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Abstract. We study the Gevrey regularity down to ¢ = 0 of solutions to the initial value problem
for a semilinear heat equation dyu — Au = u™. The approach is based on suitable iterative fixed
point methods in LP based Banach spaces with anisotropic Gevrey norms with respect to the
time and the space variables. We also construct explicit solutions uniformly analytic in ¢ > 0
and z € R" for some conservative nonlinear terms with symmetries.

1. Introduction. We consider the initial value problem for a semilinear heat equation
(1) dhu — Au = uM, ult=0 = uo,

where A is the Laplace operator on R™ and M is a positive integer. The initial data will
be supposed analytic or more generally, belonging to some Gevrey space G°. Broadly
speaking, the main aim of the present paper is to study in detail simultaneously the
analytic-Gevrey regularity with respect to ¢t > 0 and = € R™.

We construct a new, as far as we know, functional framework consisting of scales of
Banach spaces of functions, having anisotropic Gevrey regularity G™° with respect to
t > 0, x € R™ and derive precise estimates in such scales for the solutions of the IVP
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down to t = 0. It is well known that for the heat equation one has in general 7 > 20
(in fact, if o = 1 it was M. Gevrey who derived in 1918 what we will call nowadays
G12(]0, +0o[xR?) estimates for the heat kernel, cf. [9]).

In the linear case we derive sharp estimates on the uniform anisotropic regularity in
t >0, z € R" down to t = 0 and we allow initial data in subspaces of entire functions of
exponential type 1/(1—0), o €]0, 1. Next, we dwell upon the Banach algebra properties of
such scales when the Gevrey index o > 1. The Banach algebra properties allow us to show
local existence and uniqueness by means of standard Picard iteration scheme combined
with the contraction principle. Finally, inspired by the celebrated Oseen solution for the
2-D Navier—Stokes equation, we exhibit classes of semilinear equations with conservative
nonlinear terms with symmetries admitting uniformly analytic solutions with respect to
t > 0 and = € R™, provided the initial conditions admit suitable symmetries.

Our motivation is based on functional-analytic methods and it deals primarily with
the analytic regularization of the heat operator with respect to the space variables for
positive times for various classes of semilinear parabolic equations, the Burgers’ equation,
the Navier—Stokes equation etc. We refer to the pioneering paper of Foiag and Temam [7]
for the Navier—Stokes equation with periodic data, while concerning semilinear parabolic
equations, H. Aikawa and N. Hayashi proved in [1] that if vy € LP(R™) and f is a
polynomial of degree < 1+ 2p/n then for ¢ > 0 the solution w(t,-) of dru = Au +
f(u), u(0,) = ug extends analytically to a strip in C"* with width proportional to v/%.
Later on, results for more general semilinear parabolic equations have been proved (cf.
[24], [6], [3], [4], [13] and the references therein). We stress that the aforementioned
papers do not deal with the Gevrey type regularity in ¢ down to ¢ = 0. One of the main
technical difficulties is more pertinent to the nonlinear analysis, namely suitable nonlinear
superposition estimates for Gevrey anisotropic spaces.

There are also results for analyticity with respect to the time variable, but only in a
conic neighborhood of ¢ = 0. The first result in this direction was obtained by S. Ouchi
[21] who proved analyticity in time in a sector {t = re?® 0 < r < oo, || < a} under the
assumption that f(u) is a monotone non-increasing polynomial and the initial function
is bounded and continuous. We mention also the paper of Z. Gruji¢ and I. Kukavica [14]
for similar results for the Kuramoto—Sivashinsky equation. It appears however that the
solution to (1) need not be analytic in time at zero even if the initial data is globally
analytic (see [18]).

We can summarize our approach as follows: in order to address the issues of the
uniform regularity in ¢ > 0 and = € R™ we develop a new functional analytic framework
which enables us to deal simultaneously with the regularity with respect to ¢ > 0 and
r e R™

2. Banach spaces of uniformly Gevrey functions. Let 2 C R™ be an open domain
and let o > 0. We define G7,,(€2), the space of uniformly Gevrey functions of index o, as
the set of all f € C*°(Q) such that there exists C' < oo satisfying

(2) sug 09 f(z)] < CloIH1qle, a € Nj.
kS
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where a! = a1!...ap!, @ = (a1,...,0,,) € Nj. Given f € G, (R"), in view of (2), we
can define
(3) polf] =sup{C~* > 0: (2) holds}.

