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Abstract. L-norms and M-norms on Banach lattices, unit-norms and base norms on ordered
vector spaces are well known. In this paper m- and m<-norms are introduced on ordered normed
spaces. They generalize the notions of the M-norm and the order-unit norm, possess also some
interesting properties and can be characterized by means of the constants of reproducibility of
cones. In particular, the dual norm of an ordered Banach space with a closed cone turns out to
be additive on the dual cone if and only if the norm of the Banach space is an m<-norm and,
on the other hand, the norm of an ordered normed space with a reproducing cone is an L-norm
if and only if the dual norm is an m<-norm. Conditions are given for the operator norm to be
an m<- or an L-norm.

Introduction and elementary properties. Duality relations in AL- and AM-spaces
as well as in base-norm and order-unit spaces are of special interest. To some extent
they can be interpreted as properties of the cone and its dual wedge (see [AB85], [BR84],
[MN91]). For the used terminology see [MN91] and [KLS89].

If not stated otherwise, in this paper (X, X, |- ||) denotes an ordered normed space.
The notion of the M-norm (i.e. ||z V y|| = max{||z||, ||y||} for any z,y € X ;) is defined
in a vector lattice. We extend this definition to arbitrary ordered normed vector spaces
(X, X4, || -]) in the following way. Let X be a reproducing cone. The norm || - || will be

called m<-norm (or || - || is said to be m<) if for any z,y € X
inf{[[v]| : 2,y < v} <max{[|z|, [|ly[]}- (1)
If equality holds in (1) then the norm || - || is called a generalized M -norm or m-norm (or
is said to be m)?!.
A norm || - || that is additive on the cone will be called an L-norm.

2000 Mathematics Subject Classification: 46A20, 46 A40, 46B40.

The paper is in final form and no version of it will be published elsewhere.

!The notion of m-norm is already useed for some special norm of majorizing maps between
Banach spaces and Banach lattices (see [Sch74], chapt. IV.3 and [MNO91], chapt. 2.8). Nevertheless
we shall use this notion throughout this paper only in the sense of (1) with equality.
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It is easy to see that the m-norms are exactly the monotone m<-norms and that, in
general, not every m<-norm is an m-norm, as the space C*([0,1]) with the usual norm
shows.

Some geometric condition on the unit ball guarantees that || - || is an m<-norm.

THEOREM 1. Let (X, X, -]|) be an ordered normed space and v € X, an element such
that ||u|| =1 and Bx C (1 +¢)[—u,u] for alle > 0. Then || - || is an m<-norm.

Proof. Because u is an order unit the cone X, is reproducing (see e.g. [Vul77], §II).
Let be z,y € X;. Without loss of generality we may assume ||z| > ||y||. It suffices to
consider only the case x # 0. For ¢ > 0 one has 0 < mx, my < (1 4 &)u and so
z,y < (1+¢)|z| v, ie.

inf{[ol : 2,y < v} < (L +e) ] lull = 1+ &) l|z]] = (1 + &) max{[lz], [ly][}-
Then inf{||v] : z,y < v} < max{]||z|,|y||} follows. m

In particular, || - || is an m<-norm if Bx C [—u,u]. So, as a corollary, we get that
any order-unit norm is an m<-norm, and, due to its monotonicity, also an m-norm.
Furthermore, it is easy to see that in the case of a normed lattice the properties of the
norm to be M, m and m< are equivalent.

It is natural to expect that for an ordered normed space (X, X4, || -||) with an m<- or
an m-norm the inequality or equality in (1) are satisfied not only for two positive vectors
but also for any finite set of positive vectors. This can be easily proved by induction.

A similar relation holds for any finite set of vectors, even if they are not positive.

PROPOSITION 2. Let || - || be an m<-norm. Then the following properties hold:

1. X, is approximately absolutely dominating, i.e. for any x € X and any M > 1
exists v € X with —v <z <wv and ||v|| < M ||z||.
2. Foranyne€N and anyx; € X (i=1,...,n)

inf{||v]| : —v <z <w,i=1,...,n} <max{|la;||:i=1,...,n}.
3. X4 is non-flat.

