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Abstract. We consider the multidimensional two-phase Stefan problem with a small parameter
K in the Stefan condition, due to which the problem becomes singularly perturbed. We prove
unique solvability and a coercive uniform (with respect to x) estimate of the solution of the
Stefan problem for ¢ < Ty, Ty independent of k, and the existence and estimate of the solution
of the Florin problem (Stefan problem with x = 0) in Holder spaces.

1. Introduction. Statement of the problem. Classical solution of the multidimen-
sional Stefan problem was studied by A. Friedman and D. Kinderlehrer [15], L. A. Caf-
farelli [11], [12], D. Kinderlehrer and L. Nirenberg [17], A. M. Meirmanov [19], E. I. Han-
zawa [16], B. V. Bazaliy [1], E. V. Radkevich [20], B. V. Bazaliy and S. P. Degtyarev [2],
M. A. Borodin [10], G. I. Bizhanova [5], [6], G. I. Bizhanova and V. A. Solonnikov [9].

J. F. Rodrigues, V. A. Solonnikov and F. Yi have investigated multidimensional one-
phase Stefan problem with a small parameter [21]. There was obtained the existence of the
solution of the corresponding Florin problem in the Hélder space C?1t3146/2 0 < g < o
with the help of the imbedding theorem applied to the solution of Stefan problem from
the space C?+1T/2 o € (0,1).

A. Fasano, M. Primicerio and E. V. Radkevich [13] proved existence of the solu-
tion of the multidimensional one-phase Florin problem [14] in Hélder spaces. In [5], [6]
G. L. Bizhanova established existence, uniqueness and estimates of the solution of the
two-phase Florin problem in weighted Holder spaces with time power weights [3] in the
cases when the free boundary is the graph of a function on the plane z,, = 0 and on the
unit sphere.

We consider the multidimensional two-phase Stefan problem in bounded domains of
arbitrary configuration with a small parameter  in the Stefan condition at the principal
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term, velocity of a free boundary. Letting x tend to zero we obtain the Florin prob-
lem [14] (degenerate Stefan problem with x = 0). We note that the classes of the free
boundaries in the Stefan and Florin problems are different, that is, the Stefan problem
with a small parameter is singularly perturbed one. In Ch. 2 we prove existence, unique-
ness and a uniform with respect to x estimate of the solution of the Stefan problem for
t < Tp, Tp independent of k (Theorems 2.2’, 2.3), then we prove the existence and esti-
mate of the solution of the two-phase Florin problem without loss of smoothness of the
solution (Theorems 2.1), in Appendix A the existence of the inverse Jacobian matrix is
proved, in Appendix B the linear model problem is considered with a small parameter k
corresponding to the Stefan problem.

Let Q C R", n > 2, be a bounded domain with a boundary ¥, x a small parameter.
Assume there is a closed surface v (t) C Q, t € [0,T], dividing Q into two sub-domains
Q" (#) and QY () with the boundaries 9 (t) = £ U ~.(£), 097 () = 4,.(t). At the
initial moment ¢ = 0, v,(0) := I and Q;K)(O) = Q;, j = 1,2. Let dist (I', ¥) > dy =
const > 0, diam Qs > dy. These conditions guarantee that the boundary 7, (¢) will not
touch ¥ and the domain Qg{)(t) will not degenerate at least for small ¢.

Let I' € C?** «a € (0,1). Then 7, (t) may be represented by the equation [19], [16],
[9]

(1.1) z=E+p(§t) N(§), £ =¢&(x) €T, t € [0,t],

where pyli—o = 0, N(&) = (Ny,...,N,) € C*%(I';R") is a unit vector field determined
on I' and such that vo(¢) NT(€) > dy = const > 0, v(£) is a unit normal to ' directed
into Qa, N7 a column-vector.

Let

QW ={(z,t): 2 € (1), t e (0,1)}, Qr=9;x(0,T), j =12
QT =0 x (O,T), ET =Y X [O,T], FT =TI x [O,T}

We study two-phase Stefan problem with a small parameter k. It is required to find
the functions w;.(z,t), 7 = 1,2, and p,(&,t) satisfying the parabolic equations, initial
and boundary conditions

(1.2) Beuj — a; Ay = 0in QU j=1,2,

(1.3) Ye()lt=0 =T, wjxlt=0 = uoj(z) in Q;, j=12,

(1.4) u1kly = pla,t), t € (0,7T),

and conditions on the free boundary ~,(t), t € (0,7),

(1.5) Ul = Uk = 0,

(1.6) A1 Oy Ut — A2 Oy, U = —K V),

where a;, Aj, j = 1,2, are positive constants, x small parameter, v.(z,t) is a unit

normal to 7y, (t) directed into Qgﬁ) (t), 0, = 0/0t, 0,, = 0/Jv, the normal derivative, V,,,
velocity of the free boundary in the direction of v,. Due to the equation of ~,(t) (1.1)
V. = v NTO,p,..
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We consider (1.2)-(1.6) as a problem with a small parameter , therefore we have
ascribed an index k to all unknowns. This problem is singularly perturbed because & is
in the principal term in a Stefan condition (1.6).

Putting k = 0 in the problem (1.2)-(1.6) we obtain the Florin [14] or degenerate
Stefan problem with unknown functions u;, j = 1,2, p, which satisfy parabolic equations

(17) 8tuj — aj Au]‘ =0in QjT7 ] = 1,2,

with initial and boundary conditions

(1.8) Y(#)|t=0 =T, wjlt=0 = ugj(z) in Q;, j=1,2,
(19) u1|E :p(xat)a te (OvT),

and conditions on a free boundary «(¢), t € (0,T),

(1.10) up = uy =0,

(1.11) A1 Oyur — A2 Gyug =0,

where as above v(t) C Q, ¢ € [0, 7], is a closed surface, 9Q; () = ZU~(t), 00(t) = (1),
Q; :=Q;(0), Qjr, Qjr are defined as Qg'}), Qg'})

We study the problems in the Hélder spaces C’;’l/f (Q7), | positive non-integer, of
functions u(z,t) with the norm [18]

l m m 1(1—=[l
) = > ok, + Y [oForulg,
2k+|m|<l 2k+|m|=[l]

14+1—[1]
Y kg, T,
2k+|m|=[l]—1

where the last term is omitted if [I] = 0,

v = max |[v|,
|v]ar (m,t)em| |
(a) —
v = max v(x,t)—v(z, t)| |z — 2| 7,
(V] W)’(ZJ)EQTI (z,t)—v(z, 1) | \
plin, = max _ Jo(z,t) —o(z, b))t — 0] a € (0,1).