Clearly, if o = 1 then every f € G. (R") extends to a holomorphic function in {z =
(21,-..,2n) € C"; maxj—1,.. » [Imz;| < p1[f]}.

Local Gevrey spaces G?(2) are defined in a natural way as the projective limit of
ng(ﬁ) over an exhausting sequence of open sets Q relatively compact in Q. Thus f €
G°(Q) iff for every Q € Q one can find C' > 0 such that (2) holds with Q replaced by
Q. In particular, if 0 = 1 we recover the well known set G(€) = A(Q) of real analytic
functions on 2 while for ¢ > 1 the G?(£2) admits nonzero compactly supported functions.
We refer to cf. [23], [19] for more details on Gevrey spaces with index o > 1. We point
out that the Gevrey spaces G?, ¢ > 1, are a natural framework for the study of PDEs
with multiple characteristics and questions of regularity of solutions to evolution PDEs
of Mathematical Physics, see [19] and the references therein.

The case of 0 < ¢ < 1 has not been dealt with in the literature on PDEs. In that case
the space G, () consists of restrictions to €2 of functions from the space O¢*?(C"; p) of
entire functions of exponential order p = 1/(1 — o), i.e. satisfying the estimate

(4) |F(2)| < Cexp{L|z|f} for z € C"

with some C < oo and L < oo (cf. [17] for the one dimensional case). Typically, in
applications, one introduces scales of Banach spaces depending on a parameter p > 0,

G%(p, X)={ue X :0% € X for any a € NJ and ||u||s,p;x < 00},

where

]
P 9
(5) [ullo,psx = E , o 0%ul|x,

aeNy ( )

and X is some Banach space of function on Q (e.g., X might be C*¥(Q) or a Sobolev
space HE(Q),1 < p < oo, k>0). We set ps(u) =sup{p > 0:ue G7(p,X)}, cf. [2] and
the references therein.

In order to deal with functions which have different behavior in time and space direc-
tions we introduce scales of anisotropic Gevrey spaces.

Let T, 0,7, p,0 be positive numbers and let X be a Banach space of functions on €2
and Y = L*([0,T]; X) equipped with the norm |[ully = sup,¢jo r lu(t, )| x. Set

G (0,p,Y)={ucY :0.0% €Y for any | € Ny,a € N2 and |y < 00},

T,0,0p;Y
where
1
(6) ul, oy Z Z sup ||3t3?U(t7-)||X~
1=0 aEN" t€]o,
Usually in order to prove regularity results for nonlinear equations one first proves
good estimates for solutions to non-homogeneous linear equations. In the case of the

spaces G™ and G™? we could only prove the estimates with a loss of regularity. Namely
we have
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PROPOSITION 2.1 (cf. [10], Prop. 3.1 and 3.2). Let X = HF(R"),1 < p < oo,k € Ny,
Y = L*([0,T); X),0 < T < co. Assume that ug € G(po, X), g € G™(0,po;Y). Then
the solution u of

(7) Ou=Au+g, ul=0=0, t>0, zeR",

belongs to G™°(0, p;Y) for any p < po, 0 >0 if 7 > 20 and for p < pg, 0 < 0 < Opas :=
(4°nC?)~t if 1 = 20, where C = (2/€)? - 1/pg if p= (1 — €)? po. Moreover

(8) lullz.0.0.0v < Klluollo,p0:x + K (T + 0)]|9ll7.0.00.00:7
where with 7 = 20 + 6,
(9) K =2"exp{nd(2-4°n0C*)Y%} if §>0,

K=(1-4n0C*)™ if 6=0,0<0< 0oz

Note that the above Proposition does not hold for pg = p. It resembles the so-called
tamed estimates in Nash—Moser or KAM type methods for spaces of analytic functions.
For that reason we cannot apply it in the method of successive approximations in solving
a semilinear heat equation.

