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Abstract. We consider nondiagonal elliptic and parabolic systems of equations with quadratic
nonlinearities in the gradient. We discuss a new description of regular points of solutions of
such systems. For a class of strongly nonlinear parabolic systems, we estimate locally the Holder
norm of a solution. Instead of smallness of the oscillation, we assume local smallness of the
Campanato seminorm of the solution under consideration. Theorems about quasireverse Holder
inequalities proved by the author are essentially used. We study systems under the Dirichlet
boundary condition and estimate the Holder norm of a solution up to the boundary (up to the
parabolic boundary of the prescribed cylinder in the parabolic case).

1. Introduction. We consider the Cauchy-Dirichlet problem for nonlinear parabolic
systems.

Let €2 be a bounded domain in R™, n > 2, with sufficiently smooth boundary 0f2, let
Q = Q x (0,T) with any fixed T > 0, and u : Q — RN, u = (u},...,u"), N > 1, be a
solution of the problem

(1) ub — (Aglﬂ(z,u)uéﬁ)% +b*(z,u,u;) =0, k=1,...,N, z€Q,
(2) ulp =0, uli=o0 = ¢(x),
where u, = {uf_}, T =00 x (0,T).

It is assumed that the matrix A = {Azlﬁ(, ) g’lﬁf]\? is defined on the set M = Q xRY |
the function b = {b*(-,-,-)}*<V is a Carathéodory function on M x R™Y. Moreover, we
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14 A. ARKHIPOVA

suppose the following:

a) the strong parabolicity condition holds, i.e., there exist numbers v and g > 0 such
that for every (z,u) € M, £ € R™V,

(A(z,w)€, &) > vlef?, 3)
sup|[A(z, u)|| < p, (4)
M

b) Agf are uniformly continuous functions, more exactly, there is a function w(s,7)
defined and continuous on [0, 00) x [0, 00) which is bounded, nondecreasing, concave in 7
for any fixed s, w(0,0) = 0, and such that

1AGz,w) = A, )l Sw(|z = ¢ Ju—vl’) 2,¢€@, uveRY, ()
c) the function b satisfies the growth condition
b(z,u,p)| < bolp> + 1, (z,u) € M, p € R™™ by = const > 0, (6)

0
d) Q is a strictly Lipschitz domain, ¢ € W3 ().

Condition (6) defines strongly nonlinear term b(z, u, uy) in system (1).

It is known that in the case of smooth data and under compatibility conditions,
there exists a classical solution of (1), (2) on some time interval [0,Tp) (see, for example,
Theorem 1, [15] or [1]). A singular set o C Q for t = Ty is estimated in [2]. It is proved
in [2] that the (n — 2)-Hausdorfl measure of ¢ is finite (H,_2(0) < +00).

Strong nonlinearity (6) does not allow to apply well-known abstract theorems to
state weak global solvability of the problem under consideration. Global solvability of
this problem was proved only for a particular case.

One class of systems was studied by the author in the case of two spatial variables
([15], [3]-[5])- It is assumed in these papers that the elliptic operator of the system is
of a variational structure, and conditions a)—c) are valid. Existence of a solution almost
everywhere smooth in QQ was proved under the Dirichlet and the Neumann boundary
conditions. The solution may have at most finitely many singular points. It was a devel-
opment of the main idea by M. Struwe [28].

In the situation by = 0 in (6), weak solvability of (1), (2) is a consequence of the
Monotone Operators theory. In this case, it is interesting to study the regularity problem.
Counterexamples show that in the multidimensional case, one can expect only partial
regularity of solutions even under all smooth data of the problem ([23], [22]). As for
the two dimensional case, it is unknown up to now whether a solution of the simplest
parabolic system

uf — (A ()l )., =0, k<N, z€Q,

g
is smooth in @ for any 7' > 0 (Azlﬁ, ulgrg are smooth enough) or a singular set can
appear for t > 0.

On the other hand, when by # 0 and the principal matrix A is of the diagonal
structure, i.e.,

AR (2,u) = a® (2, 0) b 1, (7)
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where 6, is the Kronecker symbol, global solvability of (1), (2) was proved for some

special cases. Structural restrictions on function b(z, u, u,) were formulated in the mono-

graph [25] (Chapter 7, §7) to prove global classical solvability or existence in the class
0

L2((0,T); W(€)) N C*22(Q), « € (0,1) (see also [29], [30] for more sharp conditions

for b).

The systems of the type (1), (7), a®® = a®?(z), describe heat flows of harmonic maps.
Existence of global almost everywhere smooth in @ solution (it has finite energy and sat-
isfies the integral identity in the sense of distributions) was proved for the twodimensional
case [28], and for the multidimensional case [17]. It was stated that the solution may have
at most finitely many singular points in the case n = 2, and H,,(3;d) < +oo for n > 2.

