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Abstract. We formulate a boundary value problem for the Navier—Stokes equations with pre-
scribed w - m, curlw - n and alternatively (Ou/0n) - n or curl®u - n on the boundary. We deal
with the question of existence of a steady weak solution.

1. Introduction and motivation. We deal with the steady Navier—Stokes system
(1) —vAu+ (u-V)u+Vp = f,

(2) divu = 0,

in a bounded domain Q € R3. The system describes the motion of a viscous incom-
pressible fluid with a constant density (we assume that it equals one). We denote by
u the velocity, by p the pressure, by f the specific body force and by v the coefficient
of viscosity. The equation (1) expresses the balance of momentum and the equation (2)
represents the condition of incompressibility.

The system (1), (2) is usually considered with the homogeneous Dirichlet boundary
condition

(3) u ‘8(} =0
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in the case when 0f2 is a fixed wall. This condition was suggested by G. G. Stokes in 1845
and it expresses the requirement that

(4) (a) w-nlog =0,  (b) wurlog =0,

where w, denotes the projection of u onto the plane tangential to 2. While the first
condition (4a) naturally follows from the impermeability of the wall, the second part (4b)
is often called the “no-slip-condition” because it is believed that the fluid cannot slip on
the boundary due to its viscosity. It is known that the condition (3) is, for divergence-free
vector fields u from W2 (), equivalent to three scalar conditions

(5) (a) u-mnlon =0, (b) curlu-n|sq =0, (c) g—z ‘n|oq =0,

see e.g. [11]. Note that the third condition (5¢) means that the normal component of
the viscous stress, acting on the boundary, is zero. It can be expressed by the equation
n - T(u) - n = 0, where T is the viscous stress tensor. For the incompressible isotropic
Newtonian fluid, T satisfies T(u) = 2v(Vu)s where (Vu)s denotes the symmetrized
gradient of w. Although some fundamental questions still remain open, it can be said
that the theory of the system (1), (2) with the boundary condition (3) is relatively deeply
elaborated.

H. Navier, coming from the molecular-kinetic theory of fluids, had already in 1824
proposed the boundary condition saying that the velocity on the boundary is propor-
tional to the tangential component of the stress. This condition can be expressed by the
equations

(6) (a) w-nlon =0, (b) (T(w) n)- +ku = 0,

where (T(u)-n), denotes the tangential component of the stress acting on the boundary
and k is the coefficient of proportionality. The condition (6b) naturally follows from the
weak formulation of the problem (1), (2) which reads: Given f in the dual W, *(Q)
to the space W},z(Q) (= the space of all divergence-free vector functions from W1’2(Q)
whose normal component on O equals zero). We search for u € WL2(Q) such that

(7) A[T(u)-vmm-vmwdw/ ku-¢dS = (f.¢)

ble)
for all ¢ € WL2(Q), where (., .)q is the duality between W, 5*(Q) and W1?(Q). In-
deed, if u is a “smooth” solution of this problem then, considering at first the test functions
¢ with a compact support in 2, we find out that there exists an appropriate pressure p
such that u, p satisfy the equation (1) at least a.e. in Q. Then, considering all possible
test functions ¢ € W1?(Q), and integrating by parts in (7), we arrive at the identity
[T(u) n+ku]-¢pdS=0
a9
which implies (6b). The inequality k > 0 guarantees that the quadratic form

Au,u) := / T(u) - Vu da:+/ k|ul? dS
Q o9

is coercive, which plays an important role in the proof of existence of a weak solution
to the problem just formulated above. Navier’s boundary condition has been considered
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in many papers, let us e.g. mention W. Jiger and A. Mikeli¢ [7] and W. Zajaczkowski
[15]. These boundary conditions enable the fluid to slip on the boundary, which is realistic
especially if the boundary is smooth. Here we mean “smooth” not only in the mathematical
sense, but so that the scale of its eventual microscopic roughness is comparable with the
size of the fluid particles. Under the assumptions that the law of the conservation of
momentum holds “up to the boundary”
is proportional to —u (with the coefficient of proportionality k), one can really arrive at
(6b), but the natural physical requirement is that k = xt,, where & is the coefficient of
friction between the fluid and the wall and t,, is the normal component of the total stress
acting onto the boundary. Note that the important contribution to t,,, which complicates

and the friction between the fluid and the wall

the analysis as well as numerical solution of the model, is made by the pressure: it is due
to the form —pl+2v(Vu); of the total stress tensor. Here p appears explicitly, but it can
also be contained implicitly in the viscosity coefficient ¥ — more details can be found in
a series of papers on incompressible viscous fluids with pressure dependent viscosity by
J. Malek, R. Rajagopal et al. (see e.g. [3]). The difficulties generally connected with the
influence of boundary conditions were admitted by C. Truesdell in 1952, see [14], who
acknowledged that the lack of proper boundary conditions represents a big problem in
future development of mathematical fluid mechanics.

