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1. Introduction. Many physical phenomena involve moving or deformable structures
interacting with fluids and are of great concern for aerospace, mechanical, biomedical
applications, sedimentation. From the mathematical point of view, they have been studied
extensively over the last few years. When the domain depends on time, we refer to [21],
[14], [22], [4]. In this paper we consider the case when we fix a rotation of a body and
we investigate the flow around the body. In recent years the analysis of the Navier-
Stokes equations describing the flow around or past a rotating body has attracted much
attention, see [18], [12], [10], [11], [29]-[31], [19], [26], [28], [7], [8], [9], [16], [17], [32],
[34], [13]. Further references on moving bodies in fluids are given in [16].
We study the stationary Oseen system in the whole three-dimensional space:

—vAu+ kdsu— (wWAz) - Vu+wAu+Vp=f inR3
divu = 0 in R3 (1.1)
u—0 aslz|— oo.

Here, A denotes the usual exterior product of three-dimensional vectors. Note that the
second and the third terms are linearized convective terms, and that in unbounded do-
mains they are not subordinated to the Laplacian. Let us also note that

V- [-(wAz) Vu+wAu]=0. (1.2)
As a consequence Ap =V - f and we can write the reduced equation
~vAuU+kdzu — (wWAZ) - Vu+wAu=g in R? (1.3)

where g = f — Vp.
The linear system (1.1) has been analyzed in L%-spaces, 1 < ¢ < oo, in [10] proving
the a priori estimates

v V2ully + Vel < cllfllq:

I (1.4)
[kOsull + [| = (WA 2) - VutwAulg < e 1T+ ol [1£1lq
with the constant ¢ > 0 independent of w, v, k. Further the results were improved in [7]
in weighted spaces and the authors have obtained the following a priori estimates

||Vv2u||q7w + HvPHq,w < CHf”qﬂuv

[

kd
[kOsullguw + | = (WA Z) - Vu+wAullgw < C<1 + 25/2) £l g,
v

@l

where the weights (denoted by w) belong to the more general Muckenhoupt class flq_,
see [7], with the constant ¢ > 0 independent of v, w, k.

Let us recall in two steps the natural introduction of the previous Oseen system
starting with a viscous flow either past a threedimensional rigid body, rotating with an
angular velocity w = |w| (0,0,1)T, |w| # 0, or around a rotating body which is moving
in the direction of its axis of rotation. We assume this viscous flow modelled by the
incompressible Navier-Stokes equations with the velocity u., = kes # 0 at infinity. Then,
given the coefficient of viscosity ¥ > 0 and an external force f = f (y,t), the velocity
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v =v(y,t) and the pressure ¢ = ¢(y,t) solve the well known nonlinear system:
o —vAv+ (v-V)v+Vg=f in (0,+00) x Q(¢),
dive =0 in (0,+00) x Q(¢),
v(y,t) = wAy  on (0,400) x IN(t),
(Y, t) — ueo 0 as |y| — oo.

(1.5)

Due to the rotation with angular velocity w, the time-dependent exterior domain €(¢) is
given by

Qt) = 0,(1)Q,
where Q C R? is a fixed exterior domain and O, () denotes the orthogonal matrix

cos|w|t —sinjw|t 0
O,(t) = | sinjw|t cosjw|t 0 |. (1.6)
0 0 1

Introducing the change of variables
z=0,1Ty (1.7)
and the new functions
u(z,t) = OL () (v(y,t) — uso), P(x,t) = q(y,1), f(z,1) = O0u(t)" f(y,1) (1.8)

we arrive at the modified Navier-Stokes system, this is the first step:

Ou —vAu + (u-V)u+ (O (H)us) - Vu

—(w/\x) Vu+wAu+Vp = f in (0,400) X
divu = n (0, +00) x (1.9)
u(r,t) = wAx — O (H)us n (0,+00) X GQ,
u(z,t) — 0 as |z| — oc.