3. Global uniform Gevrey spaces G. The purpose of this section is to introduce a
new type of norms suitable for the simultaneous study of the uniform anisotropic critical
G279 Gevrey regularity in 2 € R and near ¢t = 0. The main advantage of the use of the
new norms is that, in contrast to Proposition 2.1, no loss “4 la Nash-Moser” type tamed
estimates occurs.

Let X be a Banach space of functions on R™. We define
G7(p;X)={ue X:0% € X forany a € N7 and E77[u] < oo},

where

(10) B ] = Y ( P

ot [(o]a|+1)

Analogously for 0 < T < oo we define G™7 (6, p;Y) = {u € Y = L>([0,T]; X) : 9!0%u €
Y for any | € Ny, € Nj and ET"”QP?Y[ ] < oo}, where

(11) ET000Y ] Z > m”&iaﬁuﬂr
1=0 aeNy

o )
195 ullx-

The relation between the spaces G and G is given by the following

PROPOSITION 3.1 (cf. [10], Prop. 4.1). Let o, p > 0 and u € G (p; X). Then u € G°(p; X)
for any p < 0%p and

=X
(12) E9 P [u] < 007 /N)/P”uHU’ 0 X

with some CU ,0/,0

PROPOSITION 3.2 (cf. [10], Prop. 4.4). Let 0 > 1,p >0 and 3 € Ng. Ifu € G (p, X) then
0%u € G°(p, X) for any p < p and

(13) E7PX[0Pu) < CIPIT(0|8] + 1) - BT [u]

where C' = CF /p with Cy =1+ ((p/p)/7 — 1)L
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4. Gevrey estimates for a linear heat equation in G spaces. Now we shall prove
two propositions about the solutions of a linear heat equation in the spaces G. Although
the IVP for the heat equation is well known it seems that the estimates proposed in
Propositions 4.1 and 4.2 below are a novelty.

PROPOSITION 4.1. Let X = HI’f(R”), 1<p<o0,keNy, YV =L0,T;X),0<T < 0
and let ug € é"(p;X), o,p > 0. Then the solution u = et®ug of

(14) ou = Au, uli—g =u’, t>0, z€R",

belongs to é”’(@,p; Y) for any 6 > 0 if 7 > 20 and for 0 < 0 < Opax = p?/n if T = 20.
Moreover

(15) ETo0rY [y] < KETPX [ug],
if T > 20, with some K = K(1,0,0/p?,n) and for the critical case T = 20
(16) E20 00 () < KETP X [ug]  if 0<p?/n

with K = (1 —nb/p?)~".
Proof. Let E,(t,x) be the heat kernel
(17) E,(t,x) = (4mt) "/ exp{—a?/4t}.

Then u(t,z) = E,(t,-) * up(z) and ||E,(t,-)||r1 = 1. Hence the Young inequality gives
[l0%u(t, )||lLr < [[0%uo||Le. So we can reduce the proof to the case X = LP(R™). Then
clearly u € Y = L*>([0, T]; X) with ||u|ly < ||uol|x. Next for any I € Ny and o € N

Ojogu(t,x) = ALotu(t,z) = > (é)ag“fu(t,x).

CeNy |0|=L
Hence
z
otozuttlx < S ()0 ualx
LeNy [6|=l
and

l
otegaly < X () 105+ wals.

LEND |€|=l

Therefore, after the change of the summation index 8 = a + 2/ we get

. 6t plel l
ET00:0Y 1] < § : § : § : A a+2¢
(18) [u] < D(rl +o|a| +1) (6) 1957 uollx

1=0 €Ny LeN],|€|=1

P> ( 2 r(a|ﬁ|+(71— 20)1 + 1) @ ,)921) 0gusx

BeNg N 1<p/2
|/3|
T(T aﬁ )
where
_ I'(o]B]+1) N ¢ n

20<p
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We shall prove that one can find a constant K = K(7,0,0/p? n) < oo such that for any
Ben

(20) Qr0(8) < K.