The comparison of Dirichlet’s boundary condition (3) with Navier’s boundary con-
ditions (6) shows that while in the first case u = 0 on the boundary, which is a strong
requirement, in the second case the only actual geometrical condition we impose is (6a).
(Condition (6b) follows from physical considerations.) This situation motivated us to
study other boundary conditions which also admit the slippery of the fluid on the bound-
ary, which stand in some sense “between (3) and (6)” and which enable us to develop
the theory of the Navier—Stokes equation, similarly as e.g. the boundary condition (3).
We have explained in several papers (see [1], [10], [11]) that a relatively consistent the-
ory of the Navier—Stokes equation can be created with the “generalized impermeability
boundary conditions”

(8) (a) u-mlon =0, (b) curlu-n|sq =0, (¢) curlu-n|sg =0

on a fixed wall Q2. These conditions also enable the fluid to slip on the boundary. The
second condition (8b) implies that the “2D flow” u| 50 Das no vortices on 92. The third
condition (8¢) means that Div T-n = 0 on 992, which says that not the normal component
of viscous stress acting on the boundary is zero, like in the case of (5¢), but the normal
component of the rate of production of the viscous stress on the boundary equals zero.
Only the first two boundary conditions (8a), (8b), which coincide with (5a), (5b), are used
in the definition of a weak solution to the problem (1), (2), (8), see [1] and [11]. However,
it is shown in [1] and [11] that if the weak solution is “smooth” then it also automatically
satisfies (8c) as a natural condition which results from the appropriate weak formulation
of the problem. (In the present paper, we explain in Sections 3 and 4 that there in fact
exists certain freedom in the weak formulation, consisting in the construction of functions
a € WH2(Q) and b € W/%2(9Q) and in the choice of admissible test functions, so
that the resulting natural condition need not necessarily be only (8c) — it can also be
inhomogeneous and it can be of the type (9¢) or (10c).) We have further shown in [1]
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that the boundary conditions (8) induce the same series of boundary conditions for the
vorticity w := curlw of the flow. It is a big advantage in comparison with (3) or (6)
because the latter conditions for u do not lead to a well posed boundary-value problem
for w.

In this paper, we focus on the equations (1), (2) either with the inhomogeneous form
of the boundary conditions (5):

0
9) (a) u~n|aQ = ay, (b) cur1u~n|aQ:a1, (c) a—z-n‘aﬂzag,
or with the inhomogeneous form of the boundary conditions (8):
(10) (a) u~n‘6£2 = ag, (b) curlu-n‘aQ =a1, (¢ curlQu-n‘ag2 = .

2. Auxiliary results. We assume that 2 is a bounded simply connected domain with
the boundary of the class C%!. The case of a general non-smooth domain will be treated
in a forthcoming paper [12]. By the simple connectedness of Q2 we mean that each closed
curve in {2 can be homotopically contracted to a point without ever leaving Q2. However,

the boundary of € can generally have more components I'g, I'1, ..., I'y so that
(11) Q = IntFO N EXtFl N...N EXtFN
We list some notation and auxiliary results from [1] and [11]:
o ||. |-, respectively || . ||m,r, is the norm of a scalar- or vector- or tensor-valued function
with components in L" (), respectively in W™ (Q).
o ||.|[r00 or ||.|lm.ran, is the norm of a scalar— or vector— or tensor—valued function
with components in L™(99) or in W™"(9Q). Similarly, ||. | q or ||.||mrq denote

the norms of functions in L"(€') or in W™ " (£Y') in the case when £ # Q.

e Vector functions or spaces of vector functions and their duals are denoted by boldface
letters.

e L2(9) is the closure of {u € C°(Q); diva = 0 in Q} in L*(Q). It coincides with the
space {u € L*(Q); divu = 0 in Q in the sense of distributions and u -1 |sq = 0 in the
sense of traces}. The orthogonal complement to L2(Q2) in L*(Q) consists of functions
of the type Vq for ¢ € W12(Q).

e V denotes the space of all divergence-free vector functions in Wé’Z(Q). It is a subspace
of W2(Q).

