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Abstract. This paper deals with a strongly elliptic perturbation for the Stokes equation in
exterior three-dimensional domains €2 with smooth boundary. The continuity equation is substi-
tuted by the equation —e?Ap + div u = 0, and a Neumann boundary condition for the pressure
is added. Using parameter dependent Sobolev norms, for bounded domains and for sufficiently
smooth data we prove Hb5/2-% convergence for the velocity part and H3/?=8 convergence for
the pressure to the solution of the Stokes problem, with ¢ arbitrarily close to 0. For an exterior
domain the asymptotic behavior at infinity of the solutions to both problems has also to be
taken into account. Although the usual Kondratiev theory cannot be applied to the perturbed
problem, it is shown that the asymptotics of the solutions to the exterior Stokes problem and
the solution to the perturbed problem coincide completely. For sufficiently smooth data an ap-
propriate decay leads to the convergence of all main asymptotic terms as well as convergence
in H>/*7° and H>/ 2_5, respectively, of the remainder to the corresponding parts of the Stokes

loc loc
solution.

1. Introduction. We consider the following elliptic boundary value problems which
appear in the context of viscous flow problems. In the first one we look for a solution

€ = (v§,v5,v5,p%) to

u
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o /
Seu = 2AU JrV.p = y in €,
—e“Ap+div o fa (Se)
B.u = (v,0,p) =g on 0Of),
where f = (f1,...,f1) = (f’, fa) is a given vector field on a three-dimensional domain

Q) with a compact complement, g = (g1,...,94) = (¢',94) is a prescribed field on the
boundary 99, and € € (0,1] is a small parameter. The system (S.) is strongly elliptic
and can be accounted as a singular perturbation of the Stokes system:

([ —Av+Vp\ [ f .
Sou ( div v >_(f4> n (So)

Bou =v=¢g on 0Of.

The Stokes problem—which is elliptic in the general sense of Agmon-Douglis-Nirenberg
only—appears if we formally set ¢ = 0 in (S;) and cancel the last boundary condition.
We are interested what happens if ¢ \, 0, and, for g4 = 0, to compare u® and u°.
Perturbations of type (S¢), usually with f4 = 0 and homogeneous boundary conditions,
appeared in different contexts, in showing existence of weak solutions for fluid models
with shear dependent viscosities [4] as well as in numerical schemes for the Navier-Stokes
equations, namely in the so-called pressure-stabilization methods, which were introduced
by Brezzi and Pitkdranta in [2] (see also [11, 17], e.g.). In all these papers the problems
were considered on bounded domains, then energy methods lead to the following estimate
(see [17], e.g.), f1 =0, g = 0 provided:

o =% B @) + p° = p% L)) < Cellf L@ (E)
In [10] asymptotically precise estimates with ¢ \, 0 were derived in the case of bounded
smoothly surrounded domains. If the data are smooth enough and g4 = 0 in (S.), then
the velocity part v¢ converges to v° in H5/27% while the pressure converges in H3/279
and § > 0 can be arbitrarily small. Moreover, the convergence rate is increased, in the
energy norms up to 0(53/ 2). The results are sharp, which was proved by the construction
of boundary layers.

In this paper we deal with exterior domains. For solutions to (Sg) and (S.) in un-
bounded domains, not only regularity properties, but also the asymptotic behavior as
r — o0 is of importance. For the Stokes problem (Sg) there exists an exhaustive litera-
ture (see, e.g. [12] and the papers quoted there) while for the perturbed problem even
the construction of a weak solution is not obvious. The theory of elliptic problems in
Kondratiev spaces can be applied to the Stokes system and leads to explicit formulae for
the asymptotic behavior of the solution u° in terms of the fundamental solution and their
derivatives provided the right hand side f decays quickly enough. However, this theory
can not be applied to u® since the problem (S.) is not admissible at infinity. Even the
construction of weak solutions is not quite obvious. The appropriate function spaces for
the problem (S.) are step weighted spaces, where the lowest derivatives can be multi-
plied with weights of Kondratiev type while the higher order derivatives are all supplied
with the same weights. Results on the Stokes problem in step weighted spaces can be
used to derive results on the asymptotics of the solutions of (S.) as well. Surprisingly



BREZZI-PITKARANTA APPROXIMATION IN EXTERIOR DOMAINS 299

enough it turns out that the asymptotic expansions at infinity of u and u® coincide

0 as elements

completely. Based on these results it is possible to consider u® as well as u
of the same function space with separated asymptotic terms and derive asymptotically
precise estimates for the differences of the asymptotic terms as well as for the remainders
as € \, 0.

The plan of the paper is the following. In Section 2 we refer to general notations and
recall the results on bounded domains. In Section 3 we recall the notations for Kondratiev
spaces and the results for the exterior Stokes problem and adopt them to weighted Sobolev
spaces with noninteger differentiability index. In Section 4 we introduce step weighted
spaces and investigate the solutions to (Sp) in these function spaces. In Section 5 we
derive a priori estimates in step weighted spaces, the first main result is the theorem on
the asymptotic behavior of the solutions u® (Theorem 5.2). The last two sections contain
the other main results of this paper: Under the condition that the weight indices fulfil the
same restrictions as in the corresponding result for the Stokes problem, the problem (S;)
is uniquely solvable in step weighted spaces (Theorem 6.2). Together with the results on
the asymptotic expansions this implies: If the right hand side f decays quickly enough,
both problems possess a uniquely determined solution vanishing at infinity, «® and u®
can be decomposed into a finite sum in terms of derivatives of the fundamental solution
to the Stokes system and a quicker decaying remainder. The last result (Theorem 7.2)
gives optimal error estimates for the coefficients of the separated asymptotic terms, while
the remainder can be estimated in weighted Sobolev norms.

2. Some general notations, the results in bounded domains. For G C R3, the
closure of G is denoted by G, the boundary by G, and for 2 € G the exterior unit normal
vector by n(z), if it exists. The modulus function in R? is named r, i.e. 7(z) = (3 xf)l/Q.
For any ¢t € R we call [t] the integer part of ¢, i.e. [t] = max{j € Z : j < t}, while the
number ¢4 = (¢ + [t|)/2 means the positive part of ¢.

For partial derivatives we use the common multi-index terminology: 0% = % % %
with o € N3. If k € N, then V* indicates the collection of all partial derivatives of order k.

Depending on our problems, we need different kinds of function spaces, most of them
are introduced in the context. For any function space X, we indicate the norm in X
by ||-; X||. We recall the notations for some standard spaces. C§°(G), C5°(G) are the
spaces of all smooth functions with compact support in G and G, respectively. For [ € N,
the Sobolev space H'(G), (G C R? open) consists of all ¢ € L?(G) with distributional
derivatives 9% € L?(G), |a| < I, supplied with the usual norm. If s > 0, s ¢ N, then the

Sobolev-Slobodetskii space H*(G) = {¢ € H¥/(G) : ||¢; HS(G)H < oo}, where
s s 0%p(x) — 0%p()|?
et @I = @+ 3 [ [ A A s

|ee|=[s]

Furthermore, H*°(G) is the dual space of H* (G), the supscript o indicates the closure
of C§°(G) in H*(G). For ¢ € H*(G) we have the non-unique representation

©= Z 9% a’ 9004 c H[s]+1—\a\(G)7
o <[s]+1
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where with the infimum taken over all possible representations, the norm in H~%(G) is
equivalent to

1/2
les (@)l =it {( Y0 ey ) Y
o] <[s]+1
If G is compact and sufficiently smooth, i.e. of class C¥1*2, for example, then H*(0G)
is defined, by using local coordinates and a partition of unity on dG, via the definition
of H*(R?), while H~*(0G) is the dual space of H*(9G) (see [7] for details).

