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Abstract. We study the solvability in anisotropic Besov spaces Bééa(QT), o €R4,p,q € (1,00)
of an initial-boundary value problem for the linear parabolic system which arises in the study
of the compressible Navier-Stokes system with boundary slip conditions.
The proof of existence of a unique solution in B§;1’0+2(QT) is divided into three steps:
1° First the existence of solutions to the problem with vanishing initial conditions is proved
by applying the Paley-Littlewood decomposition and some ideas of Triebel. All consider-
ations in this step are performed on the Fourier transform of the solution.
2° Applying the regularizer technique the existence is proved in a bounded domain.
3° The problem with nonvanishing initial data is solved by an appropriate extension of initial
data.

1. Introduction. Insome cases the analysis of the compressible Navier-Stokes equations
requires the study of the following linear parabolic system (see for example [7])

(1.1) uy — divD(u) = f  in Q7 = (0,T) x Q,

where u(t, z) = (ui(t, z), uz(t, ), uz(t,)) is an unknown function, ¢ € (0,7),0 < T < oo,
= (z1,72,73) € Q2 CR3 and Q is a bounded domain with boundary S.
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Moreover,
D(u) = {p(0z, 1 + Ox;ui) + (v — p)divudijti j=1,23
and u, v are constant viscosity coefficients. From thermodynamic considerations it follows

that v > % w> 0.
We associate with system (1.1) the following boundary slip conditions and initial

condition:

(1.2) To -Du)n =by, a=1,2 onST=(0,T) xS,
(1.3) uw-n=>bs onST,

(1.4) Ulg=0 = up in Q,

where n, 7o, & = 1,2, are unit orthonormal vectors such that n is the outward normal
vector and 7, 7, are tangent to S. By dot we denote the scalar product in R3.

In this paper we shall examine the solvability of problem (1.1)—(1.4) in anisotropic
Besov spaces BE&U(QT), o eRy, p,q € (1,00) (see Section 2).

We treat problem (1.1)—(1.4) as a model problem because the methods used in the
paper can be extended to other boundary problems and to other more general linear
parabolic equations and systems.

In order to formulate the main result of the paper we need some compatibility condi-
tions on the data.

ot2-2 . S4+1,042 , ~T - .
Let ug € Bp,g (). Assume that 4y € Bjq (%) is an extension of ug on

otl—1)/20+1—1
(0, T) x Q such that tgli=g = ug. Next, let by € B;,;l p)/2ot P(ST), k=1,2, b3 €

g41-L 54921
Bﬁ;l 207+ 2y (ST). We extend by, (k = 1,2,3) onto a neighbourhood ' C R? of S to
functions by, € Bz(fqﬂ)m’"“(Q'T), k=1,2and bs € BE,;LUH(Q/T) satisfying: by|s = by,
k=1,2,3.
Then, we define the functions
fo = f = (tor — divD(@)),
bok :Bk —fk‘D(ﬂo)’ﬁ, k=12,
bos :i)g—ﬂo"fl.
ASSUMPTION 1.1. We assume that:

T |\5?1fo||%p(gt)dt r H‘?lebOk‘S”%p(st
o tlt+arn < 00, 0 tlt+arz

Vit < 0o, k=1,2,

)dt<oo,

™ 1 bosls L o
0 t1+ars

where
{ (2] if § is noninteger,
my = - .
3 1 if 9 S N,
{ [g+3-2£] ifg+31- % is noninteger,
meo =

a 1 f o 1 1
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{[%4-1—%] if § +1— 5, is noninteger,

m3 =
1 : 1

%—— 1f%+1_%€N7

Z - [%] if Z is noninteger,

A=
1 if 3 €N,
A %4_%_%—[%4—%—%] if%—i—%—ﬁisnoninteger,
2:
1 if $+5—5 €N,

{%—l—l—i—[%—i—l—ﬁ] if%—l—l—ﬁisnonin‘ceger,
3=

1 if §+1-4 €N

AssuMPTION 1.2. We assume the following compatibility conditions:
Dgaffoh:o =0 for|o|+2i <,

(1.5) D%0lboy =0 =0 for k=1,2, |a|+2i <y,
(1.6) D?&ébogh:o =0 for|a|+2i <l
where

{a—%—l ifU—%EN,
I =

[0’—2] ifU—%>Oanda—%¢N,

P
o-3 ifo+1—-23eN
12:{[‘7‘:1—3] ifail—ziOanda—l—l—‘ggN’
P » o
U+1—% ifa+2—%€N’
:{[g+2%] ifa+272>0anda+27%¢N’

and [I] denotes the integer part of [.
Now, we formulate the main result of the paper.