e D' ={uec W"(Q)NL2(Q); curlu-n|sg = 0 in the sense of traces} =
{u=up+ Ve, ug € Wi*(Q), Ap = -V -ug in Q and dp/dn|sq = 0} = P, W% (Q)
(where P, is the orthogonal projection of L*(€) onto L2(f2)).

e R =curl|p:; R is a self-adjoint operator in LZ(Q).

e The equation Ru = f (for f € L2(Q2)) has a unique solution u € D' such that

(12) Julliz < e [lf]2
where constant ¢; is independent of f. (See O. A. Ladyzhenskaya, V. A. Solonnikov
[91)

e There exist constants ¢z, ¢z > 0 such that

(13) c2 [Rull2 < ||lulli2 < c3||Rullz for all u € D'.
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e (., .)oq is the duality between W ~/22(50) and W'/22(8Q) (or between W ~1/%2(5Q)
and W'22(9Q)). Similarly, (.,.)r, is the duality between W~1/22(I;) and
W1/2’2(P1‘).

e By a neighborhood of 992 we always mean an “interior neighborhood”. More precisely,
the r-neighborhood of 99 is the open set Q, := U, (092) N Q.

LEMMA 2.1. Given functions ag € WY22(0Q) and oy € W=1/22(99Q) such that
/ apdS =0 and (a;,l)r,=0 (i=0,1,...,N),
o0

there exists a vector function a € W2(Q) such that diva = 0 a.c. in Q, a is harmonic
(in the distributional sense) in some neighborhood of 9 and

(14) (a) a-nlog = ap, (b) curla-n|sgg = .

Moreover, there exists a constant cq4 > 0, independent of oy and «y, such that

(15) lalli2 < ca(llaolli/2,2;00 + [la1ll-1/2,2; 00)

Proof. (i) First we solve the Neumann problem

o

(16) Ay =0 in €, on |,

= Q.

There exists a unique (up to an additive constant) weak solution 1; € W12(Q) which
depends continuously on «; in the sense that

(17) [Vl < esllanl—1/2,2; 00
where c5 is independent of «;.
(ii) Next we consider the problem
(18) curlpy, = V¢, in Q, @oloa = 0.
Since (ay,1)r, = 0 (i = 0,1,...,N), the flux of Vi; through each component of 9Q

equals zero. Thus, due to [2], Theorem 2.1, the problem (18) is solvable in W ().
Moreover, there exists cg > 0, independent of Vi)q, such that

(19) lpollie < ¢ [Vihrll2-
(iii) Now we solve the Neumann problem

0
(20) Aty = —dive, in Q, % a0
This problem has a unique (up to an additive constant) solution ¢y € W?22(Q) which

satisfies the estimate

(21) [Vbollie < er(lleglliz + llaolli/2,2;00)
where ¢5 is independent of ¢, and «yg, see e.g. [6], p. 15.

Finally we put @ := Vi + ¢,. The inequalities (17), (19) and (21) imply (15). The
function a is divergence—free because v satisfies the equation (20). It is harmonic because
curl’a = curl V¢); = 0 in the sense of distributions in €. The normal component of a
on 0f) equals ap because a - n = Vg - n = ag on 0. Since curla = curlp, = Vi,
and consequently, curla - n = Vi) - n = ay on 99, the function a also satisfies (14b).
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Note that the function a with all the properties named in the lemma is not given
uniquely. The construction described above leads to the function a which is harmonic
not only in a neighborhood of 0f), but in the whole domain 2. m

LEMMA 2.2. Given € W=1/22(9Q) such that
<531>F,:O (i:Oala"'aN)v
there exists a function v € D' such that

ov

(22) an Moo =

s.

Proof. (i) We solve the equation

(23) Arp=—p

on each component d2. Here A, is the Laplace-Beltrami operator acting on functions
defined on 9. Using the representation of the surfaces I'; (¢ = 0,1,...,N) by means
of a finite number of local mappings of the class C?! and the subordinate partition of
unity, we can transform equation (23) to a finite number of elliptic equations with 2D
generalized Laplace operators in R2. Solving them and summing the results, one can

prove that the equation (23) has a solution ¢ € W3/22(9Q). The solution is not unique,
but it can be chosen so that

(24) llells/2,2,00 < csllBll-1/2,2;00
where the constant cg is independent of .
(ii) We solve the biharmonic equation A%¢ = 0 in 2 with the boundary conditions

¢
(25) (@) Claa=¢, (b)) —=| =0
I [yq
Due to [6], p. 16, this problem has a unique solution ¢ € W?22(Q) which depends contin-

uously on ¢ in the sense that

(26) [Cll22 < collplls/z.2; 00
where the constant ¢y does not depend on ¢.

