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Abstract. In this paper we consider a model of chemorepulsion. We prove global existence and
uniqueness of smooth classical solutions in space dimension n = 2. For n = 3,4 we prove the
global existence of weak solutions. The convergence to steady states is shown in all cases.

1. Introduction. In biology some chemicals can induce the movement of living organ-
isms. Such a phenomenon is called chemotaxis. To be more precise, if the organisms
move preferably towards regions of high chemical concentration, the motion is called
chemoattraction while it is called chemorepulsion if such regions have a repulsive effect
on the organisms. Most of the models in the literature are devoted to chemoattraction
(cf. [4, 6, 7] and the survey paper [5]). A salient feature of the chemoattractive case is
that finite time blow-up of solutions can take place in space dimension greater or equal
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to two, and many papers have been devoted to the study of whether and how the finite
time blow-up takes place.

This blow-up phenomenon is not expected to take place in chemorepulsion models,
such as the following one which is derived in [12] and reads

up = Au + V- (uVv) in Qx(0,7),
random motility chemotazis

T U = D Av - Bv + U in Qx(0,7T),
(1) random motility decay production

ou Ov

—_—2_0 o0 x (0, T

on  On o x(0,7),

(u,v)(z,0) = (ug,vo)(x) in Q,

where () is an open and bounded subset of R™ with smooth boundary 92, n > 2, and
the parameters 7, D and (3 are positive real numbers.

If 7 = 0 (that is, there is no term v; in the second equation of (1)), it is quite easy
to see that no finite time blow-up can take place. In fact much more is true and it was
proved in [9, 10] that solutions exist globally, are uniformly bounded and converge with
an exponential rate to the steady state. A similar result would be expected to be valid for
(1) but, surprisingly, does not seem to be so easy to prove due to the lack of estimates on
v¢. In particular, global existence of solutions is established in [12] under rather artificial
conditions. Indeed, for n = 2, they require D and ||ugl|; to fulfil some conditions (cf. [12,
A1-A3]). These conditions allow them to construct a Lyapunov functional for (1) in the
spirit of that constructed in [4] for the chemoattractive case. For n > 3 solutions exist
globally only under a smallness condition on the initial data in LP(2) with p > n/2 + 1.
To the best of our knowledge, no further result seems to be available for (1).

In the present paper we improve the above-mentioned results in the following direc-
tions. First, in space dimension n = 2 we prove the global existence and uniqueness of
uniformly bounded smooth classical solutions without any restriction on the initial data
and parameters. In the higher space dimension n = 3,4, we are only able to establish the
global existence of weak solutions. In addition, we prove that there exists a unique steady
state up to the mass constraint and it is spatially homogeneous. Our approach relies on
the observation that there is a natural Lyapunov functional associated to (1), from which
several estimates can be deduced. However, it does not provide any control on v; and
does not allow us to obtain smooth classical solutions in space dimension n > 3.

Notations. The norm in the space LP(£2), 1 < p < oo, is denoted by ||-||,. The classical
Sobolev space is denoted by W™P(Q) for 1 < p < co and m > 1 and the associated
norm by || - |lmp- The notation H'(f2) is also used for the Hilbert space Wh2(€2). If
X is a Banach space, X’ denotes its topological dual space. If & > 1, the set of C*-
smooth functions which vanish on the boundary of 2 is denoted by C&(2). Finally, if
T > 0, C([0,T]; weak-L'(Q)) denotes the space of functions from [0, 7] in L'(Q2) which
are continuous with respect to time for the weak topology of L*().
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We will frequently use the following Gagliardo-Nirenberg inequality

n_n
(2) lwlly < Cllwl] 2wl with 6= TR
2 + T

which holds true for all w € H(Q2), p € [1,2n/(n — 2)) and r € [1, p].
Since the existence results to be established in this paper depend strongly on the
space dimension, we separate the statements of the results according to the value of n.

THEOREM 1.1. Let n = 2. If (ug,vo) are non-negative functions in WP (Q) for some
po > 2 then there exists a unique smooth classical bounded uniformly in time solution to
(1). Moreover,

— 1
lim (u,v)(-,t) = (@,0) in C*(Q;R?) with 1=71= ﬁ/ ug dz.
Q

t——+oo
The rate of convergence is exponential.

Concerning higher space dimensions, we first introduce the notion of weak solutions
to (1) to be used in the sequel.