Due to the new coordinate system attached to the rotating body, equation in (1.9)
contains two new linear terms, the classical Coriolis force term wAu (up to a multiplicative
constant) and the additional term (w A x) - Vu.

The second step consists of the linearization of equation (1.9) at w = 0, assuming the
case Uso||w and then OZ (#)us = kes, for all ¢+ > 0, and assuming 2 = R3. Thus we get
the modified Oseen system (1.1).

REMARK 1. The study of the whole space problem is of interest because we need the
results about existence, uniqueness and boundedness of a solution in order to get respec-
tive results also in the case of exterior domains. This complete study will be the object
of a forthcoming paper [27], we will use the so called localization procedure, see [25].

REMARK 2. We would like to mention that there exists another type of transformation
(a local transformation) which was introduced by Inou and Wakimoto [24]. The transfor-
mation is applied by several authors, see e.g. [38].

We introduce notation. The class C§°(R?) consists of C*° functions with compact
supports contained in R3. By L?(R?) we denote the usual Lebesgue space with norm |||,
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We define the homogeneous Sobolev spaces

1V-llq

Wh4(R?) = C°(R3) = {ve Ll (R®; Vve LI(R??P}/R. (1.10)

loc

REMARK 3. Another possibility of the definition of the homogeneous Sobolev spaces can
be found in the work of Galdi [15]. He defines the homogeneous Sobolev spaces in the

following way

Wh(®) = CR®)

and from Theorem I1.6.3, and Remark I1.6.2 [15] he gives the following characterisation
WHIRS) = {v € Lio(R%); Vv € LIR®)*}, ¢ >3,
—{ve Ll (R®); Vve LUR33 ve Loa(R}, ¢<3.  (1.11)
We mention [25], Proposition 2.4 for characterisation of the spaces WI’Q(RS).

LEMMA 1.1.

o Forl <r<mn we have WLT(R?’) ={u € L*(R?) : Vu € L"(R?)} where s = 32~

o Let r > n. Suppose ur, € C°(R3), k =1,2,... is a Cauchy sequence in ﬁ/\l””(}l@).
Then there is a Cauchy sequence wy € C§° with Vu € L"(R3) satisfying
IVugr — Vuwy| rr®r3) — 0,
wy, — u in LT, (R3), (1.12)

Vwg — Vu in L"(R3) as k — oo.

Such a v is unique up to additive constants. In this case, we have the inclusion ﬁ/\ol’r (R3) C

{[u] € LT, (R3)/R : Vu € L"(R3)} where [u] = {w € L} (R®):w—u € R}.

loc loc

REMARK 4. We would like to mention that definitions (1.10) and (1.11) are equivalent
in the following sense. In definition (1.10) the elements of space are classes of functions
since we factorized the homogeneous spaces wtr by constants. In definition (1.11) we
divide into two cases:

e the case 1 < r < n where Sobolev imbedding is valid
e the case of r > n where limits of Cauchy sequences are unique up to constant, see
previous Lemma.

REMARK 5. We would like to mention that a different approach was given by Girault and
collaborators. They introduce Sobolev spaces with weights where the density of weighted
Sobolev spaces in C§° is satisfied automatically from the definition, see [1].

Their dual space is defined in the following way
WL4(R?) = (WH/@~1D(R3))*, with norm || - [|_1.4. (1.13)
A characterisation of the normed dual spaces can be found in [15] page 72-74.

REMARK 6. The definition of dual spaces is important for extension of Bogovskii operator
to negative homogeneous spaces; for more details see [5, 20].
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We will use systematic notations 9; for partial derivatives in Cartesian coordinates
and 0, or Jy in cylindrical coordinates. We are now interested in the weak solution to
(1.1).