We also mention the corresponding stationary case of the problem (1), (2). For a more
general class of the elliptic operators

L = {Lk}k§N7 Lk = _(a’k (l‘,U;, um))ma + bk('xau)ua:)v

@

(b satisfies condition (6), n = 2), the Dirichlet problem was studied by J. Frehse [18§].
Under the so-called “one-side condition”

b(zvuap>'UZV*|p|2*H§ Ve <V,

0
existence of a solution u € W} (Q) NCY(Q), a € (0,1), was proved in [18].
The regularity problem for elliptic and parabolic nondiagonal systems of equations
with strongly nonlinear terms in the gradient was studied in [20], [21], [26], [27]. Partial
regularity of bounded weak solutions was proved.

In the parabolic situation, under the assumption
2bo[ullcc,q@ <, (8)

it was proved that the solution u of system (1) is a Holder continuous function in the
vicinity of a point 20 € Q provided that

. . 1 2 2

hg:lgf " . |ug|® dz < €5, 9)
where the number ey > 0 depends on the data only. It means that condition (9) de-
scribes regular points of bounded weak solutions of (1) under restrictions (8) inside Q.
Regularity of bounded weak solutions near the lateral surface I', I' = 9 x (0,T"), under
the Dirichlet and Neumann boundary conditions and restriction (8) was studied in [6].
Partial regularity of the solutions up to I' was proved, and the Hausdorff measure of the
corresponding singular sets was estimated.

Note that to prove smoothness of a bounded solution v in a neighborhood of 2°, it is

sufficient to assume that

osc  u<¥ (10)

Qry (2°)NQ
for some 6 > 0 and Ry = Ro(2°) > 0 (instead of conditions (8), (9)).
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Indeed, from the integral identity for problem (1),
that

(2), and assumption (10), it follows

1
R JQp0)

A\_/

92 (6> + R?)
VvV — bo@)

Eo
2

lug|?dz < ¢ (11)
where the constant ¢y does not depend on 2°, R <
Evidently, the inequalities

v (6% + R?) 5
9<% coi(yfb(ﬁ) < €55
guarantee condition (9) and local variant of (8) (bposcqy, u < ). Therefore, all mentioned
results on the regularity are valid under condition (10). Moreover, this condition allows us
to estimate the stronger norms of u in the vicinity of z°. Unfortunately, description (10) of
regular points does not allow to obtain a reasonable estimate of the set of singular points
of the solution under consideration. At the same time, an appropriate information on the
singular set can be helpful to study solvability of the problem (see, for example, [17]).
There arises a question how to relaz condition (10) in description of regular points.

The author studied this problem for the stationary case. We considered the Dirichlet
problem for quasilinear elliptic systems with quadratic nonlinearities in the gradient. We
proved in [7] and [8] that the assumption

osc u<0, Qr(2°)=QnNBgr(x"), (12)
Qr(z°)

in a point 2 € Q, supplying an estimate of the Holder norm of u, can be relaxed to
condition

[ul 227 (Qp(20)) + SUPyocOQNBR(20), o< RIUo 0] < 0. (13)
We denote by []z2.n(q,) the seminorm in the Campanato space £"(€Qg). The second
term in (13) is absent for points z° inside (2.
Instead of (13), we can assume the condition

|tz L2m—2(Qp(20)) < O1- (14)

6 and 6, in (13) and (14) depend on the data of the problem, 6; = c¢(n)6.
(The same relaxations for g-nonlinear systems, 1 < ¢ < 2, can be found in [13].)
In the situations when (14) can be relaxed to the condition:

1 / 9
— Ug|“dz < 6 (15)
R"=2 Jo 40y i !

at the fixed point z° € Q for sufficiently small R, we are able to estimate the Hausdorff
measure of the singular set. In the case of the simplest quasilinear elliptic systems (bg = 0),
condition (15) describes regular points of solutions. That is why we can say that (15)
introduces an optimal description of regular points in the case by # 0.

There arises a question of the possibility to relax condition (14) to condition (15). It
is not difficult to see that the monotonicity of the function

1
P(o,y) = m/ |ug|? da (16)
0 Qg(y)

in o for any fixed y € Q provides such transformation.
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For one class of strongly nonlinear elliptic systems, the author proved monotonicity
type inequality for the function @ introduced by (16) [9]. This inequality permitted to
relax condition (14) to the optimal regularity condition (15).

It is evident that in the stationary situation, condition (14) allowed us to transform
the problem of the optimal description of the regular set to derivation of the monotonicity
type inequality for the function ®(p, -).

