PARABOLIC AND NAVIER-STOKES EQUATIONS
BANACH CENTER PUBLICATIONS, VOLUME 81
INSTITUTE OF MATHEMATICS
POLISH ACADEMY OF SCIENCES
WARSZAWA 2008

ON THE EXISTENCE OF PULLBACK ATTRACTOR
FOR A TWO-DIMENSIONAL SHEAR FLOW
WITH TRESCA’S BOUNDARY CONDITION

MAHDI BOUKROUCHE

Laboratory of Mathematics, University of Saint-Ftienne, LaMUSE EA-3989
28 rue du Dr Paul Michelon, Saint-Etienne, 42023, France
E-mail: Mahdi. Boukrouche@univ-st-etienne.fr

GRZEGORZ LUKASZEWICZ
Mathematics Department, University of Warsaw
Banacha 2, 02-957 Warszawa, Poland
E-mail: glukasz@mimuw. edu.pl

Abstract. We consider a two-dimensional Navier-Stokes shear flow with time dependent bound-
ary driving and subject to Tresca law. We establish the existence of a unique global in time
solution and then, using a recent method based on the concept of the Kuratowski measure
of noncompactness of a bounded set, we prove the existence of the pullback attractor for the
associated cocycle. This research is motivated by a problem from lubrication theory.

1. Introduction. In this article we study the problem of existence of the pullback at-
tractor for a class of two-dimensional turbulent boundary driven flows subject to the
Tresca law which naturally appears in lubrication theory.

The problem is as follows. The flow of an incompressible fluid in a two-dimensional
domain §2 is described by the equation of motion

up—vAu+ (u-V)u+Vp=0 in (1.1)
and the incompressibility condition

divu=0 in £ (1.2)
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To define the domain of the flow €2 consider first the channel
Doo ={z = (z1,22) : —00 < 1 < 00, 0<xzy < h(x1)},
where h is a positive function, smooth, and L-periodic in x;. Then
Q={z=(r1,22):0< 21 <L,0< 22 < h(x1)}

and 090 = Iy UT' L UTy, where Iy and I'; are the bottom and the top, and I'y, is the
lateral part of the boundary of €.
We are interested in solutions of (1.1)-(1.2) in € which are L-periodic with respect to
x1. We assume that
u=0 at I. (1.3)

Moreover, we assume that there is no flux condition across I'g so that the normal com-
ponent of the velocity on I'y satisfies

u-n=0 at Ty, (1.4)

and that the tangential component of the velocity u, on I'g is unknown and satisfies
the Tresca law with a constant and positive friction coefficient k. This means that, c.f.,

e.g., [7],
loy (u, p)| < k = u, = Up(t)er
lon(u,p)| = k = 3 > 0 such that u, = Up(t)er — Aoy, (u, p)

} at T (1.5)

where o, is the tangential component of the stress tensor on I'y and
t— U()(t)€1 = (Uo(t),O)

is the time dependent velocity of the lower surface, producing the driving force of the
flow. We suppose that Uy is a locally Lipschitz continuous function of time t.

If n = (n1,n2) is the unit outward normal to I'g, and n = (n1,72) is the unit tangent
vector to I'g then, using the summation convention, we have

oy(u,p) = o(u,p)-n —((o(u,p) - n) -n)n, (1.6)

where 0;;(u,p) = —pd;; + v (w; ; + u;;) is the stress tensor.
In the end, the initial condition for the velocity at time 7 € R is

u(z, 7) =ug(x) for xe€Q. (1.7)

The problem is motivated by a flow in an infinite (rectified) journal bearing  x
(—00,400), where I'y X (—o0, +00) represents the outer cylinder, and Ty x (—o0, +00)
represents the inner, rotating cylinder. In the lubrication problems the gap h between
cylinders is never constant. We can assume that the rectification does not change the
equations as the gap between cylinders is very small with respect to their radii.

The system (1.1)-(1.2) with boundary conditions: (1.3) at I';, for h = const, and
u = const on I'y instead of (1.4)-(1.5), was intensively studied in several contexts, some of
them mentioned in the introduction of our paper [4]. The autonomous case with h # const
and with u = const on I'g was considered in [2], [3]. See also [4] where the case h # const,
u = U(t)e; on I'g, was considered. On the other hand, the important for applications
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dynamical problem we consider in this paper has not been studied earlier, neither in the

autonomous nor in the nonautonomous case.

