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Abstract. We determine the coribbon structures of some finite dimensional braided Hopf
algebras generated by 2 x 2-matrix coalgebras constructed by S. Suzuki. As a consequence, we
see that such a Hopf algebra has a coribbon structure if and only if it is of Kac-Paljutkin type.

1. Introduction. Finite dimensional Hopf algebras with some additional structures
such as R-matrices, braidings and ribbon elements are closely related to the topology of
knots, links and 3-manifolds. For example, it is shown by Kauffman [6] that many basic
knot invariants including the Alexander-Conway polynomial and the Jones polynomial
are derived from spin-preserving R-matrices R : Ma(k) ® Ma(k) — My(k) ® Ma(k),
where My (k) is the 2 x 2 matrix algebra over a field k. Another type of R-matrices
R : My(k) ® Ma(k) — Ma(k) ® Ma(k) are classified and investigated by Takeuchi and
Tambara [14], Radford [9] and S. Suzuki [11] (see also [13]). In particular, S. Suzuki [11]
introduced a family of cosemisimple Hopf algebras of finite dimension, and determined

the (co)quasitriangular structures of those Hopf algebras, by classifying and investigating
0 0 e

0 o ), where «, 8 € k with «, 5 # 0. The family includes
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Hopf algebras K which fit into a Hopf algebra extension 1 — (kC3)* — K — kDo, — 1,
where Cs is the cyclic group of order 2 and Dy, is the dihedral group of order 2L (see
[4, 7, 8, 11] for more precise information). So, such a Hopf algebra K can be said to be
of Kac-Paljutkin type, as a generalization of the 8-dimensional Hopf algebra [5] defined
by them.

Reshetikhin and Turaev [10] introduced the notion of a ribbon Hopf algebra to give
applications to knot and 3-manifold theory. The notion of a coribbon Hopf algebra was

0
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introduced by Hayashi [3] as a dual notion to that of a ribbon Hopf algebra. He classifies
the braidings and ribbon structures on quantized classical groups and on some Hopf face
algebras which are closely related to the SU(N)-topological quantum field theories.

In this article, using the universal property of quadratic bialgebras [1] with respect to
coribbon structures, we determine the coribbon structures of the braided cosemisimple
Hopf algebras constructed by Suzuki. As a consequence, we see that such a Hopf algebra
has a coribbon structure if and only if it is of Kac-Paljutkin type (see Theorem 5).

This article consists of three sections. In Section 2, we review definitions and results
about braided bialgebras and quadratic bialgebras due to Doi [1], and show that any
central element of a Yang-Baxter coalgebra (C, o) can be extended to a coribbon element
of the quadratic bialgebra M (C, o). In Section 3, we determine the coribbon structures
of the cosemisimple Hopf algebras constructed by Suzuki.

For a Hopf algebra A, A, € and S denote the comultiplication, the counit and the
antipode of A, respectively. We use Sweedler’s notation A(x) = Sz @ 23 for x € A
[12]. We work over a fixed field k, and set k* := k — {0}. For f € Homy(C, A), where
C is a coalgebra and A is an algebra, we denote by f~! the inverse with respect to the
convolution product, and call it the inverse of f, simply. For a finite dimensional vector
space V, the dual vector space Homy (V, k) is denoted by V*.

2. Coribbon structures of quadratic bialgebras. Doi [1] showed that any Yang-
Baxter form ¢ on a coalgebra C' can be uniquely extended to a braiding ¢ of the quadratic
bialgebra M(C, o). Such a universal property holds for a central element of the Yang-
Baxter coalgebra (C, o). More precisely, any central element of a Yang-Baxter coalge-
bra (C,o) can be uniquely extended to a coribbon element of the braided bialgebra
(M(C,0),&). In this section, we show such a universal property.

DEFINITION 1. Let B be a bialgebra over k and ¢ : B ® B — k an invertible bilinear
form. The bilinear form o is said to be a braiding on B if the following three conditions
are satisfied:

(i) Y o(zM),y1)zy® —Zy Mo (2®),y?) for all z,y € B.
ii) o(zy, z) = T,z Y, 2 or all z,y,2 € B.
(i) o(zy, 2) =X o(w,2M)a(y,2?) for all 2,y,2 € B
iii) o(x,yz) =) o(x\V, z)o(x', orall z,y,2 € B.
(iii) o(z,y2) =Y o(aW,2)o(a®),y) for all z,y,2 € B

We call such a pair (B, o) a braided bialgebra.