The same considerations have been undertaken by the author for the parabolic prob-
lem (1), (2). The question was how to relax condition (10) in description of regular points
of solutions.

For a solution w of (1), (2), a local Ly-estimate, p > 2, of the gradient was obtained
under condition

[u] 2. 42(Qr(20)) + SUPCETnQR, o< RIUoc| <, (17)
or
Hum||L2,n(QR(ZO)) < 91, ZO S Q U F, (18)
61 = ¢(n)f (see [10], Theorem 2.1 and Remark 2.3).

We note that the L, - estimate of u is useful to estimate the Holder norm of u locally
by the so-called direct method.

We explain in this paper how to estimate u in C* % -norm, o € (0, 1), in a neighborhood
of a fixed point 2° € QU'Q provided that condition (17) (or (18)) holds. It will be done
for one special class of nondiagonal strongly nonlinear parabolic systems.

Finally, we would like to remark that some smoothness of a solution is assumed in
this work. We intend to apply all a priori information about the solution to investigate
in the future a regularization of the problem.

We adopt the following notation:

A=(0,T), Q=Qx(0,T), Br(z") ={z € R": |z —2° < R},
Qr(z%) = QN Br(z%), Agr(t®) = (t° - R%, " + R?),
Pr(2%) = Br(z®) x Ar(t°), Qr(z°) =Pr(:")NQ,
Tr(2°) =Pr(z%)NT, QO (%) =Pr(z°) N {t =0},

d'Qr(z°) is the parabolic boundary of Qg(z°), |D|= meas,+1D for a Lebesgue mea-
surable set in R, dy = diam

1
G 20 = ][ gdz = gdz, Q.| =2w,r" "2, w, = meas,B1(0),
Q. (2% 1Qr] Jg. (20

1 1
7[ gdz-— gdz, 7[ wdm:m/ P dx,
~(29) Qr(2°) Q. () r Q. ()

|||, p is the norm of a function w in the space L,, (D), m € [1, 00],
§(z',2%) = max {|a' — 22|, [t' — 3|7}, 2’ = (a',¢)) eR*TL i=1,2,
B S U(C R Gy ]
2,2/ €Q, 2#2’ 6(2’,2 )
Let the Lipschitz characteristics of 0f) be estimated by the constant [p.
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2. L,-estimate of the gradient of a solution. Let conditions a), c), and d) of the
Introduction hold. By Theorem 2.1 and Remark 2.3 [10], there exists a number 6y > 0
depending on the data only such that condition (17) (or (18)) with 8 < 6, for a fixed
point 2% € Q UT ensures the estimate

2
(]l g |P dz)
Qo(8)

for all £ € Qg(zo), o < %, a > 2 is an absolute constant. Here p = p(v,u,n) > 2,
1 = Cl(l/7 Ky Ty bO; ZF)

< 01][ (1+ Jua])? d (19)
Qao(§)

0
REMARK 1. To derive (19), it was assumed in [10] that u € Lo (A; L2(Q))NLa(A; W3 (2))
and there exists m > 2 such that u, € L,,(Qgr(2")). Moreover, it follows from (17) or (18
that the corresponding characteristics of u should be finite. We note that condition (17
(or (18)) does not guarantee the higher integrability of |uy|, but only estimate (19).
Certainly, p < m in (19).

)
)

Further, we say that “u is a suitable solution in Q(2")” provided that all mentioned
in Remark 1 characteristics of u are finite in Qg (2°).

REMARK 2. In (19) and below we denote by ¢; different constants that may depend on
the parameters of the data. Dependence on other parameters is marked explicitly. For
example, ¢; = ¢;(g),e > 0.

We did not discuss in [10] the situation Pg(z°) N {t = 0} # 0. The corresponding
analysis was done earlier in [11]. We studied in [11] bounded weak solutions u of (1), (2),
u €V = {v : esssup, ||v(-,?) (8). The
reverse Holder inequalities for |u,(z)| with additional terms depending on the initial
function ¢ were derived in [11].

