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Abstract. In the present paper we give a new proof of the Caffarelli-Kohn-Nirenberg theorem
based on a direct approach. Given a pair (u,p) of suitable weak solutions to the Navier-Stokes
equations in R*x]0, co[ the velocity field u satisfies the following property of partial regularity:
The velocity u is Lipschitz continuous in a neighbourhood of a point (zo, to) € 2x]0, oo if

2

curlu x el dedt < e,

|ul

i 1

limsup —

R—0T Qr(zo,to)
for a sufficiently small e, > 0.

1. Introduction. The aim of the present paper is the study of the local regularity of
weak solutions to the Navier-Stokes equations in R? |

diva =0,

a—u—l-(u Viu—Au=-Vp in R3x]0,00]

(N_S) 8t . p Y ?
‘ llnn u=_0,

u=a on R?x{0},

where u = (u1, uz, u3) and p resp. denotes the unknown velocity and pressure resp., while
a = (a1,as2,a3) denotes the given initial velocity at the initial time ¢ = 0.

The system (N-S) has been introduced first by Navier [10] and later rederived by
Stokes [17]. The first mathematical treatment goes back to Leray [7], where he studied
the existence of weak solutions to (N-S) for the case Q2 = R3 (for the notion of a weak
solutions see below). Later Hopf [5] proved the existence of weak solutions in a general
domain by using a Galerkin approximation. For more details and further approaches we
refer to the monographs of Temam [20] and Sohr [15].

2000 Mathematics Subject Classification: Primary 35Q30; Secondary 35D10.
Key words and phrases: Navier-Stokes equations, regularity of weak solutions.
The paper is in final form and no version of it will be published elsewhere.

[533] © Instytut Matematyczny PAN, 2008



534 J. WOLF

However despite many efforts until now one is unable to construct a classical solution
to the Navier-Stokes equations for an arbitrarily given smooth initial velocity, which
has been considered as one of the seven Millennium problems introduced by the Clay
institute. Concerning the issue of regularity the best result which is known is the so-
called Caffarelli-Kohn-Nirenberg theorem (cf. [2]), which states that the velocity field u
of a suitable weak solution to the Navier-Stokes equations is bounded on a neighbourhood
of (xg,t0) € Q, where @ := R?x]0, oo, if

1
(1.1) hmsup—/ (Va2 dzdt < &g
R—0F Qr(zo,to)

for a sufficiently small &g > 0. This shows that the singular set X of all points (zo, tg) € Q,
where (1.1) fails is closed such that

(1.2) Py(E) =0

In fact, the first result of partial regularity is due to Scheffer. In his pioneering paper [11]
he has introduced the notion of a suitable weak solution to (N-S) that is a pair (u,p)
with

u e L2(0,00; L(R?)?) N L7(0,00; WE*(R?) !, pe LP2(Q)

satisfying (N-S)q in sense of distribution, such that the local energy inequality

(1.3) /|u |q§dx+2// Vul?6 de di
//Rg|u|2{ +A¢}d$dt+// (lu? + 2p)u - Vo da dt

holds for all ¢ € C§°(Q), for a.e. t €]0, 00[. For such suitable weak solutions the author
defined a set 3. of all possible singular points by a condition different than (1.1), proving
that

(1.4) Hs/5(S) = 0

(for details see [11], [12]).

Later Lin [9] reproved the Caffarelli-Kohn-Nirenberg theorem by using pressure esti-
mates obtained by Sohr and von Wahl [16]. Afterwards, Ladyzhenskaya and Seregin [6]
carried out a more detailed proof of the partial regularity of a suitable weak solution to
the Navier-Stokes equations including also the case when a force f is added to the right of
(N-S)2. Recently, Vasseur [21] established a new proof of the Caffarelli-Kohn-Nirenberg
theorem using a direct approach based on a Moser iteration.

In contrast to the results mentioned above the partial regularity of weak solutions to
the Navier-Stokes equations in a general domain €2 is not known. This is due to the fact
that there is no sufficient method to treat the pressure locally. However this problem one
can overcome by the method introduced in [22]. In order to avoid technical complications
we restrict ourselves to the Navier-Stokes equation in the full space. The general case will
be treated in a forthcoming paper.

U For the definition of W 2(R?) see below.
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Weak solutions. Let © C R? be a Lipschitz domain. First, let us introduce the function
spaces and some notations which will be used in what follows. By W™ (), W™ (Q)
(m=1,2,...;1 < g < c0) we denote the usual Sobolev spaces. By D, () we denote the
vector space of all ¢ € C5°(2)3 with divp = 0. Then define

L2(9) := closure of D, () in L*(Q)3,
WL2(Q) := closure of D, () in Wh2(€)3.

In case = R3 we write L9, W™ 4, etc. in place of LI(R3), W™ 4(R3) etc.

Given a normed vector space X with norm | - ||, we denote by L*(a,b; X) (1 < s < o0)
(=00 < a < b < o0) the vector space of all Bochner measurable functions z :Ja, b[— X
such that

b
/ lz@))°dt <oo ifl1<s<oo, esssup|z(t)| <oo ifs=o0
a te[0,T]

(see, e.g., [15; Chap. IV,1] for details).

DEFINITION 1.1. Let a € L2. A vector function u : @ — R? is called a weak solution to
(N-9) if
u € L*(0,00; W52) N L=(0, 00; L?)

and the integral identity
(1.5) / {-u- O+ (u-V)u-9+Vu:Vo}dedt = / a-¢(0)da
Q R3

holds for all ¢ € C§°([0, 0o[; Dy ).