Now let G C R? be a bounded domain with G € C'*2, | € Ny. To obtain asymp-
totically precise estimates for solutions u® to problem (S.), we supply the spaces H'(G)
with equivalent norms, where the small parameter € € (0, 1] is included (see [8, 10]). For
x <land p € H(G) we set

1
(2.1) ;s HL(G:2)|I” = lls H*(G)[|* + D e2* )+ | Vs L*(G)| .
k=0

Then for any differential operator 9% with |«| <, and k with » + k <, we have
0% 03 15, (Gs o) < Cllgs HL(Gs )]l

lex]

a l— |
ko gy H | (Gse)|l < Cllgs HL(Gs €.

We process the trace spaces H'~1/2(9G) in the following way. We define

(los H==12(0G)|1? + 2= [los HI =12 (0G)|1)/?
for s> 1/2;

e 2 (Ju; L2(OG) P + 2 o: HI2(0G) 7)1
for » < 1/2.

lv; 1., {7, (0G; 2) || =

Then the norms of the trace operators 07 : H! (G;e) — H)l{ hh 11//22 (0G;¢€), where h =0

and h = 1, can be bounded independent of € € (0, 1], the converse result on prolongations
is also true.

THEOREM 2.1 ([10]). Let G C R3 be a bounded domain with G of class C**2, 1 € N and

let 3 € [0,3/2), 3 <1—1. Then for any f € H=Y(G)* and g = (¢, 94) € H*+/2(G)3 x
HY(G) subject to the compatibility condition

/f4—/ g’~nd0+52/ gado = 0,
G oG le

there ezists a solution u® = (v5,p°) € HF1(G) to problem (S.), which is unique under
the orthogonality condition fG p° = 0. This solution satisfies the estimate
Jos HEEL (Gse) | + 197 B (Gs o)
< O(If H (G o)l + L fas H (G el

1+1/2 l 3/2
+Hg's HL Y 350G )| + lgas HL 75 (Gr o)),

where C' is a constant depending on »,0G and l, but neither on e € (0,1] nor on the data
(f,9). The subscript L indicates the subspace of mean-value-free functions. m
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REMARK 2.2. In [10] even sc < [ was admissible, this uses H*(G; €)-norms, where 3 > m.

Theorem 2.1 is based on an interior estimate of the following type: Let G’ be a strictly
—

interior subdomain of G, i.e. G C G, then

(2.2) lo®s HEL (G5 ) + Ilp™s HH(G s o)
< C(If5 HZ (Gl + 1 fas HL NG o) |+ u; LG,

where C does not depend on e.

3. The exterior Stokes problem in Kondratiev spaces

3.1. Kondratiev spaces and the scaling trick. For the exterior Stokes problem, the ap-
propriate function spaces are the Kondratiev spaces Vi (). We require that Q C R3
is a domain with a compact complement R? \ Q and with boundary 9Q at least of
class C2. For simplicity, we assume that R? \ Q is non void and contains the point 0. If
s € Ng=1{0,1,2,...}, and 8 € R, the Kondratiev space V3 ({2) is defined as the closure
of C§° () with respect to the norm || -; Vi ()|, where

(3.1) los VE@QIP = > 7= o0 L2 ()2,

|| <s

If s > 0 is non-integer, then (3.1) is changed for

VSOV — [1ese 18] 2 2 [ 10%¢(x) — 9p(y)|?
IV =l @ + 3 L [ Aty e

|a]=[s

where the dots ... stand for {y € Q : | — y| < 27!z|}. Finally, in the case s < 0, the
inclusion ¢ € V3 (2) means that ¢ is a distribution which can be represented in the form

_ . (s+]al)
(3.2) » = | |Z[ ]8a<pa, with % € V,B—s—\ar+(s+\a\)+(9)’
al<—[s
. . o ylstlal) s 2\
s V(@) = inf (| |Z[ | s Vet e, DI )
al<—]s

where the infimum is taken over all representations (3.2). Note that always V3 (2) C
Hi (Q) is valid!. Since 99 is compact, for s > 1/2, the trace operator I : V;(Q) —
H*1/2(99) with T'p = p|gq for smooth functions, is well defined and continuous, with a
norm bounded independent of 3. It is clear, that any differential operator 0% acts linearly
and continuously from V/§(€2) to V;flal(Q).

One of the main arguments in the following proofs is the scaling trick. It is used
to reduce estimates for the solutions u®, u° in function spaces on Q to estimates to
the corresponding problems in bounded domains. The idea is to write 2 = U;O:ko Gy,
where all Gy, C Q) are bounded domains such that the modulus function r is equivalent
to a constant ¢, on Gg, and then use a suitable coordinate transformation in order to
transform Gy into a fixed domain E for all k£ > kg. To realize this, we fix j € {1,2} and

'As a matter of fact, V5(Q) = {p € H.(Q) : |l¢; V5 ()| < oo}
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ko € N large enough such that 9Q C {z : 7 < 2807}, We put
Gro = QN {x:r < 28TV and G, = {x: 2877 < r < 2°9} for k > k.

Then Q= Uk>k G}, and for k > ko, the transformation x — ¢ := 27*z maps G}, onto
={¢:277 < [¢] < 27}. Let ¢ € VY(9) for some v € R. Since r ~ 2¥ in G}, independent
of k, we have

(3-3) I LA)P ~ Y 227l LA(G)II,
k>ko

where the equivalence constants depend on v and j only. For £ € =, ¢ € Lloc(ﬁ)7 we put
(3.4) Pr(€) = 0(2"9).

With these notations, we collect the estimates of the rescaling method in the following
lemma.

LEMMA 3.1. Let s€ R, B € R, h € Ny and ¢ € L}, (), then the following equivalences
hold, whenever the left-hand side is finite,

(35)  [[rOVhG L2Q)|? ~ Vi L2(Gr )12 + D (282072143 Vh G, L)%,
k>ko

(3.6) los V(7 ~ lls H* (G IP + D (25)* 727151 H (D)1
k>ko

here all equivalence constants depend on s, 3,5 and h.
Proof. Relation (3.5) follows from (3.3) by substituting in ||V"p; L2(G})|| the expressions
(3.7) Vie=2""Vigr, do=2%d¢.

Then for s € N, (3.6) is obtained from (3.5) by replacing the weight exponent 3 in (3.5)
by the exponents 8 — s + |a].

For non integer s > 0, we have to observe that due to j > 1, the intersection Gy NGy 1
contains at least the annulus {z : 2¥ < |z| < 2¥*1}. Thus,

(5] _ vl 2
/rg/ [VEo(z) — VE(y)| dyda
le—y|<ile] ‘I _ y|3+2(57[s])

Vil ViU 2
- Z 2%[3/ / | o) 3+2(3_g[i]()y)| dy dzx.
k>ko weGrla—yl<lzl/2y 1T =Yl :

Using = = 2¥¢, y = 2Fn, and the previous considerations, lead to (3.6) in this case, too.
It remains to consider the case s < 0. We have

(38) I V@I =inf {3 e V@l + >l v @)},

lee| <[] ler|=—[s]
where the infimum is taken over all possible representations (3.2) (observe —[s] = [—s]+1,
if s ¢ Z). By (3.7), we obtain for £ € E:
(3.9) @)= > 27l (©).

la<—[s]
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Since we are free to vary the representations locally, the right-hand sides of (3.9) run
through all possible representations of @ (£) on =, and hence

1Gs H @) ~inf {30 27 lgp @)1+ Y e H @) )
la<—[s] la|=—[s]
By (3.5) and (3.6) for s > 0, the right-hand side of (3.8) is equivalent to
inf { 372207 (N7 atelpn 2@+ YD e a6t ) }
k>ko || <—[s] |a|=—[s]
= inf {terms on G+
S o (S jakelgp @) Y |2 E b)) ).
k> ko o] <—[s] la==[s]
the infimum is always taken over all representations (3.2). Since ), inf... <inf}", ...,
this leads to
s H* (Gro)I? + D 22074325 (2| < C(s, 8,5, 09) |1 V5 (@)1
k>ko