Let now Qg)(zo) # () and condition (17) or (18) hold with § < 6y. Using the same
ideas as in [10] and [11], we are able to deduce in our situation the quasireverse Holder
inequalities for g(z) = (1 + |uz|)§, g="21>1:

][ quzgf-:l][ quz—|—02(61)< )
Qo(9) ao(&) Qa9(5
1
T
+ ¢3(1)0bg < ][ g? dz> +ey ( ][ | o] @ dz)

ae(©) 2 @)

2
§z(w*,t*),§€Q§(sc0)>< {O,to—i— (g) } 0< — 2 , a = const > 2. (20)

We follow [11], [14], and [10] to assert that the inequality

2 2
B 2 (p—2)
(f um|pdz) §C5][ (14 \um\)z dzg—i—q;(f ) |¢I|§+(p’2) dm) ar?
Qo(8) Qao(8) 08 (x%)

holds with some p = p(v, 4, n) > 2 and the same £ and p as in (20) provided that § and

[ are fixed appropriately. We may suppose that p < 2(::24), apply the Holder inequality
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to the last term in the last inequality, and derive the following estimate:

2
<][ |uz|pdz> §c5][ (1+|um\)2dz—|—06][ || da, 0 < E (21)
Qu(©) Qao(®) 24 (%) 2a

In (21) € = (2*,t") € Qg (2°) x [0,¢°+ (£)2] for the case t° < R?, and € € @z (z°) in the
other case. We recall that (21) is derived under assumption (17) (or (18)) with 6 < 6,
where 6 is fixed by the data.

3. Energy estimates and the main statement. First, we remark that the global

0
energy estimate for a bounded solution u € Lo (A; La(Q))NLa(A; W4 (Q)) can be deduced
provided that condition (8) holds. Instead of (8), we can assume “one-side condition”
mentioned earlier, and derive both global and local variant of the energy estimate:

N t 2 - * T 2
S (-, )3,000) + ¥ = vi)lltll3 o z0)

C

< + ul?dz + ||| . 22eq.
<HQual+ g [l ey €@

Nevertheless, we are forced to assume validity of the stronger energy estimate for our
future considerations. In [6], a local estimate of the Holder norm of solution u was derived
under condition (8) and assumption that u; € La(Q). In general, the last condition is
very strong but for parabolic systems with elliptic operators of the variational structure,
the following estimate holds:

luell3. + sup lue (- 0)lI3,0 < er(1 + [l¢a[l3.0)- (22)

More exactly, let L be the Euler operator for the quadratic functional
L a
Efu] = /Q {§Aklﬁ(z,u)ufcﬁu’;a + fk(z)uk dx. (23)
Then
1, . m
b () = 5 (AN (@, w) ety uf, + £ ()
in system (1), and in (6)

by = sup Z \(Azﬁ(x,u));k\ < o0,

e, ueRN o, B<n; mkI<N
t=fllce for f € Loc(€2).

For the system u; + Lu = 0 with the described operator L (under conditions (2)),
inequality (22) can be obtained immediately. Moreover, the local energy estimate

sup (/ |um(:c,t)|2dx) +/ \ut\de
A () Q.(2) Qr(2)

1 N =
<cs{—2/ (1+\um|)2dz+/(0) ¢m2dx}, t= (23,1 eQ, r<dy, (24)
" Qe (2) 2z (@)

also holds.

1
2
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In particular, it follows from (24) that

][ |u—ur’2|2dz < cg (7[ 1+ |um|)2 dz—l—jz |¢m|2dx>. (25)
Qr(2) 2r(2) o3 (@)

Further we assume that inequality (24) holds for the solution under investigation.
Now we are ready to formulate the main result of the paper.

THEOREM. Let conditions a)—d) hold, let uw be a suitable solution of (1), (2) in
Qr,(2°) C Q (see Remark 1), and satisfy inequality (24) in all cylinders of Qr,(2°).
Let vgr,(2°) = Bg,(2°) N 0Q € C* and ¢, € LQ’"’QHQ(Q% (29)) for a fized o € (0,1).
There exist positive numbers 0 and R < Ry such that the assumption

1tz |l L2m(Qr(z0):5) < O (26)

guarantees the estimate
B3 . o7
<“>QE(ZO) < o1+ [luall2,r=0)- (27)
2

Parameters 6 and R in (26) depend only on the data of the problem. The exponent [3
is an arbitrary number in (0,1) provided that Qgg) (%) = 0, and B < « in the case
Qgg)(:zzo) £ (. The constant cyg depends on R™', v, ju,bg, 0, 3,n. Moreover, c19 may also
depend on ngSzHLGsza(Qg)(xo)) and C*-characteristics of vr(z?).

4. Model setting of the problem. The most interesting cases as regards the location
of 20 € QUI'Q are the following: T'r(2°) =P (2°)NT # 0, and Q¥ (20) = P (20)N{t = 0}
# 0 (2° is close to the parabolic boundary of Q). We consider this case below.