(z,t), (x,t1)€Qr

Co'fc’l/tz(ﬁgp) is the set of u(z,t) € Ci’ltm(QT) satisfying OF ul;—o = 0, k < [1/2].
To study solutions in Holder spaces it is necessary to require compatibility conditions

of initial and boundary data. The compatibility conditions of zero and first order for the
problem (1.2)—(1.6) are as follows

(1.12) uo1|s = p(2,0), woi|r = uo2|r =0,
a1Aupr|r  asAupz|p
1.13 a1Au = Oyp(x,0), = ,
(1.13) 18uols p(z,0) OvoUo1| T OvoUo2| T
Ao
(1.14) (/\1 8y0u01 — )\2 6,,0’&02)‘1“ — HM = O7 j = 1,2.

Ovo o T
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For the Florin problem (1.7)—(1.11) the compatibility conditions have the form (1.12),
(1.13) and
(1.15) (A1 9yyuo1 — A2 Oyyuo2)[r = 0
((1.15) is the condition (1.14) with x = 0).

2. Stefan problem with a small parameter

THEOREM 2.1. Let ¥, I' € C?T o € (0,1). For any functions ug; € C?T*(Q;), j = 1,2,
pE C2:a’1—:a/2(ZT) satisfying the compatibility conditions (1.12), (1.13), (1.15) and the
condition 0y, uojlr < —dg or Oy, uojlr > da, 5 =1,2, do = const > 0 there exists Tp > 0
such that the Florin problem (1.7)-(1.11) has a solution u; € ok 1J{O‘/Q(Qﬂ«o), j=12,
pE C2:a’1t0‘/2(FTO) and the following estimate holds:

2 2
2+a 24« 24« 2+0¢
(2.1) S Il 1ol < O (3 ol + pl &)
j=1 j=1

for0 <t <Tp.

In [9] unique solvability of the Stefan problem (1.2)—(1.6) was proved with x = 1/cq,
cp arbitrary positive value, in the weighted Hélder spaces C27%(Qr), 1 < s < 2+« with
time power weight [3]. From this result the following theorem follows.

THEOREM 2.2 ([9]). Let ¥, I' € C?*T, « € (0,1). For any functions ug; € C*T*(€);),

i=12p¢€ CQIQ’I—;O‘Q(ZT) satisfying the compatibility conditions (1.12)—(1.14) and

the conditions

(22) 0 < Kk < Ko, 8,,0 qu|F < —d3 or — kg <K< 0, ('9,,0 qu|F > dg,

j =1,2, d3 = const > 0, there exists T1 > 0 such that the Stefan problem (1.2)-
. . 2+, 1+a/2 . 2+a,14+a/2

(1.6) has a unique solution u;, € C° (QJTI) j=12,p, € C.7 7 (p),

Owpr € Clja’li_aﬂ(FTl) and the followmg estimate holds:

2
Z|uj,g|g<_t? +1pal T (B LT <C(Z\uo] S+ p |(2+“) t<Ti.
£ %

This theorem does not permit us to obtain the solvability of the Florin problem
(1.7)—(1.11) putting & to zero in the solution of Stefan problem (1.2)—(1.6), because the
constant C' in (2.3) and T} depend on k. So we have to prove

THEOREM 2.2". Let the conditions of Theorem 2.2 be fulfilled. Then there exists Ty > 0
such that the Stefan problem (1.2)~(1.6) has a unique solution uj, € crhe 1+a/2(Q]TO)

j =12, p. € C’z;a’lta/z(FTO), KOs € CHE 1foc/Q(FTD) and the following estimate
holds:

2 2

(2+a) (24a) (14+a) (2+a) (24a)

(2.4) Z|W|Q§¢> + 1ol 5 + KOl S02(2|U0j|gj +[plS ) t < Ty,
_ i=

where Ty and the constant Cy do not depend on k.
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We reduce (1.2)—(1.6) to the problem in the fixed domain € U Q9 with the help of
the coordinate transformation [16, 9, 8]

r=y+xAY)pu(§;T)N(E), ye O, §=¢&(y) €T,

(2.5) '
x=y, y € NO, t=r,

where O is a 2\g-neighborhood of ', Ay > 0 sufficiently small value depending on I' and
such that v, (t) C O for t € [0,t0], M(y) is the distance between £ = {(y) € ' and y € O
lying on a vector N(§) or its continuation (see [9]), x(A) is a smooth cut-off function:
X =1, |A] < Ao, x = 0, |A| > 2Xg. The mapping (2.5) transforms I' into v,,(t) and the
domains €2; into the unknown ones Q" (t), j = 1,2.

We note that the points y € Q\O (or |A| > 2)\g) remain fixed (x = y). We keep the
variable ¢ instead of a new one 7.

We construct auxiliary functions po(&,t) on I'r under the conditions
a1 Augi |

(2.6) poli=o =0, Brpoli=o = Ouplizo = =7 mrg . "o

and Vj(y,t), j = 1,2, as the solutions of the Cauchy problems

(2.7) OV —a; AV;—x 0,poN VTV, =0 in R},

(2.8) Vijlt=0 = tio;(y) in R",

where j = 1,2 and the tilde denotes the smooth extension of a function into R", R} =
R™ x (0,T).