To see the reverse inequality, we decompose ¢ = >, -, (¢, where {(j}x is a partition
of unity subordinated to the covering {Gy}, with 9%(; uniformly bounded independent
of k and |a| < —[s], and find

e VEIIP < C D lles Vi (G I

k>ko

Here for k > ko,

(3.10) o V3 (Gl = 2= ing {37 27kl L2(Gy)|
o <—[s]

0 12l G

loe|=—1s]
where now the infimum is taken over every representation
Pla, = Z 3Q<P?k)
o] <—[s]
separately on each Gy. Using (3.7) again, we calculate from (3.10) for k > ko:
s V5 (Gr) || = 2" =372 |G e (2,
which finishes the proof. m
3.2. The Stokes problem in Kondratiev spaces. Let s > 0, to the Stokes problem (Sp) we
associate a natural domain for the solutions,
(3.11) D5V (Q) = VﬁSH(Q)3 x V5 (82),
a natural range for the set of data,

(3.12) AV (Q) = V57 Q)? x VE(Q) x HF/2(0Q)%,
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and the linear continuous operator
A% DEV(Q) 3 u= (v,p) — (Sou, Bou) € Z3V ().

To state the result on the Fredholm properties of Ag, we recall the notion of the power
solution. For A € C, a power solution of generalized degree \ is a solution

(3.13)  Ulx) = (V(x), P(x)) = ("V(9),7* " 'P(g)), with¢=r"'we§?
to the homogeneous Stokes system in the punctured space:
(3.14) ~AV +VP=0, divV=0 inR3\{0}.

It is known (see [9, Ch. 6], e.g.) that any such solution is either a polynomial or a
linear combination of derivatives 0“7, where £/, j = 1,...,4 are the columns of the
fundamental solution matrix in R?. Since

&l () = (8m) (Gygla| " + mawgla] ), 1 < i, j <3,
£ (w) = &f(2) = (4m) Myl %1 < <3,
E44(x) = §(z) (the Dirac measure),

we see that 1,2, £ are power solutions of generalized degree A = —1, while £* can be
regarded as a power solution of generalized degree A = —2. Moreover, it is clear that in
R? \ {0}, power solutions of degree A exist if and only if A € Z. We have the following
result on existence, uniqueness and asymptotics of solutions to the exterior Dirichlet
problem (Sp).

THEOREM 3.2. (i) Let s > 1 and (f,g') € Z5V(Q) and u € H}P1(Q)® x H,.(Q) be a
solution to the Stokes problem (So) with u € V§___(Q)* x V§_ (), then u € 75V (Q),

and
3.15) w25V < CUI(f, 9 25V ()| + llu; Vi g1 (D] + llp; VE_ (D))

For s € ]0,1], it is sufficient to require p € HfocﬂV[;lsil(Q) and replace the corresponding
norm in (3.15).

(ii) For any s > 0, the operator Aj is Fredholm iff there exists no power solution of the
form (6) with A =0 —s—1/2, i.e. iff

(3.16) B—s—1/2¢ L.

(iii) The operator A is injective, iff 3 — s > —1/2, and surjective iff (3.16) and 8 — s <
1/2, thus A} is an isomorphism iff |3 — s| < 1/2.

(iv) Assume B as well as vy fulfil (3.16) and 8 <~y < B+ 1. Let u = (v,p) € Z5V () be
given with (f,¢') = Aju € Z5V (S2). Then u has the following asymptotic representation

J
(3.17) w="U+a, where U = ZajUj, i€ 25V (),
j=1

together with the estimate

(3.18) @ 25V + Y lasl < CUI(f. ) Z5V QI + |us VE_, 1 () x VE_()]]).

j=1
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Here U is a power solution of generalized degree A which is an integer in the interval
I=(s—vy—1/2,8—3—1/2), the set {U',..., U’} forms a basis for the corresponding
vector space of power solutions. If INZ =0, then the > ... in (3.17) and (3.18) is void,
which implies u € 25V () then.

Proof. For an integer s € N the assertions (i)-(iv) can be found e.g. in Chapter 6.4 of [9]
and also in [15]. Combining the results of [14] with those of [3] and [15] they extend to
s =0. For s > 0, it is enough therefore to prove the a priori estimate

(3.19) s Z5V ()l < CIl(Sow, Bow); Z5V () + llus Vii_ o1 (2)° x Vi, (Q)]]).

Since ||p; Vﬁ_j871(9)|| < |lp; V§_ ()|, we have (3.15) then, too. We employ the method
of increasing the local smoothness (see, e.g. [18]) together with Lemma 3.1.

Let G C R3 be a bounded domain with G of class C!*)¥2. Then the following a priori
estimates hold:

(3.20) lo; HFHG) |12 + |lps HP(G)]1? < Ca(|Sous H*TH(G)? x H(G)|?
+ o H V2G| + [|vs LG + llps HHG) ),
for any u = (v,p) € H**1(G)? x H?(G), furthermore the interior estimate
(3.21) lo; HFHG) | + llps H3 (G|
< C([[Sous H*HG)* x H* (G| + v L(G)|| + llps HH(G)])),
where G’ C G is a strictly interior subdomain, ie. G C G (see Theorem 10.1.1 in [18],
Theorem 6.4.8 in [5] for s > 1/2, for s € [0,1/2) the inequalities (3.20) and (3.21) follow
from the results of [3] and interpolation arguments). We define the set of subdomains
{G}.}k>k, as in Lemma 3.1, where we choose j = 1, and {G}r>k, With G D G, in the
same way, but with j = 2. Then for k > ko, the transformation x — ¢ = 27*2 transforms
G)., Gy into Z' and E, with ZcE= {1/4 < |&| < 4}. With 95(£), pr(§) as in (3.4) we
calculate by means of (3.7) that for k > kg
— Aty + Vi (28pr) = 227 1., diveiy = 28 fu
on Z, where (f', f1) = Sou. We apply (3.20) on G and (3.21) on =’ and Z, which leads to
s H*HH(ED 12 + 225 HE(21))|?
< CY¥(fis H 7 EP + 22| faes HE @) + ow; L2E) | + 22 |pw; HH(E)|P),
where C' is independent of k. Multiplying these series of inequalities by 22+(8—s—1+3/2)

and then using (3.6) leads to (3.19), if we observe the trace estimate

[0ljaf=zzbo s HH2( )| < Cllos B (Grg41)- m

4. A priori estimates in step weighted spaces. To find optimal estimates for the
perturbed problem (S.), the Kondratiev spaces as in Section 3.2 are not adequate. This
is due to the fact that the differential operator S. is not admissible in any neighborhood
of infinity in the sense of this theory (see, e.g., [9, p. 99 and p. 241 ff]). We have to take
into account the structure of the differential operator as well as the dependence on the
small parameter . Following [8], we do this by introducing step weighted spaces. For
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I € No, s« <l and ¢ € (0,1] we define Vf{’ﬁ(Q;s) by completing C§°(£2) in the norm
15V, 5(2;0)l, where

1
o e e\ 2(h—s)4
(A1) (s VEs(@e)® = e VEI2 + 3 /Q ramet (2 V"¢ da.
h=0

Thus, for s = [, we have Vi,B(Q) = Vﬁl(Q) For » < [, we can rewrite (4.1) as

(4.2) e VE g (@) = s VE@IP + Y M2 1r Ve L2 Q).

2<h<l
Here the weight exponent of - is the same for all derivatives Vv with h > s, in contrast
to the Kondratiev norms || -; V5, ,_ ()|, where the weight exponent increases by 1 with
every derivation. If sz = 0, all derivatives V" € V[? (Q), but accompanied with the factor
eh. For » < 0, we have

s VE s( Q) I1” = llos VE( QN> + e |05 Vg s () |1

In any case V)L 5(Sse) C H, ! (9). Since 0Q is compact, there are the continuous trace
operators ¢ — 9¢|aq, where h = 0,1 and [ > 1+ h as in Section 2 with e-independent
bounds for their norms. This means, if we supply H'="~1/2(9Q) with the norm of
Hl};hf:l//é (09Q; €) as in Section 2, then

I—h—1/2
(4.3) |0k H 209 2)|| < Cllgs VL 50|
with C' independent on € € (0,1] and 5 € R. The following estimates on homogeneous
partial differential operators are validated by elementary calculations.