DEFINITION 1.2. A global weak solution to (1) is a pair of non-negative functions

(u,v) € C([0,00); weak- L'(£;R?))

such that
Vu, Vo,uVv € L'((0,T) x Q),

and

/Q(U(t)—uO)s@dw+/0t/Q(Vu+qu) -V drds = 0,

t
/(U(t)—vo) <pdz+/ / (Vo -Vo+ (v—u) ) deds = 0,
Q 0o Jo
for each t > 0 and p € WH°(Q).
It readily follows from Definition 1.2 that a global weak solution (u,v) to (1) satisfies
3 llu®lr = lluoll and [lv(®)[lh =e™" [lvoll + (1 —e™") [luolly for ¢=>0.
We then report the following results:

THEOREM 1.3. Let n = 3. If (ug,vo) are non-negative functions in WP (Q) for some
po > 3, then there exists a global weak solution (u,v) to (1) which satisfies also
(u,v) € L¥*(0,T; WH5/4(Q; R?))
for any T > 0. Moreover, recalling that w and v are defined in Theorem 1.1, we have
lim L/ (u(t) —u) ¢ dx+|v(t) —E|2} =0
t——+oo Q
for each ¢ € L>=(Q).
THEOREM 1.4. Let n = 4. If (ug,vy) are non-negative functions in WP (Q) for some
po > 4, then there exists a global weak solution (u,v) to (1). Moreover,

lim [ [ @ -m s+ ot —mz} 0

t——+o0

for each ¢ € L>(Q).
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While the proof of Theorem 1.1 relies on the abstract theory for quasilinear parabolic
systems developed in [2], the proof of Theorems 1.3 and 1.4 is performed by a compactness
method.

REMARK 1.5. The previous existence results do not seem to extend to space dimension
n > 5: this is due to the fact that the estimates derived in the next section only allow us
to define the product uVv if n < 4.

As the proofs of our results are the same whatever the values of the positive real
numbers 7, D, and 3 are, we set from now on

T=D=p=1.

2. Local well-posedness. First, for each € > 0, we define the following perturbation
of (1):
uf = Auf + V- (u(l —ew)Voe) in Qx(0,T),

vf = Av® — v 4 uf in Qx(0,7),
4 € €
@ %u = ((991} = on 09 x (0,7,
n n
(us,v)(x,0) = (ug,vo)(x) in Q.

Observe that (1) is obtained by taking e = 0 in (4).

THEOREM 2.1. Let po > n and consider the initial condition (ug,vg) € WHPo(Q; R?) with
ug,vg > 0. Then the system (4) has a local unique classical solution

(uf,v%) € C(2 % [0,£F);R*) N C=(Q x (0,F); R?)

and uf(x,t),v¢(z,t) > 0 for each (x,t) € Q x [0,tF), tF denoting the mazimal existence
time. Moreover, ||[u¢(t)|1 and ||[v¢(t)||1 are given by (3) for t € [0,tF).
If there is a function w : (0,00) — (0,00) such that, for each T >0,

1w (®), vl <w(T), 0<t<min{T,t5},

then tF = +oo. In particular, if € € (0, €] with 1/eg = max {||uo| oo, [|vo]|cc} then 0 <
u,v¢ < 1/e and thus t} = +o0.

Note that 1/eg = max {||ug]|oos ||t0]|co} is finite thanks to the continuous embedding
of WtPo(Q) in L>°(Q). Therefore, given (ug,vo) € WHPo(Q;R?) with ug, v > 0, (4) has
a global classical solution for € > 0 sufficiently small.

Proof. For § > 0 we define the set Dy := (—0,+00) X (=0,+00), y = (v, u), and
ajr € C®(Dy, L(R?)), 1 < j,k <n, by

TS . 1 O : N
a=ajp(y) = (ajp)i1<rs<2 = ( w(l— eus) 1 ) ifj =k,
a;i(y) =0 if j # k. Next for z € Dy we introduce the operators

A(y)z = Z —0;(a;k(y)Okz), B(y)z := Z vj - aj(y)Okz,

J.k=1 j,.k=1
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and the function f € C*°(Dg;R?)

With these notations (4) reads

y(0) = (vo,uo).
Since (A, B) is of separated divergence form in the sense of [2, Example 4.3 (e)], then
the boundary-value operator (A, BB) is normally elliptic. We can therefore apply [2, Theo-
rem 14.4 and Corollary 14.7] to conclude that (4) has a unique maximal classical solution
y = (v, uf) € C(Q x [0,t7); R N C=(Q x (0,t7); R?).