LEMMA 2.1 ([18, 22, 9, 8]). For arbitrary functions ug; € C***(Q;), j = 1,2, each

3ta
one of the problems (2.6), (2.7)—(2.8) has a unique solution py € Cz—m’ 7 (I'p), V; €
Cz+a’1't’_a/2(R7%), j=1,2, and the following estimates are valid

(2.9) ool < Csluod |G,
(2.10) Vjlfes ™) < Culuos 5, j = 1,2,

In the problem (1.2)—(1.6) we make the following substitutions

pr(&:t) = po(&,t) + Pu(& 1),
win(y + x PN, 1) = v (y, t) + V;(y, 1),
where 1, v, are the new unknown functions satisfying zero initial conditions or Vjlt=0 =
07 af?/ﬂt:o =0, k= Oa 1a .7 = 132
With the help of the expansion formulas (A.5) and (A.4) of the inverse Jacobian
matrix J~! of the transformation (2.5) and J; ' respectively [8] (Jo = J(po + ¥)|y=0,
see (A.2)) we extract linear principal terms with respect to unknown functions, known

(2.11)

functions and remainder terms containing the rests after separating linear terms and
known functions. Then we obtain the parabolic problem for the unknown functions v,

J=1,2, ¢
O — aj Avj, — (Oph—aj Athy,) XNJO_T VTVj

(2.12) ) i
= fj(y)t) +Fj(vjﬁawn) m QjT? J= 1327
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with boundary and zero initial conditions

(213) Uln|2 = pl(yat)a te (O’T)v

and the transmission conditions on I', ¢ € (0,7,

(214) ’an|F = nj(ya t)7 j = 1a 27
(215) ()\1 8,,0111,{ — )\2 81,01)2,{ + K1 NT 8,51/1,{

v NT[(M VVE = A VVa) Iy Ty T 4+ 6 NIy T 0ipo] Vb |
= ‘p(yv t; KJ) + (I)('Ulm Vor, Vs H)‘Fv

where “T” means transposed matrix and column-vector, vy N7 > d; > 0,
(2.16) fi =X 0poNJg " VIV; = 0V + a;(Jg T VI VIV,
(2.17) Fj =X 0:(po + ) NJ (VT 0j = JL Iy T VTV)
+a;[V BT + (BT 7TV 7T
LA b M A U MY B G
—a;[V BT + (BT 77V 1V, — a;(V)VT (XN J; VTV,

(2.18) p1= (p(y,t) = Vily,t)|s, n; = =V;(y,t)|r, j=1,2,
(2.19) o =—voJy [Ty EVT (Vi — A Va)|r + kNT0;po),
(2.20) ® =vo(BT +J7'B) J7TVT (A v1s — Mg v2,)

—vg MVT (M Vi = A V2)
+rvod 1 (BNT by + (Jia — B J11) Jy "N dpo),
B = Jo1 + Ji,
M=JBJI +IGIg I = Iy T IR T+ TN B Iy — Jie) Iy N T
where the matrices J = I + Jo1 + J1, Jo =1 + Jo1, J1 = J11 + J12 are determined by

formulae (A.1)—(A.3). Here we omit the index k at the matrices J~1, J; = Ji1 + Jio, for
convenience.

THEOREM 2.3. Let the assumptions of Theorem 2.2 be fulfilled. Then there exists Ty > 0
such that the Stefan problem (2.12)~(2.15) has a unique solution v;, € C?a’ltam( Q1)

14«

ji=1,2,19, € Co'?a’lta/z(FTo), KO, € Co'l;ra’ 2 (T'r,) and this solution satisfies the
following estimate for t < Ty
2 2

221) D sl + 1l ST + kO T < ¢ (Z Juo; 15T + Ip |<§f°‘>),

j=1 j=1
where Ty and the constant Cs do not depend on k.

From the formulae (2.11) with = y + x px IV due to this theorem and Lemma 2.1
we shall have Theorem 2.2" and estimate (2.4).
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We consider the given functions h(y,t) = (f1, f2, p1, 71, M2, ¥), t < t1 in the problem
(2.12)(2.15). They are expressed via the inverse matrix J; ' which exists for ¢ < ¢, (see
(A.6) and [8]).

LEMMA 2.2. Let £, T' € C?*T, « € (0,1). For any functions ug; € C*T*(€y), j =
1,2, p € 02+a 1+a/2(ZT) satisfying the compatibility conditions (1.12)—(1. 14) fi €

a, o a,14+a . °22+a,14+a o l4a,Ee
Cy !2<9ﬁ1>, y €U, ), = 1,2, p e C2TUT(8,), 0e LT T (D)

and the following estimate holds

(2.22)
2 2
2 2 1 ¢ (2 2
SOALIE + gl ) + 5T + el < Co( Y luosls ™ + IS, t<ta,
Jj=1 j=1

where the constant Cg does not depend on k.

Proof. Estimate (2.22) is derived by direct evaluation of the functions (2.16), (2.18),
(2.19) with the help of the estimates (2.9), (2.10) for the functions py and V;, j = 1,2,
and (A.6) for the matrix J;*

Functions f;|i=0, j = 1,2, are zero by the equation (2.7) and condition J0_1|t:0 =1,
I the identity matrix. For the functions pi, 7;, ¢ we have

Dili=o0 = p(x,0) —ug1|s =0, Op1li=o = pe(x,0) — a; Augi|s =0
by compatibility conditions (1.12), (1.13) and x|s = 0;
Njli=0 = =Vjli=o,r = —uoj|r =0,
8tnj‘t:0 = —aj A’Ltoj|1‘ — NVTu0j|p8tp0|t:0

alAuoﬂ r

o NTauouoﬂ r

by the conditions (2.8), (2.6), (1.12), (1.13), x|r = 1 and the identity Onug;|r =
vo N, uoilr, 5 =1,2;

= —a; Augjlr + Onugjlr = 0, j=1,2,

Plizo = —[(MOuytio; — M Ouytios)| 1+ + ko NT Opoli=o)

alAU01|F

— | (AMOyu01 — A10yuo2)| T — =0

31/0%01
by (2.6) and compatibility condition (1.14). m

To prove Theorem 2.3 we consider a linear problem with the unknown functions Zj,
j=1,2, U, satisfying zero initial conditions

(223) 8thK —aj AZJ‘K — aj(x,t)(at\llﬁ —aj A‘I’H) = fj(l‘,t) in QjT, j = 1,2,
(224) Zl,€|2 :pl(IE,t), te (O,T),
(225) Zjan = ’I]j(.”L‘,t), j = 1, 2,

(2.26) (M Ouy Z1r — A2 Oyy Zow ) [+ 04U + d(2,t) VI, = o(x,t), t € (0,T),

where \; are positive constants, j = 1,2, d = (di,...,d,).
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THEOREM 2.4. Let X, T € C2** o € (0,1), a;(z,t) € CU*(Qyr), di(z,t) €
cHreltel2(my) i =1,2,i=1,...,n, and

(2.27) 0 < |k| < ko, —kay(z,0)|r > ds =const >0, j=1,2.