In order to prove (20) assume first that 7 = 2. Then

=2 ()(2) <2 (2) - (=)’

So in that case

1 n
2\ _ 2
(21) K(QO',O',Q/p ,TL)— (m) < oo for 0<9<p /n
Now let o > 27. By the Stirling formula there exists a constant C(0) < oo such that
I'(z+1) et

< f > > 0.

ey =y fr 722
Hence

NG ﬁ +1 6(7720)l

oo < 0) 81> 1.

Lo|Bl+ (1 —=20)l+1) ~

Therefore we get

(olB] + ( — 20)) (720

(7' 20)l 0 l
22 T,0 S C —
( ) Q, (ﬁ) (0)2;B(U|ﬁ|+(7__20 (r— 20)l<)<p2)
nBe(™ 20) )l
<C(o
: ()5§%<p%ow+<r2oﬂxf2ﬂ
181/2 _ INn
nfe(m—29)
<C )
> (U){ ; (pz(gw + (T_ 20)1)(720)) }
For 6 =7 —20 >0, A = ne’d/p?, put
s/2 A 1
(23) R(S) = ; <m> 5 ERS No.
Then R(0) = R(1) = 1. Next if 2 < s < 1(24)'/9 then

A ) /2]

<1?
s;(§+q).nmx{1,(@fy)tyw}.

Finally if s > (2A)1/% then A/(s0)® < 1/2 and R(s) < 2. Hence one can find a constant
C(A,o0,9) such that R(s) < C(A,0,6) for any s € Ng. Combining this with (19) and (22)
we get (20) with K(7,0,0/p* n) = C(c) - C"(A,0,5) where 6 = 7 — 20, A = ne’d/p?.
Finally (18) and (20) gives (15) and (16) which completes the proof. m
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PROPOSITION 4.2. Let X = H]’;(R”), 1<p<o0,keNy, Y =L>(0,T];X),0<T < oo.
Let g € 677‘7(9, p;Y) and let u satisfy

(24) ou=Au+g, u|t=o=0, t>0, zeR"

Then u € éT’”(H,p;Y) for any 0 > 0 if 7 > 20 and for 0 < 0 < Opax = p?/n if T = 20.
Moreover

(25) ET,U,O,P;Y[U] < K(T—|— G)ET,U,Q,p;Y[g]

where K = K(7,0,0/p?,n) < oo for any & > 0 if 7 > 20 and K(20,0,0/p*,n) =
(1=nb/p?)™™ < 00 for 0 < 0 < Opay if T = 20.

Proof. As in the proof of Proposition 4.1 we can assume that X = LP(R™). We have

¢
u(t,x) = / E,(t—s,-)*g(s,-)(x)ds.
0
Since ||E,(t — s,+)||zr = 1 the Young inequality gives ||u(t,)||x < fot llg(s, )|l xds. Hence
lully < llgllzrqo,m:x) < Tllglly-
Next note that for any [ € Ny
-1 4 !
Olu = Al u + Z Ao g and  Alu= Z (g) 0%,
=0 0ENE||=L
So by the Young inequality for any ! € Ny, o € Ny

lotosu(t, )] x < () / 042 g(s, ) xds

£eN?, \e| l
- Z |A2028, " g(t,)||x-

Hence for any | € Ng,a € N2, 0}0%u € Y and

-1

ofouly <7 Y (£)|aa+wg|y+z||waal gl

LEND | 0)=1

Now we decompose E™7%#Y [y] according to the above inequality,

ET,U,@,p; i Z L\al Z ! Haa-‘r% H
I(rtl+o|lal + 1) )T 9lly

=0 aeNy LeNG €=l
0'ple! = l—1—
AJ9e
% % e Il
=0 aeNy
:ITll —f—[g

Following the proof of Proposition 4.1 we get
I < KET’O-797P;Y[Q].
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Next we estimate I5:

' pled i Ao
(26) Z > Z m\l@i IO glly

7=0 aeNy I=j+1

oo 9l+1+mp|a|

o ALDY
T 1 m) +ofa] 7 1) 10 Bafedlly

B S 91+1+mp\a| l amaa-ﬁ-%
= ,Zr(r(z+1+m)+a|a|+1)(e>|t el

> 0+ p? T (tm + o|B| + 1) !
<X S T it me))
6™ plPl

x L(rm+o|B]+ 1)