Moreover, since (with the notations of [2, Section 15]) Dy = (0, +-00) x {0} and a3} = u*,
(1—eu),1<j<n, a O,ajk =0for j#k, 1 <jk<n and all these coefficients
vanish on Dy we can apply [2, Theorem 15.1] to conclude that u¢(t) > 0 for [0,¢]).
Next the non-negativity of v¢ follows from the standard maximum principle for parabolic
equations. The global existence criterion can be deduced from [2, Theorem 15.5]. Finally,
if e € (0,¢p), writing the equation solved by —u€ + 1/¢, we see that we are in a position
to apply [2, Theorem 15.1] to establish that u¢ < 1/e. The similar upper bound for v is
then a straightforward consequence of the classical comparison principle. m

We next turn to the existence of a Lyapunov functional for (4) which is the cornerstone
of our analysis.

LEMMA 2.2. For e € [0,6] and 0 < s < t < tF the solution (u,v¢) to (4) satisfies the
following equality

(5) Fo(u(t), v (t)) — F.(u(s) //(u|1W|:u +|Av6|2+|w€2) d dr

where F, is given by

Fe(u,v) = /Q <ulnu+ %(1 — eu)In(1 — eu) + w)

2
2
Fo(u,v) = / (ulnu—i— V_v|)
Q 2

Proof. On the one hand, multiplying the first equation of (4) by Inu® — In (1 — eu) and
integrating with respect to space, we obtain

d 1 [Vuc|?
6) — / (ue lnu€+—(1eu5)ln(leu€)) dx = 7/ —_ dx—/ Vus-Vocdz.
dt Jo € o u(l — eur) Q

On the other hand, multiplying the second equation of (4) by —Awv® and integrating
with respect to space, we obtain

(7) /|Vv |2d:r——/ \Av€|2dm—/ |Vv6|2dx+/Vu6-Vvedx.
th Q % Q

The expected result then follows by adding (6), (7) and integrating in time. =

if e >0 and
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As a consequence of Lemma 2.2 we have the following useful inequality.

COROLLARY 2.3. Fore € [0,¢] and t € [0,t]), the solution (u¢,v) to (4) satisfies

€ 2 t €2
/ (us(t)| Inuf(t)| + M) dx +/ / (WL + |AvE 2 + |Vv5|2) dx ds < Cy,
Q 2 0o Ja\ u

where Cy depends only on Q and Fy(ug,vo).

Proof. On the one hand, since

1 1
r+—-1—er)ln(l—er)>0 forre [O,—}7

€ €

2
2rlnr > ——  for r € [0,1],
e

we infer from (3) that

€ 2
F.(uf(t),v(t)) > / <u6(t) Inuf(t) —u(t) + M) dx

Q 2
Ve (t)|? 2|Q
> / <uf(t)| Inus(t)| + M) da — (|u0|1 n |—>
Q 2 e
On the other hand,
Vu | [Vul
ué(l —eu) = ue

and Corollary 2.3 readily follows from Lemma 2.2 and the previous two inequalities. m

Next, for € = 0, we may proceed as in [4, Lemma 2.1] to establish a connection between
Fo(u®,v°) and the right-hand side of (5).

LEMMA 2.4. If e =0, the condition

(8) sup Hu0||n/2 < A
te[0,td)

for some A > 0 ensures that the functional G given by

Glu,v) = /Q (uln(%) Jr%/Q W|2) dz

satisfies the following decay property
0 < G(u2(t),v°(t)) < G(ug,vo)e” ™ for te0,td),
the positive constant o depending only on Q and A.

Proof. First the non-negativity of G follows from Jensen’s inequality as u°(¢) and u have
the same mass |lug||;. Next, recalling that

(r—1)2

rlnr—r+1< for r > 0,
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we infer from the Sobolev, Poincaré and Hoélder inequalities that

/Quo(t)ln($> dx <a/ﬁ[$—1+%<@ —1>2] da

1 _
< o () 73
< CV (W (t) = 0)30(nr2)
< ClVu0 () VVuO ()13, (2
< Ol @Ol VVuO (#)]13
0(4)(2
< AC / Vel ®F 4
o u’(t)
Consequently
1 [Vu®(t)?
Ot 0t<—/7 YO de, t th).
G(u ()7U ())_Ot o Uo(t) +|V’U ()‘ €Ly 6[07 0)
We then infer from Lemma 2.2 that

d d
%G(uo,vo) = %Fo(uo,vo) < fozG(uO,UO),

which completes the proof. m

THEOREM 2.5. The only non-negative stationary solutions to (1) in WPo(Q) for pg > n
are the pairs (m,m) for m € [0,00).