Then for any f; € é;’j’a{Q(QjT), p1 € CO'?O"IJQQ/Q(ZT), n; € Co'zgja’lta/Q(FT),

o 1+O"1+Ta

j=12 e C, " 2 (Ir) the problem (2.23)—(2.26) has a unique solution Z;, €

1+a

CL A (Qyr), = 1,2, 0, € O (Tr), w00 € C70 5 (Tr) and it satis-

xT
fies the estimate

2
(2.28) S 1Zil GO 0T [
Jj=1

2

o 24« 24« 14+«
< GOZUHIS + S5 + [l $F + ol EF), e < T,
j=1

where the constant C7 does not depend on k.

Proof. We derive (2.28) with the help of the Schauder method. Let £y € T be an arbitrary
point. In (2.23), (2.25), (2.26) we make the substitution

Zin = 2jr + j(£0,0) ¥y, j=1,2,

where z;,, are new unknown functions, then we obtain the problem for z;., j = 1,2, ¥,

(229) ('9,52]-,.@ - aj AZjK = fj (SL’,t)
+(aj(z, t) — @ (&0,0)) (0¥, —a; A¥,) in Qr, j=1,2,
(230) ijc|F + aj(fo, 0)\1’,i = ’I]j(.’l?,t)7 3 =172,

(2.31) (M Ouo 21 — A2 Oy 220 )| + £ 03U + d(2,t) VI, = o(,t), t € (0,T).

Up to translation and rotation, we can assume that the origin of coordinates is at
& and x,-axis coincides with the normal vy to I' directed into Qs (that is & = 0).
Let Bos, = {z : |x — &| < 260, € Q}, dp > 0. Choosing dy sufficiently small we
can represent the surface I' N Bas, by an equation z,, = q(z'), where ¢ € C?*%(Bas,),
q(0) =0, 0;,q(0)=0,p=1,...,n—1

Let ¢(z) be a smooth cut-off function such, that {(z) = 1 if || < dg, ((x) = 0 if
x| > 25.

We multiply (2.29) by ¢(z) and the conditions (2.30), (2.31) by ((z)|r, extend g(z’)
into an entire space R"~! preserving smoothness and notation and make a change of
coordinates y =Y (z) : v = 2/, yn = x,, — q(2').

Let D1 =R™, Dy =R%, Djr = D;x(0,T), R bethe planey, =0, Ry = Rx[0,T7.

We denote

25(y,t) = (@) 2ju(@, ) sy —1(y), VY1) = (@) 0 ¥a)lomy-1(y),

Fi(y, ) = (@) fi (@, ) o=y 10y, MY 1) = ()| 05 (2, ) o=y —1(y)
@(y/’t) = (C(x)|F(P(‘T7t))|m=Y*1(y)7 Jj=12,
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and extend by zero the functions Z2;, fj into D;, j=1,2, and 7,/;, 7, ¢ into R~ 1.
Then for the functions 2;, j = 1,2, and v we obtain the model conjunction problem

(2.32) Oz —aj Az = fi(y,t) + Qs(2jm, ¥u; () in Dyr, j=1,2,

(2.33) Zily,=0 + (80, 0)¢ = 0; (v, 1), = 1,2,

(2.34) ()\1 811" 21— Ao 8y" 22) yn=0 T K 875’(/} + dl(fo, O)) VTI;N
= @(y/a t) + P(Zlm 22K \I’K; <)|yn:0’ te (Oa T)v

where

Qj = —aj (QVC VT + AC)(ZJK — O[j(fo, 0)\11,{)|$:y—1(y)
+((@) (o, t) — ij(ﬁo, 0)(0:V, — aj AW, |y —1(y)

—a; (A q0y, +2 Z 6yuq e V’qV'Tq82n>

X (Zj —Qy (507 ) (x)qlfi'x:Y*l(y))a

P = —({()(vo(x) — 10(£0)) V2 (M 21k — A2 226)
+C(@)(d(z, t) — d(€0,0))Va W) lr, ey —1(y)
+(d(m,t) + (M 215 — A2 220)00(7))VE (@), =Y ~1(y)s

V= 8y s0y, ), NN =00 +... 40, d=(d,....dn 1)

(2.32)—(2.34) is the problem (B.1)-(B.4), for the solution of which we have an esti-
mate (B.6) under the conditions (B.5). These conditions for the problem (2.32)-(2.34):
—ka;(€,0)\; > 0, j = 1,2, are fulfilled due to (2.27) and A; > 0. We apply (B.6) to the

solution of the problem (2.32)—(2.34)

2
A 512+ 2+ 1+
] = > 12155 + [l + koG

2

< Cs(Do 05+ @il + 115" + 1o+ PIGH),
j=1

where 1 = (21, %2, ¥), then we estimate the norms 1Qjlp (a) |P|(1+a

and T3 sufficiently small we find

and choosing dy

2

~ ~ 24« ~ (14
1l < allille + Cs(3ALIS) + sl ) + 12157),

j=1

€ (0,1), t < T3, where T5 and the constant Cs do not depend on «. From this we
derive an estimate for ||w||;. Returning to the original coordinates {z} and remembering



52 G. 1. BIZHANOVA
that {(x) = 1, if || < dg we obtain an estimate for U,

24« 1+ ~ 124« A(14a
(235) Wl + [s0, 0Ll < Gy (Z(\fm( b ) + 1Rl

F250»t F260,t
Jj=1

2
24« (14«
< Cug (Z(U‘]\D + gl +1el0 ), ¢ < T,
j:
where B} , = (Q; N Bas,) x (0,), Tasy s = (I'N Bas,) x (0,2).
With the help of (2.35) due to the arbitrariness of a point £, € T', center of a ball B,
we obtain an estimate

2
(2:36) (Wl R0 01 < O (FoUAIE) + gl ) + el), 1< Ty,
j=1

where the constant Cy; does not depend on k.