> gm ol s
<03 3 QU A oy 1ol

18707 glly

< K@ET’U’97P;Y[Q}
since I'(z + a)T'(b+ a) <T(z+ b+ a)'(a) for a > 0,b > 0, z > 0 and so
P(rm+o|B] + 1) <l> o
> S <QB) <K
_ 2
1’<5/2F (tm+o|fl+ (T —20)l+1)\L) p
Finally E70%#Y [u] < TI + I < K(T + ) E7%#Y[g]. =

5. Nonlinear estimates in Gevrey spaces. In order to deal with semilinear equations
in GG spaces we need precise estimations of nonlinear superpositions.

PROPOSITION 5.1. Let o, p be positive numbers. If X is C*(Q), k € Ny or the Sobolev
space Hy(Q) for 1 < p < 0o, s > n/p then G?(p,X) is a Banach algebra for o > 1.
Moreover,

(27) E"””X[uv] < wE"”’;X[u]E”’mX[v]
where w = w(X) is the Schauder constant for X.

Proof. By the Schauder lemma |uv|x < w|ul|x||v]x for u,v € X. Next for u,v €
G?(p, X) we estimate

[ex|
Bl = 3 sl 3 (5)e o,

aeNy
«
<w OPul x - |0 v
%&Fﬂﬂ+1 %iQQ| I - 1070l
181158
D 5 () LD
. o il Lt Y T
Z 0|5|+1 ZP 3 F(J|O¢|—|—1)H vl x

BeNG azf
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181198 7
B S ppal

£ TOIBI+1) " 22 Dokl +1)

where
B+ Ll + Doy +1)
Oo(ﬂv'y) = I~
B! L(o[B+~|+1)
We shall prove that C,(8,7) < 1 for any 3,7 € Ny if ¢ > 1 which implies (27). Clearly

for o0 = 1 we have
(B4~ |B+v>
01(6’”)‘( 8 )/( g )=t

So it is sufficient to show that for any k,l € Ny the function
I(ok+1I'(cl+1)
I(o(k+1)+1)
is non-increasing for ¢ > 1. Since Fj (o) = 1if k =0 or [ = 0 we can assume that k£ > 1
and [ > 1. By the properties of the Euler I' and B functions we have

, B,y €Ng.

Fy(o) =

Fri(o)=(c(k+1)+1)-B(ck+1,0l+1)=(c(k+1)+1)- /1 tF(1 —t)7lat.
0

Hence
dFy i (
do
We shall show that the expression in parentheses is non-positive for any 0 < ¢ < 1 which
implies dF’;’—ér(a) < 0 proving our claim. To this end note that since kInt + I1n(1 —¢) < 0
we can assume o = 1 and so we need to show that

/{k+l—|—( (k1) + 1)(kInt +1In(1 — )} (1 = 1) dt.

k+1

2 — < 1 In(1 — f 1.

(28) P —kInt+1ln(l —¢) for any 0<t<

Next note that the function f(¢t) = —klnt —Iln(1 —¢), 0 < ¢ < 1, assumes a minimum

at the point t = k/(k +1) equal to (k+1)In(k+1) — kInk — [Inl. So (28) reduces to
k+1

2 —_ —11 f .

(29) k+l+1_(k+l)ln(k+l) klnk —1IInl for k,leN

Finally the left hand side of (29) is < 1 while the right oneis > 1. m

REMARK 5.2. If 0 < ¢ < 1 the E norm of uv cannot be estimated by that of u and v
without the loss of p.

The next proposition generalizes Proposition 5.1 to the case of the power function.