PROPOSITION 4.1. Assumel € N, 3 <1, B €R, p€[0,1] and o € N} with || < 1. Then
for any ¢ € V. 5(%;¢),

(4.4) 16°0: V=3, 5@ e)ll < Cligs VL (e,
(J,’I?,d, Zf%+,u‘gl7 ‘Oé|7

« Q I—|a
(4.5) el 10 o VIl (@i )| < Cllgs VL 5(2€)]l-

To problem (S.) we assign the following natural domain and range (compare (3.11)
and (3.12)) for I > » + 1:

D5V (Qie) = VI 5(%6)* x VI (),

(4.6) H, 5V (Qe) = VL] 5(Q6)* x VI (e) x
1+1/2 1-1/2
xHE (00:0)° x HL [P, (09¢).
From (4.3)—(4.5), we obtain that the operator related to problem (S;)
Aifﬁ L DL V(D) 3 u— (Seu, Beu) € L, 5(Q¢)
has a norm bounded independent of € € (0, 1].

We proceed with an e-independent a priori estimate for solutions to problem (S.).

LEMMA 4.2. Let 2 € [0,3/2), h € N, I > s+ 1 and B € R be given. Assume further
u® = (v°,p°) with v € HFH(Q)? N V[g_%_l(Q)?’, p° € HIHQ) N VBO_%(Q) is a solution

loc loc
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to (Se) with (f,g) € #., 5V (Q;e). Then u® € .@L’BV(Q;E) and
[u®s 2% 5V ()|l < CUI(f: 9); 2o sV ()| + (1055 V1 ([ + 1955 VE_. ().
The constant C' is independent of u®, the data (f,g) and the parameter € € (0,1].

Proof. Let ko and Gy, G}, E, E' be defined as in the proof of Theorem 3.2. On G, we
apply (2.2) and obtain

4.7) w5 ZLH (G5 0)|1? < CUIS 9); ZLH (Groi oIIP + [lu; L2 (G ) 1)
For k > kg, we obtain from (3.7);:
—27 2N + 27V s = fi,
—622_2kA5ﬁ2 + 27 Fdiv 5’{)]‘2 = f4,k
. Thus, (95,2%p5) solves the problem
Se (07, 2597) = (22 f1, 2% fax)
on Z with the new small parameter ;, = 2~ %¢. The interior estimate (2.2) leads to
(4.8) 107 HLEL (B en) 1P + 12897 Ho (s e
< C(12%% fis 2y (Ssen) 1P + 1122 fas HL(Esen) |
+og; L2E)? + 112865 L2 E)1?),
where C' is a constant independent of k£ and . Observe that due to the transformation
of the small parameter ¢, for example

[1]

on

I+1
|o5; HAL (B en) 1P =) (27720 | Ve, L2 (2))1,
k=0

the other expressions in (4.8) are calculated correspondingly. We multiply (4.8) by
22k(B=2>=1) "sum over (4.7) and (4.8); with k > kg, then Lemma 3.1 gives the desired a
priori estimate. m

The next step is an investigation of solutions to the Stokes problem (Sp) in Vi,ﬁ(ﬂ; €)-
spaces. The difference from the results of Theorem 3.2 is the following, very roughly
speaking: for data in Kondratiev spaces the asymptotic decay with r — oo of the data as
well as for the solutions increases with each derivative. In V;l(, 3 (2; €)-spaces the asymptotic
behavior of the data’s derivatives remains the same for derivatives of sufficiently high
order, the same we can anticipate for the solutions. On the other hand, if e.g. f' € H'(Q),
and f4 = 0 in problem (Sp), we cannot expect a solution with v € H*2(Q), p € H'*1(Q),
but only Vv € HY(Q), Vp € H(Q), while v € VZ(Q), and p € Vi (Q) (see, e.g., [13]).
For | € N and s € [0,!] we put

(4.9) Dl 5V (e) = V11 5(Q6)° x V,, 5(%¢)
_ l
(4.10) R 5V(Qie) = VIT] 5(256)* x VL 5(25) x HI T, (005 )%.

PROPOSITION 4.3. Let |8 — 3| < 1/2. Then the mapping u — (Sou, Bou) defines the
isomorphism Al%ﬁ : Dl%ﬁV(Q;s) — RLBV(Q;E), where the norm of Al%ﬁ as well as the
norm of (Al%ﬁ)_1 are magjorized by a constant independent of € € (0, 1].
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Proof. The continuity of Al 5 with e-independent bounds for the norms follows directly
from the definition of the spaces. Since (compare (3.11), (3.12))

(4.11) 1(£,9"); 25V QI < I(f,9'):RL 5V (259)],

Theorem 3.2 ensures the existence of a unique solution u € Z5V(f2) to problem (Sy),
together with the estimate

(4.12) lus ZEV(Q)N < CII(f,9'): 25V (Q)]-
Moreover, v € H ;;—cl(Q) p € H! .(Q). It remains to estimate the terms

et OV (), [+ 1] <q < T,

etV L2(Q)|l, [ <q<l.

Since 0 ¢ Q, the space V2(Q) is continuously embedded into V,?_(;(Q) for any v € R, and
0 > 0, therefore, we have for ¢ = [3] + 1,...,1
(4.14) lu; VE_ g1 ()% x VE_ ()l < Cllws V_._1(Q)° x VE_ (D).
From the definition (4.2) of the V;i, g-norms and the trace norms in Section 2, we also get
(4.15) I(£,9"): 25V ()] < Ce@||(£,9') RS, gV ()],

where C' is independent of € € (0, 1]. Note that on the left-hand side we have just the
Kondratiev space, where the highest derivatives V¢~ f’ and Vif, € VBO(Q).

We multiply the a priori estimate (3.15) for the Stokes system by 9%, then use e < 1
and ¢ — s > 0, (4.14), (4.12) and (4.15) and arrive at

1™ lus VITHQ)? x VH(Q)]

(4.13)

< CeT*(I(£,9); ZEV QI + lu; VE_ 1 () x VE_ (D))

< C(I(f. g )R gV (Q0)|| 4+ €% [us VE_, 1 () x VE_ (D))
< C(I(f, )R V()| + 9% [|us Vi, ()% x VE__(Q)]))
< C(I(f, ) RL V()| + e 7I(f, ') 25V (Q))

< CI(f, 9 ) RL 59,

for the last inequality we used € < 1 again together with the inequality (4.11). In the
whole chain the constants C' are independent of . The left-hand side majorizes the terms
in (4.13), thus we have ||(Al%,5)*1|| < C independent of ¢.

5. Asymptotics of the solutions to problem (S.). Let u® € 2. sV (%s¢e) be a
solution to (S;) with (f,g) € %ﬁmV(Q; €) where

(51) 1eENA=F+08,0>0#1/2,5<l—1,v—+1/2¢Z,5—F+1/2¢Z.

This means that the data of the problem have a stronger asymptotic decay as r — oo
than the solution lets expect. The aim now is to prove a result analogous to part (iv)
of Theorem 3.2. Since for a solution to the homogeneous Stokes problem, the pressure
is a harmonic function, any power solution U of (3.14) solves the problem S.U = 0
in R\ {0}. Moreover, if U is of the form (3.13), then Ulg € 2., ;V(Q;¢) as long as
floo P22 120 < 00, ie. f—x < =X — 1/2. Tt is not surprising that the power
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solutions of (Sg) appear in the asymptotics of u°. The amazing point is that they describe
already the complete asymptotic expansion.