In the equations of the problem (2.23)—(2.26) we move all the terms containing ¥,
to the right-hand sides, then we obtain the first boundary value problems (2.23), (2.24),
(2.25) for Zy,, j =1, and (2.23), (2.25) for Zs,, j = 2. Every one of these problems has
a unique solution satisfying an estimate [18]

2+ 2+ 2+ 2+
121579 < Cra(If1]§2 + pa| S + [ |87 4 0, [ 2+,

Zanli™ < Crall ol + Il + 12T,
where the constants C15, C13 do not depend on k.

Combining the estimates (2.36), (2.37) we obtain the required estimate (2.28) for
t < Ty

The existence of the solution of the problem (2.23)—(2.26) is proved by constructing
a regularizer [18] and applying Theorem B.1.

The solution of the problem (2.23)—(2.26) obtained for ¢ < T3 (75, independent of k),
may be extended on (0,7T) as in [9], [4]. =

Proof of Theorem 2.3. We introduce the Hélder spaces. Let 152+Q(I‘T) be the space of
functions ¢, (€, t) such that ¥, (€, t) € C%a 1+a/2(FT) KOy, € CHQ i (T'r). Let

B(QT) = CQ;FQJJF?/z(QlT) X CQ;ra,lJr?/Z(Q?T) X D2+a(FT)

(2.37)

H(QT) = é;’at/Q(QlT) X é;’at/Q(QQT) X COYQ;FO‘JJF?/Q(ZT)
2 o o1+, it
v Cz;ra,1+?/2(FT) » Cz;ra,lta/z(FT) % C,l;r , i (FT)

be the spaces of the functions w, = (v1x,v2k, ¥x) and h = (f1, f2, 01,71, 72, p) respec-
tively with the norms

(2.38) lwellBor) = Zm S [ul 25 4 [0y .
j=1
2+ 24 1+
(2.39) 1 llr¢eery —Z|fJ\Q,T+|p1|< °‘>+Z|m|< ¥ 4 ol

j=1
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We have reduced free boundary problem (1.2)—(1.6) to the nonlinear one (2.12)—(2.15)
in the given domain 2 U Q5. We write this problem in the operator form

(2.40) Alw,] = h + Nw,],

where w,, = (V14, V2x, ¥ ) is an unknown vector, h = (f1, f2, p1, M1, M2, @) a given one, A is
the linear operator determined by all the terms in the left-hand sides of the equations and
conditions of the problem (2.12)-(2.15), N = (Fi, F», 0, 0, 0, ®) a nonlinear operator,
moreover A: B(Qr) — H(Qr), N:B(Qr) — H(Qr).

In the left-hand sides of the equations and conditions of the problem (2.12)—(2.15)
there are the same linear terms as in the problem (2.23)—(2.26). The condition (2.27):
—FLCYJ‘(SU,ONF Z d4 > 0 with Otj(x70)‘p = XNJ(;TVT‘/HF,tzo = aN’qu‘F = VoNTayoqu|p
is fulfilled by roNT > d; > 0 and (2.2). So we can apply Theorem 2.4 to the problem
(2.40), represent it in the form

(2.41) Wy, = A_l[h +N[wﬁ]]

where A~! is the inverse operator, and by (2.28) obtain

(2.42) il lser) = 147 T+ Nl
2
a 14+«
< Cr(IBllrr) + D 1Fs @ins Ul + 1@(v1s, v, i DI ).
j=1

Let B(M) C B(fq, be a closed ball with center at zero: B(M) := {w, | vjx €

o 01+a’1+¢1

CHrT P (Qyny), 5= 1,2, ¥ € OV (), kO €CTLY T (D), llwellsn)

<M, t <To}, M=Crllhllrqg)(1—a)~", g€ (0,1), where [[wglls@r), |hlln@. are
the norms of the vectors wy, = (v14, vox, ¥x) and h = (f1, f2, P1, M1, N2, ) determined
by (2.38) and (2.39).

We prove that the operator A~ [h+ N[w,]] acts from the closed ball B(M) into itself
and is contractive. For this we estimate the norms (2.42) and

(243) A7 b+ Nwd] = A7 b+ N @] ls@,) = 1A V. - N@lse,)
< Cr( X0 1Es (W ) = Fy@3e Do)l

+ |(I)('Ulmv2m'(/]n; K) - (I)(%lmi&m'&n;“) élt—i-a))

for w,w € B(M).
We evaluate the norms of the functions (2.17) Fj, j = 1,2, (2.20) ® in (2.42) applying

the estimates (A.17) of the inverse Jacobian matrix J~1; (A.9), (A.7), (A.8) for J; =
J11 + Ji2; (A.6), (A.13) for ng, Jo1 and (A.11), (A.12), then we obtain

(2.44) A=Y+ Nwalllsn < Cr IRl + 1 el ST ) w50y,
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where

(245) = Cutd (e 2l )@ [l ) (1) (L e
+Cis t%u IR T )
+ Cug (%7 [l 57 6777 12 1)L+ )7

In the same manner we estimate the norms in (2.43)

(2.46) AT P+ Nw]] = A7 2+ N @] 5(00)
< ot forwlin ™ Tzl ™ 0sl) lleow — Bl

where 79 is similar to (2.45) and ro(0, M, M, M) = 0.
We find T} from the inequalities

Tl(tvM) S q, T2(taMa Ma M) S q, q¢< (05 1)7
then from (2.44) and (2.46) we have

(2.47) A7 R+ Nwlllse,) < Cr I, + @ llwells@.n)
< Cr||hllnen+a M < M = Cr |[h|lyan) (1 —a) 7",
(2.48) JA™ [+ Nw,]] = A7 h+ Nwe] @) < qllwe — @],

forallw,w € B(M), t < Ty = min(to, t1, ta, T4, ) (the parametrization of a free boundary
(1.1) is valid for ¢t < tg; for t < t; and ¢ < t5 the inverse matrices JO_1 and J 1 exist).

From (2.47) and (2.48) by the contraction mapping principle it follows that the prob-
lem (2.41) or (2.12)—(2.15) has a unique solution w, = (V1x, V2x, ¥x) € B(Q1,).

We can see that Ty and the constant C7(1 — ¢)~! do not depend on k.