Let 3 be the nearest point to 2% at Q. We introduce C*-diffeomorphism y = y(x) of
some neighborhood V (y°) so that V(y°) N9Q C g, (2°), 2° € V(y°)NQ and y(V(y°) N
Q) = B (0), y(V(y°) N dQ) = ~1(0). Here and below +,.(0) = B,.(0) N {y, = 0}. The
function a(y,t) = u(z(y),t) is a solution of the problem

@ = (AR (& D)y, )y, + D€ G y) =0,
ﬂ‘|111 =0, I'= 71(0) X (OaT)v §= (yv ) € B+( ) (OaT)v (28)
ili=0 = ¢(x(y)),
where the functions AZ‘Z’B and D* satisfy conditions of the form a), b), and c) for
y € B{(0) but with the other parameters depending on the C!'-norm of the diffeomor-
phism y(z); ¥(y) = ¢(x(y)) € Lan_a2r124(Bi"). The solution @ of (28) satisfies the
inequality (24) with the other constants.

Later on, we use the initial notation of the variables and functions, and prove our
Theorem in the following local setting:

ub — (Azlﬁ(z u)uéﬁ)xa + 0" (z,u,u,) =0, z2€ QT =B (0)x (0,T),
’LL|F1 = O, U‘B+ X{O} = (b(.’l}), (29)

and condition (26) holds in a cylinder Qg (z") C Q. We suppose that T'r(2°) = Pr(2%)N
[y # 0 and Pr(2%) N {t =0} # 0.
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There is no loss of generality in assuming that
R* < 0. (30)

Here 0 is the parameter in condition (26), and 6 < 8y, where 6, was fixed by the data to
guarantee the validity of (21). We will sharp the choice of R and 0 later.

5. Proof of the main Theorem. To prove Theorem in the local setting (29), we fix
a point 2 € Q%(zo) = Qg (20) x 0,0+ (2£)2] > Q@(zo) and r < ££ (the constant
a > 2 is fixed by (21)). We denote

Qr(2) = Qr(z°) NPL(2), s = ][Q OLE Al = ARG )

and consider the following problem:
- A?lﬁviw =0, z€Q.(3),

(31)
’U|3/Q,\(£) = U(Z)

The problem has a unique solution, it is smooth up to I',(2) U ng)(:%), where I'/.(2) =
9Qr(2) NTR(2°) and QU (2) = 0'Q,(£) N {t = 0}. (The sets I'.(2) or QL” (&) may be
empty.)

First, we consider the case Q" )( ) # (). In this case, we introduce the function o(z) =
v(z) — ¢(x), it solves the problem

vy — A(l:lﬁvizgxa (A(I:lﬁgblzﬂ (x))zav z € Qr(é)a 6|F;(2)uﬂ£‘0)(i) =0. (32)
The following Campanato estimates are valid for ¥ [16]:
n+4
/ o — Dy el dz < enn [(3) / |9 — D ¢)® dz + c¢r”+2+2(’] (33)
Qo (8) " Q#(€)

and

n+2
/ |1~)1:|2 dz S C12 |:(§> / |Um‘ dz +c ,r,n+2a:|, 0 S 7 S ta (34)
Qu(©) 7 Q:(©) 2

where & € Qg (%) x [0,1+ (5)°] and ¢4 = [[Gxll 202120 (00 (40))-
It is easy to see that estimates (33) and (34) imply the corresponding inequalities
for v. Putting

(o,€) = / v — vpel? dz,

e

we rewrite estimate (33) in the form

n+4
(D(Qaf) < C13 [(g) q)(faf) + C¢r2a’ﬁn+2:| 5 (S <7 <

Due to the well-known Lemma by S. Campanato [19], the inequality

(0,¢) < C14Qn+2( (:+§) +Cy ) (36)

0 <7 <3, cia = cua(c13,n), follows from (35).

N3



22 A. ARKHIPOVA

r

Now we put # = 7 in (36) and obtain that
ol (3, o
(Q?f) < C14{ _(2 g) +c¢r2a} < C15{ (T Z) +C¢7" } (37)
2

We take the supremum over all admissible { and ¢ < 5 to conclude that

[U]iz’"+2(ég (£):5) S 615{][Q “ |’U — UT,£|2 dz + C¢T2a} (38)

in the case Q(O)( ) #£ 0.
We repeat the above considerations to deduce for v, from (34) the estimate

||’Ux||izm(ég(2)) < 616{%62"(2) |'Ux|2 dz + C¢7n2a}, (39)

when Q" (&) # 0.

1f 0 (#) = 0, we do not transform problem (31) to (32), and obtain estimates of
[0]22.42(Q3(£:0)) and [[va]lZ:2.0
ce are absent.