DEFINITION 1.1. Let 1 < ¢ < oo. Given f € W‘l’q(R?’)?’, we call {u,p} € WI’Q(R?’)?’ X
L1(R?) a weak solution to (1.1) if

(1)  V-u=0 in LI(R?),
(1.14)
(2) (WAZ) - Vu—wAuc W HI(R3)3,
{u, p} satisfies (1.1)3 in the sense of distributions, that is,

v(Vu,Vo) — (wAz) - Vu —w A u, )

+k<§—u,s0>— (P, V- 0) = (f9), (1.15)
3
¢ € C&°(R3)3.
In fact, as usual, equation (1.15) holds by density for all p € /Wl’Q/(qfl)(Rg)?’.
In Definition 1.1 we use that functions from ¢ € W1/(2=1)(R3)3 can be approximated
by functions from C§°, for more details see [31].

In the work of Galdi [15], the author defines g-generalized solutions (see page 189)
which are similar to our Definition 1.1.

The main results are the following

THEOREM 1.1. Let 1 < ¢ < oo and suppose f € W‘l’q(R?’)?’, then the problem (1.1)
possesses a weak solution (u,p) € WH4(R3)3 x L4(R3) satisfying the estimate
IVullg +lpllq + WA Z) - Vu—wAull o1y < Cllfll-14, (1.16)

with some C > 0, which depends on q.

THEOREM 1.2. The solution {u,p} given by Theorem 1.1 is unique up to a constant
multiple of w for u.

COROLLARY 1.1. Letl1 < g <4, f € W*Lq(R‘g)?’ and let u € Wl’q(R3)3 be the unique
weak solution to problem (1.1). Then there exists o € R such that

u— ez € L*(R*)? for all s > 1,1/s € 1/q — [1/4,1/3].

Moreover
|u— aeslls < Cllfll-14

with a constant C = C(v, k,w,s) > 0.

COROLLARY 1.2. Let 1 < q<3,v>0,k>0,fc W-L(R3)3, and let u € /leq(ﬂ@)?'
be the unique weak solution to problem (1.1). Then

c
lu/lzllle < S 1 ll-1.q

with ¢ = ¢(q,w) > 0.
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In Theorem 1.1 and Theorem 1.2, due to our choice of the right-hand side, we improve
Farwig’s a priori estimates (1.4) . We extend to the Oseen problem the analysis done by
Hishida [31] for the Stokes problem.

2. Mathematical preliminaries
2.1. Definition of Littlewood-Paley decomposition

DEFINITION 2.1. Let x € D(R?), d € N, be such that |¢| < 1/2 implies x(£) = 1 and
|¢] > 1 implies x(&§) = 0. Let ¢ be defined as ¥(§) = x(£/2) — x(&). Let S; and A; be
defined as the Fourier multipliers F(S; f) = x(&/27)F f and F(A; f) = ¢(£/27)F f. Then
for all N € Z and all f € S’(RY) we have f = Sy f + ijN A, f in 8'(R?), this equality
is called the Littlewood-Paley decomposition of the distribution f.
THEOREM 2.1 (Littlewood-Paley decomposition of LP(R%)). Let f € S'(R?) and 1 < p
< o0. Then the following assertions are equivalent:
(i) f e LP(RY),
(i) So € LP(RY) and (3;cn 1A, f1?)'/? € LP(RY),
(iil) f =2z A5f and (3,5 1A f1*)'/? € LP(RY) .
Moreover, the following norms are equivalent on LP :
1/2 1/2
1l IS0 fl+ | (30 12002) || ana | (S 125s2) |
, P . P
JEN JEZ
Proof. See [33].
2.2. Bogouskii operator

DEFINITION 2.2. Let D(A,) = W24(Q) N W, %(2) denote the usual domain of definition
of the Laplace operator A = A, in L? space with zero Dirichlet boundary condition. We
set

L9(Q) = {ueLq(Q):/ﬂudmzo}.

We introduce the Bogovskii operator and we recall its properties. For a bounded
domain 2 C R™ with boundary in C%! Bogovskii [2], [3] constructed a bounded linear
operator R : LL(Q) — W, %(Q)" such that u = Rg is a solution of

divu=g in ,

2.1
u=0 on dN 21)

satisfying [|[Rgllw1.e)» < cllgllq- Additionally R maps Wy%(€2) N LL(Q) into W 4(RQ),
see [2].