Applying (2.47) and an estimate (2.22) for the vector h in (2.42) we find an estimate

2
2+ 2+ 1+
(2.49) llwill@) = Y lsalir® + el + kAl

2
_ 2+ 2+
< Cr (1= q) " bl < Cs (D luosl 37 + IET),
j=1
t < Tp, with Cs = Cs C7(1 — )~ ! independent of k (Cg is from (2.22) for the vector h). m
Proof of Theorem 2.1. Due to Theorem 2.3 Stefan problem (2.12)—(2.15) has a unique so-

a,l4+a . 22+« «a °l4a,ite
lution vj, € C* 1T Q) G = 1,2, ¢ € CFONTP (T, KO, €C 2Ty
and it satisfies a umform (with respect to k) estimate (2.49) ((2.21)) for ¢ < To7 that is,
the sequences {v;.}, 7 = 1,2, {¢«} and {04}, as k — 0 are compact in C L (1),

C2 +(T'r,) and Cl 1/ 2 (Tr,) respectlvely We choose converging subsequences

(2.50) {vie }, 7=1,2, {¢n,} and {knO0us,}
and denote
(2.51) nlimo Uik, = Vj, nlim Yy, = .

HerevjéC (JTO) 1/J€Cy’t(FTo)«
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We rewrite the problem (2.12)—(2.15) for the functions of the subsequences (2.50) and
with x,, instead of x in a Stefan condition (2.15), in the problem we let x,, — 0, then we
obtain that functions v;, j = 1,2, % are the solution of the Florin problem

O — a; Avj — (Oph — a; AY) x NJy T VTV
= fi(y, 1) + Fj(vj,¥) in Qjr, j=1,2,
(2.52) vils =pi(y,t), t€(0,T), vilr =m;(y.t), 7 =1,2,
(M1 Oupv1 — A2 Oygva — vy NN VVL = X V) Iyt Ty T V) |
= @(y,t;0) + ®(v1,v2,%;0)|p, t € (0,7),

where functions f;, Fj;, p1, nj, ¢, ® are determined by formulae (2.16)—(2.20).
From (2.49) we have the following estimate

2
(2.53) D lvinaloza g,y + 1,

— Ci’}(l—‘t) + ‘l‘fnatwmn|ci,lt/2(r‘t)
j=

2
< Cs (Z |U0j|gj+a) +|p |(2+a ) t < T,
=1

we let K, — 0 in (2.53), then due to (2.51) we obtain an estimate for the functions v;,

J=12 4

2+« 2+«
(2.54) Z |UJ|CQ () + |1/}|C 1(Ty) < (s (Z ‘u0j|( + ) + |p|(2t+ ))7 t <1Ty.
Jj=1

Now we show that the functions v;, j =1,2, 3 possess higher smoothness. For that
we should estimate the Holder constants
(@) (@) () (@) (@) (%)
(2'55) [aQUJ]QaT ) [atvj]QajTU’ [ayvj]t,ﬂiqno’ [351/’]1*0;0, [atw]Fo;O’ [ay7/’]t,1‘2;0 .
Consider, for instance, [8tvj]z(:¥22ﬂ . We represent the difference as d;v;(y, t) —0v;(z, t)

f 8151}]‘ (ya t) _8tvj'€n (yv t)+8tvjf€n (ya tS_‘_atUjmn (Z7 t)_atvjﬁn (27 t)_atvj (Za t)a (yv t)7 (Za t) €
QjTo) then

(2.56) |00 (y, 1) = Orv;(2,1)| < |0rv;(y, 1) — Orvjw, (y, 1))
+101v; (2, t) = O, (2, 1) + 101V, (Y, t) — Opvjn,, (2,1)].
We apply (2.49) to the function vj,,

100, (4 8) = Bevj, (2, )] < (000l Iy — 21

(Z fuos 5 + P15 )y — 21

and let k, — 0 in (2.56) taking into account the convergence of subsequence {vj, } in
ol

o +(Qy7,) to v (see (2.51)), then we obtain an inequality

9103 (9,) = O, (2,1)| <c5(Z|qu AR A [T

j=1
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t <Tpy, which leads to the estimate of the Holder constant

2
@ 24« 24«
(2.57) (0003, < Cs (Zmoj S+ IS )).

j=1

In the same manner we derive such estimates for all other Holder constants in (2.55).
By (2.54) and estimates (2.57) of the Holder constants we have v; € sza’lja/z(ﬁjn),

i=1,2, ¢ ¢ 52;(1’1?&/2(1"7«0) and
2 2
2 2 24« 2
258) D lwlGE + wIE < (3 uglG Y + IS, £ < T
j=1 j=1

We rewrite the substitutions (2.11) and coordinate transformation (2.5) with k,, in-
stead of

Prn = P00+ Vs Ui, (Y + X Npe,,t) = vjs, (y,1) + Vj(y, 1),

(2.59) "

r=y+ XA\ ps,(,T)NE), y€ O, (€T, z=y, y€ ANO,
then we find
(2'60) Pkn :p0+77[}/-in7 Ujk, (:Ca t) =Vjk, (‘T*X ann,a t)JFVj(‘T*X ann, ) t)a
i=1,2.

In (2.60) we let ,, — 0, take into account (2.51) and denote by p and u; the functions
in the right-hand sides

(2.61) p=po+, uj(x,t):=vi(x—xNpt)+Vj(x—xNp,t), j=1,2.

In the coordinate transformation (2.59) we let x,, tend to zero making use of (2.51)
and p = po + 1,

(2.62) z=y+x\)p&T)NE), ye O, (€T, z=y, ycQ\O.

From (2.61) we obtain that p € C’Q:EFO‘J;FO“/Q(FTO)7 uj € Czia’ljam(QjToLj = 1,2, where
Qir, = {(z,t) : x € Q(t), t € (0,7)}, 0% (t) = X U ~(t), 00(t) = ~(t), ~(t) is a
surface: x = £+ p(§,t) N(&), £ =&(x) €T, ¢ € [0, %], this equation is derived from (1.1)
written for k, — 0 and by (2.51). In (2.61) we make use of the estimates (2.9), (2.10) for
the functions pg, Vj; (2.58) for vj, ¢, then we obtain an estimate (2.1) for the functions
uj(z,t) and p.