THEOREM 1.1. Let 0 € Ry, p,g € (1,00), 0 < T < o0, & C R3 be a bounded

- ot1-1)/2.041-1
domain. Assume that f € Bgy (Q7), by € Bz(),q+1 p)/2otl P(ST), k = 1,2, b3 €

o 1,L’ 21 22 .
B;; 27+ P(8T), ug € B;qu *(Q), S € C?t7. Let Assumption 1.1 hold. More-

over, let in the case of o > % Assumption 1.2 be satisfied. If ?—) —-1<o< % we assume

conditions (1.5)—(1.6), and if% -2<o0< % — 1 we assume only (1.6). Then there exists

a unique solution u € BE;LUJFQ(QT) to problem (1.1) such that

/T 107" (u = o) 17, (s
0

t1+q)\4

)dt<oo,

where Ay = A1,
{ [% + 1] if  is noninteger,
my =

g if ¢ e NU{0}.
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Moreover,
1.7 T ||aln4(u7ﬂ0)||%p(gt)dt
( N ) Hu||B§:1’”+2(QT) + 0 t1+q)\4
2
<c - + b oa1_1 o411 + b g1l 5401
- {”f”Bﬁq (@) ,;“ e R T

T 10 foll L CR T 107" box] s |1 7
»(02%) t Lp(S*)
Hluoll poag o+ ( | e dt) Dy ( | = dt)

P.q

T ||a?3b03|3||%p(st)d %
T o t1+aXrs t ’

The existence of an extension %y of ug such that the compatibility conditions of

Assumption 1.2 are satisfied, follows from Lemma 2.3. However, Lemma 2.3 does not
guarantee the fulfillment of Assumption 1.1. Therefore, we use Lemma 2.5 in virtue of
which if ¢ > p and o, p, ¢ satisfy some additional conditions, we can estimate the integrals
from Assumption 1.1 by the norms of f, b; (¢ = 1,2,3) and wug. In the case of ¢ < p we
can show that these integrals are finite if we assume that ug € BZ;L"EH_%(Q), where
€ > 0 is sufficiently small. Therefore, an immediate consequence of Theorem 1.1 and

Lemmas 2.3, 2.5 is the following theorem.

THEOREM 1.2. Let 0 € Ry, p,q € (1,00), 0 < T < o0, 2 C R3 be a bounded

- ot1-1)/2 o411
domain. Assume that f € By (QT), by € B,(,;l p)/Botl PSTY, k= 1,2, bs €

GHl—gs,04+2—5 +2-2
Biq T7TTP(ST), up € Bpg '(Q), S € C?O.

1° Let g > p, 5 # , + (5], § —[5] >
3 1 1 31 11 3 11
ol t[5+l-5] s # 53+ 5+5-5 5> 553 +[5+3-5]
Let in the case of o > % Assumption 1.2 be satisfied. If% —-1l<o< % we assume
conditions (1.5)—(1.6), and if%—Q <o< %—1 we assume only (1.6). Then there

exists a unique solution u € BE;_LUH(QT) of problem (1.1) and

2
ol g5 142 ey < (171 5.0 ey kg bl o prrmop o

+ b g1 si0 1 + [|u o1 2 )
sl pgri=dporent gy Wl g )

2° Letq<pcmd5>0besosmallthat%—[%] <1—%, %—i—l—ﬁ— g+1-
ﬁ] <1l-3 and%—l—%—ﬁ—[%ﬁ-%—ﬁ] <1—%. Let § # |5 +%—%,
$HFG -5t -1+ 5#[5+5-5) T3+ 5
Moreover, assume that f € BE;%’UJr%E(QT), by, € B;?q+1+%7%)/2’0+1+%7%(ST),
S+E4+1—Fo+2e42-1 ot2e42-2