DEFINITION 2. Let C' be a coalgebra over k and ¢ : C ® C' — k an invertible bilinear
form. The bilinear form ¢ is said to be a Yang-Bazter form if for all z,y,z € C, the
following equation holds:

Z oz, yMN o (2@ 2D (y@, 22)) = Z o(y®, 2o (2M, 2 e (2@ 42,
We call such a pair (C, o) a Yang-Bazter coalgebra.

Let C be a coalgebra over k and o € (C ® C)* be invertible. We define the coideal I,
of the tensor bialgebra 7(C) [12] by

I, = {Zo(x(l),y(l) @)y _ Zy(l) P (2),3/(2)) | z,y,2 € C}.
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Then, we get a bialgebra M (C, o) := T(C)/{I,). This bialgebra is called the quadratic
bialgebra associated with (C, o).
In the theory of braided bialgebras, the following result due to Doi [1] is fundamental.

THEOREM 1 (Doi). Let (C,0) be a Yang-Baxter coalgebra over k. Then there is a
unique k-linear form 6 : M(C,o0) ® M(C, o) — k such that
(i) (M(C,0), &) is a braided bialgebra.
(ii) 6(z,y) = o(x,y) for all xz,y € C.
Here, we naturally identified x € C and its image under the canonical injection C —
M(C,o).
The notion of a coribbon Hopf algebra is due to Hayashi [3].

DEFINITION 3. Let (A, o) be a braided bialgebra over k. An invertible element 6 € A*
is said to be a coribbon element of (A, o) if the following three conditions are satisfied.

1) Y 0(M)z® =3 2M(z@)  for all z € A.

(i) 6(1) = 1.

(iii) O(zy) = > o (&M, yM)o(®)o(y@ )0~ (y®,2®))  for all 2,y € A.
We call such a triple (4, 0,0) a balanced braided bialgebra. When A is a Hopf algebra, we
require the following condition in addition to the above conditions.

(iv) 6o S =0.
We call the triple (A, o,0) satisfying the conditions (i), (ii), (iii) and (iv) a balanced
braided Hopf algebra or a coribbon Hopf algebra.

REMARK. If the dimension of a Hopf algebra A is finite, then under the identification
(AR A)* =2 A*® A*, a braiding o is a universal R-matrix of A* [2] and a coribbon element
6 is a ribbon element of (A*, o) in the sense of Reshetikhin and Turaev [10].

As an analogue of Theorem 1, we have the following theorem.

THEOREM 2. Let (C,0) be a Yang-Baxter coalgebra over k and 6 € C* an invertible
element. If 0 satisfies the equation

ZG(;U( 2 = Zx(l ) forall z€C,

then there is a unique k-linear form 0 : M(C,o) — k such that
(i) (M(C,0),5,0) is a balanced braided bialgebra.
(i) 0(x) = 0(zx) for all x € C.

Here, ¢ is the braiding of M(C, o) as in Theorem 1.

Proof. The Yang-Baxter operator o can be extended uniquely to o : 7(C)®7T (C) — k
such that

o(zy,2) =Y o(z,2M)ao(y,z2®), Va,y,2€T(C)
o(z,yz) = X o(zW,2)0(@®,y), Va,y,zeT(C).

This linear form o : 7(C') ® T(C) — k induces a braiding on M (C, o) [1]. Hence, for
x,y,z € T(C), we have
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Z oz, y Mo (@@, 2D e(y? | 22 = Z o(y®, 2N (2M, 2o (22 42)).

Using this equation, we see that § and its inverse §~' can be extended uniquely to
0 : T(C) — k and 67! : 7(C) — k such that

= o @Dy )o (1, 2Y), Y a,y e T(O),
6 (xy) =Y o ),x(”)e‘ @0 (@)@, 5@, Y a,y e T(O).

These linear forms on 7 (C') are inverses of each other, and satisfy 6(1,) = 6~1(1,) = 0.
Therefore, 6 : T(C’) — k induces an invertible linear form 6 : M(C, o) — k. Since

Zy(l) P (2) (2) Z 51 gy, (1) 2@y® for x,y € M(C, o),
we see that the linear form 6 satisfies the equation
ZQ (2)—230 6(z?), forall z e M(C,o).