We show that the functions (2.61) w;(z,t), j = 1,2, and p are the solution of the
problem (1.7)—(1.11). For that we substitute obtained functions u;(x,t), j = 1,2, and
p in the problem (1.7)—(1.11), apply a transform (2.62) and making the change of the
functions

p=po+v, ui(y+xNpt)=v(yt)+Vi(y,t), j =12,

we get the problem (2.52), the solution of which are the functions v;, j = 1,2, and .
That means that the functions u;(z,t), j = 1,2, and p are the solution of the Florin
problem (1.7)—(1.11). m
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A. Estimates of the Jacobian matrix J. Consider the Jacobian matrix J of the
coordinate transformation (2.5) leaving an index k at p, = po + ¥«

(A1) J={d;; +8y (N x(po +¥)) hi<i, j<n _I+(VTNX (PO"‘T/J)) =1+ Jo1 + J,
(A.2) Jo =T+ Jo1, Jor = (VENx po)T,

(A3) Ji = (VINx#)" = NTx Vg + o(VH(NX)T = Jun + oo,

where §;; is the Kronecker delta, N = (Ny,...,N,) € C*T*(T'; R") is a unit vector in the

equation of a free boundary (1.1), I identity matrix, and ”7”
and column vector.

means transposed matrix

In [8] expansion formulae of the inverse matrices J; . J~1 were obtained

(A.4) o=+ Jn) =1 Jody

(A.5) Jt'=(I+B)'=I-BJ ', B=Jy+Ji,

existence of the matrices J; L J~! was proved for small ¢ < ¢; and their estimates
found in the weighted Holder spaces with time power weights [3]. From these results and
estimates in the classical Holder spaces it follows that

1

(A.6) 1o ™ < =,

v=0,1, g€ (0,1), t<t,

under the condition py(£(y),t) € C’;Jra’tTa(FT), a € (0,1), polt=o = 0, where
! l
{aih<ijenlll) == n max Jagj |

The existence and estimate of the inverse matrix J~! were proved under the as-
o o lta
sumptions ¥ (£(y),t) € C2;ra’1t+a/2(FT), o € Clg_a’ 2 (I'r). We should obtain similar
results, if (&, 1) € C*F 2 (Ty).

LEMMA A.1. Let 9(&(y),t) € Co'z;ra’lja/Q(FT), a € (0,1). Then for the matrix J; =
J11 + Jio2 the following estimates hold for t <T

(A7) |7l = nmax | N x 0, 015

a+v a+v 2—v «
(A8) (8 —ngyW@wmmmm*>scﬂz oI,
(A.9) nmﬁ“l.
(A.10) [BAIIS @)y — 0,1,

Proof. The estimates (A.7)-(A.10) are derived by direct evaluation of the norms with
the help of the estimates

(A.11) 1718 < CstE|f11577,
(A.12) 1 fol® < Cot = | 1187 ol £ < T

o I4r  _ o 1 _
for the functions f; € Clzr’ 2 (Qr), f2 € Cy’ i(QT), [, I+ positive non-integers, r > 0. m
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3+a
3t+o, 55~

LemmA A2. Let po(&(y),t) € C°) 77 (I'r), a € (0,1), poli=o = 0, ¥(&(y),t) €
Co'z?ja’lfa/z(I‘ ). Then

(A.13) 170115 = mmax |8y, (Ni x p0) poltte,
(A.14) ||J01||<“+” <Oyt T |pol T,

(A.15) | poltr " I,

(A.16) 1(Jor + J)2[[ )

L+ ) ([polETY [ )2,
v=0,1,t<T.

Proof. The estimates (A.13), (A.14) follow from the estimates of the matrices Jo1, JZ in
the weighted Holder spaces obtained in Lemma 5 and Corollary A.2 in [8].
To derive (A.15) we make use of the formulae (A.12) (because 9,, po may be considered

Qa+tv, ;r

as a function from C"," 7 * (I'7)), and (A.13), (A.9), and get

1+a 3+a v 2
[ Jor |8 < Ot [Jor | I < Crat™ 57 |pol ST ] S

Applying the estimates (A.12), (A.10), (A.14), (A.15) in an inequality
Jor + TS < JIZNET + 1 Jor NS 4+ [T Jon [0+ (| g2 )
1(Jor + 1), IS + o Al + Ao 5 + 1T
we obtain (A.16). m

THEOREM A.1. Let (£(y),t) € C*F T2 (D), a € (0,1), po(€(y), 1) € C°F (),

polt=o = 0, and |w|(2+a < M, |po \3+O‘ < My, M >0, My > 0. Then there is
ty € (0,T] such that the inverse Jacobian matriz J=! ezists, can be represented in the
form

Z Jor + J1)* (I = (Jor + J1))
k=0

and satisfies an estimate
1(a+v) (2+a) _
(A.17) [J7 |, < Cia(1 " |1p| ), v=0,1, t < ts.
Proof. Such theorem was proved in [8] under the assumption ¢ (§,t) € CO'2;a’1:_a/2(FT)
o1 a,H’_"‘
and 9,9(€,t) € O 7 (Dp).

First, we shall prove the existence of the inverse matrix (I — (Jo1 +J1)?)~!. With the
help of (A.12) we derive

(o FOPIET™ < Coat ™S G + BT 1o+ 5
< CuCust = |(Jor + 207 on + 1?11,

(A.18) 1((Jor + J)2)F[et)
< (o1 + T2 (CraCrs 727 || (Jor + T[T,
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v=0,1, k=2,3,.... Formula (A.18) is proved by induction. In (A.18) we apply (A.16)
for (J()l + J1)2
a+v) 1‘*’(’ .
(o1 + TR < g (D)(CraCrs 27 pa()F 1,

where
/~L1+V(t): (1+t1 a+t )(M+M1) ) _Oa]-v

and choose t; > 0 from the inequalities

1ta
/~L1+V(t) S q, C'146‘1515 2 ;U'Z(t) S q, V= Oa 1; qc (Oa 1)7

then we have

(A.19) 1((Jor + TR < gk, v=0,1, k=2,3,..., t <t

and

(4200 I+ DI <D = s v=0 b2
k=0 k=0

From this estimate it follows that the inverse matrix (I — (Jo; + J1)?) ! exists, is
expressed in the form