REMARK 1.1. Let u : Q — R? be a weak solution to (N-S). Then u can be redefined on
a Lebesgue set with measure zero such that u € Cy, ([0, oo[; L2), i.e. for all ¢ > 0 we have
u(t) € L2 such that

lim [ u(s)-&dr = / u(t)-&de Ve L2
s—=t /o Q

By the following definition we introduce the notion of a suitable weak solution.
DEFINITION 1.2. A weak solution u : Q — R? to (N-S) is called a suitable weak solution
if there exist p € L*/3(0, oo; L?) such that

(1.6) /{u-g—er(u-V)u-gaJrVu:Vga}dxdt/pdivgod:cdt
Q Q

holds for all ¢ € C§°(Q)? together with the local energy inequality (1.3).
Notations. Let zo € R3, to € R and 0 < R < 0o. We define the ball
Br(zo) == {z € R®| |z — 20| < R}
and the parabolic cylinder
Qr(zo,t0) := Br(zo)x|to — R?, to].

Our main result concerns the partial regularity of suitable weak solutions to the
Navier-Stokes equations.
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THEOREM 1 (Main Theorem). There exists an absolute constant e, > 0, such that every
sugtable weak solution u to (N-S) is continuous in @ \ sing (u), where

1
limsup—/
R—0+ 1 JQn(xo.to)

is a closed subset of Q with P1(sing (u)) = 0.

2
curlu x

sing (u) := {(:Co,to) €Q

Bl dxdt > 5*}
|ul
The proof of Theorem 1 relies essentially on the following two propositions.

PROPOSITION 1. There exists an absolute constant ky, > 0 such that if (u,p) is a suitable
weak solution to (N-S) then

(1.7) Z(z0,to; TR) < ky[1? + 7720 (0, to; R)]Z (20, to; R)
1
for every 0 < 7 < T for all (xg,to) € Q and 0 < R <\/ty, where

E(xo, to; p)
P 1 V 2 2 2
= UV, o)) + 121050, .ty T 1L (002 105228, 010)

A a2
+,0_2 HP - po ||L4/3(topr,to;L2(Bp(zg)))’
2

u
curlu x —| dzxdt,

[u

1
O(zo,to; p) := ;pr(wo,to)

0 < p <.

PROPOSITION 2. There exists an absolute constant k, > 0 such that if (u,p) is a suitable
weak solution to (N-S) then

(1.8) E(3507 to; TR) < k, (7% + 7730 (w0, to; R)]é(xo, to; R)

for every 0 < 7 < 1/4, for all (xg,t0) € Q and 0 < R <\/ty, where
= 1 2 Lo 2
=(0,t0; p) = IVUIIL2(Q (w00 + 2 1P = P8, [narsey 2 t0:02(5, o))

1
O, to; p) := ;||UIIi4<t0—p2,to;L3<Bp(xo)))’

0 < p <Vio.

REMARK 1.2. 1. By Theorem 1 we improve the known results concerning the interior
regularity of weak solutions to the Navier-Stokes equations in the following sense:

e The boundedness of u in a neighbourhood of a regular point (zg, ty) can be replaced
by the Lipschitz continuity of u, which seems to be the best possible regularity with
respect to the time variable;

e Replacing the condition (1.1) by the more physical condition

2

drdt < e,

1
(1.9) limsup — curlu x

R—0F Qr(o,to)

u
[ul

improves the estimate of the singular set;
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e The direct method based on Prop. 1 and Prop. 2 simplifies the proof and in addition
enables us to specify the numerical value £, > 0 in order to define the set of all
singularities (see (1.9) above).

2. The statement of Theorem 1 continues to hold if one adds on the right hand side
of (N-S) a body force — div f with

fer(Q)°?.

The paper is organized as follows. In Section 2 we establish fundamental estimates
for functions being almost caloric which will be used for both the proof of Prop. 1 and
Prop. 2. In Section 3 we provide an appropriate model system together with an a-priori
estimate for weak solutions to such systems in a given cylinder Q r(zo, to). The subject of
Section 4 is the proof of Prop. 1 and Prop. 2. These fundamental estimates will be achieved
after having established a Caccioppoli-type inequality combined with a Campanato-type
estimates for the pressure p along with the Campanato-type estimates for semi caloric
functions and the estimates established for the model system. The proof of the Main
Theorem will be completed in Section 5. Finally, in the appendix of the paper we list
several lemmas which have been used throughout the paper.

2. Fundamental estimates for semi-caloric functions
DEFINITION 2.1. A function V € L?(Q1)? is said to be semi-caloric if there exists P €
LY(—1,0; L*(By)) with AP =0 in @ such that

ov

in sense of distributions. Then P is called the caloric pressure related to V.

Let us start with the following Caccioppoli-type inequality.
LEMMA 2.1. Let V € L?(Q1)? be a semi-caloric function with its caloric pressure P €
LY(—1,0; L%(By)). Then V™V € L2 (B1x] — 1,0]) for all m € N and there ezists a

loc
constant ¢y depending on m € N only such that

(2.2) IV VLo (—1 /00228, ) < VT2 + IPIT —10:L2 (80 }-
Proof. By using a standard mollification argument one easily proves

V e L>®(—p%, 0, W™2%(B,)%),

ov
5 € LY(=p?,0;W™2(B,)?), m=12,...
for all 0 < p < 1. Furthermore for each multi-index o = (aq, a2, 3) we have
0DV

(2.3)

57 ~ADV=-VD'P in Q.