(iii) Let us observe that —A¢ € L§(2) where L§(Q) = {p € L*(Q); [,pdx = 0}.
Then we can find vy € W{*(Q) such that

(27) diveg = —A¢

in Q. Indeed, by [6], Corollary 2.4, the operator div is an isomorphism of the space
VL onto L2(Q), where V' is the orthogonal complement to V in W ?(Q). Thus, an
appropriate vq exists and its norm can be estimated:

(28) lvoll1.2 < c10 [|AC][2

where cjg is independent of (.

(iv) Finally, we put v := vg + V(. The function v is divergence-free, its normal
component on € is zero due to (25b), its curl equals curl vy and the normal component
of this function equals zero because vy = 0 on 9f2.

It remains to show that v satisfies (22). Due to the assumed smoothness of 99, the
function n can be extended from 99 to a function of the class C? in the whole closure
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Q. Tt can easily be observed that Vv -n is in L*(2) and its divergence is in L?(£2). Thus,
n-Vov-n has a trace in W~1/22(9Q), which is exactly what we understand by (v/dn)-n
on 0. Clearly, since divw = 0 in €, the function divev — (0v/0n) - n also has a trace in
W=1/22(9Q).

We shall further denote by 1 not only the outer normal vector on 9€2, but also its C?
extension in Q.

Suppose that {©*} is a sequence in W>/%2(9Q) which converges to ¢ in W3/2:2(99)
as k — +o0o. Then the series of problems, given by the equations A%2¢* = 0 in Q and the
boundary conditions

(29) (a) CFloa = o* (b) 8_{’“ ‘n| =0.
, on o9
has solutions ¢¥ € W32(Q), such that ¢¥ — ¢ in W22(Q) as k — +oo0, see [6], p. 17. The
series of problems divvf = —A¢* in Q, v§ = 0 on 99 has solutions vf € W2?(Q) such
that v — v in W§*(Q) as k — +00, see [2], Theorem 2.1. Thus,
k
(30) divvk—aa%-nﬁdivv—g—z-n in WY22(Q) as k — 4oo0.
The functions on the left hand side can be written as
) ov* ) ovk 0%¢k
div ok — B -n = divel - 8—77? n 4+ ACH — Il

The first two terms on the right hand side have the trace on 0f) equal to zero because
after the subtraction of (9v§/0n)-n from div v on 99, we have the sum of two tangential
components of v* differentiated in the tangential directions, which equals zero because
v§ = 0 on 9. The trace of the second two terms on the right hand side can be simplified
to A-C*, which equals A,p"* because ©* is the trace of ¢¥ on 9. Thus, the right hand
side of (30) is equal to the limit of A, " as k — +oc in the space W~1/22(9Q). However,
due to the assumptions on the functions ¢*, the limit equals 3. =

LEMMA 2.3. Given ag € WY/22(99Q), a; € W™22(9Q) and ay € W=/22(9Q) such

that

/ apdS =0 and (ai,l)r, =(az,1)r,=0 (E=0,1,...,N),
a0

there exists a vector function a € W 2(Q) such that diva = 0 a.e. in Q and

da
n = 3.

(31) (a) a-mnlgg = ao, (b) curla-n|sgg = ay, (c) I
n o0

Moreover, there exists c11 > 0, independent of o, a1 and asg, such that

(32) la

l2 < cin (laolliyz,2;00 + llaall=1/2,2; 00 + a2l —1/2,2;00)-

Proof. Denote by a’ the function given by Lemma 2.1. Using the same arguments as in
the final part of the proof of Lemma 2.2, we can give the right sense to (da’/dn) - n
and we can show that it is an element of W~1/22(9Q). Since a’ belongs to the closure
of {¢p € C=(Q); dive = 0} in W'?(Q), it can be approximated by a sequence {a*} in
C°°(Q) such that diva® = 0, which converges to a’ in W?(). Since a* is divergence-
free and due to the higher smoothness of (da¥/dn) - n, the trace of the latter on O
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equals —V, - af where V, is the “tangential” operator nabla (i.e. the 2D nabla operator
acting in the tangent plane to Q) and a” is the tangential component of a”. Integrating
on an arbitrary component I'; of 9, we can verify that the mean value of V, - ak on T;
equals zero. Thus, we also have
((0a'/On) -m, 1)r, = kll)rfoo A (0a*/omn) -ndS = 0.