Our plan is as follows. First, we homogenize the boundary condition (1.5) by defining
a smooth background flow, a simple version of the Hopf construction. In section 2 we

study the variational formulation of the homogenized problem. In section 3 we prove

existence and uniquness of a global in time solution of our problem. In section 4 we study

the existence of the pullback attractor.
To homogenize the boundary condition (1.5) let

w(zy, x2,t) = U(xa,t)er + v(1, x2,1)
with
U(0,t) =Uo(t), U(h(x1),t)=0, ze€(0,L), t€(—00,00).
The new vector field v is L-periodic in x; and satisfies the equation of motion
vy —vAv + (v- V)v + Vp = G(v)
with
G) = —-Uv,z, —(0)2U,z, €1 + VU 300, €1 — Uy €1
where by (v)2 we denoted the second component of v. As div(Uey) = 0 we get
divv =0 in €.
From (1.8)—(1.9) we obtain

v=0 on I},
and
v-n=0 on Iy

Moreover, we have,

AU (zo,t
Uﬁ(vap) = Jn(uvp) + (V%

0).
1‘2:0

Since we can define the extension U in such a way that

8U(.’E2, t) - 0
81‘2 £2=0
the Tresca condition (1.5) transforms to
lop(v,p)| < k= v, =0
at FO
lon(v,p)| =k = 3X > 0 such that v, = —Ao, (v, p)

In the end the initial condition becomes

v(x,T) = vo(x) = up(z) — U(xa, T)e.

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)

2. Variational formulation of the problem. In this section we present the variational
formulation of the homogenized problem (1.10)-(1.15). Then, for the convenience of the
readers, we describe the relations between the classical and the weak formulations.

We begin with some basic definitions of the paper.
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Let
V = {vec®(0)?:divv=0in Q, vis L-periodic in z,
v=0atTy, v-n=0atTy}

and
V = closure of V in H'(Q)?, H = closure of V in L?(Q)2.

We define scalar products in H and V, respectively, by
(u,v) = / u(z)v(x)de and (Vu, Vo)
Q

and their associated norms by
| = (v,0)7 and  |jv]| = (Vv, Vo)3.
Let, for u,v and w in V
a(u,v) = (Vu, Vv) and  b(u,v,w) = ((u- V)v,w).
In the end, let us define the functional j on V' by

j(u) = /F Ky, 0)|dary.

The variational formulation of the homogenized problem (1.10)—(1.15) is as follows.

PROBLEM 2.1. Given 7 € R and vg € H, find v : (1,00) — H such that:
(i) for allT > T,

veC([r,T); H)N L*(r,T; V), with vy € L*(1,T;V")

(ii) for all ©® in V, all T > 7, and for almost all t in the interval [7,T), the following
variational inequality holds

(ve(t),© — v(t)) + va(v(t),© — v(t)) + b(v(t),v(t),® — v(t))
+5(0) —j(v(t) = (L(v(t)), © —v(t)) (2.1)
(iii) the initial condition
v(x, ) = vo(x). (2.2)
holds.
In (2.1) the functional L(v(t)) is defined for almost all t > T by,
(L(v(t)),0) = —va(§,0) — (£.:(1),0)
- b(f(t),v(t),@) - b(’l)(t),f(t),@), (2'3)
where & = Uey s a suitable smooth background flow.

We have the following relations between classical and weak formulations.

PROPOSITION 2.1. Ewery classical solution of problem (1.10)—(1.15) is also a solution of
Problem 2.1. On the other hand, every solution of Problem 2.1 which is smooth enough
is also a classical solution of problem (1.10)—(1.15).
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Proof. Let v be a classical solution of problem (1.10)—(1.15). As it is (by assumption)
sufficiently regular, we have to check only (2.1). Remark first that (1.10) can be written
as

vy = 045,5(v,p) + (v V)v = G(u(t)). (2.4)
Let © € V. Mutiplying (2.4) by © — v(t) and using Green’s formula we obtain

(00,0 = 0(t)) + [ 35(0.0)(O = 0(B)s s + B(u(t),0(0), © — v(t)
Q
= /BQ oij(v,p)n;(© —v(t)); + (G(v(t)), © — v(t)) for almost all t € [7,T].  (2.5)
As v(t) and O are in V, we have

| 750,00 — v(0)s sz = vao(t). ©  u(2) (2.