Fix m € N. Let ¢ € C§°(B1x] — 1,0]) be a cut-off function with 0 < ¢ < 1 in
Q1 and ¢ = 1 on Q. Multiplying (2.3) by ¢*"*?D*V summing up over |a| = m,

2 Here £2*(Q) stands for the usual parabolic Campanato space (cf. [3]).
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integrating over Byx] — 1,¢[ (¢ €] — 1,0[) and applying integration by parts along with
Cauchy-Schwarz’s and Young’s inequality yields

t
(;52"‘+2(:c,t)|VmV(x,zf)|2 dz 4 2/ / ¢2m+2|vm+1v|2 dzrds
-1JB;

t
g/ / (£+A>(¢2m+2)|vmV|2dxds
1), \ot

t 1/2 2
+2{/ ( ¢2m+2vm+1p|2dx) ds}
—1 Bl

1
+= esssup ¢ (2, 8)|[ V™V (z, 5)|? da.
86]71,0[ B4

By

On the other hand, recalling that AP = 0 and using integration by parts implies

/ ¢*™ 2 (2, 8)| VTP (2, 5) P do = 27(m+1)/ (AP E2) (2, 5) P (2, 5) da
By B

for a.e. s €] — 1,0[. Combining the last two statements shows that

esssup/ ¢2m+2(x,t)\VmV(x,t)|2dx—|—/ H*m 2|V de dt
t€]-1,0[ /By 1

0 1/2 2
<ec ¢2meV|2dxdt+c{/ (/ P2dx> dt} ,
Q1 -1 B,

where ¢ = const depending on m only. Iterating this inequality m-times gives

ess sup ¢*™ 2 (2, 8) V™V (2, ) > do
t€]—1,0[ /By

0 1/2 2
gc/ |V2dxdt+c{/ (/ P2dx> dt} ,
1 -1 B

with ¢ = const depending only on m. This completes the proof of (2.2). m
We are now in a position to prove the following fundamental estimate

THEOREM 2.2. Let V € L?(Q1)® be a semi-caloric function with its caloric pressure
P € LY(—1,0; L3(By)). Then

(2.4) IVIZ2q,) < 2™ {IVIE2q,) + IPIT: —10i2(m.) )

for every 0 < 7 < 1 with an absolute constant cy > 0.
Additionally, if P € L*/3(—1,0; L?(By)) then

(25) IV =Va. e, < esm IV = Vo, lBeon + IPI20s o2}
for every 0 < 7 < 1 with an absolute constant cz > 0.

Proof. Clearly, both fundamental estimates are trivially fulfilled for 1/2 < 7 < 1. There-
fore without loss of generality we may restrict ourselves to the case 0 < 7 < 1/2. Using
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Sobolev’s embedding theorem together with (2.2) (with m = 2) yields

||VH2L2(Q,) < |By|7T? HV||LOO(Q e S er® ess sup / V2V (z,1)|? dz
te]—1/4,0[ Y Bi/2
0 /2 2
< cr5/ |V|2dxdt+c7'5{/ </ P2d:c> dt} 3
1 -1 By

Whence, (2.4).
In order to verify (2.5) we first make use of the Poincaré-type inequality (A.6) (cf.
appendix; Lemma A.2 below) to get

0 172 N2
(2.6) ||V*VQTH2L2(QT) SCT2|VVQT||%2(QT)+T2C{/ . </B |VP|2d:c> dt} .

—T

As above by using Sobolev’s embedding theorem one infers

HVVQTH%z(Q ) < et esssup / V3V (2, 1) da.
r t€]—1/4,0[ J By s

Estimating the right hand side of this inequality with the aid of (2.2) with m = 3,
replacing V by V — Vg, therein, leads to

0 1/2 2
2.7) IVVe,lZ20. gm”/ VVQ1|2d:1:dt+c7-5{/ (/ Pzdx) dt} .
Q1 -1 B,

Next, thanks to AP = 0 using Caccioppoli’s inequality and Holder’s inequality yields

0 1/2 2 0 s 3/2
(2.8) {/_72 (/B IV P|? d;z:) dt} SCT4{/_1|VP( HL/N(B s }
0 2/3 3/2
<c7'4{/ (/ P2dx> dt} .
—1 Bq

Finally, estimating the right hand side of (2.6) from above by (2.7) and (2.8) completes
the proof of (2.5). m

3. Estimates for weak solutions to the model system. Let (u,p) be a suitable
weak solution to the system (N-S). Using the identity

1
(u-V)u=ux curlu+ §V\u\2

setting p = p + |u|? the identity (1.6) turns into

(3.1) /{u %:Jruxcurlu v+ Vu: Vgp}d:cdt/;[)divgod:cdt
Q Q

for all ¢ € C§°(Q)3. By virtue of Sobolev’s embedding theorem along with multiplicative
inequalities one proves

L2(0,00; WL 2(€)) N L>®(0,00; L2(2)) € L¥3(0, 00; L*(Q)%).

3In what follows ¢ denotes an absolute positive constant, whose value may change from line
to line and will be specified if necessary.
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Consequently,
h e L*3(0,00; L2(Q)).

Taking ¢ = V¢ in (3.1) and using integration by parts yields
(3.2) / u(t) x curlu(t) - Vo dr = / p(t)Apdr Ve C(R?)
R3

R3
for a.e. t > 0.
To proceed we introduce the following notations. Let G C R? be an open set. Define

A(@) = {Ad| ¢ € W (@)}, B*(G):={qn € L*(G)| Agy = 0 in G}.