PROPOSITION 5.3. Let X be C*(Q), k € Ny or the Sobolev space H5(Q) for 1 < p < oo,
s> n/p with w > 1 being its Schauder constant. Let M € N, M > 2. Then we have

(30) E7PX [uM] < wMTH BT )M,

(31) E"”’?X[UM — UM] < cuM_l(maux{E"”’;X[u]7 E‘T”“X[z)]})j\/l_1 . EorX [u — ]
for all u,v € é"(p;X) with 0 > 1, p > 0. Analogously

(32) a0 [ f(u)] € WM (B0 [u]) .
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(33) ET,U,G,p;Y[uM . ’UM] S wal(maX{ET,o,O,p;Y[u], ET,U’,G,p;Y[,U]})Mfl
X ET’”’a’mY[u — v
for all u,v € é“’(@,p; Y) with 7,0 > 1 and 6,p > 0.

Proof. Clearly (30) follows immediately from Proposition 5.1, while (31) is a consequence
of that proposition and the equality

uM — oM = (u — ) Z u'v? .
irj=M—1

Next (32) and (33) hold by an analogue of Proposition 5.1 for the spaces G™7 (6, p;Y). m

6. The main result. We have

THEOREM 6.1. Let M € NNM > 2 and 0 > 1,7 > 20, p,0 > 0. Let X be the Sobolev
space H;(R") for1 <p<oo, k€N, k>n/p Assume that ug € G°(p; X). Then the
solution to the initial value problem
(34) Ou = Au+uM, uli—o = uo,
belongs to G™7 (0, p;Y') provided that (T + 0)(E"**[ue])™ ! is small enough and 0 <
0 < p?/nif T =20.
Proof. Define the approximation scheme by
O Uny1 =AUNny1 + U]]\L[I,

Un+1(0,2) = up(x), N € Ng,
with Uy = e*®ug. Then by Propositions 4.1 and 4.2 we get
Er,o,a,p;Y[UO] < KEU”);X[’LLOL
(35) 007 X 0,0:Y 177 M
ET9P N [Unyq] < KETP 2 ug) + K(T + 0)E™7P 1 [Uy |, N € Ny,

for any @ > 0 if 7 > 20 and for 0 < § < p?/n if 7 = 20. Next if 7,0 > 1 by Proposition
5.3 we can find a constant C' < co depending on w and M such that

(36) BT 0 (U] < C(BT07Y [Uy) Y.

Hence combining (35) with (36) we get

(37) ETo0PY [Un ] < KETP X [ug] + CK(T + 0)(E™o%/Y [Un))M.
Now we apply the following

Cramm. If

(38) 2KL2KCo)M~1 <1

and

(39) Cny1 < KCo+KLCY  for NeN

then

(40) Cy<(2-2"MKCy <2KCy  for N eNj.
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Proof. Clearly (40) holds for N = 0. Next assuming (40) we get by (39) and (38)
CN+1 <KCy+Cy - KLCIJ\\//I_l
<KCy+Cn/2<(2-2"""1H)KCy < 2KCy. m
Applying the Claim with L = C(T +0),Co = E%PiX ] and Cny = ET797Y [Uy]
we conclude that Uy belongs to a ball in G™7(6, p;Y) of radius 2K Cy provided that
(T+6)(2KCy)M~1 <1/(2CK). Now for N € N put Vy = Uy —Ux_1. Then Vy satisfies
(with U_; =0)
(41) VN =AVN+ UM, —UN,, Vn(0,z)=0, NecN.
By Propositions 4.2 and 5.3 we get with D = w1 < o0
B0V [Vy] < K(T + 0)E™%Y UM, — U]
< K(T + 0)ET707Y [Vy_q]
% OL)M71(maX{ET’G79’p;Y[UN71],ET’U’G’p;Y[UN72]})M71

< K(T +0)D2KCo)M~1. Emo00Y [y ]
Hence if K(Tj— 0)D(2KCy)M~1 < 1 the sequence Uy = Uy + Z;vzl V; converges to a
function u € G™7(0, p;Y). Clearly u satisfies (34). m

7. Examples of analyticity down to ¢ = 0 and stability properties. The aim of
this section is to exhibit solutions for semilinear parabolic equations with conservative
terms defined by rotation type vector fields which is an analogue to the celebrated Oseen
solution to the 2-D Navier—Stokes equation (see [20]) in 1911.

