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Abstract. Viscous two-fluid flows arise in different kinds of coating technologies. Frequently, the
corresponding mathematical models represent two-dimensional free boundary value problems for
the Navier-Stokes equations or their modifications. In this review article we present some results
about nonisothermal stationary as well as about isothermal evolutionary viscous flow problems.
The temperature-depending problems are characterized by coupled heat- and mass transfer and
also by thermocapillary convection. The solvability of two related problems is discussed. Also, an
evolutionary problem on the viscous (isothermal) flow of two connected fluids down an inclined
plane is investigated.

1. Introduction and problem formulation. In this contribution we are going to
give a short review about three different kinds of viscous incompressible two-fluid flows.
These flows frequently describe real-world coating processes or flow regimes on parts of
coating devices. In isothermal case the corresponding flows are governed by the well-
known Navier-Stokes equations. Due to the appearance of at least one free boundary
(free interface and/or free surface) the associated mathematical models represent free
boundary value problems. In [14] a detailed and comprehensive survey of nonstationary
free boundary problems of equations of motion of both incompressible and compressible
viscous fluids for the last twenty years is given.

In temperature-depending flows we include thermocapillary convection, i.e. a fluid mo-
tion driven by surface-tension gradients on a liquid-liquid interface, where these gradients
arise from surface-temperature gradients and the temperature dependence of surface ten-
sion. Interesting examples of such flows may be found in the field of materials processing,
particularly in coating and solidification processes or in crystal-growth processes (cf. [8]).
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First we consider two problems for plane stationary flows with two viscous incom-
pressible heat-conducting fluids in each (having kinematic viscosities v; > 0, densities
0; > 0 and thermal conductivities A;, i = 1,2) through different horizontal channels.
Note that the associated problems will be formulated in dimensionless form.

Let us analyze the first problem which we will denote by Problem (I) in the sequel. We
investigate the two-fluid flow within a perturbed horizontal channel of width 1 between
the walls Sy and Sy (cf. Fig. 1). The moving bottom Sy of it is given by the formula
So = {x = (z1,22) € R? : 253 = 0, —00 < x7 < 400} and the fixed top S2 has the
representation Sp = {x € R? : 15 = 1 + e (1), —00 < m7 < +oo}. Furthermore, we
suppose that ¢ has a compact support. Since the channel is horizontal, the direction e,
of the gravitational force is equal to (0, —1)T (cf. Fig. 1).
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Fig. 1. Flow domain for Problem (I)

We study the plane stationary flow of two viscous incompressible heat-conducting fluids
generated by a pressure gradient downstream in the perturbed channel, by a temperature
gradient in the transverse direction and by motion of the lower wall Sy with constant
velocity R = (R, 0)7. This means mathematically that the volume flux F; in each fluid
layer (2; (i = 1,2) is prescribed. Suppose that the free interface Iy separating two fluid
layers admits the parametrization I't = {x € R? : x5 = 11 (21), —00 < 11 < +00}, where
the function 1), is a priori unknown and has to be found. Emphasize that F; (i =1,2), R
are not necessarily positive for this channel flow.

Let ho be the constant limit of ;(x1) at both infinities. Obviously, we should
have 0 < he < 1. Problem (I) has the following form: find a vector of velocity v =
(v1 (21, 22), v2 (w1, 22))T, a pressure p(xy1,w3), a temperature 6(z1,22) and a function
Y1(x1) satisfying in the domain 2 = 2, U 2 with 2, = {x € R? : 0 < 25 <
P1(r1), —00 < 21 < 4+oo} and 25 = {x € R? : ¢y(21) < 22 < 1+ epa(z1), —00 <
x1 < 400} the Boussinesg-approximation of the coupled heat- and mass transfer (cf. [2])

1
(V-V)v—uvzv—kEVp:(g—fy@)eg,

1) V.v=0,
(v-V)0—AV30=0,

and the boundary and integral conditions

(2) vls, = (R,0), v]s, =0,

(3) 9‘50 = 0o, 0|S2 = 92a
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In [8] it was shown that for a large number of liquids the surface tension o can be regarded
as a linear function of the temperature 6 along the free interface I

(6) o@)=a—-00 (a,b>0).