(:6)) Similar to (38) and (39) where the terms with

z
Further, we consider function w = u — v, wlaq, sy = 0. It satisfies the identity

|t gl ity = [ (BEQRE, + Y dz,
Qr(2) Qr(2)

1
h € Lo(A,(D): Wo(Q(2)). (40)

Here FF(z) = Az;@u; (), f*(2) = ut( ). From (40) with h = w, it follows that

) < erllluall3 g + ¥ lluel3 g, 5))- (41)

sup [|w (-, £)[I3 o
A-(D)

From (41) and (24), the estimate

sup [lw(-, )15 .0, + lwall3 g.z) < sl + [uaDlF 0,,.2) + 721023 0000))  (42)
Ar(D)

follows.
As a consequence of (38), (25), (42), and (26), we obtain the estimate

[w]iz,n-pz(éz(ﬁ)) < c19(0% 4+ 17%) <(30) 21067, (43)

for the case Q(9)(2) # 0. (The estimate of [w]2,, n2(Qy (2) Ve derive in the other case.)
The inequality

2 2
”wz”sz"(Qg(.%)) < 6200 (44)

follows from (39), (42), and (26), provided that Q(O)( ) # 0. If Q(O)( ) = 0, then the
same estimate can be derived for ||wm||L2 L (3)
5

Besides (42), we need a global Lm—estimate of |wz| in Q,(2) for an exponent m > 2.
Using identity (40) and the condition w|gq, sy = 0, it is easy to deduce the reverse
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Hélder inequalities in all cylinders @, C Q. (2) (we admit 9Q, N 9'Q, (%) # 0). By the
parabolic version of the Gehring Lemma, there exists a number m = m(v, u,n) > 2 such

that
2z 2z
(][ |wy|™ dz) < 021{][ lwe|? dz + (][ |E|™ dz)
Qr(2) Qr(2) Qr(2)

+r2<][ |f|ledz) 'm}7 [:M_ (45)
Q@ (2) n+4

2(n+4)

We may consider (45) with m < min{p, =75

from (21).

Such an estimate for |w,| but with the last term in the form

2
( ][ |1 dz) o
@)

was obtained in [12]. Here we need the inequality (45). One can deduce it, following the
idea of proving Theorem 2.2 of Chapter 4 [19] for the standard euclidian metric. Now we

}, where p > 2 is the exponent

estimate all terms in the right-hand side of (45) as follows:

f |wx2dzs@2>c22(f (1+ Jug ) d= + f |¢x|2dx),
Qr(%) Q- (2) Q2

r
2

< co3 (][ [tz |™ dz) " dz
Qr(2)

<eon) a1 ][ (1+ Jugl)? dz + ]l 160 da,
Qur(2) (@)

ar

4
T
r2<][ |f|le dz) §r2][ lug)? dz.
Qr(2) Qr(2)

Now from (45) and (24), it follows that

2
<][ |wxmdz> < 95 [][ (1—|—|uw|)2dz—|—][ |¢I|2d4. (46)
Qr(2) Qar(2) 08 (2)

T

(][ |F|m dZ) "
Qr(2)

Moreover, the function w satisfies the identity

g

/ [wfnk + Agfwfcﬁn];a + bk(z, u, ux)nk + AAglﬁul 77];0] dz =0,
Qr(2)
77|FT(2) = 07 (47)
AAY =AY (z,u) — AR (2,ur2).
Further, we consider in detail the case Q) (&) # 0 and put in (47) n(z) = w(z)((2T7)*—

|w(z)|®)+, the parameters T > 1 and s € (0,1) will be chosen later. The function 7 is
bounded in Q,(2) = Q. x (0, +r?), (|n| < (27)**), and n[sq,z) = 0.
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We obtain the inequality

/[wtw(( T)* = |w]*)y + Apfwl wh (2T)° — w]*)+

r

+ Ay Wb (—slw T (w - wa, )x4 )] dz

S/ |AA[Jug|(Jwe(2T)" = [w]*) 4 + s|w[*|we[x+) dz

r

b [T ol d= b [ (@D = pol) bz Q= @u(o)

r

where x4 (2) is the characteristic function of the set {z € Q,(2) : |w| < 2T'}.
From this inequality it follows that

[, (1) e § [ wPany - o).

r

§026T5{s/ \wx|2dz+/ w2(r2;|u—ur72\2)|ux|2dz

r Qr

—I-bo/ |um|2|w\X+dz—|—/ |w|X+dz}. (48)

r T

The first integral in the left-hand side of (48) is nonnegative. Indeed,

1= T(g);«ms b= [ (/Olw(x’t)s(@if“f—ssp de)ar|

|w(z,t+r2)|
_ / (/ €((27)° —¢%),4 df) de>0.  (49)
a,.(#) \Jo

Now we’ll estimate from below the second integral in the left-hand side of (48). First,
we fix the number

t=t+r?