Put 3 := ay — (da’/On) - m. Then B € W~1/22(9Q) and (B,1)r, =0 (i = 0,1,...,N).
Due to Lemma 2.2, there exists a function v € D*, satisfying (22). Then the function
a := a’ + v has all the properties named in the statement of the lemma. Note that, in
contrast with function a’, the function a need not be harmonic in a neighborhood of 92
because v is generally not harmonic in the neighborhood of 9€2. =

3. The weak problem with the inhomogeneous boundary conditions (9). Sup-
pose that ag, a; and as satisfy the assumptions of Lemma 2.1 and Lemma 2.3 and a
is a function whose existence is given by Lemma 2.3. Solution of the equations (1), (2),
satisfying the boundary conditions (9) can be sought for in the form uw = a + v where v
satisfies the equations

(33) —vAv+(a-Vv+ (v-V)a+ (v-V)v+ Vp = g,
(34) divv = 0,

in © and the homogeneous boundary conditions (5) on 9Q2. Here g = f+vAa—(a-V)a.
However, we have already mentioned that (5) (for divergence-free vector functions) is
equivalent to the homogeneous Dirichlet boundary condition

(35) v|sq = 0.

Thus, the equations (33) and (34) can be solved with this usual boundary condition. If
we find a solution v then the sum uw = v + a is a solution of the problem (1), (2), (9).

The weak formulation of the problem (33)—(35) is well known, see e.g. O. A. La-
dyzhenskaya [8], R. Temam [13], M. Feistauer [4] or G. P. Galdi [5].

Recall that the integral faﬂ a-ndS, i.e. the flux of a through 02, equals zero. While
the authors assume that the fluxes of a through each component of 0f2 separately equal
zero in [8], [13] and [4], G. P. Galdi admits nonzero fluxes, which are however assumed
to be “sufficiently small”, in [5]. The reason is that the proof requires the quadratic form

(36) A(v,v) = /Q[V Vv -Vo+ (v-V)a-v]de

to be coercive in space V. It follows from [5], pp. 27-31, that if the flux of a through
each component of 9 is “small” then the function a can be modified in a sub—domain
Q' c ¥ C Q so that the condition of coerciveness of the form A is satisfied. If we denote
the modified function again by a, we thus obtain the lemma:

LEMMA 3.1. There exists an € > 0 such that IF ag € W22(0Q) satisfies

N
/aodS‘ < €
T;

(37) >

=1
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a1 and oo are elements of W—1/22(0Q) such that
(o, D)r, = (a2, ), =0 (¢=0,1,...,N)

Then there exists a vector function a € W2(Q) such that diva = 0 a.e. in Q, a satisfies
the boundary conditions

da
(38) (a) a-nlog = ag, (b) curla-n|sg = ay, () —-n| =a
In s
and the quadratic form (86) is coercive. Moreover, there exists c1o > 0, independent of

ag, a1 and g, such that
(39) lalli2 < ci1 (laolli2,2;00 + lloall-1/2,2; 00 + lla2ll—1/2,2; 00)-

With this function a, following the procedure described in [5], pp. 16-18 and 33, we
can prove that the boundary-value problem (33)—(35) has a weak solution v. The solution
depends continuously on the data in the sense that

(40)  lvlli2 < as(laollijz.2;00 + laill—1/2,2;00 + el —1/2,2;00 + 19l -1,2)-

where the constant c;3 is independent of g, g, as and g. Here ||.||-1,2 denotes the
norm in the dual space to V.

4. The weak problem with the inhomogeneous boundary conditions (10). In
this section, it will be advantageous to write the equation (1) in the form

(41) veurl’u +curlu x u +Vq = f

where ¢ = p + 1 |ul?

Suppose that oy and «; satisfy the assumptions of Lemma 2.1 and a is a function
whose existence is given by this lemma. The weak solution u of the equations (41), (2),
satisfying the boundary conditions (10), can be constructed in the form u = a + v where
v satisfies in a weak sense the equations

(42) veurl®v + curla x v + curlv x a + curlv x v + Vg = g,

(43) dive = 0,

(where g = f — veurl’a — curla x a) in  and the homogeneous boundary conditions
(8a), (8b) on 0. This guarantees that w satisfies the conditions (10a) and (10b) on
0%, but it does not solve the question of validity of (10c). The reason why the condi-
tion (10c¢) cannot be treated in the same way as (10a) and (10b) is that (10c) involves
the second derivatives of u and the construction of the weak solution w in W?((Q)
does not directly provide an opportunity to control curl’®u - n on 8. Thus, the bound-
ary condition (10c) enters the weak formulation through a certain linear functional b
which, in the case when the weak solution is “smooth”, causes that it satisfies (10c) as
a “natural boundary condition”. This will be explained in greater detail later in this
section.
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The weak formulation of the problem (42), (43), (8a), (8b) is: Suppose that g € D" (the
dual to D*) and b € W~Y22(8Q). We search for v € D such that

(44) /[l/curlv-curld)—i—curla Xv-¢p+curlvxa-¢+ curlv x U-gb} dx
Q

= <ga ¢>Q + <b7 ¢>89
for all ¢ € D*.
We shall further deal with the two questions:

1) In which sense does the weak formulation involve the boundary condition (10¢)?
2) Existence of a weak solution and continuous dependence on the data.