It is clear that @ satisfies the conditions (ii) and (iii). Thus, (M(C,0),5,6) is a bal-
anced braided bialgebra.

Since the bialgebra M (C, o) is generated by C, any coribbon element on M(C, o) is
uniquely determined on C. It follows that a coribbon element of (M (C,¢), &) is unique.
This completes the proof. m

COROLLARY 3. Let (A,0) be a braided bialgebra over k. Suppose that A is generated
by sub-coalgebra C' as an algebra, and 6 € C* is an invertible element such that

Z@(aj( 2 = Zm(l)H ) forallxzeC
Then the following are equivalent.
(i) There exists a coribbon element 6’ € A* such that 6'|c = 6.
(i1) O(Kert) = 0, where 0 is the coribbon element of the braided bialgebra (M (C, olcec),
olegc).

Here, 7 : M(C,o|cgc) — A is the bialgebra homomorphism induced from the inclusion
t:C — A. Under the above situation, we have

0 oi=0.
Proof. (i) = (ii): Let 8’ € A* be a coribbon element of (A, o) such that §'|¢c = 6. It
is enough to show that 6’ o 7 = 6. This follows from the following commutative diagram.

M(C,olcec)

Here, i : C — M(C,0|cgc) is the canonical injection.
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(ii) = (i): Since (Keri) = 0, there exists a k-linear form 6 on M(C,0|cec)/Keri
such that § = 6 o 7, where 7 : M(C,0|cgc) — M(C,o|cec)/Keri is the natural pro-
jection. Since 7 is a bialgebra homomorphism, Keri is a bi-ideal of M(C,o|cgc). Thus,
6! (Keri) = 0, and whence 6 : M(C,0|cgc)/Keri — k is invertible with respect to the
convolution product.

Let 7: M(C,0|cgc)/Keri @ M(C,0|cgc)/Keri — k be the k-linear form such that

To(7r®7r):a|/c\éc.

Then M (C, o) /Keri is a braiding, and @ is a coribbon element of (M (C, o|cgc)/Keri, 7).
Since A is generated by C,  is surjective. Thus,

M(C,o|lcgc)/Kerl =2 A as bialgebras.

Regarding 0 : M(C,0|cec)/Keri — k as a linear mapping from A to k through the
above isomorphism, we have a linear form 6’ : A — k such that 6’ o7 = 6.

Since o o (®1) = &, the bilinear form on A ® A corresponding to 7 coincides with o.
Hence, 0’ is a coribbon element of (A,0). m

3. The coribbon structures of A%, . Suzuki [11] introduced a family of cosemisim-
ple Hopf algebras of finite dimension, and determined the (co)quasitriangular structures
of those Hopf algebras. In this section, first of all, we review Suzuki’s results, and then
determine the coribbon structures of those Hopf algebras. Throughout this section, k
denotes an algebraically closed field of char(k) # 2.

Let C be the dual coalgebra of the 2 x 2-matrix algebra My (k). Then, C has a basis
{Xlla X12, X21, X22} such that

A(Xij) = X @ Xuj + X2 ® Xoj,  e(Xy5) =055 (4,5 =1,2).
We define the coideal I of the tensor bialgebra 7 (C) by
I =Kk(X{; — X35) + k(X5 — X31) + Z k(X3 Xim),
i—jZl—m (mod 2)

and denote by B the quotient bialgebra obtained from 7 (C) divided by the bi-ideal (I)
generated by I. We write x;; for the image of X;; under the natural projection 7 (C) — B.
Let N > 1, L > 2 and v, A = £1. Then, we have a coideal J%/} of B defined by

Ty = k(@3 4 v — 1) + k(w200yy o — T22X11%22 "+ )
L L
+ k(—/\ L12X21L12 "+ + To1T12%21 - )
L L
Here,
T11222%11 """ " * = { (xnxgg)il if Lis even,
—E—’ ($111‘22) 2 T if Lis Odd,

and so on. We set

ARy = B/UIKL).
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The quotient bialgebra A%, has a unique Hopf algebra structure such that C' is a sub-
coalgebra. We write the image of x;; under the natural projection 7 : B — A%, by the

same notation. Then the set
t t

{51 Zoox11222 - -+ - , T T21212To1 - - |1<s<2N,0<t<L-1}

is a basis over k of A%, [11]. Therefore, we see that dim A%, = 4NL.

