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Abstract. We consider hydrodynamical models describing the evolution of a gaseous star in
which the presence of thermonuclear reactions between several species leads to a multicomponent
formulation. In the case of binary mixtures, recent 3D results are evoked. In the one-dimensional
situation, we can prove global estimates and stabilization for some simplified model.

1. Introduction. Stars can generally be considered as continuous media for which hy-
drodynamical description is natural, then the equations governing the evolution of stellar
structure are almost identical to those describing ordinary fluid mechanics [30] [38] [18],
except the fact that, due to various chemical reactions taking place in the medium (more
precisely thermonuclear reactions), one has to consider a multicomponent mixture con-
taining several particle species.

Multifluids have been the matter of a number of works in the past which, for our
purposes, may be very roughly divided into those concerning multiphase flows and those
involving multicomponent flows. The first kind of models suppose that, given several
fluids, only one of them is present into each given (“bubble” like) macroscopic region of
space, each bubble being plugged into an underlying fluid region. One is then faced with
a multifluid free boundary problem [36] [39] for each subregion (see [50] [46] [15] [31] [32]
for related mathematical results).

In the multicomponent formulation [17] [33], each component is simultaneously present
at any point of the space and global hydrodynamical variables for the mixture may be
identified: the density, momentum, internal energy and entropy corresponding to a “mean
flow” with suitable state functions, then dynamics is coupled to a reaction-diffusion sys-
tem describing the evolution of the individual densities with source terms telling how
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each species is produced (or destroyed) through chemical or thermonuclear reactions.
Moreover the state functions depend now also on the individual concentrations. In the
astrophysical setting, such reaction-diffusion systems lead to the chemical composition of
stars [30].

Although multiphase flows may also be encountered in some astrophysical applica-
tions (models of plasma turbulence in stellar atmospheres [42]) we focus here on mul-
ticomponent flows involved in fundamental problems [38] [30] [44] as stellar evolution,
nucleosynthesis or flows in interstellar medium which are presently actively studied by
physicists. As an example of thermonuclear coupling in stars, let us only mention the
so-called “PP II cycle” (Proton-Proton) describing describing the Helium chain in stellar
nucleosynthesis [38] [30] [2]:

3He 4+* He —7 Be + 7,
"Be+e” —" Li+v,

"Li+ H —8 Be + 7,

8Be — 2*He + v

where He is helium, Be beryllium, Ls lithium, H hydrogen, e~ an electron, v a neutrino
and v a photon. In fact, a huge number of such cycles (leading from the lighter to
the heavyier nuclei) are present in stars and the competition between chemistry and
gravitation is the core of stellar evolution.

In the following, we provide (section 2) a quick derivation of the multicomponent for-
mulation, then (section 3) we present recent results of global existence for a simple model
for binary mixtures finally we give in section 4 a stabilization result in the monodimen-
sional case.

2. A general model. Let us start with a few words about multifluid systems, the
description of which depends on the level of approximation one desires to assume.

In fact, the more precise way to deal with multifluids relies on kinetic theory [11]
[8] leading to a complex Boltzmann formulation for the various distribution functions
involved [7] [6].

This general framework allows to treat very out-of-equilibrium situations however, as
we are interested in stellar evolution applications [30] [38], we restrict our study to the
fluid regime for a mixture of N reacting species.

In fact, even the complete multicomponent fluid system evoked above is still too
complex to lead to a complete analysis. As it modelizes various physical situations going
from reacting astrophysical plasmas to chemical reactors or superfluids, it is natural to
specialize it to the relevent physics involved. A major simplification takes place when the
dynamics can be reduced to a one-fluid main (mean) flow, with source-flux couplings to
the individual species. This indeed is the case in the reactive fluids case where a (possibly
complex) chemical kinetics is coupled to the main flow, but this procedure requires some
further modelling to get the state functions and the various fluxes.
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Let us consider a mixture of N Newtonian fluids, each of which is characterized by
the variables p;, u;, 8; with stress tensor o; = —p;I+ m;u;, where p;(p;,6;) is the pressure
and 7;(u;) isthe viscous stress. We also suppose that a force f; acts at each point in i.

We define the global density of the mixture as

N
p=>pi
=1

and the global velocity as

N
pu = Z Pil;.
i=1
If we sum the partial continuity equations, we get first the familiar conservation law
Op+ V- (pu) = 0. (2)

Now if we sum up the momentum equations and use the identity
N N

Zpiui ®u; = Pu®u+zpz‘(u*ui) ® (u— ),
=1 =1

we get formally a momentum-like conservation law
d(pu) + V- (pu@u) =V o +f,

where f := Zfil f;.
Now the effective stress tensor is

N N
o= Z{Ui +pi(u—w)®u-w)}= Z{—Pi(pi, 0;) I+ + pi(u—1u;) ® (u—1u)}

i=1 i=1
Then, in order to obtain a mean flow system we can absorb the (u — u;)-quadratic term
in this relation and make strong hypotheses on the partial stresses o;.