(A.21) (I = (Jo1 + Ji)? Z Jo1 + J1)?
k=0

and satisfies the estimate

aT+v 1
10 = o+ ) ST < =0 =01, t<ts g€ (0,),
Using (A.5) and (A.21) we can obtain formally the identity
(A.22) J = (I — (.]01 + J1)2)71 (I — (J01 + Jl))
= ((Jor + 1)) = (Jor + J1)).
k=0

On the basis of (A.19) we can show as in [8] that the matrix in the right hand side of
(A.22) is the left and right inverse matrix to the Jacobian matrix J = I + Jo1 + J1, that
is, (A.22) is valid. With the help of the estimates (A.20), (A.13), (A.9) we obtain (A.17):

2—a—v

[T IET < Cu 1= L+ Gt oy EF) 4 Oyt 2 [yl )

< Cp(l+t 2|y Cr) p=0,1,t<t>. m

B. Model problem with a small parameter. Let D; = R, Dy = R%}, Djr =
x (0,T), R be the plane x,, =0, Rr = R x [0,T].
In the proof of Theorem 2.4 for a linear problem we have reduced it to the linear model
conjunction problem (2.32)—(2.34) with a small parameter. We consider this problem. It
is required to find functions z;, j = 1,2, and (', ) under the conditions

(Bl) ath —aj; AZJ‘ = fj(SU,t) in DjT, j = 1, 2,

(B.2) V]imo =0, zjli=0 =0 in Dj, j=1,2,



60 G. I. BIZHANOVA

(B.3) 21— B =m(a't), 22 — Path = ma(a’,t) on Rr,

(B.4) W2 — VT2 + W'V + k0ph = p(a',t) on R,

where all coefficients are constant, a; > 0, b = (V/,b,), V' = (b1,...,by_1), ¢ =
(dyen), ¢ =(c1y-..,¢n-1), I =(h1,..., hp_1), k a small parameter.

THEOREM B.1. Let
(B.5) 0 < |k| < kg, b1 K> 0, ¢y B2k >0.

For any f; € C’a O‘/2( Djr),a€(0,1),n, € C0'2+a’1+a/2(RT) j=120¢ C’Ha f (Rr)

the problem (B.1)-(B.4) has a unique solution z](:c t) € 02+a 1—'_OL/Z(DJ ), i = 1,2,
P('t) € C2+a 1+a/2(RT) Kk Opb(a',t) € Cl+a’ f (Rr), and it satisfies the estimate

2
24« 24« (14«) 24« (14«
(B.6) Z|]|<+>+|w|;:>+| Ol < Cu (o UAIE, + Il ™) + Il ).
j=1
where the constant C'y does not depend on k.

Proof. We construct auxiliary functions V; € C° Sk H;a/ 2 (D

of the following first boundary value problems

OV —aj AV; = fi(z,t) in Djp, Vilz,=0=n;(",t), j=1,2.

1), j = 1,2, as the solutions

For the solutions of these problems the following estimates are valid [18]

2+a) e 24« .
(B.7) Vilp” < Cong (55150, + Imiliz ™), 5 =12,
After substitutions in (B.l)f(B.4)
(B8) ZjZUj+‘/j, j:1,2,

we obtain the problem for the functions u;, j=1,2, ¥

6tuj —aj; A’LLJ‘ =0 in DjT, _j = 172,

(B.9) up — 1Y =0, up — G =0 on Rrp,
bVuy — cVug + W'V’ + k0pp = g(2’,t) on Rr,

where g = ¢ — (WWTV) — VT Va)|y, 0 € CHa’ (RT) and

(B.10) gl < 042 ViI5E® + el

Applying Laplace (L) transform on ¢ and Fourier (F') transform on 2’ to the problem
(B.9) we find

~ i~ —rjlz n 1
B FLlut)] = 00 mp) = 2 gl e, = g
where j =1, 2,
b d's' . g/2
CZ p+61 nT +52071 +Z‘_‘97 Tj:M7
K K ,/G/J‘
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= (b — Bac’ + B, Re( > ap = const > 0 due to (B.5). With the help of the inverse
Laplace transform on p and Fourier transform on s’ applied to the functions (B.11) we
obtain the solution to the problem (B.9) in the explicit form [4], [7]

(B.12) =2 [ar [ 16w ot -,
R’IL

(B.13) Y2’ t) = —u;i(2’,0,t), j=1,2,

ﬂj

where

Gj(z,t) /81 gij(@' —da/k, (=1 x,,0/kt —0)do,

gl(x/—d'a/n,—xn,o//@,t)zélalag/ dﬁ/ T2’ —n' —d'o/k, f1bno/k—Tpn, t—T1)
0 Rn—1

Xannr2(77,7 620710/’{ — Tin, 7-1)|77n,=0 d’l7/

¢ 1 Bacn o /K
= 2(11 dTl
0 re-1 (24/7ay(t —11))" (2y/magT)" 11

_ @' —n'—d'o/m)2+(Br1bn o/n—zn)? 0%+ (Bacna/r)? ,
xe fa1(t=71) e fazmy dn', x, <0,

¢
gz —do/k,xn,0/k,t) = 4a1a2/d71 O T1(n, Bibuo [k + 1, 11)
0 Rn-1

xTy(x’ — n’ —d'o /K, Bocno /K + Ty, t — T1)|y, =0 dnf

Bibn o /K 1
= —2(12 dT1 n
ro—1 (2y/TarT)" (2y/mag(t —m))"
024 Brbno/w)? (@ —n'—d'o/m)%+(Boeno/rntan)? ,
xe daiTy] e dag(t—71) d?’] , T >0,
2

Lj(z,t) = me_#ﬁ is a fundamental solution to the heat equation (B.1). In [7]

the problem (B.9) was studied with a small parameter . For its solution (B.12), (B.13)
by direct evaluation the following uniform (with respect to k) estimate was derived for
every given T' > (
2
2+o¢ 2+a 1+a 1+o¢
(B.14) SIS + 1l + kol 5 < Cslgl R
j=1

where the constant C5 does not depend on k.

Applying estimates (B.14), (B.7) for u;, V; in formula (B.8) and gathering estimates
for z;, 1 and (B.10) for g we obtain an estimate (B.6) and Theorem B.1. m
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