Clearly, both A%(G) and B?(G) are closed in L?(G). By virtue of Weyl’s Lemma it is
readily seen that

(3.3) L*(G) = A*(G) @ B*(G).

Let (wo,t0) € Q and 0 < R <+/ty be fixed. By the orthogonal decomposition (3.3)
there exist

po.r € L*3(0,00; A%(Br(20))),  pn.r € L*3(0,00; B*(Bg(z)))
such that
P(t) = DBr(zo)(t) = Po,r(t) + prr(t) in Bgr(xg) for a.e.t€]0,00].
Next, fix ¢t > 0 such that
(3.4) u(t) x curlu(t) € L (Br(xo))®,  po.a(t) € A2(Bp(o))

(note that the set of ¢ > 0 for which (3.4) fails has measure zero). According to the
definition of A(Bgr(xo)) from the identity (3.2) one deduces

(3.5) /B ( )u(t) x curlu(t) - Voda = / po,r(t)A¢ dx

Br(zo)
for all ¢ € C§°(Bgr(z0)). Then, with the aid of Lemma A.1 one gets

po.r(t) € W O%(Bg(0))
together with the estimate

(36) HVPO,R( )HLG/s (Br(zo)) < CHCUT]H( ) ( )HLG/s (Br(z0))"
In particular, because the function ¢ — ||curl u(t) x u(t )”i/;;S Br(zo)) belongs to L*(]0, col)

one obtains
Vpo,r € L*3(0,00; L9/ (Br(0))?).

Moreover, the inequality (3.6) implies

2 2
(3.7) HVPO,R||L4/3(t07R2,t0;L6/5(BR(wo))) < cyfjcurlu x u‘|L4/3(tO*RzatmLG/s(BR(IU)))
with an absolute constant ¢4 > 0.

In order to estimate the right hand side of (3.7) we will proceed in two different ways.

1) Firstly, using Holder’s inequality yields
u(t) 4/3

u(t) ()43
o )|

4/3
(3.8) [leurlu(t) x u(t)||y, < 15(Ba(z0))
L2(Bgr(x0))

LG/S(BR w() )

curlu(t) x
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for a.e. t €]ty — R?, to[. Integrating both sides of (3.8) over the interval |ty — R?, ¢y[ once
more using Hoélder’s inequality shows that
(39) ||Cur1u X u‘|%4/3(to—R2,to;L6/5(BR($o))) < R@(SCO, tO? R)||u‘|%4(t0—R2,t0;L3(BR(3?0)))'

Secondly, with the help of Holder’s inequality one estimates

(3.10) lcurlu x u||2L4/3(to—RQ7to;L6/5(BR(UCO)))

< 2||11||2L4(t0_R2,t0;L3(BR(zD)))||VU||2L2(QR(9;D¢O))-
In order to fix the model problem we will use the following lemma which for the
reader’s convenience will be proved at the end of this section.

LEMMA 3.1. Given f € L'(to — R? to; L°(Br(0))) (1 < o < 2), there exists a unique
50 o 50
function w € L3+ (tg — R? to; W' 3% (Br(xo))) N L5/3(Qr(x0,t0)) such that

(3.11) / (—wgot—l—Vw-Vga)dxdt:/ fodzdt
Qr(zo,to) Qr(zo,t0)

for all ¢ € C§°(Br(z0) X [to — R?,to[). In addition,

(3.12) lwllzse/s(Qr(xo.to)) < N INLt (to—R2 t0; L7 (BR(z0))

with a constant ¢ > 0 depending only on o.
The model problem. Applying Lemma 3.1 with f = f; = (curlu x u); — dpo,r/Jz; (i =
1,2,3) and ¢ = 6/5 one gets a unique function w € L'%7(tg—R?, to; W 1%/7(Bg(x0))*)N
L?(Qr(z0,t9))? such that
(3.13) / (—w-p+Vw: Vo)dedt = / (curlu X u— Vpg g) - pdadt
Qr(zo,to) Qr(zo,to)

for all ¢ € C§°(Bgr(z0) X [to — R?, to]).

Clearly, using Jensen’s inequality the estimate (3.12) yields

W% 2(Qn (so,t0)) < € Rllcurlu x w—Vpo rllZ a1 g2 10:06/5(Br(zo)))-
Now, the right hand side of this inequality can be estimated by (3.7) together with (3.9).
Thus,
(3.14) W12 (@ (o .t0)) 5 BZO0,t0; Rl T (10— 12 t0:13(Br(xo)))-
Alternatively, using (3.10) instead of (3.9) one gets

(3.15) W = WQrl72(@n(aote)) < 6B O(x0, to; R)IVUl|72(0 1 (20,10
Proof of Lemma 3.1. It will be sufficient to prove the assertion of the lemma for the case
(20,t9) = (0,0) and R = 1. The general case can be deduced easily by introducing an
appropriate transformation of coordinates.
Let f € L'(—1,0; L°(By)) be given. Clearly there exists a sequence {f,} in L*(Q1)
such that
fm — f in LY(=1,0;L°(B;)) as m — oco.