and using (1.6) we obtain

/BQ oij(v,p)n; (O —v(t)); = /FO on(v,p) - (O —vy(t)) — / (0ijnm:)ni (© — vy (t))s

To

As n;(© — vy (t)); = 0 on I'y, we get

/moij@,p)nj(@fv(t»i /Foanw,p)-(@vn(t))/ (0 © +K[O])

To
K001 =) = [ 0]+ (e
Remark that o, - © 4+ k|©| > 0, and the Tresca condition (1.14) is equivalent [7] to
klug(t)| + 0y - vn(t) =0 a.e on T.
Thus

/ 045(0, p)n;(© — v(t))i > */ k(18] = fog (1)]) = —4(©) + j(v(t)). (2.7)
oN

To
As
(G(u(t), © —v(t)) = (L(v(t)), © — v(t))

from (2.6) and (2.7) we see that (2.5) becomes (2.1), and (2.2) is the same as (1.15).

Conversely, suppose that v is a solution to Problem 2.1 and let ¢ be in the space
(HL, (Q)?={peV:p=0o0nT}. Wetake © = v(t) & ¢ in (2.1), and using the Green
formula, we obtain

(v = vAu(t) +o(t) - Vo(t) = G(u(1), ) =0 Ve € (Hg;, ()%
Thus, there exists p € H~1(2) such that
v —vAv(t) +v(t) - Vo(t) — G(u(t)) = Vp  a.e. in Q.

so that (1.10) holds. We obtain (1.14) as in [1], and we have immediately (1.11)—(1.13)
and (1.15).
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3. Existence and uniqueness of a global in time solution. In this section we
establish the existence and uniqueness of a global in time solution for Problem 2.1. First,
we present three lemmas.

LEMMA 3.1 ([4]). For anyt € R consider the smooth extension
§(w2,t) = Ulza,t)er = Uo(t)p(w2/ (hoe(t)))er-
of Up(t)ey from Ty to Q, where

INNE i [Us(8)] < v/ (8ho),
e=elt) = { v/ (dholUn(t)]) o [Un(t)] > v/(8ho),

ho = ming<g, <1 h(z1), and p : [0,00) — [0,1] is a smooth function such that
p(0) =1, p'(0)=0, supppC[0,1/2], max|p'(s)| < V3.
Then we have
Ib(v, £(t),v)| < ZHUHQ for all ,v € V.

and

aU(.’lﬁg, t) ‘ -0

8.132 ®2=0 =

LEMMA 3.2 ([4]). Let U be as in Lemma 3.1. Then for almost all t,

€ = / |U (29, t)|2dx1dzy < thoUg(t)s(t),

ALUB(t) 1

|V£ /|U;x2 1'2, )| dxlde hO E(t)v

and

15 <t>>2 Lhoe(t)
£(t) 2

LEMMA 3.3. For all v in V we have the anisotropic Ladyzhenskaya inequality

ul? = [ 10 (a0 Pty < <|Uo<>|+f|uo<>

1oL

[vllLs(@) < C(Q)[v]2[|v]|=. (3.1)
Proof. Let v € V and £ € C*(] — L, L[) such that £ =1 on [0,L] and £ =0 at 27 = —L.
Define ¢ = {v, and extend ¢ by 0 to Q; =] — L, L[]0, h[, where h = maxo<y, <1, h(z1).
We obtain

L
dIl

] a
<p2(:c1,x2) = 2/ @(tl,Ig)agp (t1,x2)dty < 2/
. ¢

0
letonen)| 52 (a1.20)

and
h

Op 0
O (z1,79) = —2/ <P(£C17t2)at (@1,t2)dts < 2/ |o( $1,$2)|‘ai($1,$2) dxs,
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whence

||80||i4(91) :/Q @ (1, 22) 9% (1, 22)da 1 dy
1

h L
(/ sup 802(171,962)d9€2> </ sup 502(171,I2)d9€1>
0 —L<xz:<L —L 0<22<h

h oL h L
0 0
4(/ / <p|‘—@ dmldx2> X (/ / <p|‘—@ d:vgdm)
0 J-L Oy 0 J-L O,
By the Cauchy-Schwarz inequality,
Ip

81‘1

IN

IN

3
81‘2

IN

el zaan) < 4lelizan

L2(Q1)
Op 2
2
2|90|L2(Ql)< pr
2|<P|2L2(Ql)|vsﬁ\%2(ﬂl)
We use || < 1 and the Poincaré inequality to get

L2(Qy)

| )
Oy L2(Qy)

IN

L2(Q4)

IN

[vllze) < lella@y,  lelez) < 2lvfez@  and  [Velrz,) < Cllvlly
for some constant C, whence (3.1) holds.