Proof. 1. Due to the reproducibility of X for an arbitrary € X one can find an element
v € Xy that satisfies the inequalities —v < z < v. If ||v]| < ||«|| then nothing has to be
proved. Therefore suppose ||z|| + ¢ = |jv]| > 0 for some ¢ > 0. If there is a vector ¢ with
—0 <z <0 and |5 < |z + 2e, then the assertion follows.

Obviously, v — x, v + x > 0. Because || - || is m<, there exists some © such that
1
v-z,ote<d and 9] < max{llv -zl [lv + 2]} + e (2)

Then 0—22 > t—2zx—(v—x) = 0—(v+x) > 0 and 2240 > O+2x—(v+x) = 0—(v—2) >0
yvield —19 < 2 < 10 and the estimates [|v + z|| < ||z|| + |lv]| = 2||v| — ¢ and ||11 —z|| <
2||v|| — e yield max{|jv + z|| , ||v — ||} < 2]|v|| — €. So, (2) implies ||0]| < 2||v|| — 5¢. For
0= 50 we get 0] = 3 0]l < [lo]l - 3e = [l«]| + je.

2. Let {x1,...,x,} be any finite set of vectors in X and ¢ > 0 arbitrary. By statement 1
for every i = 1,...,n there is a positive vector v; satisfying —v; < z; < v; and ||v;|| <

||| + 4&. As mentioned before Proposition 2 there is a positive vector v with v; <
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v, ( .,n) and [[v]| < max{||v;]| : i = 1,...,n} + %e. In particular, —v < z; < v
(i = . )and [lv]] < max{||z;||:i=1,...,n}+e.

3. By statement 1 every € X can be represented as x = v — (v — x) with 0,z <wv
and ||v|| < 2]|z||. Then the inequality ||v — z|| < 3 ||z|| completes the proof. m

The next proposition states that under an additional condition the property of the
norm || - || to be m< is preserved under passing to the closure of the cone.

PROPOSITION 3. Let || - || be a semi-monotone m<-norm. Then || -|| is also an m<-norm
on (X, X ). In particular, if || - | is m, then it is also m on (X, X ).

Proof. First remark that the semi-monotonicity of || - || is equivalent to the normality
of X, and since the closure X, of a normal cone X is again a normal cone ([Vul77],
§4.1), it follows that (X, X, ) is also an ordered space. Then Lemma 3.5 in [TW03] can be
applied, where it is proved that an m-norm on (X, X ) remains an m-norm on (X, X ).
Since the monotonicity of the norm is not used for || - || to be m< on (X, X ) the general
result holds. m

For two ordered normed spaces (X, X, - ||) and (Y,Y,, | - ||) denote by (L(X,Y),
L4, |l - 1) the vector space of all linear and continuous operators T: X — Y equipped
with the operator norm. If the cone X is reproducing then the wedge L of all positive
operators T' € L(X,Y) is a cone (see [Vul78] §VI) and so (L(X,Y), L4, | - ||) turns out
to be an ordered normed space. The norm dual of an ordered normed space is denoted
by (X', X', | -]|"), where X', is the wedge of all positive functionals in X'.

PROPOSITION 4. If ||-]| on X is an m<-norm and the norm on'Y is absolutely monotone,
i.e. —v < x < v implies ||z|| < ||v]|, then the norm of each positive operator T: X —'Y
is positively attained, i.e. |T| = sup{||Tz||: © € Bx N X+}. In particular, the norm of
each functional f € X!, is positively attained.

Proof. Because the norm on X is approximately absolutely dominating (Proposition 2)
the result follows from Proposition 1.7.8 in [BR84]%. m

The Dedekind completion. Next we show that for every ordered normed space with
a semi-monotone m<-norm its Dedekind completion exists. For that we need some ele-
mentary facts on ordered normed spaces (X, X4, - ||) :

(i) If the cone X is closed then the ordered normed space (X, X4, ||-||) is Archimedean,
ie. 2,y € X and nz <y for all n € N (and so z < Ly) imply = < 0.