REMARK. The Hopf algebras A¥} (v, A = £1) fit into a Hopf algebra extension
1 — (kCo)* — AV} — kDo — 1,

where Cy is the cyclic group of order 2 and Doy, is the dihedral group of order 2L (See
[4, 7, 8, 11] for more precise information). So, the Hopf algebra AY? can be regarded as
a generalization of the 8-dimensional Hopf algebra introduced by Kac and Paljutkin [5].
(The Hopf algebra ATQ_ coincides with the 8-dimensional Kac-Paljutkin Hopf algebra.)

THEOREM 4 (S. Suzuki). (1) If L > 3, then the set of braidings of A7, is
{oap | 0, B X, (aB)Y =v, (ap™)F = A}
Here, 0,5(x,y) is defined as in the following table.

x\y|x11 Ti2  T21  T22

z11 | 0 0 0 0
T12 0 (0% 6 0
To1 0 ﬂ (0% 0
Zz22 | 0O 0 0 0

(2) If L = 2, then the set of braidings of AX?, is
{0up | o, B € k¥, (@B)N =v, (ap™)? =2} U {7';\5 | o, B € kX, o = (%, oV =1},

Here, 0,5(x,y) and Té‘ﬁ(x,y) are defined as in the following tables. (The left-hand side
corresponds to o.p and the right-hand side corresponds to T&\ﬁ.)

z\y | T11 X122 P21 T22 z\y | T11 X122 P21 T22
T11 0 0 0 0 11 « 0 0 ﬂ
T12 0 « ﬂ 0 T12 0 0 0 0
21 0 8 « 0 Ta1 0 0 0 0
T22 0 0 0 0 T22 )\ﬂ 0 0 «

REMARK. Let v, A, N be as above. We consider a coideal I* of 7 (C) defined by
= k(X11X00 — X220 X11) + k(X12X01 — AX01 X12) + Z kX Xim.

i—jZEl—m
We set
B == T(C)/(I).
Let J% be the coideal of B* defined by
TR = k(af) —a3y) + k(zly — 23y) + k(e +valy —1).

Then the quotient bialgebra B*/J%; is isomorphic to A%?,.
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THEOREM 5. (1) The braided Hopf algebra (A%, cag) has a coribbon element if and
only if N =1.
Furthermore, the set of coribbon elements of (AY?, 0apg) is {0a, 0—_a}, where 0, and
0_. are defined as in the following table.
|2 w2 @ 2
0, « 0 0 «
O_o | —a O 0 —a
(2) The set of coribbon elements of the braided Hopf algebra (A]”\f)‘Q,T,i‘(;) is {0, | we
k is a 2N-th root of unity}, where 0, is defined by

Ou(211) = b (222) = w, Ou(x12) = 0, (z21) = 0.

We need some lemmas to prove Theorem 5.

LEMMA 6 (S. Suzuki). Let o, 8 be elements in k*.
(1) Let op be the Yang-Bazter form on C defined as in the following table.

:E\y|x11 Ti2 T21  T22

z11 | 0 0 0 0
X112 0 « ﬁ 0
21 0 ﬁ « 0
X292 0 0 0 0

Then o3 can be extended uniquely to a braiding on B. We denote the braiding on B by
OaB again.
(2) Let T&\ﬁ be the Yang-Bazter form on C defined as in the following table.

r\y | 11 Ti2 T21  T22
T11 « 0 0 I6]
T12 0 0 0 0
21 0 0 0 0
X292 )\ﬁ 0 0 (0%
Then Ta/\ﬂ can be extended uniquely to a braiding on B*. We denote the braiding on B»

by Ta/\ﬂ again. m

LEMMA 7. Let w be an element in k™. We define a k-linear form 0, : C — k by
Hw(:vij) = 5ijw, Z,j = 172
(1) Let 0,3 be the braiding on B given in Lemma 6. Then 6, can be extended uniquely
to the coribbon element of the braided bialgebra (B, oa3). We denote the coribbon element
on B by 6, again.
(2) Let Ta’\ﬁ be the braiding on B* given in Lemma 6. Then 0., can be extended uniquely

to the coribbon element of the braided bialgebra (B*, Ta’\ﬂ). We denote the coribbon element
on B by 6, again.