k=1,2 b3 € Bpg (ST), ug € Bpq () and in the case of
Z+ % > % assume the conditions of Assumption 1.2 with l; (i = 1,2,3) replaced
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by
2e 2 : 2e 2
’1_{0-—’—?_;_1 zfa—i—;—EGN,
- 2e 2 . 2e 2 2e 2
I:O'-f—?—;] zfa+?—5>0anda+?—5¢N,
2 3 - 2 3
l/2: O'+?€—5 ZfO'—’-l—‘r?s—;EN,
[o+2+1-2] ifo+1+E-2>0ando+1+2-2¢N
and
2e 3 : 2e 3
1/3: U+?+1—E ’Lf0'+7+2—]—3€N,
[o+2+2-2] ifo+2+2-3>0ado+2+2-2¢N,

respectively. If% —1l<o+ 275 < % we assume conditions (1.5)—(1.6) with ls and
I3 replaced by Iy and Iy, and if% —2<o<o+ % < % — 1 we assume only (1.6)
with 13 replaced by l5. Then there exists a unique solution u € BE;LJH Q1) with

7 19 uly ) )
Jo —Fae—=dt < oo of problem (1.1) and

HU” . i T Haln“quLp(m)dt 1/q
B2, T ar) 0 1+ars

2
<c Hf||3§:%’°+%(m) + 1; ||bk|| ;lfq+l+ﬁ*%)/2,a+l+%7%

(87)

R S L LI TSe e £

where my, Ay are defined in Theorem 1.1.

In order to prove Theorem 1.1 we consider several auxiliary problems. First, in Sec-
tion 3 we examine problem (1.1) with f = 0, ug = 0 in the halfspace R3 = {z € R3 :

xz3 > 0}. The main result of Section 3 is formulated in Theorem 3.4. Namely, assum-

o—1-1)/2,0-1-1 - 1)/2,0-1
ing that by € By, 7T (Ry x B2, k= 1,2 and by € By T T (Ry x R?)

(see Definition 2.5) we prove the existence of a unique solution u € B~ (R; x R?) of
the considered problem. To prove Theorem 3.4 we transform problem (1.1) with f = 0,
ug = 0 to a system of ordinary differential equations with respect to x3 by applying
the Fourier transform with respect to @’ = (x1,x2) and the Laplace transform with re-
spect to t (see (3.2)). We estimate a solution of the system in Besov spaces using the
definition by the Fourier-Laplace transform and the Paley-Littlewood decomposition in
the directions 2/, ¢ and the classical one by differences with respect to x3 (see Def. 2.4).
Using the above existence and appropriate estimate we prove the existence of solutions
to problem (1.1) with ug = 0 in a bounded domain by applying the regularizer technique
(see Section 5). Finally, in Section 6 we prove the existence of solutions to problem (1.1)
by an appropriate extension of the initial data and using the result from Section 5.

The crucial point of the paper is the proof of Theorem 3.4 which relies on estimating
solution (3.3) of the ordinary differential system (3.2) directly in Besov spaces defined
by means of the dyadic decomposition of a partition of unity. The proof bases on deli-
cate scaling arguments connected with the decomposition and estimates of compositions
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of the Fourier and the inverse Fourier transforms. In fact, we prove Theorem 3.4 by
a modification and adaptation to the anisotropic case same ideas of Triebel (see [23],
Sect. 2.3.6).

In contrast to our existence theorem most of known existence results for linear para-
bolic or nonstationary Stokes equations have been proved by using either the technique
of potentials or the resolvent estimates or the interpolation. Let us recall some of them.

Solonnikov [20] considered initial-boundary value problems for general linear parabo-
lic systems with variable coefficients. He examined the solvability of these problems in
anisotropic Hélder and Sobolev spaces W27 ((0,T)) x Q)) with o € NU {0}.

In [19] Solonnikov obtained estimates for solutions of the heat-equation with appro-
priate initial and boundary conditions in Besov spaces Bp% 7 (QT), o > 2. The results of
[19] and [20] are shown by the potential technique.

The methods presented in [1, 21] give the existence in spaces H2?, 0 € R, . Using
the existence of solutions in W[‘)”Z", o € N, p € (1,00) (see [20]) and applying the
interpolation (see [22]), the existence both in Hp% *” (Bessel potential spaces) and in Bp% 7
(Besov spaces), o € R, can be proved. The existence of solutions in Besov and Sobolev-
Slobodetskii spaces is proved in [2]. The above interpolation technique is applied only in
a half space and for solutions with vanishing initial data. The existence of solutions in a
bounded domain follows from the regularizer technique.