In Problem (I) the symbol 6;(¢) denotes the intersection of {2; with the vertical line z, = q.
By vm we denote the thermal expansion coefficient of the m-th fluid (m = 1,2). The sym-
bol g means the acceleration of gravity. The values 6y and 65 are the (constant) given tem-
peratures of the walls Sy and So, respectively. Without loss of generality one can suppose
that 6y = 0 and that 6 is in fact the difference between the physical temperature and 6.

Furthermore, the following notations have been used: n and t are unit vectors normal
and tangential to I} and oriented as x2, x1, respectively. By a - b we mean the inner
product of a,b € R?, V = (9/0x1,0/0x2)T is the gradient operator, Vp = grad p, V-v =
div v, o|la, = om (m = 1,2) is the restriction of ¢ to §2,, (analogously for v and \). V>
denotes the Laplace operator. By S(v) we denote the deviatoric stress tensor, i.e. the
matrix with elements S;;(v) = ov(0v;/0x; + 0v;/0x;) (i,j = 1,2). The symbol [w]|p,
expresses the jump of w crossing the free interface I7, i.e.

(7) [w(xo)] |, = ylrgo w(y) — xli_)nflxow(x)7 (xo €I, y €8, x € (),
and the symbol w| o denotes the limit from below at the interface I, more precisely
(8) w(x0)|rl_ = yh—I»EO w(y), (xo € I, y € ).

Note that the left-hand side of (4)g (i.e. of the sixth equation in (4)) is equal to the
curvature K (x1) of I'1. Throughout this paper we denote by r the rheological ratio r :=
1/101/(1/2Q2)~

The second flow under consideration is also steady-state and has some features of a
slot coating process. The channel is again horizontal, unbounded in both directions and
contains a semi-infinite inner wall (cf. Fig. 2). The lower wall Sy := {x € R? : —00 < 71 <
+00, 79 = 0} is again moving with constant velocity R = (R, 0)T (R > 0). The upper wall
(which is a straight line in this case) Sy := {x € R? : —00 < 71 < +00, z2 = 1} is at rest.
Furthermore, we are given the partial inner wall S3 := {x € R? : —00 < 21 < 0, 23 =
h1 (0 < hy < 1)}. Thus, in fact we have two separated parallel channels for negative values
of 1. Both viscous fluids flow out of the two channels and behind the point Q(0, h1) they
join and create a free interface Iy := {x € R? : 0 < 21 < +00, 29 = 91 (x1)} where vy is
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unknown a priori and has to be found. It is supposed that the free interface I} separates
from the inner wall S; at its endpoint Q.
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Fig. 2. Flow domain for Problem (II)

By ::{XGR2:O<x2<h1 if —co<x <0and 0 <y <ty(zy) if 0 <y <
+oo} we denote the flow domain of the lower fluid. The flow domain of the upper fluid is
Dy ={x€eR?:hy <a2<1if —oo<z; <0 and ¥(z1) <22 <1if 0 <21 < +00}.
Finally, {2 := {21 U {25 is the union of both fluid layers. The direction of the gravitational
force is again the vector e, = (0, —1)T. We study the two-fluid flow through the channel
{2 caused by a pressure gradient downstream, by temperature gradients in the spanwise
direction and by motion of the lower channel wall. This means mathematically that the
positive volume flux F; in each liquid layer (2; (i = 1,2) is prescribed and the final fluid
layer thicknesses hoo and (1 — heo) are to be determined.

An interpretation of such a flow could be the flow of two liquids coming from different
reservoirs (i.e. slots or chambers) and flowing together in one channel after their unifi-
cation. In slot coaters such flows occur on some parts of the coater. The corresponding
motion as well as the final layer thicknesses are important in that case.