The Bogovskii operator was studied in a more general class of domains, see e.g. [5].

AssuMPTIONS I. Let © C R®, n > 2, be a domain with boundary 99 € CU!, and
suppose one of the following cases

(i) Q is bounded,
(ii) Q is an exterior domain, i.e., a domain having a compact nonempty complement.
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(iii) Q is a perturbed half space, i.e., there exists some open ball B such that Q\ B =
R\ B.
+

LEMMA 2.1 (Farwig, Sohr). Let Q@ = R"™ or let Q@ C R™ (n > 2) be a domain satisfying
Assumption I, further let 1 < q < oo. Then there exists a linear bounded operator R :
Wha(Q)n W‘LQ(Q) — D(A)™ if Q is unbounded or R : WH4(Q) N LI(Q) — D(A)" if
Q is bounded such that u = Rg is a solution of (2.1) for all g € WH4(Q) N W‘LQ(Q) or
g € WHa(Q) N LE(Q) respectively; u = Rg satisfies the estimates

lullg <cllgll-14 and [luflw2a@) < c(IVgllg + l9ll-1.0),
where ¢ = ¢(2, q) > 0 is a constant.

Proof. See [5].
2.3. Maximal operator. For a rapidly decreasing function u € S(R™) let

1 .

Ful§) =€) = G | e Cu(wydr, g

be the Fourier transform of u. Its inverse is denoted by F~!. Moreover, we define the
centered Hardy-Littlewood maximal operator

1
Mm=w—me%a£M
Q32 1@l Jo

for uw € L} (R") where again @ runs through the set of all cubes centered at .

3. Computation of Vu. Using the fact that the space {g | g = V-G, G € C§°(R3)3*3}
is dense in W*Lq(Rg)?’, we can write either f in the divergence form in the Oseen system
(1.1) or g = V - G in the reduced Oseen system 1.3, assuming firstly G € C§° (]R3)3X3.
We will work in the space of tempered distributions because we have in mind to apply
the Fourier transform. We will derive the following formal expressions of @, u, and Vu:

I
0
yielding u(-) in the form

u(z) = /000 E; % OL(t) g(O,(t). — kte)(z) dt,

where
1 _lz?

— 4vt
(dnt)32°

Observing the previous integral the solution can be rewritten as

uw) = [ Tlan) V-G ) du

Et (.13) =

3
where oo
D) = [ B (Oult)s —y— ktes) L0t
0
Therefore we can compute the gradient of wu,
Vu(z) = — /]RS V.V, (z,y) : G (y) dy,

and come back to its Fourier transform.
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Let us compute explicitly u. First of all, due to the geometry of the problem it is
reasonable to introduce cylindrical coordinates (7,60, z3) € (0,00) x [0,27) x R. Then
(wAz)- Vu=|w|(—z201u + x102u) may be rewritten in the form

(wAz) Vu=|w|ldou

using the angular derivative dy applied to u(r, zs3,8).
With the Fourier variable, ¢ = (&1, &2,&3) € R? we get from (1.1)
(V[€? + ik€s)t — |0, + |wles AT+ 6P = f, €T =0. (3.1)
It is clear that (e3A\&)-Ve = —£20/061+£10/0& = O, is the angular derivative in Fourier
space when using cylindrical coordinates. Since (1.2) we have i€ - (0,u — e3 Au) = 0, the
unknown pressure p is explicitly given by —|£|*p = i€ - ]/C\ Denoting g = f — Vp then we
get
1 2 A . 1
—0pu+ = (V" +ik&)u+es A= —0,
wl wl
a first order differential equation with respect to ¢ for u := u(\/£2 + €3, ¢, &3).
To deal with the term w A note that 9,0(¢) = w A O(y) in the sense of linear maps.
Applying the O(¢p) to (3.1)" the unknown v(¢) = O(p)T1(y) solves the problem
1