Let m € N. Consulting [8], there exists a unique function

wn, € L2(—1,0; W2(By)) N C([-1,0]; L*(By)),
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satisfying
(3.16) / (—wmet + Vw, - Vo) dao dt = fmepdzdt
1 Q1
for all ¢ € C§° (B x [—1,0]). In particular, dw,,/dt € L?(—1,0; W~12(By)), such that

t/ dw,, t t
(3.17) / < v (s), <p(s)> ds + / Vwy, - Veodzds = / / fmepdzrds
S\ At -1JB, -1JB,

for all p € L2(—1,0; W'2(By)), for all t €]—1,0[. Observing (3.16) and using integration
by parts it follows that w,,(—1) = 0. Into (3.17) inserting the admissible test function
© = Wy |w,|°~2 and using integration by parts along with Holder’s inequality gives

1 . ! o
L wm NI + (@ 1) / / (V02|02 s
g -1JB;

t
S/l/B |fm‘|wm|071 drds < Hfm”Ll(—l,O;L”(Bl))meHz;l(,lyO;La(Bl))-
- 1

Next, define 6., := Wy, |wp,| “3% . From the inequality above one infers
O € L*(—1,0; WH2(By)) N L=(—1,0; L*(By))
together with

/

g 2/’
Hem”QLOO(—l,O;L?(Bl)) + HvemH%Q(Ql) < 5”meLl(fl,O;L”(Bl))H9m||Loo(_17o;L2(Bl))-
By means of Sobolev’s embedding theorem together with Holder’s inequality applying
Young’s inequality implies
o/2
18mll 20730y + 190mllz2(@0) < el FmlI T 020 (50
where ¢ = const > 0 depending only on o. Hence, recalling the definition of 6,,, and using

Hoélder’s inequality shows that

lwmlzeesi@n + IVemll, g, o) < elfmllirronem

Finally, passing to the limit m — oo and using Banach-Steinhaus’ theorem proves the
assertion of Lemma 3.1. =

4. Proof of Propositions 1/2. Let (u,p) be a suitable weak solution to the system
(N-S). As in the previous section we set p := |u|?/2 + p.

First, let us define the following quantities which are invariant under the natural
scaling of the Navier-Stokes equations. For (zg,t0) € Q and 0 < p <\/ty define

1
V(s t03) = 0 - iz, a00) V50107, ) + 17810, 0000
1
. o A 3 2
P($07 to; P) = ? ||p — PB,(z0) HL4/3(t07p2,tO;L2(B,,(1:0)))’
1
Z(xo, to; plop) == EHS&H%Q(Q”(%JO))? ¢ € L*(Qp(wo, t0))*-

Fix (z9,10) € Q. For the sake of notational simplicity we will write V(p), P(p), Z(p|¢)
etc. in place of V(zo,to; p), P(z0,to; p), Z(x0, to; ple) ete.
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We start by proving fundamental estimates which form the bases of the proof of the
Prop. 1. First we establish a Caccioppoli-type inequality which immediately follows from
the local energy inequality (1.3).

LEMMA 4.1. There exist absolute positive constants cy and cg such that

(4.1) V(p) < crZ(2plu) + esP(2p) V0 < p < 3/To.

Proof. Let 0 < p < 3/%y. Let ¢ € C*°(R*) be a cut-off function such that 0 < ¢ < 1 in
R* ¢ =0in R*\ By,(z0)x] — 00, to — 4p*[, ¢ = 1 in B,(xo) %]ty — p?,00] and

C .
\V¢|2+|v2¢|+|at¢|gp—g in R%

From the local energy inequality (1.3) (replacing ¢ by ¢ therein) using Hélder’s and
Young’s inequality one easily estimates

1017w (19— ap2:02(,,)) F [0Vl Z2(q, ) < cllullFz(g,,) + Cp_l/ |p — PBs,,| [u]¢dzdt.
2

P

With the help of Cauchy-Schwarz’s inequality verifying

/ [P — P, | [ulpdx dt < |lp — P, |11 (20202 t0: L2 (Bap) [[OW] Loo (10— 4p2 10:22(Ba,))
2

Q2p
applying Young’s inequality one arrives at
(4.2) Pull (b —ap2:2(Bay) T 10V UIZ2(q,,) < cpZ(2p0) + cpP(2p).
P P

Finally, with the aid of a multiplicative inequality, the Sobolev-Poincaré inequality and
Young’s inequality one obtains

4/5
(43)  l6ullF 00y, < 10072 0 —speirz oo 16015500 - apro(50,)

< C(||¢u||L°°(t074p2;L2(BQ,,)) +6Vullis(q,,) + crZ(2p/0).
Combining (4.2) and (4.3) gives (4.1). =

Next, we provide a fundamental estimate for the pressure.

LEMMA 4.2. There exist absolute positive constants cg and c19 such that for every 0 <
T < 1/2 we have

(4.4) P(27R) < cgm>P(R) 4 c107 2O(R)V(R) V0 < R < /to.