In the particular case of a one-temperature model and if all the species are perfect

gas with the same constant R; = R i.e. p;(p;, 6;) = Rp;0, we get an effective pressure by
applying the Dalton’s law: the total pressure is the sum of the partial pressures

N
p(p,0) = ZPi(Pia 0),

however the viscous contribution

N
= Z mi(u;),
i=1

cannot in general be expressed as a functional m(u).

The same arguments applied to the energy equation lead to similar difficulties.

A way out is to discard the u; as dynamical variables and to define them by constitu-
tive laws (a simple example of such is the Fick’s diffusion law) in term of the temperature
and the partial concentrations c;, which amounts to suppose that although the species
may diffuse in the mixture, they are dynamically advected by the mean flow only.
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2.1. The equations for a multicomponent reacting mizture. In this section we adopt the
notations of Giovangigli [34].

In the following model, we suppose that all the species are mutually in local thermo-
dynamical equilibrium, including the radiative contribution. Then the problem involves
a unique temperature field for all the species. We also suppose that the mixture is driven
by a mean flow described by the macroscopic variables (p, u,6)

We consider the mixture as a viscous compressible fluid with no source of mass, the
the mass conservation of individual species reads

o (pY:) + V- (pYiu) = w; =V - J;, (3)
for ¢ = 1...N, for the species mass fraction Y; = ﬁ, where J; is the diffusion flux of the
species 1%

']i = pY;Viv
where v; is the diffusion velocity of the species ¢, and w; is the molar production rate for
species 1.
The species mass constraint (no global matter source) implies

N N
ZJizo, and Zwi:0,
i=1 1=1
from which one gets the global mass conservation
Op+V-(pu)=0. (4)

Momentum conservation reads
N
O(pu) + V- (pu@u) =V -o+pY Yif, (5)
i=1

with the species mass fraction Y; = pﬁ Energy conservation reads
K

N N
i(pe) +V - (peu) =0 :Vu—-V-q+ Z(pyﬂl +J;) £ — Zhiwia (6)
i=1 i=

with h; = ¢; + %, where e; = e;(p;,0) and p; = p;(p;, 6) define the thermodynamical
state of the species i (with p; = pY;) The stress tensor is assumed to be of the form

o= —p(p,0,{Yi})1 + pAu+ vV (div u),
where the total pressure is given by the Dalton’s law
p,9 {Y} sz 0,9 Y
and the heat flux is

N N
q= —AVo + thJl — pZDO,idi~
i=1 =1
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We consider the following diffusion model, generalizing the Fick’s law, to fix the diffusion

velocities
N

0
= Z Ci;d; — PYiDe,i%a
j=1

where C;; are the multicomponent flux diffusion coefficients, Dy ; is the thermal diffusion
coefficient and d; is the diffusion driving force d; given by

d; = VX, + (X, - Y( ) ”Zyyk £,),

where the mole fraction of the species i is
YW
= ———
Zk:l Yie/ Wi
Finally let us suppose that the chemistry is described by a set of M reactions

N N
Z vipMi — Z v Mg for k=1..M,

k=1 k=1
where v/, and v/, are the stoichiometric coefficients for species 7, with chemical symbol
M, appearing as a reactant and as a product, respectively.

The corresponding reaction rates w; are given by different phenomenological expres-
sions, depending on the physics involved.

In the combustion context chemical kinetics [51] using Arrhenius and mass action
laws one takes generally

N y;v,k
=W, Z ) B e w5 H ( > for k= 1...N.

j=1
In the astrophysical context [30]
N N
wi = =RY; + Y RyYiVy+ Y RuYaVi+
j=1 k=1

where R; > 0 characterizes the photodisintegrations (3-decays) of nucleus i, R is the
rate, per unit of time and volume, of destruction (if @ = ¢ or b = 7) or production (if
a # i and b # 1) of species i by a (two-body) nuclear reaction, and - - - is the contribution
of N-body reactions with N > 2. All these coefficients are generally strongly dependent
on p, 0.

Although a lot of its properties have been studied by Giovangigli [34], the previous
system seems to be presently out of reach of mathematical treatment, at least concerning
the reacting case. However, for a multicomponent model involving only thermodiffusion

coupling, it is possible to prove a local existence result, extending the method of Tabata
[49].
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3. Simplified models for a binary mixture. We first consider, as a simple model,
the first equation of the PP II cycle

SHe +* He —" Be + . (7)

We also suppose that the reaction takes place in the presence of neutrons acting as a
dilutant, so this unique reaction (M = 1) implies N = 4 species (discarding the massless
photons), and we suppose that the field force does not depend on the species f; = f =
—GV® (gravitation). The system reads

Op+V - (pu) =0,

(pu) +V - (pu@u) =V -0+ pf,

N 4
Oc(pe) +V - (peu) = o :Vu—V~q+pf—u+f-ZJi—Zh?wi,
i=1 j=1

2 (pYs) + V- (pYiu) = w; =V - I,
for i =3 He,* He,” Be,n (with Yay, + Yag, + Y. + Y,, = 1), where the fluxes are
4
Vo
Ji= Z Cijdj — pYiDoi—p,
=1
where the last term corresponds to a diffusion arising from a temperature gradient (Soret

effect), and

\Y
d; = VX; + (X; —Yj)?p,

4 4
q=-A\VJ+ Z hiJ; — PZ Dy ;d;,
i=1 i=1
where the last term corresponds to heat diffusion arising from a concentration gradient
(Dufour effect).
The chemical source terms are