1
—0,0 + — (V|¢)? + ik&3)0 = — 7.
7wl |w]

(3.1)

This inhomogeneous, linear ordinary differential equation of first order with respect to ¢
has a unique 27-periodic solution

SN — 1/]wl T (ulePrikes)t T ~
’U(‘p) - 1 — e—2m(v[E[2+ikés)/|w] /0 € 053 (90 + t)g(Oes. (t)g)dt

Then

1 2 /|w| .
u= / e~ (VIEl +zk§3)t0|q;‘(t)g(OM)(t)f)dt
0

1 — e—2n(v[€P+ikés)/|w]

Applying the geometric series and the 27 /|w|-periodicity of the map ¢t — Oﬁ (1)g(Oy(t)€)
we get the unique 27 /|w|-periodic solution

(e = [ e 0T (1) (0L (0E) dh. (3.2
0
@ solves the reduced equation (3.1)" in the Fourier space, we have
_ [T 1 N T
u(z) = /0 (Gmot)i 7 exp < 41/t> *x O, (1) g(Oy(t). — ktes)(z) dt, (3.3)
_ [ 1 s T
Vu(z) = /0 v(4m/t)3/2 exp < 41/t> * O (1) g(O,(t). — ktes)(x) dt, (3.4)
yielding
Vul@) = | Vel(@y)9(y) dy, (3.5)

with ¢ =V - G and

o 1 |Ou(t)x —y — ktes|? T
r _ _ t)dt.
(z,9) /0 (4mvt)3/2 P < 4t Ou®)
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REMARK 7. Taking into account the expression ¢ = V- G, G € C§° (Rg)g, we can
integrate by parts:

= [ VYL G dy

Observing that |y — O, (t)z + ktes| = |z — OL (¢)(y — ktes)| = |z — OL (t)y — ktes| we get
V.V, I(z,y) = V2I'(z,y). So we have

Vala) = - [ Vi) G dy = =5 [ Tlaw): Gl

4. Proof of the main theorem. In this section we estimate the L%-norm of each
component of TG(z) := A [5, T'(x,y) : G(y) dy, say TG, () by the Li-norm of G; x(-),
and then we apply these results for Li-estimate of Vu.

To this end, we follow the way used by Farwig, Hishida, Miiller [12] and by Hishida
[31] because till now we do not have a more direct analysis. By means of the Fourier
transform we have

1

| 16P el i 0020 G (0u) -~k ten)) .
‘Which we can rewrite as

W /0°° € exp(= [¢* 05, (1 & ((Ow/u(t) -~k 5 e3> 5) dt.

Let us temporarily denote T'G; (x) by F(x). A deep tool from harmonic analysis requires
us to define an appropriate function ¢(-) € C§°((0,00); S(R3)) such that with the so
called square operator

TG (¢) =

dt

S = [ lete ) Pl §

we obtain the equivalence of L?-norms given by the theorem of E. M. Stein, Chapter I,
Section 8.23 [37],
allFllg < 1S(F)2lq < el Fllg-

The necessary properties of ¢(t,-) for ¢t > 0 are

< ¢l <

supp (t, ) C {5 €R™: 2\[ 2xf}

/Ooo a(t, 5)2‘”: Aa¢(t,x)dz:o.

We start with Littlewood-Paley decomposition. We define 1 € S(R3) by its Fourier
transform

b(E) = z )3/2 €Pe™ " and 4y (€) = $(ViE) for t > 0, (4.1)
and so for all ¢ > 0

) =92 (). 0O = ot (12)



268 S. KRACMAR, §S. NECASOVA AND P. PENEL

=1 [ 0008,08 (00~ kpea) ) T (4.3)

We define the multiplier operator A; such that

So we get

A F©) =X (OF(©) (4.4)
where
O =t0( 55 ) - %5 ) (45
with
Xo(-) : [€] = R, x € C%, Xol <11 = L Xolgjg)>13 = 0. (4.6)
Note that
Y Y =1 (4.7)
JEZ
and
)= A, (48)
JEL