(ii) Based on the classical Yudin’s Theorem (see e.g. [Vul67], chapt. IV.11), any Archim-
edean ordered vector space with a reproducing cone possesses the Dedekind com-
pletion, that is, there exists a minimal Dedekind complete vector lattice X such
that X is algebraically and order isomorphic to some linear subspace of X , where
the embedding preserves the exact bounds of subsets of X ([Vul78], §V.3).

2One should mention that in [BR84] (X, X4, || - ||) and (Y, Y4, | - ||) are Banach spaces, but
the same proof can also be applied in the general case.
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THEOREM 5. Let || - || be a semi-monotone m<-norm and the cone X closed. Then the
Dedekind completion X of X exists and on X there is an M-norm that is equivalent to
the norm || - || on X.

Proof. The existence of the Dedekind completion X of X is guaranteed by (i) and (ii).
Furthermore there exists a monotone norm | - [[¢ on X which on X is equivalent to
the norm || - || (see [Vul78], th. V.3.1). This norm is defined for all y € X by lyll ==
inf{[[z|| : 2 € Xy, 2 > |y|}. We show that |- || ¢ is an M-norm. For that let be 0 < y,y’ €
X. Then in view of (1) one has

max{|lyl ¢, Iyl }
=max { inf{||z|| : € Xy, x > y},inf{||2'] : ' € Xy, 2’ > ¢}}
= inf { max{||z|, |2||}: ,2" € X}, 2 >y and 2’ >y}
>inf {inf{|jv] : ve X;,v>m,2}: 2" € X, x>y and 2’ >y}
> inf {inf{|jv] :ve X, v>y,y'}iz,2’ € Xy, 2>y and 2’ >y}
—int{loll s v e Xy, 029y} =il v e Xe, vy vy} =y vills

Now the monotonicity of || - || ¢ yields the equation max{||y|| ¢, [|¥' s} =y VY5 =

Some characterizations. By means of the so-called constants of reproducibility we are
able to characterize the m<- and m-norms on ordered normed spaces. For a reproducing
cone X and for all natural numbers n = 1,2, ... define

V(Xin)= s if | (3)

z1,...,tnE€EBx V2T, T

(see e.g. [Vul78]). In general V(X ,n) € [0,+o0]. It is interesting that the conditions
(i) X4 is non-flat, (ii) V(X4,2) < 400 and (iii) V(X4,n) < +oo for any n > 2 are
equivalent ([Vul78], th. II1.3.1). So, it follows from Proposition 2 that V(X;,n) < +oo
holds for all n provided || - || is an m<-norm. But we can state even more.

THEOREM 6. The following two groups include equivalent statements:

1. |- | is an m<-norm.
2. V(X4,k) <1 for some k > 2.
3. V(Xy,n) <1 foralln>2.

and
4. ||+ is an m-norm.
5. The norm || || is monotone and V (X4, k) =1 for some k > 2.
6. The norm || - || is monotone and V(Xy,n) =1 for all n > 2.

Proof. 2=1. Take z,y € X,. Without loss of generality ||| > ||y|| and  # 0 may be
assumed. Then z,y € ||z|| Bx and, by assumption, for some k > 2
max{[|z[|, [yll} = [« = =l - V(X4 k) = [zl - sup — _ inf o

T1,..,,EBx V2T Tk

= sup inf  |jv|| > sup inf |jv]| > inf{|jv]| : z,y < v}.
2

z1,..., 2, €||z|| Bx V2T, Tk @1,22€||z|| Bx V> ,T
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1=-3. Proposition 2 implies that for a finite number of elements x1,...,x, € Bx one
has inf{||v|| : —v < z1,..., 2, < v} <max{|z1],...,||zn]|]} <1 and so
V(X4,n) = sup inf |v| < sup inf loll < 1.
z1,...,tn €EBx VX100 T Z1,...,2nEBx VX1, > —V

3=2. Is clear.
5=4. Follows from 2=-1.