Wsge = —Wsg, ®,

Wape = 7W4He (I),

wrge, = Wrge @,
where

o = Bﬂae_% % PY4H5.
3He W4He

If we neglect the Soret and Dufour effects and if we suppose C;; = Cd;;, and that the
species specific heats at constant pressure are constant and independent of temperature,
we get for J; the pure Fick’s law

Ji = —pDiVY;;,
where D; is the empirical diffusion coefficient of species ¢ and

q=—-AVd.
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Then we get the system
Oep+ V- (pu) =0,
d(pu) + V- (pu®u) =V -0+ pf,

4
Oi(pe) + V- (peu) =0 : Vu+ V- (AVY) —|—pf~u—2h?wi,

Jj=1

0y (pYs) + V- (pYiu) = w; + V - (D;VYy),

for i =% He,* He,” Be,n.

If we further assume that 3He and “Be are present only by trace amounts in the
mixture, and that the * He and the neutrons are in excess, we can suppose that Yay, and
Y,, are constant and then we write

_ 0

Yige = Yay,,
0

Y, =Y,

Yape << Yy, + Y7,

Yrge << Yy, + Y2,

and the equations for Yay, and Y,, are decoupled. The only remaining equation is that
corresponding to *He (with Z := Ysp.) and we recover the simplest combustion model
for reacting fluids [4]

dro+V - (ou) =0, (10)

O¢t(ou) + div(ou ® u) + V,p = divS 4 oV, P, (11)
9¢(0e) + div(geu) + div q = ® — pdiv u + hw(p, 9, Z), (12)
—AU = Gp on R?, (13)

8:(0Z) + div (9Zu) = —div F + w(o,9, Z), (14)

where the chemical source w is
w(Z,T) := —pZA,

where A is the (positive) reaction rate.

From the previous considerations, we have to solve the system (10)-(14) for the density
o = o(t,z), the velocity u = u(¢,z), the absolute temperature ¥ = ¥(¢,z), and the
concentration Z, evaluated at the time ¢ € [0,T] and the reference spatial position = €
QC R

In (13) p is the pressure, S stands for the viscous stress tensor, and V,¥ is the
extraneous force acting on the mixture due to self-gravitation, where the potential ¥
solves the Poisson equation (13) where o is extended to be zero outside €.

In (12) q denotes the heat energy flux, ® is the dissipation function representing the
irreversible transfer of the mechanical energy into heat and h is a positive constant.

In (14) F is the diffusion flux.
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If the motion is smooth enough, the momentum equation (11) can be multiplied on
u in order to obtain

1 G . 1
o jour ~ Ga (o) +aw( (Gour +p)u) (15)
= div(Su) + p divu — S : V,u + div(ePu),

where 1o|u|? denotes the kinetic energy.
The total energy E = Lolul®> + e + hoZ — L0GA™ o] 0 + hoZ being a conserved

quantity
d
— | E(t)dx=0 16
i B0z =o, (16)
we get

d=S:V,u (17)

provided the motion characterized by the velocity u is smooth. In general, one can assert
only

d>S:V,u. (18)
Finally, assuming that p = p(p,¥) and e = e(p,?) are explicit functions of the den-

sity, the absolute temperature, we get the specific entropy through the thermodynamical
relationship:

Accordingly, the internal energy balance (12) may be put into an equivalent form of the
entropy equation

Os 1<8e p) Os 10e

) . /9 & q-Vy,o w
0¢(0s) + div(psu) + le(E) =5 p +h 9 (20)
By virtue of the Clausius-Duhem inequality, the right-hand side of (20) must be

non-negative for any possible motion, so
®>S:V,u>0, q-V,9<0. (21)
We suppose tha the state variables ¢ and ¥, including the radiation (taking into
account the photons v in (7)), is provided by the general form:
P = PG + PR,
with a gaseous contribution

PG = pe(0) + Ips(0), (22)

where the elastic pressure p. as well as the thermal pressure component py are continu-
ously differentiable functions of the density, and we assume that

pe(0) =0, pl(o) > a10"™" — c1, pe(0) < az0” + c2, (23)
po(0) =0, pi(e) >0, ps(o) < aso" +cs, (24)

with
a1>0,722,’y>%. (25)
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The radiative pressure term has the form

d

PR = 51947 (26)

where d > 0 is the Stefan-Boltzmann constant. Consequently, we have

d
p = p(0.9) =pc(e.9) + pr(e,¥) = pe(0) + Ipo(0) + 39" (27)

According (19), the corresponding form of the internal energy density reads
194

d@mzfum+dE+QW% (28)

where @ is a non-decreasing function of the temperature. More specifically, the quantity
co(9) = Q'(Y)

is termed the specific heat at constant volume.
For the sake of simplicity, we shall assume ¢, to be a positive constant, which yields