Let hoo be the constant limit of ¥(x1) as 1 — +oo. Obviously, 0 < hy < 1.
Then Problem (II) has the following description: to find a vector of velocity v, a pres-
sure p, a temperature 6 and a function v satisfying in the domain {2 the Boussinesq-
approximation of the coupled heat- and mass transfer

(V- V)v—vVv+ Vp=(g—10)e,,
(9) V-v=0,
(v-V)0—AV20 =0,

and the boundary and integral conditions

(10) vls, = (R, O)T7 v|s, =0, V|S3i =0,
(11) 0ls, = 0o, 0ls, = 02, 9|53i = 03,
00
fln=0. g =0 =0
0
vonlpe =0, [6SWmlln = b
Iy
(12) A i) 1

= [-p+mn-S(v)n]n,
dxq /1+¢i($1)2 a(6)

lim wl(l‘l):hooy / U1 d.Z‘QZFl,
T 5@
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(13) / Ul(é\,xg) dl‘g = FQ.
92(q)

Note that surface tension is the same as in (6). For the one-side limits at 53i we use
analogous symbols as in (8). The fluid layer thickness ho, has to be determined.

Problem (III) models a nonstationary two-fluid free surface flow down an inclined
plane (cf. Fig. 3). The flow is isothermal, two-dimensional and both fluids are incompress-
ible and viscous. The motion is generated only by gravity in this case since the gravita-
tional force is directed along the vector e, = (sin o, — cos )T where a with 0 < a < 7/2 is
the inclination angle of the plane (line) S. The uniform layer heights hy, ho (he > hy > 0)
that are approximated at both infinities are prescribed in this problem. In the literature
(see e.g. [14]) similar problems are called viscous surface wave problems. In the described
free boundary value problem one has to find the flow domain (2; = Qt(l) U (Zt@) (t>0) oc-
cupied by two fluids and therein the flow fields vy (¢, 1, z2), va(t, z1,22), p(t, x1,z2) for
velocity components and pressure. The (a priori unknown) flow domain is described by
the functions xo = ¢;(t,z1) (j = 1,2) characterizing the free interface (or surface, resp.)
I t(j ). We emphasize that the initial flow domain, i.e. the domain (2; at ¢ = 0 is given
by {2y together with the initial positions of the free boundaries Féj ) (j = 1,2) which are
prescribed by the functions o = ¢;(0,21) = z/1§0) (21). Let us remark that in the sequel
t = (t1,t2)7 denotes again the unit tangential vector along the free boundaries whereas
t denotes the time.

___________ I't(Q)
] .—.-.-.—.T.};'. .. h2 ...... 1/2,92 ............. (.1.). A ‘(2‘)— -
—————————— F Q
T T T T .. hl‘-—r
Fl x5 V1,01 Q(l) eg
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Fig. 3. Flow domain for Problem (III)

For x € 2, and t € (0,T) one obtains the well-known time-dependent Navier-Stokes
equations

(14) { v+ o(v - V) v —vpoV?v + Vp = gge,,

V-v=0,
together with the initial condition and the no-slip boundary condition
(15) Vli=o =vo, (z € {2), vls =0, (t€(0,7)),

the boundary conditions on the free interface

L
[V} |F,(1) = 0, V- Il|I.,f(1),7 !

(16) IRV/EarRE

1 0
£ Sl 0 =0, - [p+ - Sn ) = 0 — 1

VIt [ 2
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and the boundary conditions on the free surface

v n|Ft(2) = 1%1211/,2’ t-S(v) n)|[“t(2) =0,
(17) 1 . N2

— (pa—p+n-S(v)n)|, .o =0 ————.
02 ( )l LT+ (00
In Problem (III) the notations 0; := 0/0x; (j = 1,2), 0 := 0/0t, 2y = (2];=0 have

additionally been used. Here the surface tensions o; (j = 1,2) are constant. In Eq. (17)
the value p, denotes the given (atmospheric) pressure outside the flow domain.