4=-6. Since || - || is monotone, the inequality ||v|| > max{||z1],...,|zx|} holds for
arbitrary vectors x1,...,x, € Bx N X, such that v > x4, ..., z,. Therefore
V(X4,n)=  sup inf v > sup inf  |v| > 1.
T1,.esTn EBx VZT1ssTn T1yeen EBxNX 4 V2T15005Tn

The equation V (X4, n) = 1 follows now from 1=-3.
6=5. Is clear again. m

The open unit ball B = {z € X: ||z|| < 1} of an ordered normed space (X, X, | - ||)
is called upward directed if for any x,y € B there exists an element w € B such that
x,y < w. This concept is examined, e.g., in [Ng67], and turns out to be equivalent for a
norm to be m<.

PROPOSITION 7. The following conditions are equivalent:

1. || - |l is an m<-norm.
2. The open unit ball B is upward directed.

Proof. 1=2. For x,y € B there exists an € > 0 such that ||z|+¢, ||y|| +& < 1. Proposition
2 guarantees the existence of an element v with the properties z,y < v and |jv| <
max{ ]| lgll} += < 1.

2=1. Let 2,y € X1, ¢ > 0. Without loss of generality we assume ||z|| > ||y||. Then
T = mx and § = my belong to B. By assumption there exists an element w
such that Z,§ < w and ||@| < 1. For w = (||z|| + €)@ one has z,y < w and |Jw| =
(2l + &) ] < llo]l + & = max{llz] . ]} +e.

In order to show that X, is reproducing notice that, by definition, for any x € B
there exists an y € B that dominates x and 0. =

Duality results. Now we want to examine some duality properties for ordered normed
spaces with L-, m- and m<-norms. We first characterize the dual norm to be L or m<.

THEOREM 8. Consider the two properties:

1. The norm || - || is an m<-norm.
2. The norm || - || is an L-norm.

Then 1=2 always holds. If, in addition, (X,X4,|| -||) is an ordered Banach space and
the cone Xy is closed then also 2=1.

Proof. 1=2. Take f,g € X/, and ¢ > 0. It follows from Proposition 4 (with ¥ = R')
that there are elements Z,j € Bx N X, with [|f||' < f(Z) 4+ ¢ and ||g||" < g(7) + «.
Because || - || is an m<-norm, there exists a vector v € X4 with #,§ < v and |jv]] <
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max{||Z|, |||} + € < 1+¢€. Then
A"+ N9l < £(@) + 9(9) + 22 < f(0) + g(v) +2¢ = (f + g)(v) + 2¢
<If+gll ol +2e <1 f +all" +e(lf + gl +2).
By arbitrariness of ¢ > 0 there follows || f||" +|lgll" < |If + gll’, ie. £+ gl = |If + gl

2=1. By Theorem 4 from [Ng67] condition 2 implies that the open unit ball of X is
upward directed. Then Proposition 7 completes the proof. m

It is natural to ask whether the role of m< and L-norms can be interchanged in
Theorem 8. The answer will be given in Theorem 10. For its proof we need the following
lemma.

LEMMA 9. Let be X1 a reproducing cone and the norm on X an L-norm. Let (Y, Y4, ||-||)
be an arbitrary ordered normed space. For any fired a € R and y € Y by means of

F(r) = ozl = lle2ll)y  with 1,25 € Xy, 2 =21 — 22

a linear continuous operator F : X —'Y is well defined and satisfies | F|| = |a] ||y||. F is
positive if and only if ay > 0.

Proof. Tt is shown in [TWO03], Lemma 4.2, that v : X — R, v(z) = a(||z1]| — ||z2|) with
r1,T2 € Xy, x = x1 — x5 is a well defined linear continuous functional on X satisfying
|v]|" = |a|. It is positive iff @ > 0. The representation F(z) = v(x)y finishes the proof. m

THEOREM 10. Let Xy be a reproducing cone. Then the following statements are equiva-
lent:

1. The norm || - || is an L-norm.
2. The norm || - || is an m<-norm.

Proof. 1=2. Since the cone X in a space with L-norm is normal, the dual cone X/

is reproducing. From Lemma 9 it follows that e’(z) = ||| — [|x2| is an element of X,
satisfying the condition ||¢/||" = 1, where = x1 — x5, 21,22 € X,. For f € By, and
x € X one has |f(z)] < |z|| = €' (z), i.e. —¢/ < f < €. Statement 2 follows now from
Theorem 1.

| of the bidual is an L-norm. Therefore the

on X, is an L-norm, too. m

2=1. In view of Theorem 8 the norm || - |
norm || - ||, as a restriction of || - ||”

As the proof of the implication 1=-2 shows, the functional ¢’ has the properties ||¢/|| =
1 and Bxs C [~¢',€']. Therefore, for each f € X’ one has — ||f||'¢’ < f < || f||' ¢/, where
L1 e’H/ = ||f|I'. Due to Theorem 3.6.7 in [Jam70] the norm | - || is absolutely monotone
(see Proposition 4).