3
s(0:9) = 5d" ~ Pale) + e, log(). (29)
where
Pe(9)=/1 pez(j) dz, Pﬁ(@):/l WZ(;) dz. (30)

We restrict now the study to Newtonian fluids for which the viscosity tensor S is a linear
function of the velocity gradient,

S=p(Vyu+t Vyu) + A diva I (31)

with the shear viscosity coefficient p, and the bulk viscosity coefficient { = A + % . After
(21), both p and ¢ must be non-negative.
The heat flux q will be taken through the classical Fourier law:

q=—rV,1, (32)
with the heat conductivity coefficient k.
For the diffusion flux F, we follow the Fick’s law
F = —0dkV,Za, (33)

with the diffusion coefficient d.
As generally, both viscosity and heat conductivity of a gas depend on the temperature,
we suppose that
0<p(l+9%) <p@), @) <al+9)°Ph),
(34)
(20, ¢¥97-1<(), [(O)]<CT+0) ).

Similarly, we set

with
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and the radiative term

£9% < kp(o,9) < F(L +0%). (37)

As a matter of fact, the quantity o itself depends on ¢ and ¥ in a rather complicated way.
For the sake of simplicity, however, we consider the “zero order” approximation taking o
a positive constant).

Finally, the flux diffusion coefficient D = pd is supposed to be a continuously differ-
entiable function depending on the temperature, such that

0 < D) < D(1+97), forall¥ >0, (38)
with positive coefficients D and D, and the reaction rate is also supposed to be a contin-
uously differentiable function depending on the temperature, such that

0 < A(W) < A9, for all ¥ > 0, (39)
with positive coefficient A.

In order to obtain, at least formally, a well-posed problem, we take a no-slip boundary
condition for the velocity field:

ufpn = 0, (40)
a thermally isolate condition for the temperature
q-nlpo =0, (41)

where n denotes the outer normal vector, and a no-diffusion condition for the diffusion
flux

F- n|aQ = 07 (42)
However, it is not known if, given the initial state variables:
Q(Oa ) = 0o, Qu(07 ) = Imy, 19(0) ) = ﬂOa Z(07 ) = ZOa (43)

a classical (smooth) solution of the problem satisfying the initial conditions (43) exists
on an arbitrarily large time interval (0, 7).

In order to avoid this difficulty, it is shown in [28] how to develop a mathematical
theory based on the concept of variational solutions(recall that the first rigorous results
for compressible fluids were presented by P.-L. Lions [43] and see also [23] for the astro-
physical non-reactive context).

In the present reactive case, we say that the functions

0€ L®(0,T;L7(Q)), ue L*0,T; Wy (4 R?)), 9 e L2(0,T; WH2(Q)),
and
Z € L®((0,7);Q) N L*(0, T; WH2(Q)),
represent a variational solution of the problem (10)-(14), (16), (43), if
1. the density p is non-negative on (0,7 x €,
log9 € L*(0,T; W'3(Q)),

and
0<Z(t,z) <1 foraa. (t,z) € (0,T) x Q.
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2. the continuity equation (10) is satisfied in the distribution sense D’(0,T x R?),
provided that p,u are zero outside €.

3. the dynamical equation (11) holds in D’((0,7) x Q) and the gravitational potential
® is obtained from the Poisson equation (13) considered on R?,

4. the specific entropy s satisfies the inequality

9

T
q-V,9 S:V,u hoZ A
/0 /Q( 72 3 )<,0+ 3 dx dt

for any non-negative function ¢ € D((0,7T) x Q),
5. the reactant fraction Z satisfies the identity

T
/ / 050t + osu - Vo + a4, Vepdrdt < (44)
0 Q

T
/ / 0Z0yp + 0Zu -V — 0dV 7 - Vypdr dt = (45)
0 Q

T
/ / oZ Ap dx dt
0 Jo

for any function ¢ € D((0,T) x Q),
6. the total energy F is a constant of motion:

E(t1)dz = | E(tg)dz, for any Lebesgue points t1,t2 € (0,7T).
Q Q

One can check that for any variational solution of the previous problem, the internal
energy equation

Ot(0e) + div(peu) + divg =S : Vyu — p divu + hpZ A
holds in (0,7) x Q).
Under the previous conditions, the following result due to E. Feireisl and A. Novotny

[29] holds (see also D. Donatelli and K. Trivisa [16] for different hypotheses),

THEOREM 1. Let  C R? be a bounded domain with a boundary of class C>*, v > 0.
Suppose that the pressure p is determined through the state equation (27), with d > 0,
and pe, py satisfying (23 - 25). Furthermore, let the viscous stress tensor S be given by
(81), where p and ¢ are continuous differentiable globally Lipschitz functions of ¢ obeying
(84) for0 < a < %.

Let q be given by (32) with k satisfying (35 - 37) for a > % — B, and similarly, let
D = od be given by (38) and the reaction rate A be given by (39).

Finally, assume the initial data oo, ug, Yo, Zo satisfy

90,190, Zo € LOO(Q),IIO c LOO(Q),R?’),

0< Z(x) <1, fora.a. xz€q.

