®vs) @ (bRwy) < (a®vs)b® wy.

Both elements above have grade (a, s)(b,t) in B 1 S. Hence the isomorphism preserves
the B 1 S-gradation. We claim that it is right kB linear. We write

s b t
% XS’ X
X

c

t , s,teS, bceB.

c s
Then we have

s c' s't

N AN
. and AN
b/c// S” C// S”tl

It follows from the left diagram above that the element
(6.13.1) (a®vs) @ (b@w)c= (a®@vs) @ (bc' @ wyc)
corresponds to
(6.13.2) (a @ vs)bc’ @ wic = ab'c” @ vsbe’ @ wyc.

It follows from the right diagram that we have
(6.13.3) ((a ®@vs)b @ wi)e = (ab' @ vsb @ wy)e
= abd’ @ (vsb @ wi)e = ab'c” @ vsbe @ wyc.

Hence the isomorphism (6.13) is right kB linear.
We have established a monoidal functor

(6.14) V—kBoV, Mg — B Mp.

We show this is a categorical equivalence. Let M be in B> M. Through the projection
B S — B, we may view M as a left kB Hopf module. Hence, if we put

(6.15) V=M =P Mg,
ses

we have an isomorphism
(6.16) kBRV — M, b®vw— bu.
If we give the S-gradation on V' by Vi = M(y ), then it follows that Mg o) = b® V. If

S b
N
, we have
b’/\ s’

Ma,b C My,
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since (1,s)(b,1) = (¥, s"). Hence Vb C b’ @ Vr. We define a new multiplication -b : Vy —
Vs by putting

(6.17) vb=b ®uv,-b, v, €V,

We leave it to the reader to check that these structures make V into an object in S M B,

and that the isomorphism (6.16) is a morphism in ng Mp. Hence the functor M —
V = B ) gives a quasi-inverse to the functor (6.14). m

Let B be a subgroup of a group G, and let £, : G — B be group homomorphisms
which are identity on B and such that

(6.18) Ker(¢) and Ker(n) commute with each other element-wise.
Masuoka [Ms3] has constructed a braiding 7 = 7¢, on the tensor category g./\/l B as
follows.
PROPOSITION 6.4 ([Ms3], cf. also [Sch], 6.3 Theorem). (a) Let M, N be two objects in
gMB. There is an isomorphism Tayy N : M Qg N S NQre M in g./\/lB such that
77_M7N(mf ® ng) = n(f)ngf(g)_l ® U(f)_lmff(g)a my € Mfa Nng € Ng with fvg €G.

(b) The natural isomorphism T = (Tar,N) MmN Satisfies the hexagon condition.
(c) If we write T = T¢ ,,, then we have

(%ﬁyﬁ)MTJ\} = (Tn.e)N,M-
Proof. We show briefly that the map 7s, v is well-defined and that it is a morphism
in gMB. We leave it to the reader to verify the other properties. If b € B, then
Tun(mpb@ng) = n(fb)ngé(g)~" @n(fb)~'myb(g),

TN (my © bng) n(£)bng€(bg)~" @ n(f) = m&(bg).
Since 1(fb) = n(f)b and £(bg) = b&(g), these elements coincide in N ®;p M. Hence Tar,n
is well-defined. We have

T (bmy @ng) = n(bf)ng€(g) ™t @ n(bf) = bmE(g)
= n(f)ng€(g)~ @n(f) " ms&(g)
implying that 7as n is left £B linear. Similarly it is right kB linear. Finally, the element
Tu,N(my ® ng) has grade
n(£)g€(g) ™" - n(f) = fE(g) = n(H)n(f)~"f - 9&(9)"'€(9) = fg
by (6.18), since g€(g)~* € Ker(€) and n(f)~'f € Ker(n). Hence 75y preserves the G

gradation, and we conclude it is a morphism in g./\/l B.- =

We get back to the matched pair of groups (S, B) with S finite. Let (£,n) be an LYZ
pair for it. Let £,7 : B >x S — B be the extended group maps (4.4). The pair &, 7
satisfies (6.18) by Proposition 4.3. Hence we have the Masuoka braiding 7 = T¢; on the
tensor category gms M. Since we have monoidal equivalences

~ S ~ B<S
MH(&B)N MBNB MB

we can transport the braiding 7 onto the category My (s p). Let 7 be the transported
braiding structure on Mg (s py.
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PROPOSITION 6.5 ([Ms3]). Let V,W be right H(S, B) modules. Then we have
(6.19) Tvw(v@w) =(wQu)Re,, veV, weW,
where Re ., is the LYZ element (6.4).