THEOREM 3.1. Let vg € H and the function s — |Ug(s)|> + |U,(s)|? be locally integrable
on the real line. Then there exists a solution of Problem 2.1.

Proof. We provide only the main steps of the proof as it is quite standard and, on the
other hand, long. The estimates we obtain will be used further in the paper.

Observe that the functional j is convex but nondifferentiable. To overcome this diffi-
culty we use the following approach (see, i.e., [8]). For § > 0let j5s : V — R be a functional
defined by

. 1
o js(p) = m . k|80\1+5d95
0]

which is convex, lower continuous and finite on V', and has the following properties
e JIx € V' and p € R such that js(¢) > (x,¢) + u YoeV,
o lims_o+ js(p) =j(p) Vo€V,
o vs — v (weakly) in V = lims_,o+ js(vs) > 5(v).

The functional js is Gateaux differentiable in V', with

(j5(v),0) = | k| 'wOdz VO eV.
To

Let us consider the following equation

<%’ ®> + va(vs(t), ©) + blvs(t), vs(t), ©) + (45(vs), ©)
= —va(&(t),0) — (£4,0) — b(&(t), vs(t), ©) — bvs(t),£(1), ©) (3.2)

with initial condition

vs(T) = vo. (3.3)
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For § > 0, we establish an a priori estimate of vs. Since (j5(vs),vs) > 0, vs(t) € V,
and b(vs(t),vs(t),vs(t)) = b(&,vs(t), vs(t)) = 0 then taking © = vs(t) in (3.2) we get

—~

LlusO +vllos(0)1? < (~va(€(e) vs(0)
(sl s ED, 1) (34)

In view of estimate (3.1) and the Poincaré inequality we obtain from (3.4)

N | =

v 1
S —lvs(t)|* + §Hv(s(t)||2 < 2w|g|* + V_>\1|£at 2.

where A; is the first eigenvalue of the Stokes operator in our problem. We estimate the
right hand side in terms of the data using Lemma 3.2 with € as in Lemma 3.1 to get

1d 9 VU 9
= Z < .
5 7 Vs + s < F(2), (3.5)
with
1 4LUE(t)
F(t) = 2v( =LhoUg (t)e(t) + —2~
(0 = 2 3LhotB0ele) + o)
1 €' ()] \ ? Lhoe(t)
—( |U§(¢ 2|Uo (¢ —
+ o (s + vavsolZ 91 ) £
= (v, DU + [Ug (1)) (3.6)
From (3.5) we conclude that
t t
|v5(t)|2—|—y/ lvs(s)12ds < \U(T)|2+2/ F(s)ds. (3.7)
As the function F' is, by assumption, locally integrable on the real line, we deduce that
vs is bounded in L*(7,T;V) N L>(7,T; H), independently of 6. (3.8)

The existence of vy satisfying (3.2)—(3.3) is based on inequality (3.5), the Galerkin ap-
proximations, and the compactness method. Moreover from (3.7) we can deduce that

d
% is bounded in L*(r,T; V). (3.9)

From (3.8) and from (3.9) we conclude that there exists v such that (possibly for a
subsequence)

dvs  dv in L?(1,T; V') (weakly) (3.10)

vs —wv in L*(1,T;V), and —r 7

In view of (3.10), v € C([7,T]; H), and
vs —v in L3(r,T;H) strongly.

We can now pass to the limit 6 — 0 in (3.2)—(3.3) exactly as in [7] to obtain the variational
inequality (2.1) for almost every point ¢ € |7, T[. Thus the existence of a solution of
Problem 2.1 is established.