Then for any given T > 0, the problem (10)-(14), (16), (43), (40), (41), (42) possesses a
variational solution on the set (0,T) x £ in the sense of the previous definition, moreover
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this solution satisfies the initial conditions

o(t) — 00,inL' (),

(0Z)(t) — 00Zo weakly in L*(Q),
as t — 0+, moreover
ess limtﬁw/(gs)(t) ¢dx > / 00So ¢ dx, (48)
Q Q
for any ¢ >0, ¢ € D'(Q), where

4d
0080 = ?198 — 00Py(00) + 00 10g(Vo).

4. A one-dimensional model. Our purpose in this section is to consider a simplified
model of multicomponent fluid with a unique chemical reaction, in the framework of
1D-flows.

We suppose that the species E1, ..., En interact through the chemical reaction

N N
> B =Y BiE;, (49)
i=1 i=1

where «a;, §; are the stoichiometric coefficients of species ¢ in the chemical reaction.

The problem under study is then the following compressible Navier—Stokes system in
the lagrangian setting [1] describing 1D-flows of a viscous heat-conducting radiative and
reactive gas for a N species mixture

Nt = Vg, (50)

Vi = Og, (51)

et = Gz + 00, (52)

(V)i = (Ji)e +wi, i=1,..,N, (53)

for (z,t) € Q = QxR = (0, M)x (0, 00), where x, t are the Lagrangian mass coordinates.
The first equations (50)-(52) describe the flow of the mixture (specific volume 7,
velocity v, temperature ) and the set of equations (53) for i = 1,..., N is a reaction-
diffusion system describing the concentrations Y; of the individual species.
We choose the state functions p (pressure), e (specific internal energy) and s (specific
entropy) of the form

R;)Y,0 a
P(W»ea {Y;l}izl 77777 N) = Z T + 504’ (54)
i=1
and
N
e(n, 0, {Yitiz1, .n) = Y cviYi +and*. (55)
=1
ol 4
s(0,0, {Yitiz1,..v) = D_(Rilogni + cvilog6) + zant’, (56)
=1

with n; = % and p; = pY;.
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This choice corresponds to a mixture of perfect gases with a radiating part (photon
gas) in local thermodynamical equilibrium.
For the stress we take a linearly viscous model for the mixture

o(m,0,{Yi}ti=1,..n) = —p(1,0,{Yi}iz1,.. .N) + vpUs, (57)
where p = %
The heat flux is
N
q=—kpbs+ Y pYiVihi, (58)
i=1

where the diffusion velocities follow the simple Fick’s law
(Yi)a

V:*D'L 3
' Y

with the individual enthalpy h; = cp;6.
We adopt a simple form for the diffusion flux (see LANDAU [40] for more general
models and [49] for a mathematical analysis of these models)

Ji = pY;Vi. (60)
The molar production rates w; for i = 1,..., N are given functions of the form
wi({eg, Bitj=1,..8 5 1,0, {Yj}j=1...n)

— A; 0% e p* &({ay, B e v 5 {Y) e ) (61)

where the coefficients A;, a;, e;, 7, b are positive and the functions ©; depending on the Y;
and the stoichiometric coefficients «;, §;, may be negative (destruction of species i) or
positive (production of species 7).

More precisely we assume that

Oi({ag, Bitiz1,.. N1 {Yi} =1, .N-1) <0, for I<i< N —1. (62)

Moreover we suppose that the w; satisfy the global mass conservation

N
D wi =0, (63)

Finally, it will be useful to consider the evolution equation for the balance of entropy

st + (js)z = Ss5 (64)
where the entropy flux jg is
1 N
is=7 (q - 2 pYiVmi), (65)

the entropy source is

i
g =— 02q9 ZpYV< )+ ~vpv} QZMM, (66)
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where the chemical potential p; is computed using the thermodynamical Gibbs relation
1 N
0ds = de —|—pd(—) — Z ;Y.
P i=1

For the perfect gas 7, the chemical potential p; is [5]

with p;(n,0) = Ri‘}fg, for an arbitrary reference state (9, po).

We take the following boundary conditions

U|z:0 = Oa U|z:M = —pr, (68)
q‘z:O =0, 9|1::M = 0r, (69)
Jilpmo s =0, fori=1,..,N —1. (70)

with given pr = const > 0 and fp = const > 0, together with the initial conditions
(17,0,0,Y3)|,—o = °(x),0°(x),0°(2), Y (2)), for 2 €Q, i=1,.. N. (71)

The unknown quantities n > 0, v, # > 0 and 0 < Y; < 1 are the specific volume,
the velocity, the absolute temperature and the concentration of species i, with the mass
constraint

dYi=1 (72)

Finally k(n,0), pr and O are the heat conductivity, the outer pressure and the outer
temperature, and the quantities v, R;, a, cv;, cp;, D;, v and d are positive physical
constants as well as M is the total mass of the gas.

In the simple case of section 3, for arbitrarily large data, it is possible to prove [26]
(see also the references therein and [3] [4] [8] [12] [13] [14] [19] [20] [35] [52] for related
works on this model) global (in time) bounds for the solution of the above problem and
establish its global exponential decay as t — oo in suitable spaces.