Proof. Assume that (u°,0°) € WhPo(Q;R?) for py > n is a stationary solution to (1).
Then t = 400 by Theorem 2.1 and it follows from Lemma 2.4 that 0 < G(u° %) <
G(u®,v?)e= for each t > 0, whence G(u°,v%) = 0. Consequently,
w0
Vi’ =0 and «’In (E) =0 ae. in Q
with @ = [|u®]]; /||, from which we readily conclude that u® = u and v° is a constant.
Taking into account the second equation in (1) implies that (u®,v%) = (m,m) for some

non-negative real number m. =

3. The two-dimensional case n = 2. In this section, we assume that n = 2 and put

(u,v) = (u° v°) to simplify the notations, (u°,v%) being the solution to (4) with € = 0

on [0, tar ) given by Theorem 2.1. We recall that, thanks to Theorem 2.1, it is sufficient to
establish L*°-bounds for (u,v). The following lemma is a first step in that direction.

LEMMA 3.1. Letp > 2 and T > 0. Then there exists a positive constant C1(p) depending
only on €, ug, vo and p such that

lu(®)llp < (o) for te0,6).
Proof. We first observe that Corollary 2.3 implies that

t
9) / / |Av[? dadt < Cy  for t € [0,£7).
0 JQ
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We next multiply the first equation of (1) by (p + 1)uP, integrate with respect to the
space variable and apply the Gagliardo-Nirenberg inequality (2). We thus obtain

d 4p
E||U(p+1)/2||§ = —mHV(u(“l)/Q)H% +p|\UP+IAU||1

=2|V(®FV2) |3+ pllul D2 || Al
=2 V(PV2) 3+ O pllu® D2 |[uHD 5| Al
— VP2 4 uP D2 4 Cp? a2 3] Av]3.

ININCIA

Owing to (9) we may apply the Gronwall lemma. The bound is independent of time since
we can choose p = 1 (so that % = 1) and use the Gagliardo-Nirenberg inequality (2)
with (3). Then recursively we get the independent bound for any p < co. The proof of
Lemma 3.1 is completed. =

Proof of Theorem 1.1. Owing to Lemma 3.1 we may proceed as in [11, Section 4] and use
Moser’s iteration technique [1] to show that,

[u®)loe + lv(t)loo < C for ¢ € [0,5).

According to the global existence criterion from Theorem 2.1, we have thus shown that
tg = +00. In addition,

(u,v) € C(Q x [0,00); R*) N C>(Q x (0, 00); R?),

while LaSalle’s invariance principle and (3) ensure that (u(t),v(t)) converges towards
(w,v) as t — oo. For the rate of convergence we may apply Lemma 2.4 thanks to (3) and
use the Csiszar-Kullback-Pinsker inequality (see, e.g., [3] and the references therein) to
obtain

1
g lle =T < Glu(t), v(t)) < Gluo, vo)e™™",

and hence the exponential convergence in L*().

Since @ is a constant and V - (uVwv) is bounded, the exponential convergence in L>
may next be proved by Moser’s iteration technique [1]. Parabolic estimates then yield the
exponential convergence in W2?(Q) for p > n. =

4. Global weak solutions in higher space dimensions. This section is devoted to
the proofs of Theorems 1.3 and 1.4. Both are based on a compactness method. Namely, we
shall prove that at least a subsequence of the classical solutions (u,v¢) to (4) converges
in suitable topologies towards a (weak) solution to (1) as e — 0. As a first step we deduce
some bounds on (uf, v¢) from Corollary 2.3 and Sobolev embeddings.
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LEMMA 4.1. Let T' > 0. The sequences (u®), and (v°), enjoy the following properties:

(10) (uf), s bounded in LT/ w2/ (D) ()
(11) (uf), s bounded in L'(0,T;Cy(2)"),

(12) (v%), s bounded in L"FD/m(0, T; WA D/n(Q)),

(13) (v%), s bounded in L0, T; WH2(Q)) N L*(0,T; W?2(12)),
(14) (vf), s bounded in L"FH/™(Q x (0,T)),

(15) (uVv©), s bounded in LG F/37(Q % (0,T)).