The proof of this result requires a subtle play with embedding inequalities between
Kondratiev and step weighted spaces, and the known results for the asymptotics of the
solutions to (Sp). To this end, we observe that u® solves the Stokes problem
(5.2) —AVHVpE = [, dive® = fy +2Ap°, o =g
The main point here is to find the common Sobolev space for the right-hand side of the
divergence equation. At a first glance, we find f4 € V*(Q) C VY (€), while e?Av® €
V2 (). Since 0 ¢ Q, we have VE(Q) C VBO_(%_(;)(Q), if 52 — ¢ > 0. For the moment this
leads to a restriction for the gap between the weight exponents 8 and -y, which we have
to overcome. We also emphasize an elementary, but fundamental property of the VB"(Q)-
spaces: the decay at infinity is determined by the difference 3 — . Thus ¢ € Vg‘*‘;(Q)
means that ¢ has less smoothness than VB"(Q)—functions, but a stronger decay at infinity.
On the other hand, the asymptotic expansion of a solution to (Sp) depends only on the
decay at infinity of the data and the solution, but not on their smoothness properties.

We collect the precise conclusions about the right-hand sides to problem (5.2) in
the next lemma. Before this we recall some inequalities in Kondratiev spaces and step

weighted spaces, which can be easily derived from their definitions. Due to (4.2), we have
for % <I,1 €Ny, f€R and ¢ € VL/BV(Q;E):

(5.3) e VE I < llg; Viz gV (5 9)l-
Furthermore, if § > 0 in addition, then
(5.4) I3 Vs 5(0)|l < Cllgs Vi sos(Q ).

As for the last inequality, we can compare the stable parts of the norms and the e-
dependent parts directly. From the definition of the Kondratiev norms we see

(5.5) s V2l < Cllgs Vs (-

If 52— 6 € Ny, this is evident, otherwise we can use Lemma 3.1 and interpolation inequal-
ities. Since € € (0,1], and r > ro = max{|z| : z € 9Q} > 0, we obtain for h > 3 — ¢:

eIV o Q)| < C MOV L2(Q)),

which finally shows (5.4).
If, in addition, s # 1/2, 5 — § # 1/2, then from the definition of the trace norms in
Section 2, we also obtain

(5.6) lpjons HL L2, (0 0)]| < CllprHL L2, (00 2]

LEMMA 5.1. Let l,7v,08 and ¢ fulfil (5.1) and assume in addition, that > — § > 0, but
#1/2, then for (f,g) € %L’,YV(Q;E) it follows that

(5.7) (f,9"): 25V < CI(f.9); %55V (o) < C(f, 9): %,V (Qie)].
Forpe Vf{"? (),

(5.8) €2 Ap; Vo 5 ()|l < Celp; VI (9]l

(5.9) 12 Ap; VE2(Q) < Cllps VEL (59)]1.
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Proof. Estimate (5.7) immediately follows from (5.4) and (5.6). As for the other two
inequalities, we observe that from definition (4.1) we have

I+1

2(q—2)+
. Z/ %+q> ) Vip(2)[Pde < ||p; VLS (2:9)]°.

Since » < 3/2, and, therefore, 24+ ¢ — s > 0 for ¢ =0,1,...,1 — 1 we obtain
(5.10) e e A Vo (@ )ll?

2(2+
_Z/ 2B se+2+) _) 99 Ap ()2 < O,

This already proves (5.8).
Now let G, k > ko be defined as in Lemma 3.1. The square of the left-hand side of
(5.9) is equivalent to

(5.11)  le®Ap; H*=2(Gi) |2 + Y (29)2F 032722 A H2(2) %,
k>ko

while the left-hand side of (5.10) is equivalent to

(5.12) e || Ap; Hy H(Gro) 1 +

-1
Z Z52(q—u)(2k)2(ﬁ—Q)+3”vg(SQQ—QkAgﬁk); L*(2)|2.

k>ko g=0

Clearly, we have
12 Ap; H*~(Gio )| < e[| Ap; H (G )

since  —d < [ —1 and s > 0. It remains to compare the summands with & > kg in
(5.11) and (5.12). Let us first consider s — ¢ = 0,1. If ¢ — § = 0, then the k-th summand
in (5.11) is majorized by the k-th summand of (5.12), since e~* > 1, the same is true, if
» — 6 = 1, since then ¢=**!
argument: We put ¢ = (2F)#=2+3/222 A, and recall the interpolation inequality

s H*=°(E)|* < C [lops H™(E) P/ ™|op; LA ()220 0/
with m =1 for s — 6 < 1 and m = 2 for » — ¢ € [1,3/2). Multiplying this inequality by
(228)=(*=9) and applying Young’s inequality, we find that

(2°%)" |y H2(2)||

< C((22k) (5e— 6)”1!] Hm( )H2 x—3)/m 2(;{ 6)(1—(3c— 5)/m))

> 1. If » — ¢ is non-integer, then we use an interpolation

(W LZ( )”2 2(3x—38)/m 72(;4 6)(1—(3c— 6)/m))
< O((2%) D g H™(E)|P + 20 |l LA (E)),

where C' depends on 3 — §, but not on ¢ € (0,1]. Thus, e~(*79 < £=* we obtain that
the k-th summand of (5.11) can be estimated by the k-th summand of (5.12) multiplied
with a constant C. This yields (5.9). m

With Lemma 5.1 at hand, we can prove the result on the asymptotics of the solu-
tions wu®.
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THEOREM 5.2. Let 3 € [0,3/2), I, 8, fulfill (5.1). Suppose u® € Z, 8V (8%¢) is a solu-
tion to (Scu®, Bou®) = (f, g), where (f,g) € %Lﬁ (Q;¢). Then u® admits the asymptotic
representation

J
(5.13) u® = Z bjUj + af
j=1

Here U; = (r*U;(¢),7*1P;($)) is a power solution to the Stokes system as in (3.17),
and A again is an integer in the interval Iy = (3x—vy—1/2,5c—(3—1/2). The corresponding
estimate holds with a constant C' independent of €:

J
(5.14) 1|85 2%, V()| + Y 1bil < OIS 9) Ze V(i) + [[us 22, gV ()
j=1

If Iy contains no integer, then the sums in (5.13) and (5.14) are void.

Proof. Step 1. Let us first assume that v — 8 =6 € (0, ) \ {1/2}. From Lemma 5.1 we
obtain (f', f1 +e2Ap®,g') € %giéV(Q), while for the solution u® we use (5.3) to see

(5.15) lu®; ZE5V(Q) < Cllu®s 25V Q)| < Cllus; Z2, 5V ()]

Observe that o = (5 —d—03—1/2,5c— 6 — (8 — &) — 1/2). Theorem 3.2 (iv) provides us
with the representation (5.13) and the estimate

J
(5.16) Y [bjl + a5 25 V() < OIS, fa+ 2007, g): 25V (Q)]

s VE s ey X Vs (s (D)
< CUI(f,9): Zoe ()| + 105 VE_e ()] + (1955 V()1
here we used (3.18), Lemma 5.1 and (5.15). Since S.U; = 0, we obtain
J
g:=9g— B: ijUj on 0f).

j=1

S.if=finQ, B.i®

Moreover, U; are fixed functions and the boundary 052 is compact, thus

J
1/,9)s ZL V(i) < C (191 L V(i) + D 1] )< CICS 90 L ()]
=1

From the definition of the norms it follows again that
(5.17) 1555 Voo ()] + 1155 V()]
= |[o° V,@ (e—8)—1(2 )|| 1155 VE— sy (D < 1 25V ()]
We apply the a priori estimate of Lemma 4.2 and find that
155 75,V ()l < CUIS, 3); B n V(2 )|+ 11555 Voo () + 11575 V()]
Combining (5.16) and (5.17) with the last inequality leads to (5.14).