We show in the following that the Lyapunov functional method may be partially
extended to the multicomponent case.

4.1. Statement of the results. In the following, we use the classical Lebesgue and Sobolev
spaces LI(G) and Wh4(QG), for q € [1,00], with H}(G) = WH2(G) and H°(G) = L?(G).
We also need the anisotropic Lebesgue and Sobolev spaces L%"(Qr) and H?'(Qr) =
W22’1(QT), for Qr :=Q x (0,T) with 0 < T < oo (see [41]), with the norms

lwllzor@ry = | lwllza) [l 0.1 »

w21 (@) = wllva@r) + lWellva@ry + lwellz2(Qr)s

where V5(Qr) is the standard space of functions w on Qr having finite (parabolic) energy
lwllvy () = w200 (@r) Wz || L2(0r)- We define the following integration operators, for

(z,1) €@



MULTICOMPONENT ASTROPHYSICAL FLOWS 147

(Io)(x) = / "), (") () = | @ e oo = / y(r) dr

and denote by (p) = 57 [, ¢(2) dz the mean value over €, for any ¢ € L'(Q).
We assume that x(n, 6) is strictly positive and continuously differentiable on R™ ><1:_{+7
moreover we suppose that
k11 + k2 < K(n,0),
where k1 > 0 and ko > 0.

We limit ourselves to the case of global solution with strong components (7, v, 8) such
that

10,0, 0e € L*(Qr), ming 1> 0; v,0 € H*'(Qr), § >0 in Q x (0,7, (73)
and Y; € V5(Qr), for any i = 1,..., N and any T < oo. The following requirements on
the data are necessary

n°,0%,6° € H'(Q), mingn® >0, 6° >0, v°(0) =0, 6°(M) = 6r. (74)

We also suppose that Y2 € L>(Q), for any i = 1, ..., N.
Let us start with the stationary problem, defined by the system

vy =0,
4z =0, (75)
(Ji)e +wi =0, i=1,..,N,
together with (57), for x € Q, and also with the first relation (54), under the boundary
conditions (68)—(70).
PROPOSITION 1. Suppose that the chemical sources w; satisfy the additional condition
“The algebraic system

@i ({ay, 85} i=1,...n-1 5 {Yj}j=1,..v-1)=0, i=1,..,N—1, (76)

has a unique solution (y1,..yn—1) € RVN"1, with 0 <y; <1, fori=1,..,N —1.”
Suppose also that the condition

§%<m, (77)

is valid.

Then, the weak solution ns,vs,0s,Y;g, i = 1,...N in WH1(Q) of the stationary
problem satisfying mingns > 0 and s > 0 exists, and under conditions (76) and (77),
the solution is such that

Yis(x)=y;, i=1,...,N,
vg(x) =0,
95(1’) = QF, . (78)
BT VS
pS( ) ZilRiyiQF,
N-1

withpsznis and yy =1 — Zyi.
i=1
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Proof. As w; < 0 for i = 1,..., N — 1, multiplying the last equation (75) by Y; and
integrating by parts on €2, we find

/ ps(x)D; Yl%(sc) dx <0,
Q

for i =1,...,N — 1, which implies that Y;g = const; = y; for i = 1,..., N, using (76).

By the second equation (75) and the boundary condition: gs = const = 0 which
implies fg(x) = Op.

As the velocity vg is clearly zero by the boundary condition, the equation for the
stress reads

N
a
p(nSaUS795'7 {}/:LS}) = § Riyips(l")el“ + 59%‘ = pr,
i=1

which gives pg, provided (77) is satisfied. m

Let AV > 1 be an arbitrarily large parameter and K = K(N), K; = K;(N),i =
0,1,..., be positive nondecreasing functions of A" which can depend also on the physical
constants of the problem, and also on 7 from (82) below but not directly on the initial
data.

Let U(¢) :=(¢—log¢—1, for ¢ > 0.

THEOREM 1. Suppose that the data are such that

N7E<n® <N, 1000z + 10°0Lace) + log 6l @) <N, (79)
0<YP <1, (80)
(1+N 126 < pr. (81)
Then:
1. The following bounds in @ hold
0<n<nxt)<n=K in Q, (82)
I =nsliz2@) + Ivllva@) + 122 @) + llo + prilzee) < K, (83)
10014 (@) + 08 0l 1. (@) + 145 0sll2(0) < K, (84)
0<Yi(z,)<1 in Q, (85)
lwi(p, 0, Y5 i=1,.. M) lLr@) < N5 [Viallzz@) < K. (86)
2. The following stabilization properties of the solution hold
V() = [o[(n(z,t) = ns(2))* +v* (1)
(1L +0(2,)2(0(x,t) — 0r)? + U(XED)] dz — 0, (87)
1Yi(-,t) = YisllL2() — 0, (88)

as t — o0.

For completeness, let us state the corresponding global existence and uniqueness re-
sult.
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THEOREM 2. Under the hypotheses of Theorem 1 (recall that conditions (74) and Y €
L>(Q) are supposed there), there exists a unique global solution to the problem (50)-(71)
satisfying properties (73) along with Y; € Va(Qr).