For an ordered Banach space (X, X, | -||) with a closed cone X the equivalence of
the statements (i) X4 is approximately dominating (i.e. for any z € X and any € > 0
there exists a vector v € X such that z < v and |jv|| < (1 + ¢€)||z|]) and (ii) the dual
norm is monotone on X/, , is known from Theorem 1.2.2 in [BR84], where the implication
(i)=(ii) holds even in arbitrary ordered normed spaces. By combining this with the
previous duality result, the next proposition follows directly.
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PROPOSITION 11. Let (X, X4, ||-|) be an ordered Banach space with a closed reproducing
cone X . Then the following statements are equivalent:

1. The norm || - || is an L-norm and X+ is approzimately dominating.
2. The norm || - || is an m-norm.

The implication 1=2 also holds for any ordered normed space with a reproducing cone.

The assertion of Proposition 11 also holds in an arbitrary ordered normed space if the
cone X possesses interior points.

PROPOSITION 12. Let X satisfy the condition int(Xy) # 0. Then the following state-
ments are equivalent:

1. || - || is an L-norm and X4 is approximately dominating.
2. The norm || - || is an m-norm.

Proof. Notice that due to int(Xy) # @ the cone X, is reproducing and that it suffices
to prove only the implication 2=-1. By Theorem 10 the norm || - || is an L-norm. To
show that X, is approximately dominating, we assume the contrary. Suppose there exist
a positive € > 0 and a vector xg € X, o # 0 such that for all y € X, with y > z¢
the inequality [|y[| > (1 + =) [lwol| holds. Without loss of generality assume ||z = 1.
Define the subsets A;(xp), A2(e) C X by

Ai(zg) i=xo+ Xy ={y e Xz <y} and As(e) :X+ﬂ<1+;>BX.

These sets are not empty and int(X ) # @) implies that A;(x¢) has a non-empty interior.

The sets A;(xo) and Az (e) are disjoint. Indeed, if there is a vector y € A1 (xg) N Az(e)
then the relations y > x¢ and y € X imply ||y|| > 1+¢, which contradicts y € (1+5)Bx,
e |yl <1+ 5.

The convexity of both sets A (x), Aa(e) is immediate. Consequently, the sets Aj(xq)
and As(e) can be separated by a linear continuous functional f # 0, i.e. there is a number
A € R such that

f(2) SASfy)  forally € Ai(zo), = € As(e). (4)

The functional f is positive. Indeed, since z¢ + ax € Al(xo) for each x € X, and o > 0,
one has A < f(zo + az) = f(z0) + af(z) and so, 2= f 20) < f(z) for all @ > 0, which
implies 0 < f(x).

Since X is reproducing there is a vector z € X such that ||z]] = 1 and f(z) > 0.
Obviously, z belongs to As(e), which in view of the inequalities (4) implies A > 0. Let
be © € X,. Then m(l + 5)x € Az(e) and, according to (4), f(ﬁx) < 1. Therefore

[EZR
f(l-;5 r) < [lzf] < € (z) for all z € X, where ¢ is the functional ¢’ € X', defined
according to Lemma 9 by €/(z) = [|o1]| — |lzz| with ||¢/| = 1, where = 2, — 3,

x1, T € X . The functional g = Jg\i f satisfies the condition g < €’.
On the other hand from zy € Aj(xo), ||zo|| = 1 and (4) it follows that f(zg) > A,
which yields

1+£ 1+ £ €
loll > g(z0) = 42 flw) > - 2a=1+ 5> ||

This contradicts the monotonicity of the norm || - ||" on X'. m
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Properties of the operator norm. Let (X, X, -]) and (Y,Y,, ] -]|) be two ordered
normed spaces with reproducing cones X, Y, and (L(X,Y), L4, ]| -||) the space of all
continuous linear operators between X and Y. We are now interested in some order
properties of (L(X,Y),L4,]| -||) and obtain results similar to those of Theorem 8 and
Theorem 10.