Proof. (1) Since 6, * 0,-1 = 0,-1 x 0, = €, 0, is invertible. Furthermore, 6, satisfies
the equation



340 M. WAKUI

2 2
Z Gw(xik)xkj = Tq5 = ZGw(xkj)xik.
k=1 k=1
Hence, by Theorem 2, 6, can be extended to a coribbon element 6, of the braided
bialgebra (M(C,048),6a8)-

We consider the bialgebra homomorphism 7 : M(C,0,3) — B induced from the
inclusion ¢ : C'— B. By Corollary 3, it is enough to show that

(1) 0, (Ker?) = 0.

o If o £ % then i : M(C,0,3) — B is an isomorphism, so (1) is satisfied.
o If o? = 3%, then Keri is generated by S := {x;;xim | i —j # | — m (mod2)}. The
condition (1) is equivalent to
0,(S) = 0.
By definition of o3 and 6,,, we have
2

Ou(@ijim) = > Gop @ik 010)0u (040) s (45)5 1y (T )
k,t,h,s=1

= WG (i i1, T1141)0 03 (Tig1ms Tig15)

= W25lm5i]’5;ﬁ1(mi,i+1a -Tl,l-i-l)&;gl (T1+1,05 Tit1,i)-
If i — j # ! —m (mod2), then §;,,0;; = 0. Therefore, we see that éw(xijxlm) =0, and
whence 6,,(S) = 0.
(2) As in the proof of Part (1), we see that 6, can be extended to a coribbon element
6., of the braided bialgebra (M (C, T(i‘ﬁ), %é‘ﬁ).
Let i : M(C, Ta)‘ﬁ) — B> be the bialgebra homomorphism induced from the inclusion
t: C — B*. Then, we have the following.

o If o £ \3?, then 7 : M(C, ’Té‘ﬁ) — B* is an isomorphism.

o If a? = \3?, then Keri is generated by S := {x;;xim | i —j #Z 1 —m (mod2)}.

o O (ijTim) = w25lm5ij(7~'(i}\3))_l($m$ll)(%2,3)_1(33ll7%‘1‘)-

By using these facts, by the same argument as in the proof of Part (1), we can prove
Part (2). This completes the proof. =

LEMMA 8. Let o, B,w be elements in k*.

(1) Let 6, be the coribbon element of (B,043) given in Lemma 7(1). We suppose
that (aB)N = v and (af~1)L = \. Then 6,, induces a coribbon element of the bialgebra
(A% ,0ap) if and only if N =1, w = +a.

(2) Let 0, be the coribbon element of (B*, 7)) given in Lemma 7(2). We suppose that
a? = 2 and o*N = 1. Then 0., induces a coribbon element of the bialgebra (A”N’\Qmo);ﬁ) if
and only if w?N = 1.

Proof. (1) We suppose that (a3)Y = v and (af~")* = X\. Then we have:

(1) O (23] + vl —1) =0,
6., induces a coribbon element of (B/(J¥}),005) < < (i) O.(xF —x&) =0,
(iii) O, (=i +n5) = 0.
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Since
my _ .m m m m
A(z}) = 2] @ 27} + i3 ® x5;

form > 1 and 4,5 = 1,2, we have

0, (27}) = 0,5 (215 212) 00 (255100 (22) 0 5 (21, 25,
0 (255) = o5 (x5 21)0u (2100 (211)0 5 (12, 275 ),
O (275) = o5 (211, 212)00 (5] )00 (21) 0, (212,275 1) =0

If m is even, then

U(;Bl(xg_17$12) = o'c:ﬁl(xmvle N=a"%p" (F-1)
If m > 3 is odd, then
0’;51(%12’?_1, 1'21) = Ugﬁl($12,$%_l) = O
Thus, we have

O (23 +val) ) = wa 2N p=CN=2g, (237 1) = { 2 -2 £ %

It follows that
(i) & N=1 and w?=0a"

Now, we suppose N = 1. For m > 1 we consider the following elements in B.

mo.__ mo.__
X11 ‘= 211%22%11 """ - y Xo22 = T22711722 " s
N——— N———’
m m
m o, __ mo,__
X12 ‘= X12221L12 "+ ; X21 = 221212721 - .
N——— N— —
m m

Then the following formulae hold for i,j = 1,2.

(2) A(xiy) = X3t ® X1 + Xiz © X3,
(3) U;ﬁl (Xﬁ; mij) = a-c:ﬁl (Xgéa mij) = a-c:ﬁl (xija Xﬂ) = a-c:ﬁl (xija Xg%) = 07

—m(j—l)ﬁ—m(Z—j)7
—m(2=3) g=m(j—1)
—m(2—i)ﬁ—m(i—1),

m(i—l)ﬂ—m(Z—i).