In [8, 9] some existence and uniqueness results in Besov spaces for parabolic equations
arising from the compressible Navier-Stokes equations are formulated.

Paper [26] is devoted to the existence result in Besov spaces of the Cauchy problem
for abstract parabolic equations of higher order in time.

There are some results concerning the solvability of linear parabolic equations in
Besov spaces via semigroups. The most general results are obtained by Amann [3-5],
who considered in [3] the following problem

w+Au=f inQ7,

Bu=0 on ST,

uli=0 = Uo in €,
where A =37, ., @a(z)D* and m = 2.

The above Cauchy problem in the case of m € N, m even, is examined in [5]. Amann
proves the estimate

_ k
A+ A)Yess, .85, < on Rel > w > 0,

where £(X,Y) is the space of all continuous linear maps from X into Y, so — A generates
an analytic semigroup.

Paper [3] is concerned with the existence of a semigroup in Bessel potential spaces HY,
while in [4] the existence of solutions to evolution equations via semigroup theory in
general Banach spaces is examined.

The methods of this paper were applied by the authors to obtain the solvability result
for the Cauchy-Dirichlet problem for the heat equation (see [27]).
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There are also some existence results for parabolic pseudo-differential initial-boundary
value problems. The following problem is considered in [10, 11, 13, 14]:

(1.8) ug+ Pou+Gu=f for (t,z)eQ=1xQ,
(1.9) Tu=¢ for (t,z)e S=1xQ,
(1.10) ult=g = ug for s € Q,

where © is a smooth bounded open set in R™ with boundary I', I = (a,b), b < +o00; P
is a pseudo-differential operator on R™ of order d € Z having the transmission property
(see [10]), and Pq is its restriction to €2;G is a singular Green operator of order and class
< d. The operators act in C* vector bundle E over ).

Moreover, T' = {1y, ..., T4—1} is a normal system of trace operators T; of orders j < d
and it is assumed that the system {0; + P + G, T} is parabolic.

The above pseudo-differential formulation contains the usual parabolic operator prob-
lems as well as the initial-boundary value problems for the Stokes system.

In [11] the solvability of the problem (1.8)—(1.10) in Sobolev-Slobodetskii spaces H -7,
o > 2, is proved, while paper [13] gives the existence results in Bessel-potential Hp% "7 and
Besov BE ” spaces.

The proofs of the above results base on the study of parameter-dependent ellip-
tic pseudo-differential problems which yield appropriate resolvent estimates (see also
[10, 12]). The next step of these proofs relies either on using the Laplace transform
method described by Lions, Magenes [16], Agranovi¢, Visik [1] and Solonnikov [21] (in
the case of paper [11]) or on proving some mapping properties for pseudo-differential
operators defined by means of compositions of the inverse Laplace transforms, resolvent
opertors and Laplace transforms (see [13]).

Finally, the results of [11] are applied in [14] to study the solvability of different
boundary-value problems including Dirichlet, Neumann and intermediate problems for
the Navier-Stokes equations in spaces H2T172(Q) for 0 +2 > 2, 0 > 0.

In [24, 25] the Besov and Lizorkin-Triebel spaces are used to show the existence of
solutions to initial-boundary value problem for the heat equation in W2 (2 x (0,T)).

2. Notation and preliminaries. Let = (21,72, 23) € R?. Throughout the paper we
use the following notation: o’ = (z1,22), T = (0, 2’) = (xo, 21, 22).

For a derivative with respect to 2’ we use the notation: 9% = OF10k2  where k' =
ki+ ko € NU{O}.

DEFINITION 2.1. Let @ = (ag,a1,a2) = (2,1,1) = a € R3. For z € R? we introduce the
anisotropic distance from zero:

2 2
- 2N\ 1/2 1/2
#la = (31wl ) = (Jwol + 3 i)
=0 i=1

Let S = S(R?) be the Schwartz space of all complex-valued rapidly decreasing infinitely
differentiable functions on R3.
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DEFINITION 2.2. By ®,(R?) we denote the collection of all systems ¢ = {¢x(7)}52, C
S(R?) with the properties:

1° supp ¢ C {7 : [Z]a <2}

2° supp ¢p C {Z:2F 1 < |z|, <2M1) k=1,2,...