1) Given b € W~Y22(9Q), we define ay € W—3/22(9Q) by the equation
(45) V{2, 9)p0 = (b, Ve)aa
for p€ W22(Q). Here (., . )%, denotes the duality between W~3/22(9Q) and W3/22(5Q).
If g € L2(R2) and v is a solution of (44) that belongs not only to D', but also to
W?22(Q), then we can first consider the test functions ¢ with a compact support in Q
and show that there exists a scalar function ¢ such that v, ¢ satisfy the equations (42),

(43) a.e. in . Then, following the standard procedure, we can consider all test functions
from D' and show, by means of the integration by parts in (44), that v satisfies

(46) /{m veurlo - (n x ¢)dS = (b, P)sn

for all ¢ € D'. The function ¢, as an element of D', can be written in the form
(47) = o+ Ve

where ¢, € W§?(Q) and ¢ € W22(Q), see [1]. Recall that ¢, is a solution of the
boundary-value problem (18) with the right hand side curl ¢, i.e.

(48) curlp, =curl¢ in Q, b0 |(99 =0.
The solution is not unique, however it can be chosen so that it satisfies
(49) [doll1,2 < caflcurldfz < cacr |12

where ¢4 is the constant from (19) and ¢; is the constant from (12). The function ¢ is
also not given uniquely by the decomposition (47), however V¢ is defined uniquely on
0. Substituting ¢ in the form (47) into the left hand side of (46), we obtain:

/ curlv - (n x ¢)dS = —/ n - (curlv x Vo) dS = —/ div (curlv x V) dx
G19) o9 Q

= —/ curl®v - Vepdr = — <cur1217 ', 80>ZQ~
Q

Thus, (45) and (46) yield
(50) v{ag — curl®v - n, ap>gQ = 0.

This equation shows that v satisfies the boundary condition curl®>v-n = s in the sense of
the equality in W~3/22(9Q). Since u = a+wv and curl’a = 0 in the sense of distributions



NAVIER-STOKES EQUATION WITH INHOMOGENEOUS BOUNDARY CONDITIONS 331

in some neighborhood of 052, the function w also fulfills the boundary condition (10c¢) in
the sense of equality in W~3/2:2(99).

2) It can be deduced from (13) that the operator R, as an operator in L2(f2), has a
compact resolvent. Consequently, its spectrum consists of a countable set of real eigen-
values. In order to prove the existence of a weak solution to the problem (42), (43), (8a),
(8b), i.e. a solution v which satisfies (44), we can consider Galerkin approximations as
linear combinations of the eigenfunctions of R. Then we can again follow the well known
procedure, see e.g. in [5] pp. 16-18, and show that the sequence of approximations con-
tains a subsequence which converges to a weak solution of (42), (43), (8a), (8b). The only
condition which we need is that the quadratic form

(51) A(v,v) = / [vcurlv - curlv + curlv x a - v]dzx
Q

is coercive in D'. The next crucial lemma says that if the prescribed fluxes through all
components I'; of 02, which are given by the integrals of ag on I';, are sufficiently small
then the function a can be chosen so that in addition to all the properties named in
Lemma 2.1, the condition of coerciveness of the form A is fulfilled, too. The proof is
rather technical and it is partially analogous to the procedure used in [5], pp. 28-31,
however some steps require a different approach and a deeper analysis because we deal
with functions v from D* which need not be equal to zero on 9, like in [5].

LEMMA 4.1. There exists € > 0 such that IF ag and oy satisfy the assumptions of Lemma
2.1 and
N

(52) > —— ‘/ aodS‘ < e

=1 meas2

Then there exists a function a with all the properties named in Lemma 2.1 and such that
the quadratic form A, defined by (51), is coercive in D*.