2. General solution schemes. There is an extensive mathematical literature on prob-
lems for stationary or nonstationary flows of viscous incompressible fluids with one or
more free boundaries. Numerous references on this topic can be found e.g. in the bibliogra-
phies of [4], [7]. In the analytical study [8] the temperature dependence was additionally
taken into account. Coating flows which frequently include static or dynamic contact
points were studied in [5], [9-12]. In all papers containing either compact or semi-infinite
free boundary value problems the same general solution scheme developed first in [3] has
been used. This solution technique is sometimes called normal stress iteration scheme.

Let us briefly recall this scheme for Problem (II). The original problem is divided into
two problems: the boundary value problem for the differential equations (9) in a fixed
domain and the problem of finding the free boundary I} from the equation

L
a(0)

which is called the normal stress boundary condition, and from the associated boundary

(18) K(x1) = [=p(x) +n-S(v)n]|r,,

conditions at the endpoints. The solution of the free boundary problem can be found
by the method of successive approximations. At every step of successive approximations
the system (9) is solved in a fixed domain. The obtained solution is substituted into the
right-hand side of (18) and solving this equation implies the next iterate for the free
boundary I'i. Thus, one gets a new domain in which system (9) has to be solved again.
So, this scheme can be illustrated by the diagram

(19) F10—>QO—>(v1,p1,91)—>F11—>Ql—>(v2,p2,92)—>...

But on the other hand, for free boundary problems in which the unknown flow domain
is unbounded in two directions as in Problem (I) the described scheme is not applicable
(cf. [4], [7] and others).

In order to solve Problem (I) a different scheme was proposed in [4], and independently
in [1]. This scheme is based on a linearization of the original problem on an appropriate
exact solution in the unperturbed “uniform” flow domain, say IT = {x € R? : 0 < x5 <
1}. The main difference of this scheme from the previous one is that on each step of
iterations the determination of v, p, # is not separated from the determination of the free
boundary I (i.e. from the determination of the function 1, describing I7).

For Problem (I) this scheme can be illustrated by the diagram

(20) (v0,p%,0%,40) — (vi,ph, 00 01) — = (VT ) —
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where on each step of iterations the linearized problem is solved in the same “uniform”
domain and the functions v, p, 8 and ¢; (i = 1,2) are determined simultaneously.

Note that Problem (III) is solved using a very similar linearization scheme compared
with (20). A corresponding problem for one viscous fluid flow was investigated in [13].

3. Solvability results. We are beginning with the investigation of Problem (I). Let
II,, (m = 1,2) be the strip-like domains

H1::{X€R2: 0 <29 < heoy, —00 < 1 < 00},
Hg::{x€R2: hoo < T2 <1, —00 <z < 400},

and IT = I1; U I1 their union, where hy, € (0, 1) is the root to equation (21) (or is one
of the roots to Eq.(21)). The weighted Sobolev spaces on IT are introduced in detail in
[7], [10]. Let us now present the main result on Problem (I).

THEOREM 1. Let Sy = {x € R? : 25 = 1 + e pa(71), —00 < 71 < +00}, 2 € Wé+5/2’2(]R)
with 1 > 0,08 = §|6o| > 0, where By is independent of § and depends on eigenvalues of the
operator pencils associated with the corresponding linear problem (cf. [7]). Assume that §
is sufficiently small. Then there exist positive numbers €,7 such that for every e € (0,€)
Problem (1) has a unique solution (v,p,0,v1)T. The solution admits the representation

v(x) = v(x) + e u(x), p(x) = p°(x) +eq(x),
0(x) = 6°(x) + £ I(x), P1(21) = hoo + € V1 (21),

where hoo € (0,1) is one of the roots to equation (21), {v°,p°, 6°} are the functions of
the basic solution in the uniform unperturbed domain II,