We define 7 for £ € R? and j € Z by its Fourier transform
X =x(27El), €eR?,
yielding >372 _ X; =1 on R*\ {0} and
supp X’ C A(2'71, 277 = {€ e R?: 271 < g < 2F1} (4.9)

Using x’ we define for j € Z
. 1
P = ij * 1, W ¢() Xt (4.10)

Obviously, Z;‘;ioo y? =1 on R3. We start with the procedure of the Littlewood-Paley
decomposition of F' = T'G; j. For G; . € §'(R?) the property TG, € LP(R?) is equivalent
to the property

1/2
+o00 foo
TGip= Y ATGy and > ATG k) € LP (R%).
j=—00 j=—0o0
where
S ; £
11/}J < 9 Ai - 11/}t 2]
We define
I'=) AAT (4.11)
jez
leading to

A/ L(z,y): Gy)dy, G e CPR?)?’, (Gir)i<i<s,1<r<s- (4.12)
]R3
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We define the linear operator
TGiu(z) = [ Al y)iGanly) (113)
R

Since formally T = Zj__oo
in the operator norm on L9.

, we have to prove that this infinite series converges even

For later use we cite the following lemma, see [12].

LEMMA 4.1. The functions A, A{, j € Z,t >0, have the following properties:

. ~ j—1 j+1
(i) suppA] C A (Qi/{ , 21/2 ) .
(i) Form > % let h(z) = (14 |z[>)™™ and hy(z) = t~"/2h(
exists a constant ¢ > 0 independent of j € Z such that
|AT (2)| < 2729 hyaj(z), = €R™,

||AJ'H1 < 221l

), t > 0. Then there

&

Proof. See [12].

From the general definition of a Littlewood-Paley decomposition of L% choose ¢ €
C§°(3.2) such that 0 < @ < 1 and

Then define ¢ € S(R™) by its Fourier transform ¢(§) = @(|£]) yielding for every s > 0

£u(6) = FVAIED.  suppi 4 (522 ). (1.14)

and the normalization [~ (€)% % =1 for all £ € R3\ {0}.

THEOREM 4.1. Let 1 < g < co. Then there are constants c1,co > 0 depending on q and
© such that for all f € L4

ez | ([ [ e 10PE)|  <asly

/2

where w, € S(R™) is defined by (4.14).

Proof. See [37], Chapter I, Section 8.23.

We apply Theorem 4.1 to the operator T;G:
dt
altals < | [Tt nen@r Y| <aincal, @

q/2

5. Proofs. As a preliminary version of Theorem 1. 1 we prove the following proposition.
PROPOSITION 5.1. Let j € Z. The linear operator T defined by (4.3) satisfies the estimate
IT;Gikllq < cl|Gikllq forall G e Li, ge(2,00)

with a constant ¢ = ¢(q, w) > 0 independent of f.
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Proof. We define the sublinear operator M7, a modified maximal operator, by

. - k dt
Mig(a) =sup [ (1adl+lieh (07 + s ) . (5.1
s>0J A, v t
where Ag =[5, 16s].
First step. We will prove the preliminary estimate
1/2 in1/2 .
1T Giklly < el AT |2 M2 o I Gillg s G € 2. (5.2)
To prove (5.2) we use the Littlewood-Paley decomposition of L4,
e ds
< | [Crerors| <din (5.3)
0 S llgy 2

By a duality argument we find some function 0 < g € L(4/2)" with HgH(q/g)/ = 1 such that

‘/<)oo|%*TjG”c / /J‘PS*TGM o)Pgle)de—.  (5.4)

To estimate the right-hand side of (5 4) note that

|2 ds

dt

s+ T;G(x / O)T () (ips * A] *sz)(Ow/l,()x—Et63>77

where o, % AJ = 0 unless t € A(s, j) = [2%7%s,2%7H45]. Since Jica (5.7) t = log 2® for
every j € Z, s > 0, we get by the inequality of Cauchy-Schwarz and the associativity of
convolutions that

los * T;Gig(2)]* < C/
A(s,7)