The proof may be adapted from [26]: we start from a local existence result, using our
recent approach from [25] based mainly on the theory of Va(Qr) and H?1(Q7) solutions
of linear parabolic problems. The local solution appears simply as a fixed point of a
specific nonlinear operator due to the Schauder fixed point theorem. Finally we use the
previous a-priori estimates to get a global solution.

4.2. Sketch of the proof of Theorem 1. The proof mainly follows the strategy developed
in [26] and relies on the behaviour of suitable Lyapunov functionals [22].
Let |-/l = ||l z2(¢) and 24 = max{z, 0} for brevity. We shall use sometimes another
notation for the compositions b[n, 0](z,t) = b(n(x,t), 6(x,t)), for b = e, p, k, etc.
Suppose that the hypotheses of Theorem 1 are valid. By the definition and the con-
servation property (72) of species, one knows first that

0<Yi(z,t) <1 in Q.

LEMMA 1. The following equality holds
d
dt

Consequently the following bound in Q and properties of the function (Y;) hold

(Vi) +{wi)=0 fori=1,..,N—1,0on R". (89)

|wi’idzdt‘:||wiid‘r||Ll(R+) < 2M, (90)
(Y;(+,t)) > 0 is nonincreasing for 0 <i < N —1, fort >0,
(Yn(-,t)) > 0 is nondecreasing, fort >0,
(Yi(,t)) = Yig fori=1,..,N, as t — oo, (91)
for some 0 <Y;q <1.
Proof. Equality (89) follows from (53) and (70).
Using Y;|,_, = Y;°, one gets

¥y + / (wils)) ds = (Y),

which implies bound (90) and all the properties of (Y;), observing that <(Y;) € L'(0,7),
forany T <ooand any i =1,...,N. m

LEMMA 2.

1 T
vie(L,N): SIVilh+ / / PDY2dr < K. (92)
0 Q

Proof. For any ¢ < N —1, multiplying (53) by Y;, integrating by parts and using boundary
conditions (70) and condition (62), we have
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2dt/ZY2dl‘+/zp2DiYiid$§O,

which gives (92) after integrating on (0,7"). m

Let us introduce the normalized specific volume and temperature 77 := %7 6 :=

0
01"7

where 19 is a positive constant to be chosen latter, and let us denote by ¥,. the elementary

function ¥,.(¢) := ¢* — %C3 +320.

LEMMA 3. The following inequality holds

[HF(ZR) )+ v +(§:cvl)9pm +GFZR¢ ) + anbie (9)]011;

i=1

VP2 P g
(s g

N N
J 6,
- C /Q D IRYi+ RY;(log(RY) ~ 1) dr) + b /Q g o plitd

Consequently the following bounds in Q hold

@) 2= @) + 1]l L2 @) + 1T () + 1@ (0)]| 2. ()

+Z|IY\|LM(Q>+Z|IY‘P Nzr=q) < K,

i
91‘

Proof. From (51), (52) one gets

N
+) oV DiYiall2(q)
=1

H \/ Kp
7 6:c
L2(Q)

L*(Q)

1
<v2 + e) = (10— q)a,
2 t
and using (64)

1
(51)2 +e— OFS)t = |:T’U - (1 - —) - — Zpﬂ/uz} — Orgs.

Integrating on {2 and using boundary conditions

d
Prn+ v +e—0rs dsc+9p/<sdx:0.
dt 2 Q

U>dx

a T d+9/ by
ai [ \prnt gt e —brs jdvt0r | (rpgs +vpy

Using the expression of Ss, we get

—9 /(e—wi -h4V4+ZN: V(”—) +Z’“ )
= T gl 92 7’=1 pl (A2 z=1 pl K2

< K.

(93)
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Using the previously defined renormalized temperature and specific volume, the integrand
in the left-hand side reads

1 1
A::ppn+§v2+e—9ps:5112—&—.»41—1—./42,

with N

Ar = (pp - %cﬁ%)nofz — 00 (Y i) log i
i=1

N N N
Ag := —0r ZRl log¥; + 6r(1 + log 0r) chi — QF(ZC\/z)\II(ﬁ) + an@%@(é)

i=1 i=1 i=1
or SN | R
Choosing 79 = Lfl[l, we obtain
pr — zafp
N N
i=1 i=1
In the same stroke N

Ay :=0r > RU(Y; *%ZR i = 1)+ 0r(1+logfr) > cv;

i=1 =1
+0r ( Z cVz) ) + anfi-®(0).