:S'tep 2. Now we permit 6 =y — 3 > s for the gap. We choose N large enough, such that
§=6/N €(0,)\ {1/2}. Due to 0 ¢ €, it follows that

(5.18) 1,90 2., 515V (B e)ll < CNI(f.9): 2,V ()]
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for k = 1,...,N. We apply the first step with + replaced by 3 + 6 and find the rep-
resentation (5.13) (recall that the sum may be void), where |a° %l 5V ()| may
be estimated by the right-hand side of (5.14) with the help of (5. 18) for k=1,...,N.
Iterated utilization of this argument, first time applied to u°, 0 replaced by G + ké, and
v by B+ (k+ 1)5, for k=1,...,N — 1, leads to the final assertion. Watching carefully
all the pertinent constants C' confirms their independence from ¢ € (0,1]. =

REMARK 5.3. If we apply Theorem 3.2 and Theorem 5.2 several times, we get rid of
the condition that the intervals I and Iy contain at most one weight exponent which
is not admissible. In this case in the asymptotic representation of the solution u® there
appear all power solutions to the system (3.14) whose restrictions to  are contained in
73 5V (Q;¢), but not in 2., .,V (Q;¢). The sums in (5.13) (as well as in (3.17)) have to
be enlarged to

I
> D bagUn

AEIHNZ j=1

where Uy ; = (r*Vy j,7* 7Py ;) form a basis for the power solutions to (3.14).

6. Solvability of problem (S.). Up to now we have no result on the Fredholm property
of the operator Al%ﬂ related to problem (S.). With some technical efforts, Theorem
3.2 can be transmitted to the perturbed problem, this means Al%, 5 Possesses Fredholm
property as long as f—sx—1/2 ¢ Z, and corresponding results on the nullity and deficiency
also hold true.

However, for our purposes, it is enough to have the result analogous to Proposition
4.3, i.e. to prove the isomorphism property for |3 — 3| < 1/2. After removing the inhomo-
geneity in the boundary conditions, we look for solutions with finite Dirichlet integral, i.e.
Vus € L?(Q), then use the process of local improvement of smoothness properties and
our theorem on asymptotics. To this end we introduce the notion of a weak solution here
in the following way. Let f € L? () be given. We call u¢ € L? (Q)* with Vu® € L?(Q)
a weak solution to the problem S.u® = f, Bou® = 0, if

(6.1) ba(us, ) = [ Vv°: VY 4+ 2Vp*Vihy da
Q

+/(V-v€>w4—p€<vw'>dx= f o,
Q Q

for all ¢ = (¢, 1p4) € €(Q) := C° ()3 x C§°(12), the colon : between two 3 x 3 matrices
indicates the scalar-product in R?, while the dot - stands for the usual matrix product.
If © were bounded, by the Lax Milgram lemma, a weak solution is easily obtained in the
Hilbert space H(Q) = I;TI(Q)3 x H'(2) which is the closure of C§°(Q)? x C§°(Q)+ with
respect to the Dirichlet norm ||V -; L?(Q)]|. As for the exterior domain ), the closure of
€(2) with respect to the Dirichlet norm coincides with H(Q) := {u = (v,p) € Vi}(Q)? x
Vo (2) : vjpq = 0}. But here we come across the difficulties that only the first term in bg
is continuous with respect to this norm. Additionally, the functional ¢ — fQ fa - udz is
not continuous in general. The reduction to the case fy = 0 will serve both problems.
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PROPOSITION 6.1. For any ¢ € L*(Q) = V(Q), there exists a vector field ® € Vi (Q)3
with div ® = ¢, ®|gpq =0 and

(6.2) 125 V5 ()| < Cllg; Vo (D),
with C' independent of .

Proof. We use a well known construction. We put ® = Vq + ®,., where ¢ € VZ(€) is
a solution to the Neumann problem Aq = ¢ in Q, 9,¢ = 0 on 02, and ¥y, is a local
correction. It is well known (see e.g., [6] and [16]) that ¢ exists and is uniquely determined
up to a constant, hence

(6.3) IVa; Vo ()l < Clls Vs ().

To remove the tangent boundary values of V¢, we put 0, = QN B,, where B, is an open
ball B, D 9. We choose ®* € H!(Q2)3 with supp ®* C , such that ®!|sq = Vg|an and

(6.4) (@5 V5H Q) < O Hy ()] < ClIVg; H2(09)]| < C|[Vg; Vi ()]

Of course, div ®! has a support in €2, too, moreover, since ® - n = 0 on 952, it holds
Jo div @' = 0. By the results of [1], e.g., there exists ®* € H'(2,)* with div ®* = div &'
in PQ[, and ®2 = 0 on 99,, together with the estimate

(6.5) 122 H' (Q,)|] < [ldiv @15 L*(2,)]| < Cll@h; Vg ()]

We extend ®2 by 0 to the whole of Q and put ® = Vg — ®! 4+ ®2, by construction
div ® = ¢, ®|pn = 0 and collecting (6.3) - (6.5) leads to (6.2). m

THEOREM 6.2. Let s € [0,3/2)\{1/2},1 € N withl—1 > 2, and 3 € R such that |—s| <
1/2. Then the operator Al%ﬁ defines an isomorphism, i.e. for any set of data (f,g) €
%ﬁrﬂV(Q;e) (see (4.6)) there exists a unique solution u € @Lﬂ‘/(Q;E) to problem (Se),
and the following estimate holds true with a constant independent of € € (0,1]):

(6.6) lu®; Z2 sV ()| < ClI(S, ) 22 gV (2 €)-

Proof. Step 1. Reduction to homogeneous boundary values. By using the result on pro-
longations of boundary values as mentioned in Section 2 we find u¥ € H!**(Q)* with a
compact support in € such that

(6.7) lu; ZL gV (2 e)|l < Cllgs HL 7, (09)° x H. 147, (09|

and B.u! = g on 9Q. We put f# = S.uf, it is enough now to find v with S.u® = f — f*
in Q and B.u® = 0 on 0f), and we keep the inequality
(6:8) /% V.21 6(Q° x VG Q) < Cliubs 25, 5V (Qs0)| < 1(f.9): 22 5V ().

Step 2. The case B — 3 > 0. If § — 3 > 0, then u® € .@LﬁV(Q;e) (see (4.6)) implies
ve € VY(Q), p° € HY(Q). Now if u® solves the homogeneous problem we can use (6.1)
with ¢ = u®, since then all integrals converge. Thus 0 = b (u®,u®) = ||Vov®; L?(Q)]|? +
e2||VpF; L?(Q)]?, together with u® € V() this implies u® = 0.

Our next aim is to prove the existence of a weak solution u® to the problem S.u® = f
in Q, Bcu® = 0 on 90 with (f,0) € %L’ﬂV(Q;s). Due to the difficulties mentioned
before we cannot directly argue in H(2). From the definition of %L 3V (Q;¢€) we know
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fa € VJ_(Q) C L*(Q). Due to Proposition 6.1 there exists v' € V' (Q)® with vanishing
boundary values, div v! = f, and

lv's Vo ()l < Cllfs V@Il < Cllfa VE(Q)I-
We search for u® = (v',0) + uf, then it suffices to find u® with
(6.9) b (us; ) :/(f’.z//—vulw/) dz
Q
for all ¢ € €(Q). We fix p as in the proof of Proposition 6.1, for R > p, we put Qg =
{z € Q:|z| < R}. To Qr we assign the space
C(Qr) = {t = (', ¢4) € C®(Q)* : suppy)’ C Qr, ¥y = 0 for |z| = R}

and the Hilbert space H(2r) as the closure of €(Qr) with respect to the Dirichlet norm
on Qr. Thanks to Hardy’s inequality, we have