Proof. Recall that we consider n to be a C?-extension of the outer normal vector from
0N onto the whole €, see the proof of Lemma 2.2. Due to the smoothness of 92, there
exists r > 0 such that the extension can be chosen so that it satisfies n(x) = n(Px)
for x € Q, = U,.(092) N, where Pz denotes the nearest point in 9Q to x. (Px is
uniquely defined for r sufficiently small.) We further denote by v7(x) the projection of
v(x) onto the plane perpendicular to n(z) for z € Q, and v € D'. Thus, 'UT(w) =
n(z) x v(x) x n(x). We shall use a cut-off function n¢(x) := n(6(z) /&) (for 0 < £ < 37)
where 0(x) denotes the distance of & from 9 (hence é(x) = |x — Pz| for ¢ € ;) and
7 is an infinitely differentiable function with values in the interval [0, 1] such that

) = 1 for 0<t<1,
= 0 for 2 <t.

Let us denote h; := fr,- ag dS and define x;(x) := h;/measo(I';) for * € T'; and
1 =0,1,...,N. Then x; is a constant function of I'; and Zio fr- x;: dS = 0. Due to
Lemma 2.1, there exists a function h € W'?(Q) such that divh = 0 a.e. in Q, Ah =0
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in the sense of distributions in some neighborhood of 02 and

(53) (a) h-nlr, =xi, (b) curlh-n|r, =0 (t=0,1,...,N),
N N N 1B

(54) A2 < ca Z Xilliy2.2:r; < ca Z Ixill2;r: < ca Z #22 < e
i=0 i=0 i=o measy’ " (I')

Let us define a function x on 9Q by the equation x(x) := x;(x) for x € T; (i =
0,1,...,N). Applying once again Lemma 2.1, we obtain a function a’ such that diva’ =0
a.e. in 0, Aa’ = 0 in the sense of distributions in a neighborhood of 92 and

(55) (a) a'-mlog =ag—x, (b) curla’ - nlsg = a,

(56) la'll12 < ca(llao = xll12,2;00 + llaill-1/2,2; 00)
< cua (laolliy2.2;00 + lail—1/2,2; 00)-

The function a’ is divergence-free and its flux through each component I'; of 9 equals
zero. Hence there exists a vector potential @ € W??(Q) such that @’ = curl in Q.
Moreover, there exists a constant c15 > 0 independent of @’ and 1) such that

(57) |

Finally, we put a := h + a” where a” := curl (n¢%). The exact value of ¢ will be
specified later. Obviously, a coincides with h + a’ in the neighborhood of 99 and so a
satisfies the boundary conditions (14) and it is harmonic (in the sense of distributions)
in some neighborhood of 9. From (54) and (56), one can deduce that a satisfies an
estimate of the type (15).

Let us now deal with the question of coerciveness of the quadratic form A. Due to
(13), we have

2,2 < cislla’||12-

(58) A(v,v)zuHRvH%—i—/ axv-curlvde > v||%72—‘/ curlv x a-vdx|.
Q Q

5|
‘3
By analogy with (47), the function v can be decomposed as the sum vg + Vi, where
vy € W52(Q) and ¢ € W22(9). Then

/curlvxa-'vdw :/curlvoxa-vdaz: /curlvo-axvdaz
Q Q Q

:/vo-curl(axv)d:c:/'v(y(v-V)admf/v0~(a~V)vda:
Q Q

Q

:/Qvo-(v-V)hda:qL/Qvo-('U-V)a"da:f/vo-(h~V)vda:

Q
f/ v - (a” - V)vde.
Q
Denote by I1;—I, the integrals on the right hand side. In order to estimate I; and I3, we
shall use (54):
L+ I5] < Cllvollizlvfliz bz < Cellvolizlvlhie < csellvllis.

The integral I can be treated in the same way as the analogous term in [5], p. 31, and
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it can be shown that

1
2
[La] < [[vll12 UQ Ivol2|a”l2dw} = [lv]

5(x)\ 2 [Vé(x)|? :
<oa |2 [ ool (U8 P g dw 2 [ fool? feurt o da
Qoe 3 € Qa¢

|v0\2 5("3)2 2 2 </ "3 >3] :
< (v / dx + ||v a|°dx
[v]l1,2 [ ne 5(x)2 &2 9] [voll1,2 Q25| |

1
"UO|2 2 ’
< Cllv . ——dx C v v a'lls.
< Clllliz [¥ls,2: 06 {/ﬂ 5(x)? + C|vll1,2 [lvoll1,2 [|a’|l;

1
2
12 [/ lvo|® Ve x b + ¢ cur1¢|2dm}
Q

25 1/2
C [[vllv.2 [voll.2 [measy™ (Qa¢) [[3]l2.2 + measy’* (Qz¢) |’ o]