Proof. Let 0 < R <+/tg be arbitrarily chosen. By virtue of the orthogonal decomposition
(3.3) one gets unique functions

po.r € L*3(0,00; A%(Bg(xy))), ph.r € LY3(0,00; B?(Bg(x)))
such that
P(t) — p(t) Br(wo) = Po,r(t) + PrR1(t) in Bgr(zo)

for a.e. t €]0, o0l.
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Next, fix 0 < 7 < 1/2. With the help of the Sobolev-Poincaré inequality, Caccioppoli’s
inequality and properties of harmonic functions one easily deduces

(45)  [1B(t) = () sy n o, )

4/3
< 2llpn. 2 (t) = prr(£) Byrnll1s

2(B2rr) + 2Hp0 r(t) — pO,R(t)BzTR||L2 (BarR)

< erOBROSB  max |Vph,R(:c,t)|4/3+c||VpO,R(t)|\LG/5(BR)
r€BR/2(z0) '

/3 4/3
< CT10/3th,R( )||L/2 B T c||Vpo,R(t)HL/s/s(BR)

for a.e. t €]ty — R?, to[. Integrating both sides over the interval Jto — 472 R? #o[ it follows
that

PO 2
o= Pz HL‘*/;arRz,to;m(BR(xo))) ,
< e lpnrlLass (1 r2 to:02 (Briwoy) T NVPORI L1 1y R 10:06/5(Br (o))

Taking into account

1Pn. Rl L3730~ B2 10:22(Br(2o)) = 1P = PBr(wo) L4751 B2 t0:22(BR (o))
using (3.7) along with (3.9), dividing the result by 72 R? and applying Hélder’s inequality
one infers
P(27R) < ¢mP(R) + et 2R7'O(R )||u||L4 (to— B2 t0:L3 (Br (20)))
< er*P(R) + er20(R)V(R).

Whence, (4.4). m

REMARK 4.3. Repeating the proof of Lemma 4.2 while estimating the pressure gradient
Vpo.r by (3.10) instead of (3.9) one immediately gets the following alternative funda-
mental estimate

f 1
(4.6) P(2TR) < ém>P(R) + 6107*2(9(}%)? / |Vu|? dz dt
Qr(zo,to)

for all 0 < R <\/ty, with absolute constants ¢y and é1q.
Now, we are in a position to complete the proof of Prop. 1.

Proof of Proposition 1. Let 0 < R <4/tg be fixed. According to Lemma 3.1 there exists a
unique function

w € L7 (ty — R? to; W% T(Br(20))® N L*(Qr(x0, to))?
satisfying the identity (3.13). Furthermore, from (3.14) one easily deduces

(47) Z(Rlw) < e O(R)V(R).
Combining (3.1) and (3.13) yields
(4.8) / {-v- ot +Vv:Vpldedt = / ph,rdivedrdt
Qr(zo,t0) Qr(zo,to)

where v = u — w. Thus, setting
V(y’ 8) = V(l‘o + Rya to + R28)7
P(ya S) = Rph,R(xO + Ryv tO + R28), (yv S) € Ql
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shows that the function V is semi-caloric in ()1 with corresponding pressure P. Applying
Theorem 2.2 one finds

IVIIZ2(qany < e {IIVIT2(0y) + ||PH2L4/3(—170;L2(31))}'
Then using the transformation formula of the Lebesgue integral, noticing that
1, R ()| 2B (o)) < [1B(E) = DBr(ao) )| L2(Br(ae))  for ace. t €]ty — R? 1],
one arrives at
(4.9) Z(27Rv) < c127?[Z(R|v) + P(R)].
Combining (4.7) and (4.9) yields
(4.10)  Z(27RJu) < 2Z(27R|v) +2Z(27R|w) < ¢m?[Z(R|v) + P(R)] + 7 3 Z(R|w)
< r* +77°O(R)|(V(R) + P(R)).
Now from (4.1) with p = 7R using (4.10) together with (4.4) leads to
V(TR) + P(TR) < cZ(2rRu) + ¢P(27R) < c[r* + 7 *O(R)|(V(R) + P(R)).
Whence, (1.7). =
Next, given A € R? using (3.1) from the local energy inequality (1.3) one easily gets

(4.11) /Q|u(t)—A|2¢(t)dx+2/t/ Vul26 dz ds
//| A2{ +A¢}dxds+//2pu )-Vodzds

+2/0 /Q(Vﬁth) x curlu- (u— A)pdads

for all nonnegative functions ¢ € C§°(Q), for a.e. 0 < ¢ < co. Here, the set of all ¢ > 0,
where (4.11) fails, does not depend on A.

Let 0 < R <./ be fixed. Arguing as in the proof of Lemma 3.1 using (4.11) with
A =g, (z,t,) One gets the following alternative Caccioppoli inequality.

LEMMA 4.4. There exists an absolute positive constant c13 such that
(4.12) V(p) < c13[2(2p[u) + O(2p)V(2p) + P(2p)]
forall0 < p< % to, where

~ ~ 1
V(p) = V(xo, to; p) := ;||VUH%2(QP(IO¢O)),

R R 1
Z(plp) = Z(x0,t0; pl#) = |9 = 0@ (x0t0) 1720, (20,t0))

P
¢ € L*(Qy(xo,t0))*.

Proof of Proposition 2. Let 0 < R <+/ty be fixed. Arguing as in the proof of Prop. 1,
estimating w by (3.15) instead of (3.14) yields

(4.13) Z(Rlw) < c.sO(R)V(R),

where c14 > 0 denotes an absolute constant.



546 J. WOLF

Recalling that the function V which has been defined in proof of Prop. 1 is semi-
caloric, applying the fundamental estimate (2.5) (see Theorem 2.2 above) and using the
transformation formula of the Lebesgue integral it follows that

(4.14) Z(27R|v) < c157°[Z(R|v) + P(R)).
Then combining (4.13) and (4.14) yields
(4.15) Z(27R|u) < 2Z(27R|v) 4+ 2Z(27R|w)

< cr®[Z(R|v) + P(R)] + 7 °2(R|w)
< o[r®* + 730(R)|(V(R) + P(R)).