THEOREM 3.2. Under the hypotheses of Theorem 3.1, the solution v of Problem 2.1 is
unique and the map v(T) — v(t), for t > 7, is continuous in H.
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Proof. Let v and w be two solutions of Problem 2.1. Then for u(t) = w(t) — v(t) we have

SO + O < bu(e) w(t) u(t)) + blu(t), (1) u(t)

By Lemma 3.1 and the anisotropic Ladyzhenskaya inequality (3.1) we obtain
d 2,V 2 _ 4 2 2
el e < =
S + 20 < @) Plu(e),
and in view of the Poincaré inequality we conclude
d 4
alﬂ(lf)l2 + %IU(@I2 < ;C(Q)Hw(t)l\Q\U(t)IQ-

Using again the Gronwall lemma, we obtain

o < WePen(- [ (§ - So@lu)?) as). (3.11)

From (3.10) it follows that the solution w of Problem 2.1 belongs to L2(7,t; V). We have
thus proved that the map v(7) — wv(t), t > 7, in H is continuous. In particular, as
u(1) = w(t) —v(r) = 0, the solution v of Problem 2.1 is unique. This ends the proof of
Theorem 3.2.

4. Existence of the pullback attractor. In this section we prove existence of the
pullback attractor for the cocycle associated to the considered problem by using a method
based on the concept of the Kuratowski measure of noncompactness of a bounded set.
This method is very useful when one deals with variational inequalities as it overcomes
obstacles coming from the usual methods. One needs neither compactness of the dynamics
which results from the second energy inequality nor asymptotic compactness, cf., i.e., [4,
5, 6, 11], which results from the energy equation. In the case of variational inequalities it
is much more difficult to obtain the second energy inequality due to presence of boundary
functionals, on the other hand, we do not have any energy equation.

First we recall the definition of a cocycle and a pullback attractor, then, following [10],
recall the abstract theory, and in the end apply the latter to our problem.

DEFINITION 4.1. Let P be a metric space and 6 : R x P — P be a mapping such that
0 : P — P form a group, namely,

0o =1d, and 6,4, =0,00, VirecR.

Let H be a complete metric space. A mapping ® : Ry x P x H — H is said to be a
cocycle on H with respect to a group 6 if

@(O,p,vo) = o V’Uo S H7 p S Pv
q)(t + 7D, UO) = (I)(taer(p)vq)(r7p51]0))7 \V/tﬂ” € R-l—a JAS P.

DEFINITION 4.2. A family A = {A,},cp of nonempty compact sets of H is called a
pullback attractor of the #-cocycle ® if it is ®-invariant, that is,

q)(tapa Ap) = Aet(p) V(t,p) € R+ X 7)7
and pullback attracting, that is,
tlim dist (®(t,0_.(p),B), Ap) =0 VB € B(H), VpeTP.
—00
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where B(H) is the set of all bounded subsets of H, and dist is the Hausdorff semidistance
between X and Y defined by

dist(X,Y) = sup inf d(z,y).
rzeX YEY

DEFINITION 4.3. The pullback w-limit set w,(B) of B is defined, for any ¢ > 0, by the
following

wp(B) = () |J @(¢,6-4(p), B).

s>0t>s

The other definitions and theorems we need are as follows. Let B € B(H). The
Kuratowski measure of noncompactness [9] is defined by

a(B) = inf{d : B admits a finite cover by sets of diameter < §}.

DEFINITION 4.4 ([10]). A cocycle ® on H is said to be pullback w-limit compact if for
any B € B(H), for any p € P,

lim a( U @(t,e,t(p),B)) =0.

T—00 >
DEFINITION 4.5 ([10]). Let H be a Banach space. A cocycle @ is said to be norm-to-weak
continuous on H if for all (t,p,x) € Ry x P x H and for every sequence (x,) € H,
xn, — x strongly in H = ®(t,p,z,) — ®(¢,p,z) weakly in H.
THEOREM 4.1 ([10]). Let H be a Banach space. Let ® be a cocycle on H with respect to

a group 6. If ® is norm-to-weak continuous and possesses a uniformly absorbing set By,
then ® possesses a pullback attractor A = {Ap}pep, satisfying

AP = WP(BO)a vp € Pv
if and only if it is pullback w-limit compact.

THEOREM 4.2 ([10]). Let H be a Banach space. If the cocycle ® satisfies the pullback
condition (PC): for any p € P, B € B(H) and € > 0, there exists to(p, B,€) and a finite
dimensional subspace E of H such that for a bounded projector P: H — F,

P( U @(t,ﬁ_t(p),B)) is bounded, Vte€ Ry,

t>to

‘(I—P)( U @(t,e,t(p),x))‘ <e,  VreB,

t>tg

then ® is pullback w-limit compact.