, : , 14+5/2,2 _
U = (u,q,0,9)7 € W2 (D)2 x W2 (I1) x W2 (1) x W™/ (R) = D W (1T)
and the following inequalities hold
[|U; Dg2W(H)H <7, £ < comst - 62

Note that due to the possible existence of more than one root he, to Eq.(21) there can
be more than one solution to Problem (I). This kind of nonuniqueness was already studied
for isothermal flows in [7]. A first example of analogous nonuniqueness was presented
in [6]. Furthermore, let us remark that U = (u,q,9,¥;)? in Theorem 1 is the unique
solution of an associated linear boundary value problem that was obtained by linearization
of the original Problem (I) over the basic solution {v®,p° 6%} in the uniform unperturbed
(strip-like) domain II. Theorem 1 is proven in [10].

We proceed with the solvability of Problem (II). By straightforward calculations
one can determine the exact nonisothermal Poiseuille flows {v(~)(x), p(=)(x), 8(-)(x)},
x € 27 in the left-hand part 2= of the (double) channel. The corresponding velocities
and temperatures do not depend on x; and they are written down in detail in [10].

By {v% p°,0°} we denote the exact solution (nonisothermal Poiseuille flow) in the
united part 27 at the right-hand side of the channel. Remark that this solution co-
incides with the basic solution to Problem (I). That solution was also determined by
straightforward calculations in the Appendix of the reference [10]. The associated flow
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fields are given therein. An essential part of the determination of {v°,p°, 6°} consists in
the calculation of the value ho, from the following 5th degree polynomial equation

(21) r(r—1D)Rh2, + [~4r(r — )R —r(r — 1)Fy — (r — 1) F5] %,

+[r(6r — B)R + 2r(2r — 3)Fy — 2rFy]h3, + [2r(—2r + 1)R

+3r(=2r + 3)Fy + 3rFo)hZ + [P R+ 4r(r — 1) Filhoo — 12Fy = 0.
Equation (21) coincides with equation (A.13) from [7] when the channel is horizontal. Note
that the final thickness ho, is a function of Fj, Fo, R and of the rheological parameters
of the fluids. It can have up to three different values in the interval (0,1) for the same

parameter set (cf. [7]). Furthermore, by 9?(z1) we denote the infinitely differentiable
solution of the following boundary value problem

d Pi(z1) g(o1 — 02) glo1 — 02)
<4 - i) = - L=y
(22) dxq 1 +¢i($1)2 a(0) e a(0)
wl(o) — h17 xll—igi-loowl(xl) = h007

which can be obtained from (12)g by setting v = 0, p = const., § = 0 as the starting
solution for F; = F5 = R = 6y = 02 = 0. Let £ = £(x1) be a smooth cut-off function
vanishing for |z1| < 1 and equal to 1 for |z1| > 2. Finally, suppose that g; > g2. Now we
can formulate the main result about Problem (II).

THEOREM 2. There exist positive real numbers so, My and zg < /g (01 — 02)/0(0) such

that for arbitrary s € (0,sp), 2z € (0, z0), max (Fy, F», R, |00, |02]) < My and for positive
hoo, F1, Fo, R satisfying the condition

20(0
(23) = o1, P B < | 270,
Problem (II) has a unique solution {v,p, 0,11} which can be represented in the form
v =) v (e + w, p=&(=z)p) +p° +4q,
0 = &(—21)0) + €(1)6° + 9, dr(an) = 91 (21) + w(an),

where {v(=) p(=) 0(=)) denotes the nonisothermal Poiseuille flow in both channels as
x1 — —o0 and {v",p°,0°} is the basic solution of Problem (I) as x1 — +oo. The function
¢ denotes the smooth cut-off function mentioned above. Moreover, w € [CSE2(02)]?, ¥ €
Cst2(02),q € CH (2°UNF), Vg e Cs, ,(2) and w € CFFE (RY) hold.

s—1,z

The proof of this theorem and also the precise definition of weighted Holder spaces
can be found in [10]. The condition (23) is a consequence of solving the boundary value
problem (22) and the restriction g1 > g2 is essential for the applied method. The weight
parameter sg in Theorem 2 can be estimated investigating a model problem for a non-
isothermal Stokes system in a neighborhood of @ in the same way as in [9]. The expo-
nential decay of {w, ¢,9,w} at infinity is well-known (cf. [4], [9]).