ke = 21;, (50)
and put
g= % Qal2) = Q(#) % (0,7 + 6%) 2 Qu(2) = Po(5) N Q"
Qi (2) = {2 € Qurl2) : [w(2) — wyrz| > i}
Q5r(2) = {2 € Qur(3) ¢ (=) — warz| < k).
Note that

|wgr, 5] < Q| |lw|dz = c27][ |w|dz < cog <% |we|? dz>
Qarl J . (2) Qr(2) Qr(2)

r r

1
2
<(42) C29 <7[ (14 |uq|)?dz + 7[ | |? dﬂ?) <(26) 30(0 + 1) <(30) c310.
Q20 (2) o3 (@)

We assume that the parameters 8 < 1, and get the inequality

[wgr,z| < 1. (51)
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Let the numbers T and s be fixed to satisfy the condition

T
k. = 2_; > C31. (52)

s

It yields the estimate

lw(z)] < |w(z) — Wgr,z| + |wqr,2| <2k, z€ Q;r(é)

Consequently,
278
(T)" ~ [w()]" = 1) — (28" = 22 (53)
on the set Qq_r (2).
From the above it follows that
L= /Q s (D) ol de > [ (@D = fol) a2
r qr(Z
S
> @/ lw,|? dz. (54)
2 Jene

Taking into account the estimates for J and £ and dividing inequality (48) by (27)%,
we derive the relation

/ |wm|2dz§032{s/ |wx|2dz—|—/ w?|ug|* dz
Qar(2) Qr(%) Qr(2)

[ Pl [ elds), (53)
Qr(2) Qr(2)

Now we explain the estimating of every integral in the right-hand side of (55).
The first term will be estimated by (42). The second integral is estimated in the
standard way with the help of (21):

p—2

/ wz(r2;|u—ur72\2)|uz|2dz§ <][ umpdz>p<][ wits dz> ’ |Qr]

Qr(2) Qr(2) Qr(2)

<(21) 033</ (14 |ug])? dz+r2/ |¢I|2dx)w¥(r2;][ lu—u, 2 |* dz)
Qar(2) Q9 (#) Qr

T

e[ rlwhiaser [ jefa)
Qar(2) Q) (2)

P (e aras £ eka)). 69
2r QQU(Q)

T

Further,

2 1—2
[ Tl d= < ( / um|pdz) ( Foowit dz) X
Qr(2) Qr(2) Qr(2)

r

<(21) C34 </ (1+ \um|)2dz+r2/ |¢z|2dx>T4pp <][ |w2dz>
Qar(2) i (@) Qr(2)

4-p p=2
<(42),(26) cssT 7 (02 +12) 7 (/ ( )(1 + |ug))? dz + c¢r"+2a>. (57)
QCLT‘ 2
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At last,
/ lw]dz < c(n)(rQ/ |wy|? dz + r™T2)
Qr(2) Qr(2)
<(42) C36T2/Q (A)(l + ug|)? dz + cz7r™ T2 (58)
2r (2
Using (56)—(58), we derive from (55) the inequality

/ lw,|? dz < / |wm|2dz+638{s+wp772(r2;03992)
Qqr(2) ar (%)

+T%%“Z”+rﬂ(/ (1+Wﬂfdz+%ﬂ”m>. (59)
ar(2)

Now we estimate the integral M = f@;p(é) |w,|? dz in (59):

m<(/. |wx|mdz) O Gyl
Qe
<(46),(42) €39 (/ (1 + |ug|)? dz + c¢r"+2a> <~—q> ) (60)
Qar(2) |qu|

Qs |

T is a decreasing function with respect
qr

The next step is to explain that the ratio
to the parameter k. (see (50)).

We consider the parabolic cube D,.(2) = {(x,t) : |2; — & <7, i < n, |t — ] < r?}
and put

1%@){w@% 2 € Qr(2);
0, z€D(2)\Qn(2).

We assert that
ar(2) C{z € Dyr(2) : [w°(2) — qrz\>k/2} D) (2),

0 0
Wop 3 = T w” dz. (61)
q’ |Dq7"| /qu(.%)

Indeed, let z € Qg (%) and |w(z) — wyy.z| > k. then
[w°(2) = why | = lw(z) — wgy 2| > [Jw(2) = warz| — lwer,z: — wh, sl = 1.
Looking at the derivation of (50), one can see that

Q
|wq7‘,é|S |DT‘
[Dar| J . 5)

We make stronger condition (52) and assume that

ki > 4esy. (62)

lw| dz < 027][ ) |wldz < -+ < c310 <52y k.
4

T

Then |wg, z — qrz| <23 < Eand !>k, — —* = 2 Imbedding (61) follows.
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Moreover, it is easy to check that
[wo]ﬁz,n+2(qu(2);6) < 040([10]52‘71,4-2(@% (£:8))
Hlwzllpzm, 5)) S(a3),a4) €416 < car. (63)
2

Due to the parabolic version of the John-Nirenberg theorem, we can assert that there
exist positive numbers H and [ such that

> M Hexp(_iBA), (64)

[9]2n+2(Dpso)

{z € Dr(2) : |9(2) — gr.z
|Dr|

for a function g € £L2"*2(Dg;d), A > 0. The numbers H and 3 in (64) depend on the
dimension n only.