(6.10) Ir =14 L2(Qr)|| < C|[V4h; L*(Qg)|| for all ¥ € €(Qr)
with a constant independent of R and . For f’ € Vf{_ll,ﬁ(Q; g)3, we have
L5 VETH I < IS5V s e)])-
If o > 1, it follows Vﬂ”fl(ﬂ) C Vﬁ_%+1(Q) C VP(Q). If 5 € [0,1), then according to
(3.2), fi = f{ + X2, 9;Fij, i = 1,2,3 with

1F5 VEH N < 1% VE- e a (D) +ZII i VE@QI < 2015V 9Q)

Since 3 > 2, we have V3*(Q2) C L?(9), in both cases we end with the following estimate

/(f’-w’—Vvlszl)dx
Q

(ZHFU,LQ Qr)| + Vol L2Qn)| ) 199 L2(@p)]

(6.11) < |[lrf% L2(Qa)| Ir~ 19" L ()|

A

< C (I VR@I+ Y IFs VROl + 15 V@I ) IV 22(@n)|
0,J

< 3CI(£,0); 2., 3V () [ VY'; Qrll

with a constant C' independent of f, R and e € (0, 1]. The bilinear form bq, is continuous
and coercive on H(Qg) for any R > p, thus, the Lax-Milgram lemma provides us with a
unique solution uy € H(Qg) fulfilling

bay (g ¥) = / (f' - — Vol . Vo')da

Qr

for any ¢ € H(QR). Because
bay (Wi uh) = Vi L2(Qr)[1? + €2 Veg|,
the a priori inequality
Ir~ s L2 (QR)I| + [ VoR; L ()
+ o e(lr R L2 Q)|+ IVe%: L2 Q) < CI(f,0: 22, 5V (2 €)|
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is valid independent of R > p and ¢ € (0, 1], thanks to (6.10) and (6.11). Extending u5,
by 0 to the whole domain €2, this gives

(6.12) l0%; Vo (D] + ellpg; Vo ()] < CII(£,0): 2., 5V (2 €)]|-

Thus, there exists a sequence R, with R,, — oo such that uf converges weakly in Vi ()4
to a solution u® of (6.9), and (6.12) is preserved for u®. Clearly, u® = (v!,0) + u® fulfils
(6.1) and the inequality

(6.13) lv%s Vo ()1 + €llp%; Vo (D] < CII(£,0): 2., 5V (2 €)]-

Since we finally want u® € .@L BV(Q; g), we need to improve the regularity and decay

properties. Since f € H.-1(Q), we clearly obtain u® € H'*1(Q). As for decay properties,

loc loc
in particular of p®, the estimate (6.13) is too weak — with respect to € and (. In order to

remove this, we employ Theorem 5.2. We have v¢ € V1(Q) C V9 (Q) C V%(Q), while
p° € VO (). Since %L”BV(Q;E) C %LB(Q;S) for B > 3, for B > s we get

(6.14) 1(f,0); 2., 5V Q)| < C|(f,0; Z., .1 (e)|

sy —1
with C independent of e. Lemma 4.2 leads to
(6.15)  [lu%; Z;, .1 ()|l < CUI(S,0); Ze s (B )| + (1075 VI + (07 VIL(D)])-

Theorem 5.2 on asymptotics, here used for the weight indices 3, s» — 1, implies the
following asymptotic representation (observe the restriction s+ 1/2 > 3 > 3 > 0)

3
872 ~€
u = bjejJru,
j=1

where e; the j-th unit vector in R*, moreover,
3
(6.16) Dbl + a5 L gV (0|
j=1

< C(I(£,0); 2., gV ()| + ||uf; Z2, o1 (2 €)l)

< C(I(£,0) 22 sV ()| + 0% V(D] + [Ip% V21 (2 6)),
where for the second inequality we used (6.14) and (6.15). Since we know already u® €
V9, (9), which can only be true if all the three constants b; vanish, thus u® € .@L”@V(Q; €).
From (6.13) we get

o5 VE ()] < Cllo%; VL QI < CII(f,0); 22, 5V (),

and it remains to find a suitable estimate for p° in order to remove the second term
in (6.16). Since u® € QL,QV(Q;s) C 25V (Q), we know already p® € VF(2) C V2(Q)
and we need only to control the latter norm itself. Let » € V() be arbitrary and

® € V3 () the solution to div ® = ¢ according to Proposition 6.1. Furthermore, we
choose a sequence ®,, C C§°(Q2)? converging to ® in Vi (Q). We use (6.1) for ¢ = (®,,,0)

and find
/ Vot : VO, dz —/ f - ®,dr = / pEdiv @, dx.
Q Q Q
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Here it is possible to pass to the limit in all terms, and repeating the arguments for (6.11)

leads to
‘/ pPodr| = ’/(va : VO — f'®)dx
Q Q

< C|(f,0); 2, 3V (0] 195 Ve ()]
< C|(f,0); 2, 3V ()| o VR,

which leads to
Ip%, VO () < CII(£,0); Z., sV (4 €) |

independent of € € (0, 1]. Finally, we have proved that the right-hand side of (6.16) is
majorized by C||(f, O);%’ﬁf’ﬁV(Q; )]l

Step 3. The case § — » < 0. We now fix » € [0,3/2) \ {1/2}, and 5 € R with g — s €
(—=1/2,0). It is enough to extend (6.6) to this case, too. Since, by Step 3, we already know
the existence of solutions in @L’ 5V (€;¢) for data with compact support in Q, the result
then follows from density arguments. Furthermore, by Step 1, we may restrict ourselves
to the case B.u® = 0 and start with the uniqueness of solutions. If u* € .@L”@V(Q; g)isa
solution to the homogeneous problem, then Theorem 5.2 gives u® € .@L’ ﬁV(Q; ¢) for any
3 € [, %+ 1/2) (observe that the interval (—1/2,1/2) is free of critical values for § — )
hence u¢ = 0 by Step 2. To see (6.6) we apply a modification of standard compactness
arguments: We choose ¢ > 0 small enough such that still 5 — 0 — sc € (—1/2,0) is valid.
For u € .@L”@V(Q; ¢) with Beu = 0, Seu = f, from Theorem 5.2 and Lemma 4.2 it follows

6.17) w2 gV (L)l < CUI(f,0: 2 5V (X )l + llws 22, sV (:6))
< O(I(£,0: 2. sV ()| + 1 (f,00; 2., 55V ()
Hlvs Vs e a (DI + s VE_5 (1)
< CUI(f,0): Z5. gV (B )| + [0 VE_s—_ et (D] + 193 VE_s_. (D))

The last two terms have to be removed. To this end, we recall the embeddings
(6.18) 7L, 5V (Qe) C VI (Q) x VF(Q) C V55 1(2)° x VI_5 5() = V.

The embedding constants are bounded independent of € and the second embedding is
compact. Assume (6.6) is not true, then there exist sequences {e,}nen C (0,1] and
{un} C 2., 5V (Qe) with [lun; VO|| = 1 and [|(Sc, un, 0); Z, 5V (s en)|| — 0 as n — oco.
Without loss of generality we require lim,, o €, = €. Then (6.17) and (6.18) imply that
wn, 25V ()| remains bounded. After possibly extracting a subsequence, we obtain that
u, weakly converges to ug € Z5V(Q). Since ||-; Z5V ()| < || -3 %, 5V (2 ¢)]| for all
e € (0,1], we know that

(6.19) —Avy, + Vp, — 0in V771(9Q),
(6.20) div v, — 5 Ap, — 0 in V().