A norm || - || on an ordered normed space (X, X,,| - ) is called an m<-norm with
unit if there is an order unit ex € X such that |ex|| = 1 and Bx C [—ex,ex] (cf.
Theorem 1).

THEOREM 13. If the norm on X is an L-norm then the following assertions are equiva-
lent:

1. The norm on'Y s an m<-norm with unit.
2. The norm on L(X,Y) is an m<-norm with unit.

Proof. 1=2. If ey is the order unit in ¥ corresponding to the m<-norm in Y then define
the operator E: X — Y by Ex = (||x1]|—||x2]|)ey, where = 21—z is any representation
of x as a difference of two positive elements of X. By Lemma 9 F is a well defined positive
linear continuous operator, i.e. an element of L, with ||E| = 1.

In view of the assumption for any x € X, and F € L(X,Y) with |F| < 1 the
inclusions Fz € |z|| By C ||z||[-ey,ey] = [-Ez, Ex] hold. This means —F < F < E.
So, By, C [—E, E]. By the remark to Theorem 1 the implication is proved.

2=1. Let E, be the order unit in L(X,Y") corresponding to the m<-norm on L(X,Y).
Since ||Eg|| = 1, for any « € X with ||z]] = 1 one has |[|[Egz| < 1. Fix y € By
and define Fy;: X — Y by Fyox = (||z1] — ||z2|))y, where z € X, & = 1 — x2 with
z1,22 € X4. Lemma 9 shows again that F), is a well defined positive linear continuous
operator, satisfying ||F,|| = |ly|| < 1. By assumption —E; < F, < E and so, due to
Fyz =y for x € X and ||z|| =1, one obtains —Erxz < y < Epz and, since y € By was
arbitrary, also By C [-Epx, Ecz]. =

THEOREM 14. If the norm on X is an m<-norm then the following assertions are equiv-
alent:

1. The norm on'Y is an L-norm.
2. The norm on L(X,Y) is an L-norm.

Proof. 1=2. By the remark to Theorem 10 assumption 1 implies that the norm on Y is
absolutely monotone. Let S, T € L(X,Y) be two positive operators and € > 0. Then there
are two elements z,y € Xy NBx with ||S|| < ||Sz|+¢c and ||T|| < ||Ty||+¢ (see Proposition
4). Since the norm on X is m<, we conclude that there exists z € X N (1 +¢)Bx such
that z > x,y. The positivity of S and T implies Sz > Sx, Tz > Ty and, together with
the monotonicity of the norm on Y, one has ||Sz|| > ||Sz|| and ||Tz|| > || Ty||. Because the
norm on Y is an L-norm, it follows that ||Sz|| + ||Tz|| = ||Sz + T'z||. A similar argument
as in the proof of Theorem 8 leads to

ISI+ TN < [1Szl| + Tyl + 2¢ < [|Sz2]| + ||| + 2 = [(S + T)z|| + 2¢
SIS+ T2l + 28 < IS+ Tl + (S + Tl +2),
for arbitrary € > 0. One concludes ||S|| + ||| < ||S + T||, and so ||S]| + |T|| = ||S + T
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2=1. Let 1,92 € Y4 and f € X! with |£]l" = 1. Define S,T: X — Y by Sz = f(z)y:
and Tz = f(z)y2. Then 0 < S, T € L(X,Y) and ||S]| = |ly1]l, |T]| = ||ly2|l- Therefore

lyall + w2l = IS+ 1T = 15 + T

sup [[(S+T)z|| = sup [|f(z)y1 + f(z)y:|l
r€Bx r€Bx

sup |f(2)] lyr + w2l = [y + w2,
xEBx

eyl + w2l = llyr + wol|
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