. : k
<&l [ (a2l Gal) (0o + e
As.) v
here we used the estimate [(A] * (g5 % Gir))(W)]? < |AL]1(|JAY| % |@s * Gix]?) () and the
identity ||A7||; = ||A7||1, see Lemma 4.1. Thus
IT5 Gl

<ef [ [ 0siinlens G (00 r - Stes Jotw T (55)

since Ag is radially symmetric. By definition of M7 the innermost integral is bounded
by M7 g(z) uniformly in s > 0. Hence we may proceed in (5.5) using Holder’s inequality
as follows:

2 at
¢

(@] (90 Ga) Qg — St

.
t

et <darls [ ([ leor 6P % ) Migta) ds (5.6)

Now (5.3) and the normalization [|g|[(5/2)) = 1 complete the proof of (5.2).

Second step. We investigate the estimate [[M7g||(4/2). Since & € (1,00) is arbitrary, we

have to consider |M7||.» for arbitrary p € (1,00). For this reason we define the classical
Hardy-Littlewood maximal operator M on LP(R3) by

1
My(x) := sup ———

lg(x)| dy
s>0 |Bs(®)| JB,(2)
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and a “helical” maximal operator

1 w k
Meag(0, x3) := sup —/ |g‘0 — —t,x3 + —t|,
s>0 S JA, v v

for functions g depending on (6, z3), which are 27-periodic in 6. Since 0 < h € L'(R?) is
radially symmetric and strictly decreasing,
sup h, x u(z) < eMu(z).
>0
Then
Mig(x) < 27 M(Mpag.(.,.)) (@),
where g, (0, z3) = g(r, 0, x3) = g(x) is considered as a function of 6, x3 and
IMglly < C272 | Muergr (-, )|l Lo (gs)-
due to LP continuity of M.
To estimate Myeg,(+,-) in LP(R3), fix r > 0 and use the 27-periodicity of g, with
respect to 6 to get that

2w
/ / |Mhelgr(97$3)|pd0d$3

2m 16s P
k k
/ / sup — / lg-| (9 < (xg + —t),l‘g + —t) dt| dfdxs
>0 S J_16s k v v
2m 16s k‘ P
/ / sup — / Yr.0 (.Tg + —t) dt| dfdxs,
s>0 S J_16s Y
where
w
rro(ys) = lgrl| 0 = 2ys 95 |-
Thus we get applying Hardy-Littlewood maximal operator on R! that
Muergr (-5 )l e sy < cllgllLers)- (5.7)

From Lemma 4.1 and Proposition 5.1 the operator T} satisfies the estimates
T3 Girllg < C272NGirllys 5 € 2, g € (2,00),¢ = e(q) > 0.
Then T = Zjo.i_oo T; converges in the operator norm on L?(R3)? and | TG, < c||Gl4s
for every G € S(R?)3.
Third step. For 1 < g < 2 we use the adjoint operator T given by
dt

7°6(0) = [ (805 0.1ul0)6) (05,00 + tea )

=, (5.8)

with G € S(R?)3 and then by same argument we get that 7* is bounded in L7~ (R?)?,
so T is L7 bounded for 1 < ¢ < 2. This implies the following estimate
IVullg < [|Gllg- (5.9)
Fourth step. Now, using Farwig-Sohr Lemma 2.1 we know that there is G € Li(R?)?
such that
V-G =, |Gllgrs < Cllfll-1,4r2-
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Let Gy, € C5°(R?)? such that |G, — G||,zrs — 0 as k — oo. Let uy, be solution of our
fundamental solution (3.3) with f = V- Gy. For each k and m € N, we choose a constant
vector bf* € R? satisfying

/ (ug(z) + 07 )dr =0
Bm

so that

m —

[|ur + Blrcn”q,B |q, < OmHvuk||q,1R3 < cm”Gk‘HqJR3

by Poincaré inequality and by (5.9).
Therefore, there exist u(™ € W'4(B,,)? and V € LI(R3)? such that

g, + b7 = w™ g5, =0, ||Vu, — Vl|gge — 0, k— o,
with
Vul™ (z) = V() (a.a. € By).
We first set
@ =u on By; b = b,(cl).