IN

A

< a1r(€) [vl7 s llalls

where 2 < s < 2 and ¢17(¢) — 0 as £ — 0. (We have used the notation Qe = Uz (992)NQ
and the estimates ||vg/d(x)|l2 < Cllvoll1,2, see [5], p. 31, and [|vgll12 < cacy||v]|1,2,

see (49).) Since a” = 0 in Q¢, the integral I can be estimated as follows:

/ v"-Va' -vyde
Qg{

/ (v—v")-Vuy-a'dz
925

12|

IN

+

/ (v—v")-Va" vodx
925

IN

+

/ div(v —v7)a” - vy dzx
925

+ < o1+ Inp + Ins

/ v’ - V(Vne x ¢ + ne curl ) - vo de
st

1/2
Iy = ||divoT ||, (/ |a”|2|'002dac> ,
Qgg

1/2
Ins = [[vollia ( [ fo-orp |a“|2dm) ,
QQE

I = ‘/ v} 0j(Vne X ¢ + ne curly) - vo dz
QQE

where

The integrals in I and I35 can be treated in the same way as Iy. It is important that the
functions vy and v —v7 have the trace on 02 equal to zero and we can use the inequalities
lvo/d(x)|2 < Clvgll1,2 and ||(v —v7)/d6(x)||2 < C|lv — v7||1,2. Thus, we obtain

c18(§) |lv7
Iy < c18(8) ||vol

where ¢16(§) — 0 for & — 0. Finally, in order to estimate I3, we use the identities
v] 0;Vne = V (v} 9;m¢) — Vi 0jm¢ = —VoT 9;n¢ which hold because v] 9;n¢ = v™ - Ve =
0 in Qg¢. Furthermore, we also use the estimate [|%)||oo; 0, < C'[|9]]s,2; 0, for some fixed

I,

IN

12 lvoll2 la’[l12 < c1s(€) cro [[v]1T 2 @[z,

A

12 lv = vl lla 12 < e1s(€) eao V)3 2 a1,



334 J. NEUSTUPA AND P. PENEL

s such that % < s < 2. Hence we get

I; =

/ (=0jme Vi x 4 + v Vne x 959 + v] 0;n¢ curla
st
+vj ne curl (9;9)) - vo dz

<c [ Vel (V07| [8] + [o7| [V4]) [wo] dz + / ™| V23] [wo] dee
2¢

Qgg

|vo|6 measy® (22¢)

v
< c/ L0l (1507 4p] + 07| [ V1) d + C 07 o 462
Qae ()

. . 1/6
< Cllvo/8(@)ll2 (|07 12 19 ]ls.2: 00 + 107 [l6 | Va6 measy’® (2a¢))
+C 7|12 92,2 [vol|1,2 measy’® (Q2)
2-s
< Cllvolliz 072 (19]]2,2 05 meas;,™ (Qo¢) + [[4)]]2,2 meas} (Qa¢))

A

< e21(8) [vl17 2 lla[|1,2

where c21(§) — 0 for & — 0. Substituting all these inequalities to (58), denoting c22(&) :=
c17(&) + c18(€) (c19 + c20) + co1(§) and estimating the norm ||a’||1,2 by means of (56), we
obtain

"

12
> vlf 5 L—Q —c16 € — c22(§) c1a ([|oll1 /2,2, 00 + |Oé1|1/2,2;asz)]~
3

We observe that the form A is coercive, indeed, if € and £ are sufficiently small. =

Afw,v) > ol 5 [— —cipe—(e1r(€) + 1s(€) (cro + c0) + en (€)) |1

We have already mentioned that the coerciveness of the form a enables us to prove
the existence and appropriate estimates of the Galerkin approximations of a solution of
v of the problem (44). The standard procedure, see e.g. [4], [5] or [13], finally leads to
the theorem:

THEOREM 4.1. Suppose that g € D', b € W22(8Q), ag € W/22(09), a; €
W=1/22(0Q) and «q satisfies the condition (52) of sufficiently small prescribed fluzes
through the components of 02. Let a be the function given by Lemma 2.1, constructed in
accordance with Lemma 4.1 so that the quadratic form a, defined by (51), is coercive in
D*. Then the weak problem (44) has a solution v € D*. Moreover, there exists a constant
co3 = co3(e,v, Q) > 0 such that

(59) [vll12 < cos(llgll-1,2 + [[bll1/2,2:00 + ol /2.2;00 + [a1]l-1/2,2; 00)

where || .||_1,2 denotes the norm in D™*.
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