We consider semilinear parabolic equations of the following type

(42) ou — Au = X (u™), t>0,zeR"
where
(43) X is a polynomial vector field tangential to S, = {x € R : |z| =7}, r > 0.

EXAMPLE 7.1. Vector fields of the type Q(x)(x;0k — z10;), 1 < j <k <n, Q(x) being a
polynomial, are tangent to S, r > 0.

Before the formulation of the next theorem recall that a function ¢ belongs to the
Gelfand-Shilov space S#(R™) iff one can find C' < 0o, D < co and a > 0 such that for
any o € Nj

(44) 0% (z)| < CDI*al* exp{—a|z|'/*} for z € R™
(cf. Gelfand—Shilov [8], Ch. IV). We consider the initial data
(45) u(0,2) = uo(w) = 0(|z/*),

where 6 is a real valued continuous function on [0, c0). Then we have

THEOREM 7.2. Let 0 be a real valued continuous function on [0,00). Suppose that 6(y)
grows infraexponentially for y — +00, i.e., for every € > 0 one can find C. > 0 such that

(46) 0(y)| < Cee™,  y=0.
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Then the IVP (42), (45) has a unique solution u(t, )

(47) u(t,z) = e®ug(z), t>0,zeR"
satisfying for every e >0

(48) u(t, )| = O(e™),  |z| — co.

Neat, assume that 0 € G?([0,00) : R), o > 0, and for some v € (0,1], 8 € SI(R})
i.e. there exist two positive constants A and B such that

(49) 09 (y)] < ATHJ17 exp{—By'/"}
forally >0, 5 € Ng. Then

(50) uo(x) = 0(a?) € 75 (R™)

and

(51) u(t,x) € G227 ([0,00); S7 T A(R™)).
In particular, if

(52) 0) =0 0) = e >0
then

(53) uf (t, x) = meﬁ(‘*(”e)), t>0,z€R"
solves (42) with initial data

(54) u®(0,x) = We_ﬁ/(“), r e R"

Proof. The arguments are simple (as for the 2-D NS). By (45) and (46)
(55) lug(z)] = O(e*1**),  as |z — oo,

for all € > 0, therefore u(t, z) = e*®ug is well defined and is a solution to the heat equation
Oyu — Au = 0 with initial data ug, unique in the class of functions satisfying (48). Next,
we note that if ug(x) is radially symmetric, then e!“wug remains radially symmetric with
respect to x for all ¢ > 0 and by the hypothesis (43) we observe that X;(F;(et?ug)) = 0.
We show the Gelfand—Shilov property for space dimension n = 1, since the general
case brings only notational complications. We have the following identity
> 90 (52
(56) o)=Y ](,w )

j=1
Za: (J)

o7 ((22 - $2)j) |z:w
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Next, combining (56) with (49), we derive (see [4] for similar arguments for o = 1/2),
by using the Stirling type formulas, the following estimates:

! i
9% (0(22))] < 9 (2 0‘: 92—« .j' |2i—a
92(0(a)| /Z| Ol
! i
< Adt1s0 —B|z|?/" a: 92j—a J- 2j—a
= /2<2< e -t @—an
« S)Iso
i o —Blz|?/v ]' v\vj—rva
<A /Z (A jire Pl s (a2,
a/2<j<a

Now we use =27 < a T'(y+ 1) with a = B/2,z = |z|*/*,y = vj — va/2 to get
(57)  107(0(=?))|

. - v !
< A Z (Q/B)uj—ua/2(4A)Jj!ae—B/2\$|2/ j—'r‘(y] _ Va/2 + 1)
a/2<j<a (2 =)t

< AemBIRIPT N (o) BYyImral2 (8 AV 17 (0 — )T (vj — ver/2 + 1)

a/2<j<a
< ACee=B/2al* Z 31— HIT(vj —va/2+1)
a/2<j<a
< ACoeT BT NT GeT((1 - v/2)a — (1 - v)j + 1)
a/2<j<a

< AC*(1+ a/2)e B2 1o T (1 — v/2)a + 1)

for all a € Ny, where C' = 8A(2/B)"/2. By the Stirling formula we get that (57) yields
(50). As for (51), it follows from our linear estimates. m
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