005 (X35, i) = Ojmeicy
(4) Ua:ﬁi(Xgiv@ﬂ jym+i QY
a8 (ij, XT5) = Oi,m+j
Ua_gl(xija X51) = Oimtjc
Here, we consider the indices of the Kronecker deltas modulo 2.
Using these equations, we have

0,(xXT}) = O (x11x5 )
= > oo @ BT 00 (@i) 00 (o (G )

ij=1,2
=w Z 9 X11 51 Ji+m— lﬁ (m— 1)61 Ji4+m— lﬁ (m—1)
=1,2

:w0 (Xﬁ 1)572(m71)’

341
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0 (X12)

w Z 0 (X7 )01 itm 187 Y8 i MY

= 0.
By a similar calculation, we have

0 (x) = whu(x35~)B2" Y, 0, (x51) = 0.
Thus, the condition (iii) is trivially satisfied. Since
Oo(xt1) = wB 20, (xiy ) = 2B HETDFEDNg () =
= Wl HEL-DHI=D++1}g (1

— Wlg-HE-1,

Ou(x5y) = w"B~HED,
the condition (ii) is also trivially satisfied.
(2) We suppose that a? = 3% and o?¥ = 1. Then we have:
(i) O, (22 +va2ll —1) =0,
0., induces a coribbon element of (B*/(JX),725) < { (i) 0u,(z3, — 23,) =0,
(iif) 0o, (23, — 23,) = 0.

Since

0 (7)) = (F2g) " (@i, wid) 0 (45) 0 (235) (Fh5) ™ (w5, 245) = Our(@i5)* B,
the conditions (ii) and (iii) are automatically satisfied. Since
(rap) M@y wgg) = (12) " Haggoafy ) = ™t
for j = 1,2 and m > 1, it follows that

0o (21) = (r2p) " (@7 210)b (@17 )b (@11) (128) (@11, 2777)

)
= wy?mg, (211 D)0 (x53),

O (x5) = (Tap) (a5 w22)0u(2y )0 (222)(T05) " (22, 255 1)
_wa2(m 1)9 ( 1)

0o (213) = (13) (7~ ,xll)ﬁw(xm D0 (12)(135) (w2, 255 1)
=0.

)

By induction on m, we have

Qw(xﬂ) _ QW(IE%) _ wma2((m +(m—2)+-+1) _ wmam(mfl).

Therefore, we have

2N 2N(2N-1) _ 2N _ 1

(i) & w & w

This completes the proof. m

Proof of Theorem 5. Let 6 € (A”N’\L) be a coribbon element of (A% ),0qg5), where
a, B € k* satisfy (aB)N =v, (af~1)L = ), and 0,4 is the braiding given in Theorem 4.
Since L > 2,

2N 2N
{$11, T12, T21 = VT19 T21, T22 = T1] $22}
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is a system of linearly independent vectors in A%, . Hence, comparing the equations
O(z11)w11 + 0(w12)221 = 0(211)T11 + 0(T21)712
and
O(x11)212 + 0(212) 222 = O(212) 211 + O(T22) 212,
we see that
0($12) = 0(LB21) = 0, 0(5011) = 0(%22).

We put w :=0(x11) = 0(x22). Then w # 0, since 6 is invertible. Moreover, § = 0, o7,
where 6, is the coribbon element of (B,0.5), and m : B — B/(J%}) is the natural
projection. By Lemma 8, it follows that N =1 and w = +a.

Next, let 6 € (A%7,)* be a coribbon element of (A%, 725), where a, 3 € k* satisfy
a? =32 N =1, and Téﬁ is the braiding given in Theorem 4. With the same argument
as in the proof of the first part, we see that

9(.’1312) = 9(.’1)21) = O, 9(1’11) = 9(1‘22).
We put w := 0(x11) = 0(x22). Then w # 0, since 6 is invertible. Moreover, § = 0, o 7/,
where 6, is the coribbon element of (B*,725), and ©’ : B* — B*/(J§) = AR} is the
natural projection. Therefore, by Lemma 8, it follows that w?N = 1.

Since any coribbon element 6 = 6, satisfies 8 0 .S = 6, it is a coribbon element for a
braided Hopf algebra. This completes the proof. m
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