Finally, we are going to analyze Problem (III). A similar nonstationary roblem for an
one fluid free surface flow was already treated in [13] (see also [14]). Again, let IT be the
uniform (unperturbed) domain IT := {x = (21,73) € R?,0 < 23 < hy V hy < 29 < ha}.
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There is a stationary (basic) flow in IT having the representation

gsin a
=S5, T aww; 0 <y < hy,
1

sin «v
g x5+ agxo + by hy < a9 < ho,

5}\1(1‘1,:172) = 62(:6171‘2) =0.

21/2

. [ [e1g(h1 — x2) + 029(ha — h1)] cos a + pa;
p(xth) -
029(ha — z3) cosa + pg.

The coefficients in these equations are computed as

sin « sin «v
a =2 {(h2 —h1)+ ﬁfh} , as = g ha,
vor 02 1)
in ah
b2 = % |:&h1 + Thl + 2(h2 — hl) — 27’h2:| .
2rvy 02

This basic flow is unidirectional and steady-state. The fluxes F; (j = 1,2) over an arbi-
trary cross-section of the flow subdomains I1; (j = 1,2) which are defined by

h1 h2
F1 Z:/ ’Ul(.fCl,l‘Q) dIQ, F2 2:/ Ul(l‘l,lﬂg) d.ng7
0 h

1
are constant and their positive values can be calculated using the given layer heights
ho > hi > 0. This calculation yields

1 osi
Fl = lgsina

h? {2%}11 +3(ho — hl)} >0,
2

6 vor

Fy— lgsina

— o — hy) |20 (hy — hy)? + 6hq(hy — hy) + 32502| > 0.
6V2r(2 1){7"(2 1)° 4 6h1(he — hy) + 921>

The unknown flow-domain 2(¢), t > 0 is then transformed onto the uniform double strip
IT which is the equilibrium domain. In IT the basic solution v, p is well-known by the
above determination.

Now we linearize the original time-dependent Problem (III) over the basic solution
in I1. One derives the following linear problem for the perturbations u and ¢ of v and p
(resp.). For x € IT and t € (0,T) the governing equations are
{ Ou —voViu+Vqg=f,

(24) V-u=0,

with the initial condition and the no-slip boundary condition
(25) Uli—g =ug, (x€I), uls =0, (t€(0,1)),

At x5 = hy we obtain

{ U] |gog=n, =0, Oth1 —u2 =0, [Oour + O1ua] |gy=n, =0,
tlg — 2v002us]|zy=n, — (g1 — BOF ¥1) = f,
and at xo = hg one gets
(27) { Oppa —ug =0, Oguy + O1ug =0,
q — 2v20200uy — (932 — BOF V2) = fa.

(26)
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In Egs. (26), (27) the value § denotes some constant derived from surface tension. To
end this survey let us formulate the main result on Problem (IIT), namely the following
local in time existence result. The detailed proof will be given in a forthcoming paper. It
can be realized in a similar manner as in [13].

THEOREM 3. Let 3 < 1 < 7/2, T > 0 be arbitrary and o > 0 sufficiently small. Then
there exists a positive number § such that for 1/J§0) (j = 1,2) and vy satisfying appropriate
compatibility conditions at x2 = 0 and x2 = h; and the estimate

0
(28) 15 sy + 110 iz gy < 6

Problem (I11) has a solution (u,q,v;) such that ¢; € WH/ZUZHA (R o 0,7)), u €
j j 2
Wy (I x (0,7))2, Vg € Wy 271 (IT x (0,7), qln, € Wy 227 (R x (0,7).
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