So we get

(GF(ZR) )+ v +09FZR\I/ Y:)
—HQF(ZCVZ) ) + anfid (9)) dx

0z
+9r/( 92+9pv)dx

d al 0,
a(ap/ﬂgmmdx) +9p/99—2;pihmdx
+9F/ <me (%) + % wi> dz := By + Bs + Bs. (96)
2\ =1 T =1

Integrating by parts in the last term, we have

83:91"/ (sz 1,( > Z/h >
=—0 / Din}Qx(m) dx + 0 / &wid:z:
" Q; Mg ) e Q; 0
Y i Ay a i
:91*/Z(sz2(}/l)$)x?zdl‘+9r/Zéwldz‘zer/Z(K)t#d.ﬁ
Qi Q5 =1
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As the chemical potential for perfect gas is u; = po + R6log %, where po and pg are
reference constants and R is the perfect gas constant, we compute

% = % + Rlog R; + Rlogp + Rlogf + RlogY; + R log po,

using the conservation of species, we conclude that
Bg—GFR/Z )¢(log R; +logY;) dx.
Finally
N
d
Bi+ By = — (GF/ Z[RiYi + RY;(log(R;Y;) — 1)] dm). (97)
dt Q=1

Plugging (97) into (96), we get (93).
To get the bounds (94) and (94) we integrate (93) on (0,7, for any 7' > 0

/{HFZR\I/ + v +chapxp +0FZR\I/ ) + anfr (9)}61:0

+0F/ /<Vp 2 9595) da dt
Q

N T N
0
= Y; + RY; (log(R;Y;) — 1 =
QF/Q;[Rz i i (log(R;Y;) — 1) dm+9p/0 /Q J ;ﬂ pihiV; dx dt

/ GFZR T(n lvo +ch Or v —|—0FZR\D ) + a6 (0°)
=1 i=1
N
—0r Y [RY? + RY? (log(R;Y)) - 1)] | da. (98)
=1

We can bound By (the second contribution in (98)) by using the Cauchy-Schwarz in-
equality and (92)

\32|<9F/ 19| g R;Dicpip|(Yi)s| dx
€ 62 p ol 2
< B Or / “Peg de + - 91“/ K(i§_1 RiDiCPiP(Yi)m) dx
¢ 62 5 .
< £ Tz 2 20y
<o /Q Koot dot o Or /Q > D (Vi) d

where § = k]! max{R?D;cp?}, which gives the estimate
K3

02
Bol < & er/ s dr+ Ky (), (99)
Q

where € > 0.
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Finally, using lemma 2 and (98) and for e small enough, we get the inequality

/[BFZR\I/ + v + 5 ZY2—|—ZCV191“ +QFZR\I/ ) + anfp @ () | da

i=1

o [ ' [ (G + gaez+ ;;J?Dmm)?) didt < Ky(N),
from which all the estimates (94) and (94) follow. m
From the previous estimates one gets the following bounds in @ for 7 and 6
17l @) < K, [0llzro (@) + 1 10g 8]l (@) + 10 11 (0) < K. (100)

Now, by [2 6}, the following implicit formula for the specific volume 7 holds

1

@ |7+ fo(E(5 np—94))| in Q, (101)

7’ =
with a parameter 0, where
EO(z,1) := B(x,t)eﬁ(pr(z)f‘s)t,with K1l'<Bi=e'0") <K in Q.

Using this formula together with the energy bounds (100)(104) and (100)(104), we obtain
the crucial density bounds

0<n<nlz,t)<7 in Q. (102)

Then one checks the additional LP estimates
16 = Ul + 167 = Lo + Iva@* =1l < KA, (103)
||‘I’(9~)HC(§) + [0 ()| ) < KA?, (104)

with A == |20, | 12(q) satisfying ||Al|,2r+) < K.
Using (102), the following inequalities hold for i =1,..., N

2dt

Consequently the second bound (86) follows. Moreover 4 [, (Y; — ( Yi))? da € LY(0,T),
for any T' < oo and the stabilization property (88) holds.

IIY (Yol + Dip?||(Ya)alI < /szdx on RY. (105)

In the spirit of [26] we introduce now the functionals

v = [ for [(ZR W) ) + Bovns¥(i)] + 50+ Boul( — ns)
+9F(ch, ) ) + abinw, (9)} dz,

YO = /ﬂ {ﬁo ;RiPPSYi(U —ns)” + %pvi — Bov? + Op 2 7 93} da,
YO .= /Q [(77 —ns)* + % + 9—29925] dz,

with a parameter (.
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Then, reasoning similarly to [26], the following inequality holds

dy©
o + YO SﬁO/Q[P(anQ{Yi}i:Lm,N)_P(naal‘;{ns}i:l,m,N)] (n—mns)dz  (106)

together with the estimates, for a fixed and sufficiently small §y :=

dy© _
a TK "y © S/2 [p(m,0;{Yi}ti=1,...n) =P (0, 0r; {Yis}i=1,...v)] (n — ns) dz (107)
¢

1
K>

K-'WWO <p® < v < kYO, (108)

where V() has been introduced in (87).
In fact, due to [|0]|z1(q) < K (see (100)), we have

2 2

Uy Vg
Vo Vo
Finally, using the uniform bounds p < p < and choosing ¢ := % and then Gy := Kil,
both small enough, we obtain (107). Taking into account inequality (104) also, we obtain
the last inequality (108) as well. Consequently the stabilization property (87) is valid,
which ends the proof of the theorem m

<MK

/ v?dr < Ml|vg||71q) < M|10]lL1(0)
Q

Q Q
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