Proof. Consider € € (0,¢p). We first recall that
(16) luc(®)|ls < K fort e [0,T)

by (3). Next, since Vv/u¢ = Vuc/(2v/u¢), we infer from (16) and Corollary 2.3 that

T
/nwﬂm@ﬁgK
0

The continuous embedding of W12(Q) in L?*/("=2)(Q) then entails that

T
(17) A|W@Mmmﬁ§K@)

Interpolating between (16) and (17) we obtain

T
(18) /0 Hu€(t)|\flp/(np72) dt < K(T,p) forp € [1,00].

In particular, the choice p = (n 4 2)/n gives

T
ue (n+2)/n - ]
(19) /O /Q( ) dzdt < K(T)

Next, by Corollary 2.3, (19) and the Holder inequality, we have

T T ‘VU€|2 (n+2)/(2n+2) T n/(2n+2)
/ / (Ve (2 o4) ( / / A ) ( / / (u€)<n+2>/n)
o Ja o Jao U 0o Ja

< K(T).

We have thus established (10). The bounds (12) and (14) then readily follow from the
second equation of (4), (19) and classical parabolic regularity results while Corollary 2.3
and (3) ensure that (13) holds true. We then infer from (13) and the Sobolev embedding
that (Vv©),_ is bounded in both L>(0,T; L?(Q)) and L?(0, T; L*>"/("=2)(Q)), whence

IN

€

T
(20) /0 VU ) np—ay At < K(T,p) for p € [2,00]

by interpolation. Combining this estimate for p = 2(n + 2)/n with (19) yields (15).
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Consider finally ¢ € C3(Q). It follows from the first equation of (4) and Corollary 2.3

that
‘/ uspdr| < / [Vue| [Vl dx+/u€(1—eu€)\Vv€| |Vo|dx
Q Q Q
< AIVulimr2)/arn IVl + [[ul2[[Vo©ll2IVells
< K(T)(IVulltnray /sy + [uf12) Voo
Therefore,

luillca @y < K(D)UIVUllnrz) ey + ull2),

and the right-hand side of the above inequality is bounded in L'(0,T) by (17) since
n/(n —2) > 2 for n = 3,4. The proof of Lemma 4.1 is then complete. m

We next turn to the relative compactness of the sequences (u). and (v¢).. More
specifically, we have the following result:

LEMMA 4.2. There are non-negative functions
we LD (0, s w2/ () 0 ([0, T); G5 (R)), - u(0) = o,
ve L®(0,T; H(Q)) N C([0,T]; L*()) N L*(0, T; W*2(Q)),  v(0) = vy,

and a subsequence of (uf). and (v°) (not relabeled) such that

ut —u in LP(Qx (0,7))NC([0,T];CLQ)) for pc {1, n : 2)7
v¢ — v in L2(0,T; H'(Q)) N C([0,T]; L*(2)),
and
/Q(v(t)fvo) ¥ der/O /Q(Verngr(vfu) ¢) deds =0
for each t € [0,T] and p € WH>(Q).

Proof. In view of (10) and (11), we see that (u€)_ is relatively compact in L"+2)/(n+1) () x
(0,T)) by the Aubin-Lions lemma [8, Théoréme 5.1]. In fact we can strengthen this claim
due to (19) and deduce that

2
(21) (uf), is relatively compact in LP(Q x (0,7")) for any p € [17 nt )
n

Similarly, it follows from (13), (14), and [13, Corollary 4] that
(22) (v) is relatively compact in C([0, T); L?(Q2)) N L2(0, T; W2()).

Owing to (21) and (22) we easily obtain the convergences claimed in Lemma 4.2, the
convergence of (u®), in C([0,T7]; C3(2)’) being a consequence of (11), (16), and the Ascoli
theorem. It is then straightforward to pass to the limit as ¢ — 0 in the second equation

of (4) to deduce the last assertion of Lemma 4.2. m

It remains to pass to the limit as ¢ — 0 in the first equation of (4), the main difficulty
being the nonlinear term (1 — eu®)Vo©. At this point the difference between n = 3 and
n = 4 shows up: indeed, though we know that

(23) u (l —eu)Vo* - uVo ae in Qx (0,7)
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by Lemma 4.2 (after possibly extracting a further subsequence), we only have an L'-
bound for this term when n = 4 by (15) and this is not sufficient to have strong conver-
gence. Such a difficulty is not encountered when n = 3 and we now complete the proof
of Theorem 1.3.