Finally, taking p = 7R in (4.12), estimating the first term on the right by (4.15) and
the pressure term by (4.6) gives

V(TR) + P(rR) < c[r* + 72 O(R)|(V(R) + P(R)),
which proves the desired inequality (1.8). m

5. Proof of the Main Theorem. To begin with, define
£, = 0.18566 k2%, f(1) =k (r? +73%,), T>0.

Let 7, > 0 such that 0, := f(7%) = min,;~¢ f(7). In fact, by an elementary calculus one
finds

= 5 =4
o = (L5 )Y, 6, = (15 0.18566)%/° = 0.999... < 1.

Next, let (zg,%0) € Q such that

lim sup O(zo, to; R) < .
R—0t+

We select 0 < Ry <+/tg such that
O(xzo, to; R) <e. V0 < R<R,.
Then (1.7) reads
E(zo,to; v R) < 0,E(x0,t0; R) VY0 < R < Ry.
Consequently,

(5.1) lim E(ﬂ?o,to; R) =0.

R—0t
In particular, having |curlu| < 2|Vu|, there exists 0 < Ry < Ry such that
Ex Ex
—, = to; R —.
97 (an 05 1) < 4
By the absolute continuity of the Lebesgue integral we may choose 0 < p <+/fg — R
such that for all (y,s) € Q,(xo,0):

O(xo,to; R1) <

E(y,s; R1) < %*, O(y,s; Ry) < %*

Now, fix (y,s) € Q,(xo,to). Once more applying (1.7) iteratively, replacing (zo,to)
by (y, s) and setting R = Ry therein yields

E(y, s; TP R1) < 05E(y, 53 Ra).
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Let o €]0,1[ be determined by 7% = 6,. From the estimate above one gets
(5.2) E(y,s; R) <C1R® Y0 < R<Ry,
where C; = const > 0 depending neither on (y, s) nor on R.
Next, fix 0 < 8 < 1. Choose 0 < 7 < 1/2 such that
Tﬁ/;* < l 4.
2
Furthermore, by virtue of (5.2) one can select 0 < Ry < Rj such that for all 0 < R < Ry

we have
3-8

2

730(y, s R) < Y (y, s) € Qp(z0,to).

This implies

/ |Vu|?dz < CoR*™ V0 < R<R,,
QR(Z/,S)

where the constant Co > 0 depends neither on (y,8) € Qp(xo,to) nor on R. Applying the
Poincaré-type inequality (A.6) (cf. appendix; Lemma A.2) gives

ue EG_B(QP(an to)),

which, by a well-known theorem of Da Prato [3], shows that u belongs to the Holder space
C(lfﬁ)/l(lfﬁ)/‘l(m)f{

Now we proceed by a standard bootstrap argument using the method of differences
to get the existence of the second weak derivatives of u with resp. to the spatial variable
locally in Q,(zo,to) belonging to L>(to,to — p*; L*(B,(0))). Repeating this argument
iteratively one gets

Vku‘Qp(wo,to) € Loo(tovto - PQ§L2(BP($0))) VkeN.

In particular, by Sobolev’s embedding theorem Vu is bounded in Q,(z¢,ty). Therefore
it only remains to prove that du/dt is bounded in @, /2(o, to).
Observing the decomposition (3.3) there exist functions

Pop € L=(to, to — p*3 A%(B,(%0)))s  ph,p € LY (to, to — p*; B3(B,(20))),
such that
P=po,p+Dn, ae in Q,(xo,to).

Since po,, satisfies the equation —Apg , = div divu ® u one obtains
(5.3) Vpo,, € L(Q,/2(z0, t0))>.
Set u:=u+ Vpp, in Q,(z0,to). From (N-S) it follows

ou .

i —(u-V)u—Au—-Vpy, in Q,(zo,to).

4 Here k. denotes the constant which appears in (1.8).
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Consequently, 0u/0t € L>(Q,/2(xo, t0))*. Thus, to verify the assertion it will be enough
to show that Vpp , € L=(Q,/2(x0,t0))>.
To begin with, we state the following pressure identity

R Nt 1 M LI ut) x @)

~dm Jpe [z —y 8 j — y[?

(z,t) € @, which one can obtain by using an elementary calculus from the equation
—Ap=divdivu®u in @

using integration by parts.
Let (2,t) € Bs,/s(wo)x[to, to— p?[. According to the mean value formula for harmonic
functions one gets

1
65 poet =5 [t
1Bojal J,,4()

1 1
5 / p(y,t)dy — B / po,p(y,t) dy.
|By/al B, 4(z) By /4l By a()

Observing (5.4) we have p = Ag. Applying integration by parts yields

4 Jdq
/ p(y,t)dy = —/ By, (U>1)yi dS.
B, 4(z) P JoB,,(x) OYi

On the other hand, one calculates

dq 3 / (u(z,t) -y — 2)*(yi — )
Y 7t = o = dz
8yi(y ) 87 Jrs ly — =[5
_i/ lu(z,t)P(yi — 2i) +2u(z,1) - (y — 2)ui(z,1) ds
57 Je PEEE |

Taking into account u € L>(0,00; L2) and u € L>(Q, (o, t))* gives

0
2]z brae ) Bytanto -
Hence,

’/ ( )p(y,t) dy‘ <c forae. (z,1) € Bsyg(zo)x]to — p? o],
Bpja(z

where ¢ = const depending only on p.
In addition, verifying —Apg , = div divu®u in Q,(xo, o) and recalling the definition
of the space A%(B,(xo)) one estimates

‘ [ s dy\ < Doy O)l22(5,(000) < ¢l =@, anten
Bp/4(m)

for a.e. (z,t) € Bs,/s(x0)x]to — p?, to[. Here the constant ¢ depends on p only.