Proof. We may identify V, W as objects in “Mp (Prop. 6.2). We use the notation of
(6.4) and (6.4.1). We only have to prove

TV,W('Ut/ ®w5/) = ws/n(t)*l &® Utlg(sl), vp € Vi, wy € W

In fact, taking M = kB®V, N =kBe W, f = (1,t'), g = (1,5') in Proposition 6.4 (a),
we have

(1@ ve) ® (1@ wy)) =) (1@ we)E(s) ™ @n(t') (L@ v )E(s).
(s")
Since \/\ (6.4.1), we have n(t')¢(s") = &(s)n(t) and

n(t) 1@ v )E(s") = (') THE(s) @ veé(s) = E(sIn(t) T @ veE(s).

Hence
un((l@v) @ (lowy)) = nt)(1@ws)Es) ™ @ (E(s)nt) ! @veé(s))
= )1 @ws)n(t)"t © (1®ve(s))
= ("))t @wyn(t)h) ® 1@ vrE(s)
= (1@wynt)™!) @ (1evgs)),
s nt)!
AN

since we have (6.4.1). This implies that the map 7y, (6.19) corresponds to

()"t s
Ty, N through the isomorphism (6.13). m
This gives a categorical proof to Theorem 6.1.

Let G be a group with a subgroup B. Assume there are two finite subgroups S, T of

G such that
G=B>xS=BxT.

Proposition 4.1 of [LYZ2] claims that the Hopf algebras H(S, B) and H(T, B) are quasi-
isomorphic. The above approach admits the following naive categorical explanation of
this fact, as noted in [Ms3].

We view T'C B xS and write t = (¢1,t2) for t € T. Then the map ¢ — to, T — S is
bijective. If t,u € T, then

tz (5%

(6.20) (tu); = tyul, (tu)s = thus, where X

ul t
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t pb

We denote the jigsaw puzzle basis of H(T, B) by @ with t,u € T, b,c € B such that
cVu

th = cu.

PROPOSITION 6.6 ([LYZ2], 4.1). There is an algebra isomorphism ¢ : H(T,B) —

H(S, B) such that
t Ab ton b
(80.)- 8.
cVu tl_lcu U9
This is easily verified.
For an object V in Mg, let V' be the object in T’ M p obtained by viewing V as a
right H(T, B) module through ¢, i.e., we have

(V®); =V,,, with the same B action.

ProproOSITION 6.7. We have a commutative diagram of functors up to a natural iso-
morphism:

()°

SMB TMB
(621) Can\ /Cano

EMz
Proof. Tt is enough to define the left kB isomorphism
kBV ~kBeV? by ti®@uvi—=1Qu, teT, v € V,.
One can easily check that this is right kB linear, too, preserving the G gradation. m

The commutative diagram (6.21) yields a monoidal structure on the equivalence ( )?
as follows. If V, W are two objects in “Mp, we have isomorphisms in §Mp:

kEBVe W? (kBoV®) @pp (kB@W?) ~ (kB V) @k (kB2 W)
~ kEBVeW~kB® (Ve W)?.

1

This induces the isomorphism in T Mp:
(622) VP@W?~(VaW)?, v ®@w, < vu @w,, t,ucT, v € Vigs Wy € Wa,.
If we put

(6.23) @1 <> € H(S,B)® H(S, B)

tuGT Uy

with the notation in (6.20), then the 1som0rphlsm (6.22) is precisely the multiplication
-J. It follows immediately that J is a Harrison cocycle on H(S, B), and the fact that -J
is right H(S, B) linear means we have

TAG(z) =Y (¢(21) ® ¢(2))J, x € H(T,B).

Hence if we twist the A of H(S, B) by J, it follows that ¢ is an isomorphism of Hopf
algebras H(T,B) = H(S,B)”.
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