Now, we define a cocycle ® : R, xRx H — H as the evolutionary process U associated
with Problem 2.1, namely,

@(S, tv UO) = U(S + ta t)UO
with 04(¢t) =t + s. In particular,
D(s,0_4(t),v0) = U(O_4(t) + 5,0_5(t))vog = U(t, t — $)vp.
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LEMMA 4.1. Let

h+1
sup/ F(s)ds < R(F) < o0, (4.1)
heR Jh

o >0 andt > 7. Then for every e > 0 there exists § = d(¢) > 0 such that

/ Lt p(syds < £+ < R(F) (4.2)
- —2 l-e° ' '
Proof. Let ¢ be such that ftt_é F(s)ds < §, 7 <4 <t. Then, by (4.1),
t e X (k) - —o6
/ e U F(s)ds < = + / e I P(s)ds < = + — R(F).
T 2 b1 Jt—(0+k+1) 2 1l-e

Let F(s) = |Uo(s)|® + |U{(s)|? be as in (3.6). Then we have

LEMMA 4.2. Let the initial condition vy in Problem 2.1 belong to a ball B(0,p) in H.
Suppose that (4.1) holds. Then the solution v of Problem 2.1 satisfies

sup /hh+1 o(s)[2ds < %{;ﬂ + (1 v 16_Z:>R(F)}. (4.3)

h>1

Proof. Taking © =0 in (2.1) we obtain, similarly as in the proof of Theorem 3.1,

1d 9 VU 9

el - < .

5 7 [VOF + @I < F(2) (4.4)
and, in consequence,

1d 9 O 9

el - < 4.

5 S0P + ) < (1) (45)

with o = v);. By Gronwall’s inequality and Lemma 4.1 with ¢ = p? we conclude from
the last inequality that for ¢ > 7,

9 9 26—06
lv(t)|* < 2p° + e R(F). (4.6)
By integration of (4.4) we obtain the first energy estimate: for 7 < n <'t,
t t
WOP +v [ e)|Pds <2 [ Fls)ds+ o) (47)
n 7

Using this estimate and (4.6) we obtain (4.3).

THEOREM 4.3. Let vg € H and Uy be such that (4.1) holds, with F(s) = |Uy(s)]® +
\Ui(s)|2. Then there exists a pullback attractor A in the sense of Theorem 4.1 for the
cocycle @ given by the evolutionary process U(t, T) above.

Proof. From (4.5), (4.6), the Gronwall inequality, and Lemma 4.1 we obtain

—0od
1—e°
For vy in B(0, p) and s large enough, U(s +t,¢)vy € B(0, pp), where py depends only on
g, p, and R(F’), which means that there exists a uniformly absorbing ball in H.

From (3.11) it follows that the evolutionary process U is strongly continuous in H,
whence, in particular, it is norm-to-weak continuous on H.

|U(s + t,t)v0|2 < e*”S|vo\2 +e+

R(F).
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Thus, according to Theorem 4.1 and Theorem 4.2, to finish the proof we have to prove
that the pullback condition (PC) holds.

Let A be the Stokes operator in H. As A~! is continuous and compact in H, there
exists a sequence {\;}72; such that

Jj—+oo
and a family of elements {¢;}52; of D(A), which are orthonormal in H such that Ap; =
Aj#i-
We define the m-dimensional subspace V,,,, of V', and the orthogonal projection oper-
ator P, : V — V,,, by

m

Vin = span{@1,...,om} and Ppnv= Z(v, ©;)P;
j=1

For v € D(A) C V, we can write it
v=Puv+ (I—Pp)v=Pyrv+ vs.
Set © = vy (t) in (2.1) to get
%%Ivz(ﬂl2 +uflo(B)]* < j(vi(t) = 3 (v(t) = b(u(t), v(t), v2(t)) + (L(v(1)), v2(t)).
From the continuity of the trace operator we have
Jor(t) = 5(v(t)) < j(va(t)) < C + %Hvz(lﬁ)\l2
Further, using the Ladyzhenskaya inequality (3.1) we easily arrive at
%Ivz(lﬁ)l2 + @) < Ca(1+ F () + [0(@®)[?).
and J
R OF + VAo < Co(1+ F(#) + [lo@)])-
Now, let € > 0 ge given. Using Lemmas 4.1 and 4.2, and taking m large enough, we obtain
(I = Pn)U(s+t,t)v* <e

uniformly in ¢, for vy € B(0, p) and all s > sg(p, e) large enough. This ends the proof of
the theorem.
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