This fact was proved for the standard euclidian metric (see, for example, [24]) and
can be generalized for the parabolic metric in the same way.

We put g(2) = w’(2), R=qr,\ = %*, and obtain the estimate

Q2] D) (2)] ( Bk, )
~ < cn)—=—— < c(n)H ex . 65
Gyl Y (n) Dy =60 (n)H exp T p— (65)

Using (63) and (65), we derive from (60) the inequality

M < cq0 exp(—casks) (/ (1 + |ug|)? dz + c¢r”+20‘>. (66)
Q

ar(2)
Now it follows from (59) and (66) that
/ |we|? dz < cag{exp(—cysks) + 5 + W' (12; c396?)
Qqr(2)

i-p 2(p—2)

+T 7 0 » —|—r2}</ (1 + |ug|)? dz+c¢r"+20‘). (67)
Qar(2)

We put ¥(p,2) = fQQ(é)(l + |uz|)? dz and consider (34) for v (with &€ = 2, # = qr)
and (67) to obtain the estimate
n+2
T p=2
¥(0,2) < C45{(§> + {S-FGXP (_64321—/3> +w'F (1% c306?)

p  2(p—2)

LT +T2:|}¢(GT,2)+C46(1+T4TPH

2(p—2)
> )Tn+2a’

o <qr. (68)

Obviously, inequality (68) is valid also for g € (gr, ar]. Further we change the notation
ar by r, and consider r < %. It gives the inequality

4-p 2(p—2)

W(0,2) < 047{ (g)w + - -]}1/)(1", Htas(L+T 70 7 )t o<r  (69)

In (69) the expression [- - -] coincides with the square brackets of (68).
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By the well-known Campanato Lemma (see, for example, [19], Chapter 2, Lemma 2.1)
there exists a number §y = dp(cq7,m, ) > 0 such that if

[--]<do (70)
in inequality (69), then

—p 2(P 2)

n+2a
ved<en(?)  Wnd+arTFET ), g @y

Here c49 depends on cy47,n, and a.
At last, we fix the parameters s, T, 60 and R. First, let s be fixed in (0, 1) to satisfy

do
— 2
s < 1 (7 )
Then, we fix T > 1 to obtain (62) and the inequality
T do
exp ( — C43m) < Z (73)
At last, we choose numbers #; and R; to obtain the inequality
2(p—2) b2 50

75" "0, 7 +w'T (Ricseb?) + R < (74)

Now we may fix R < 4R; and 6 < min{6p,6;} in assumption (26). (Parameter 6y was
fixed by the data to ensure inequality (21).)

Conditions (72)—(74) guarantee the validity of (70). Under restrictions r < £ < R,
and 6 < min{fy, 01}, inequality (71) follows. We obtain the relation

1
o [ el genfmo [ pasil, (75)
"2 Ja, ) Qr(=0)

for all 2 € Q¥(ZO), o< &
We have considered the case Q(O)( ) # (. Now we address the situation Q(O)( ) = 0.
It should be noted only that we do not transform problem (31) to (32) in this case, and
apply estimates (33) and (34) with the function v. Moreover, now estimates (35) — (36)
and others do not include the terms with c,. One can repeat all considerations and assert
that estimate (75) is valid for all £ € Qaz (2 %), 0 < £, provided that Q) (z) = 0.
Inequalities (25) and (75) ensure the estimate

[u ]z:n+2+2a(Q3R( 0y.5) < csi{R™ (209 oy |13 Qr(z0) T 1} (76)

Due to the isomorphism of £272+2%(Q;§) and the corresponding Holder space, esti-
mate (76) yields the estimate of the seminorm in the Holder space

a,o/2 —
() ,J( %y < e R™2 Jug |3 oy + 1} (77)

We have proved the Theorem for the situation Qgg) (2°) # 0 and T'r(2°) # 0. In the
other cases, all steps of the proof are only simplified. m

REMARK 3. It was assumed in the Theorem that a solution u of (1), (2) has the derivative
uy € La(Qr,(2Y)). It will be desirable to remove this restrictive assumption (more exactly,
do not apply inequalities (24)).
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