Proof of Theorem 1.3. According to (15), the sequence (u(1 — eu®)Vv©), is bounded in
LY/%(Q x (0,T)) and thus weakly compact in L*(Q x (0,T)). Since it also converges a.e.
in Q x (0,7T) by (23), we are in a position to apply the Vitali theorem and conclude that

u(1 — eu’)Vo© — uVo in LY(Q x (0,T)).

In view of Lemma 4.2 it is then straightforward to let € — 0 in the first equation of (4)
and conclude that (u,v) is a weak solution to (1) in the sense of Definition 1.2.

We next turn to the convergence towards steady states. We first recall that the L!-
norms of (u,v) are given by (3). It follows from Lemma 4.2 and weak compactness argu-
ments that we may pass to the limit as e — 0 in the inequality stated in Corollary 2.3 to
obtain that

t 2 t
(24) / (u(t)| Inwu(t)| + W) dx —|—/ /(4|V\/ﬂ|2 + |Av|? 4 |Vv|?) dz ds < Cy.
Q 0 Ja
Next, we take 0 = tg < t; < --- <t} with t, — 400 and we define
up(-,t) = u(-, t+tx) — (ug), t€(0,1)

vE(t) =v(t+tg) — (vt +tk)) te€(0,1)

where (-) denotes the mean value. We infer from the Dunford-Pettis theorem and (24)
that

(25) (ur(0), v5(0)) — (Moo, Vo) Weak-L(2) x L2(£2).

Then, taking into account that

2 2
(/ |Vu|dsc) §C/ ﬂdm
Q Q u
and (24) we deduce

(26) (Vug, Vog,) — (0,0) in L2(0,1; LY(Q)) x L?(0,1; HY(Q)).
Hence by the Poincaré-Wirtinger inequality
(27) (ur, vx) — (0,0) in L1(0,1; L*(€2)).

On the other hand, using the definition of a weak solution, the embeddings W11(Q) in
LA3(Q), WhH2(Q) in L?(Q) and (26) we prove

(28) lim sup /(uk(t) —up(0))pdr| =0 Vo € WhHe(Q),
k—+ootecio1]l/a

(29) lim sup /(vk(t) —v(0)pdz| =0 Vo e Wh>(Q).
k—+cotecio1)l/a

In view of (27), (28) and (29) we can identify the limits in (25) as being zero. m
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Proof of Theorem 1.4. In that case the weak compactness in L'(2 x (0,7)) of
(u(1 — eu®) Vo), is no longer guaranteed by (15) and we thus have to find an alter-
native way to prove it. To this end, we aim at applying the Dunford-Pettis theorem and
first notice that (u®), actually enjoys a stronger property than (3), namely

(30) sup { / ue(t)|lnu5(t)|d1:} <y
te[0,T] Q

by Corollary 2.3. Thanks to this property, we can establish the uniform integrability of
(u(1 — eu®)Voe) . Indeed, let £ C 2 x (0,7) and R > 1. We infer from (18) with p = 2,
(20) with p = 2, and (30) that

// (1 - eu)Vo© dxdt<//qu dx dt
R//VU dacdt—l—//ul(Roo) ) Vot dx dt

CRIE[" + / 0 Ly () ol V0 1

< CRIE|'? + sup. {||U ()L (R,00) (W O HIw 20,7 0473 ) I VY Il L2(0,7:20 ()

tel0,T

IN

IA

C
< CRIEI"? + —= sup {|[u(t)|nu(t)[1}
In R t€[0,T]

< CR|E|'? + R

Letting first |E| — 0 and then R — oo we end up with

lim  sup {// u® (1 — eu®)Vo© dacdt} =0,
|E|—0 e€(0,¢0) E

which ensures the weak compactness of (uf(1— eu)Vo©)_ in L'(Q x (0,T)) by the
Dunford-Pettis theorem. Recalling (23) we may apply again the Vitali theorem to con-
clude that

u (1 — eu’)Vo© — uVo in LY(Q x (0,T)).
We then argue as in the proof of Theorem 1.3 to show that (u,v) is a weak solution
to (1) in the sense of Definition 1.2 and that (u(t),v(t)) converges towards (@,?) in the
expected topologies. m
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