Estimating the right hand side of (5.5) by the two inequalities we have just obtained
it follows that pp , € L>(Qs,/8(20,t0)). Finally, once more using Caccioppoli’s inequality
one gets Vpy , € L>(Q,/2(xo, t0))® which completes the proof of the theorem. m
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6. Appendix

LEMMA A.1. Let g € L"(Bg)? (6/5 < r < 2) and qo € A%(Bgr) with

(A1) / g~V¢d:17:/ QplApdx V¢ e Cy°(BRr).
BR BR,

Then qo € WHT(Bg) and there exists a constant C,. such that
(A-2) IVaollLrsr) < Crligllrsa)-

Proof. Without loss of generality we may assume R = 1, the general case easily follows
by using an appropriate transformation of coordinates.

Consulting [4; Chap. III, Th. 3.4], there exists h € W, "(B;)? such that divh =
g — gp, with

(A.3) VR e 5,y < cllgll-(s,)-

Next, applying integration by parts, identity (A.1) turns into

—/ (h—hp,): VZ¢dz :/ QApdr Yo e W ?(By).
Bl Bl

By the definition of A%(B;) there exists u € W7 ?(B;) such that gy = Au. Thus, from
the identity above with ¢ = u using Sobolev-Poincaré’s inequality along with (A.3) yields
(A.4) lgollz2(m,) < cllh =hp,[|r2(m,) < cllgllLr(s,)-

Next, applying [13; Th. 9.11, p.156] with Blu,¢] = fBl AulA¢dz and F(¢) = fBl g
V¢ dx it follows that go € W1 "(B;) together with the estimate

IVaollr s,y < clllgllors,) + lullLzs,))-

Finally, taking into account

lullz2(s,) < cllAullL2s,) = cllgoll2(s))
and making use of (A.4) shows (A.2).
For the general case R > 0 the assertion easily follows from the former case R = 1

by using an appropriate transformation of coordinates and applying the transformation
formula of the Lebesgue integral. m

For the reader’s convenience we will present a short proof of the Poincaré-type in-
equality we have used above.

LEMMA A.2. Let u € L*(Qgr) with Vu € L*(Qr) and h € L*(Qg)? such that

(A.5) —/ u@tgodxdt:/ h-Vedrdt Ve Ci°(Qr).
Qr Qr

Then

2
A6 u—up,|?dzdt < coR? u—uo,.|?dzdt + h|dzdt ,
Qr Qr
R Qr R

where cg = const > 0 depends on n only.

Proof. 1) First, let us prove the assertion for the case R = 1.
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For a given function ¢ € C§°(B;) with 0 < ¢ < 1 in B; and { # 0 we define the
functional F' € L'(B;)* by means of

(F,v) = m | i verkm).

Clearly, (F,1) =1 and

(F,o— (F,v)) =0 Yo L'(B;(0)).
Since [|[v]|| := [|[Vv][2(8,) + [(F,v)| defines an equivalent norm on W' 9(B;) we have
(A7) [o = {E, )| Lo (5, (0)) < el VOllLasy Vv e WH(By).

Now let u € L?(Q) with Vu € L*(Q1)? and h € L'(Q1)? fulfilling (A.5). One easily
calculates

u(z,t) —ug, = (u(z,t) — (F,u(?))) + ((F, u(t)) — uq,)
= u(z,t) — (F,u(t)) +]Z (F,u(t)) — uly, s) dyds

1

for a.e. (z,t) € Q1. Moreover, verifying
F(Pute) = uty.s) dys

- ﬁ]l /B ¢y (uly' 1) — uly. s)) dy’ dy ds
By 1 1
0

L ' ! ' s) —u(y, s ! S
—/1<F,u<t>u<s>>ds+m/1 ]lB [ ) g
B,

for a.e. —1 <t — 0 gives

0
w(,t) — ug, = ule, 1) — (Fu(t)) + / (F,u(t) - u(s)) ds

-1
1 0 / L /
+m/_1 ][Bl Blg(y)(u(y ,8) —u(y,s)) dy’ dyds.

Hence, from the identity above one obtains

0
ut) — un oy < l(®) — (Fra(®) 2y + H [ 1t = utsias

1 0
+mH /_1 /B1 |u(y, s) — u(s)p, | dy ds

for a.e. t €] — 1,0[. Then with the aid of (A.7) and Poincaré’s inequality one finds

L2(B1)

L2(Bn)

0
[u(t) = 0y o) < VU By + [ I u(t) —u(s) P ds + el Vul gy

for a.e. t €] —1,0[. Next, integrating both sides of this inequality over the interval | — 1, 0[
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yields

0 0 0 0
) = ey dt < e [ IVulmy e [ [P - utspPasar

Finally, inserting ¢(x,t) = ((x) into (A.5) and using integration by parts implies

1 t 2 2
Fou(t) —u(s))]? = 7// h-V(dzdt <c(/ hdxdt)
[(F, u(t) — u(s))] To Gy . I, QIH
for a.e. s,t €] — 1,0[. Whence, (A.6).

2) The general case easily follows from the above by means of a standard homothety

argument using an appropriate transformation of coordinates. m
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