Consider next the case m = 2; since Vu®(z) = V(z) = Vul)(z) = Vi(r) for a.a.
x € By C By, the difference u? () — @(z) =: a is a constant vector and

B9 — by — al = b — by — allg,m, <

_ (5.10)
o+ br = @, + g+ 87 = u® gm, — 0, k= o0
One extends u by
a=u® —aon Bs.
Then (5.10) implies
e+ bx — i,y < u+ b7 = u® g5, + [Bo 5P — by —al =0 (5.1)
as k — oo. By induction there exists a function u € Wha (R3)? so that
Huk + b — ﬂHngm + |Vuk — V’[LH%H@ — 0, k— oo, (5.12)

for all m € N. We define

0

From definition of L together with Lux = V - G}, we have
Lby =wAb, = L(u +b,) = V-Gp — Li— V-G in D'(R?)? as k — occ.
Since there is a constant vector b € R3 such that
WwAby, wwAb=Lb
as k — oo. Consequently, we get
L(i—b) = V-G in D'(R%)?

and v = 7 —b is the desired solution. By (5.12) we have |[uj, — Vul|/, gs — 0 and, therefore,
the estimate (1.14) holds.
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Fifth step. It remains to prove the uniqueness. We use the duality method. We consider
the adjoint equation

L*vz—Av—i—(w/\x)-Vv—w/\v—i—aa—;z=V~G (5.13)
with G € C§°(R3)?. Tt has the solution
2O = [ O GHOL0). ~ hes)) €. (5.14)
Applying the same argumer?t we get
V|25 < C||G|ly.ps, for all v € W (R?), r € (1,00). (5.15)

Let u € WI’Q(R3)3 be a weak solution of Lu = 0 in WI’Q(R3)3. One can take as a test
function to get
(Lu,v) = 0.
Similarly, one takes u as a test function for (5.13) in W_I’Q/(q_l)(R?’)?’ to obtain
(u, L*v) = (u, V - G).
Therefore,
(u,V-G) =0.

Since G € (C§°)? is arbitrary, we obtain u = 0 in Wl’q(R3)3 by Theorem 1.2. u is a
constant vector, but it is a constant multiple of w because w A u = 0.
To complete the proof of Theorem 1.1, we have to show the following lemma

LEMMA 5.1. Let v € S(R?) be the solution of

0

—AU—I——U—(W/\J?)'VU:O in R3.

81'3

Then suppv C {0}.

Proof. This was proved in [10].

Proof of Theorem 1.1. As we explained before, the term —(wAz)-Vu+wAw is divergence
free. The pressure is formally obtained from the problem

p=-V-(=A)"'F.
Since (—A)~! can be justified as a bounded operator from W—19(R3) to W14(R3) we
get
IVpllg < ¢l fllig,
which implies that
1f = Vpll-14 < cllfll-1.4
This completes the proof of Theorem 1.1.
Proof of Corollary 1.1. From [6] there exists a € R3 such that
v=u—a€c LR, forall s >1,1/s€1/q—[1/4,1/3].
Let

Lu = —9pu + ut.
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Since Lv' = —9pv’ + v+ = Lu/ — a’ and applying integration with respect to 6 we get

27 27
o2ra’ = / Lu'df — / v'do e LY+ L°,
0 0

which implies a’ = 0.

Proof of Corollary 1.2. From Theorem II5.1 of [15] yields the estimate

Moreover, by lemma 5.2 of [15]

/ Ju(Ry) doly) = of 1)

as R — oo. Since u € L*(R?) that u., vanishes.

2l
3l
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