(6.19) gives already —Awg + Vpg = 0. As for the limits in (6.20) we convince us first that
g0 > 0. On one hand, as V*(Q2) C Vﬁ’{:;(Q), it follows ||div v, — 2 Apy,; Vﬁ”:;(Q)H — 0.
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On the other hand,
1Ap; V2 ()] < CllAp; V()] < Cllpw; VE(©Q)] < C

which implies div v,, — 0 in ‘/5‘:22 (Q) if &9 = 0. Since div v,, converges to div vy weakly
in V3*(€2), this leads to div vg = 0. Thus ug € ZFV () solves the homogeneous Stokes
problem, and Theorem 3.2 leads to u® = 0, which contradicts |lug; VO|| = 1 (recall u,
converges to ug strongly in V). Thus, gy > 0 must hold. But then, for g9/2 < e < 1, all
Vf{ﬁ (€2; £)-norms are equivalent to || -; V}l{”@(Q; 1)|| independent of €. Hence u,, converges
weakly in 2., 5V (1) to a solution ug of Sz,u’ = 0, B.,u® = 0, which leads to the same
contradiction, since we know already the uniqueness result. m

7. Weighted spaces with detached asymptotics and error estimates. Propo-
sition 4.3 and Theorem 6.2 provide us with a common frame for the solutions to the
problems (Sp) and (S.). In order to take into account the behavior at infinity of the
solution while comparing u° and ¢, we introduce spaces with detached asymptotics. Let
2 €10,3/2)\{1/2}, 1 e Nwith I —1 > 3, v € R with

(7.1) y—xn€(m—1/2,m+1/2), meNy fixed.

For (f,g') € 27V (Q) C %7 ,,V(2), by Theorem 3.2, there exists a unique solution
ul € P,V (Q) to problem (Sp). Let U',...,UN be a basis for the power solutions of
the form (3.13) with A = 1,...,m—1, whose restrictions to  are contained in 27°_,, V' (€2),
but not in 27V (Q). Then, by (3.18), we obtain the representation

N
(7.2) w =Y Ui+ i, i@’ e 72XV (Q),

j=1
with now uniquely determined coefficients bg and a uniquely determined remainder %°,
together with the estimate

N
(73) [@% 27Vl + Y _16G] < ClICF 9 25V (@)
j=1
We extend this result to the solutions of (Sp) and (S;) in step weighted spaces.

PROPOSITION 7.1. Let s,l,m and v fulfil (7.1). For any (f,¢') € RLWV(Q;S) (compare
(4.9)) the solution u® € D! V(§2;€) to problem (So) possesses the uniquely determined

x,y—m

representation (7.2) with @ € D%V (Q;¢), and the following estimate is valid:
N

(7.4) DG+ 11a% D V() < Cll(F, o) R,V ()l
j=1

For (f,g) € %LNV(Q;E) the solution u® € P, _, . V(Qs¢e) to problem (S:) admits the
uniquely determined representation

N
(7.5) ut = bU 4 i
q=0
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and
N

(7.6) SO bEl+ a2, V()| < CI(f,9) 2L,V ()]

Jj=1

In both inequalities the constants are independent of € € (0, 1].

Proof. Like in Kondratiev spaces we have Rl _ V(€;¢) C Rl;w_mV(Q; g), thus by Propo-
sition 4.3 we obtain a unique solution u° € Dl%ﬁ_mV(Q; €), together with the e-indepen-

dent estimate

[u’ €D, V(Qe)l <Cl(f,9):RL, .V < Cl(f.9); R, V(Qie)|.

Since R;ﬂV(Q;e) C Z5(1), and Dl}f’ﬁV(Q;e) C 25V (Q) for any B € R, we have
already (7.2) together with (7.3). The estimates for the higher order derivatives follow

then by repeating the arguments of Proposition 4.3. The assertion for u® follows from
Theorem 6.2, Theorem 5.2, Remark 5.3 and (6.6) applied to =+ —m. n

Y—m

We can reformulate these result in terms of spaces with detached asymptotics. We
put DL V(Q;2) = {u: u fulfils (7.2)},
while the norm in D42 V(; ¢) is defined by the left-hand side of (7.4). Then DL% V(Q;¢)
is isomorphic to RV xDl,{ﬁV(Q; ¢). In a similar way we introduce D,V (Q; €), isomorphic
to RN x 2L, _V(Q;¢), as the space of functions fulfilling (7.5), provided with the norm
defined by the left-hand side of (7.6). Then

(S0, Bo) : D0 V(i) = RL\V(e), (S, B:): DL V(Qie) — £,V (Qe)
define isomorphisms. Now let (f,g’) € Rl,{ﬁV(Q;e) be fixed and u® € DL° V(Qs¢e) be
the solution to (Sp). We put g4 = 0, then (f,g) € %LVV(Q;@). Let u® € @l,fWV(Q;e) be
the unique solution to (S.). Clearly u® € ’}DZJ;?WV(Q; £), too. Moreover, since Ul = P7 is
harmonic for all j =1, ..., N, we have Ap® = Ap°. Thus the difference u® — u® solves the
problem (Sp) with right-hand side

(7.7) =0, fi=Ap°, g =0.

We apply Lemma 5.1 to find the final error estimate.

THEOREM 7.2. Let 3,1, m and ~ fulfill (7.1). For (f,g') € R.,_V(Q;e) (see (4.10)) let
ud € @l};?,YV(Q;E) c D! V(Q;e) (see (4.9)) be the unique solution to the exterior

x,y—m

Stokes problem and u® € DL V(Qe) C 2} V(;¢€) be the unigque solution to the

x,y—m
perturbed problem (S.) with (g = ¢’,0). Then the difference u® — u fulfills the following
error estimate

N
(7.8) SO = b5+ |50 — @ 7 4L V(e
j=1

N
= DY = b5+ 180 — 0% Vi 5 V() + 1B° — 5% Ve 5L (Qie)l
j=1

< C”||(f. 9 )i RL gV ()|
with a constant C' independent of € € (0, 1].
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Proof. We have u’, u® € DL° V(Q;¢) and u® — u® solves (Sp) with data (7.7). Since
2 > 0, the estimate (5.8) in Lemma 5.1, together with (7.6) implies

(7.9) e A5 Vo, L. (2 0) | < Clle?A5%5 Vo (o) | < 157 Vi (s €) |

0,y—2¢
< CE|I(f. (g, 0)) 2.,V (xie)|| < CZ(I(f, 9 )i R,V (ie).

0 — 48, but we have to reduce the order of the estimated

We want to employ (7.4) on u
derivatives, since by the previous inequality we can only control ||@° —a%; @é}lf%V(Q; el
Finally we arrive at

N
D10} = b5l + 1@ — a5 DG V()| < Oll*Ap%; Vi ()l
j=1

which leads to (7.8) by (7.9). =

REMARK 7.3. Let us add some comments. Like in [10], it can be shown that these es-
timates are asymptotically precise with respect to €. Of course, with € \, 0, only the
stable part of the left-hand side is relevant for the order of convergence. This means for
[ > max{»>+1,2}

N
D16 = 5| 1180 = 55 VI (D)) + 115 — 575 V. ()] = O(e¥)
j=1

as € \, 0. The condition s < [—1 is only introduced in order to avoid more technicalities
while introducing the step weighed space V;l;ﬁl (€ ¢) (compare [10]). Following the proofs
we find that in the case f; = 0 this condition may be omitted, and we require [ > 1
instead.

Let us point out some special combinations of weight indices and derivatives. If v = s,

then @° = uf, @° = u°, (no asymptotic is separated), this is the case of finite Dirichlet

integral for the velocity parts. Suppose fy = 0, then for [ = 7 = 3 = 1 we obtain from
(7.8)

Ir=H (@ = %) LA + IV (0° = v°); L2Q)I + 1p° = % L2(Q)]
< Celrf's LA(Q) + |g's Y (09)])).
For simplicity let also ¢’ = 0. Then the same estimate applied to I = 2, v = s, leads to
Ir=H (0% = v%); L) + |V (° = 0%); LAQ)]| + €[ V* (0" — v°); L*(Q)
+Hlp? = p L2 + eV (" - p7); L2 Q)]
< C(If5VETH @I+ 77V V@)
For s € (1,3/2) it follows that
Ir=H (0% = 0% ) LX) + |V (° = o%); H Q)] + [Ip° — p° H' Q)]
< CEEHFSVETH QN+l Vs V2N = 0=

as € \, 0.
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