3° for every multi-index & = (av, a1, o) there exists a positive number c¢; such that

2k(2a0+a1+a2)|D&¢k(f)| < Ca

for all k € NU {0} and all # € R3;
40 3% d(@) = 1 for all 7 € R,

In the sequel we use the anisotropic Besov spaces BE J (R x R?) and BE ¢ (RxR3).

DEFINITION 2.3 (see [22, 23]). Let p,q € (1,00), 0 € R,. The anisotropic Besov space
B2, (R x R?) is the space of functions u = u(t,2’) with the finite norm

[eS) 4

1
o — ok —1 \|p / Pl
IIuHB;;(RW) [Z(/MRZ 120K (F~ g Fu)(t, )| dtd:c) } 7

" k=0
where (F~1¢pFu)(t,2') = (F~Y(¢pFu))(t, z'),

(Fu)(&, &) = / e~ o+ €y (¢ 2!V dtda! = / e~ Ey(2)dz,
RxR2 R3

2
T (ha) = (v0,0)), T-E=Y m&, 6= {AO}, € Tu(RD).
=0

Let R? = {z € R : 23 > 0}.

DEFINITION 2.4. Let p,q € (1,00), 0 € R;. The anisotropic space BE[;’(R x R3) is the
space of functions u = u(t, x) with the finite norm

1l g5 7 gy ) = 1l @)
%) -;1 1/q
+ {Z< > / 2<ffJ‘>’€(F;;¢kpt,m,agsu)(t,z)|Pdtdx> }
k=0 N j<[o] VRXRY
. {i < e[ e [ dw,|Ft,;<z>kFt.,z/<aL‘;]u<f,x3+z>—aL‘;]u@,xs)»p)Z} g
o \Jr Jry IR Jre |2 tFp(o=lo])

where
(Fy i Ox Fy 0 0% u) (8, 2) = (Fy (01 Fy 002, 0)) (8, ),

(Fypu) (€, x3) :/ e~ 0+ E) (¢ ) dtda! :/ e_ii‘gu(i,wg)d:ﬁ
RxR2 RxR2

Let u = u(t, 2’) or u = u(t, x) be a function vanishing for ¢ < 0. We define the function
e "y for t >0,
Uy =

0 for t < 0.
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Using u~ we can introduce spaces Bp,q, (R4 x Q) (where @ = R? or Q = R3) of functions
u=u(t,z') or u=u(t,z) as follows.

DEFINITION 2.5.

B2 (R. x Q) = {u:u, € BZ (R x ., .. .
Fay(Ry x Q) ={u:u, € By (RxQ)}, ||UHBP2(;W(R+><Q) lusll 57 2x0)

Since F~Y(¢p(Fu,)) = e "' Fy  (¢rFiu), F(0rFraty) = e—vthl(qbkFQ), for a
sufficiently regular and rapidly decreasing function u which vanishes for ¢ < 0, where
F1, F5 are the Fourier-Laplace transforms, i.e. for s = v + i§y, Res =v > 0,

(Fru)(s, &) :/ efStdt/ ey (t, 2 )da
Ry R?

(Fou) (s, &' x3) :/ e_Stdt/ ey (t, z)da’,
R, R?

the norm |ju|| ¢ .- can be written in the following way:
Bplgy (R4 xQ)
S k(-1 oK
ul| 2., =||u + e 7R (Bt Fiu)(t, o) [Pdtda’
|| HBp%q,w(R+><R2) || WHLP(R_FXR?) |:kz—0(/R+><R2 ‘ ( ! (bk ! )( )‘
if Q = R? or

190552 g gy = N2 e i)

+ {Z( > / , e‘”t2<"‘”’“(F;1¢kF2u)<t,m)|pdtdx)”}
i<[o] RXRS

k=0
= o _ a1
+ [Z(/dt/ doy [ d: [ do e By o Fa (O ul@ s+ 2) - a;;u(m)m)p]q
=0 \JR JR, R JR2 |z|1+plo=o])
= lluyllz, @, xrs) + llu ”132 7 (RexEY) + [Ju ”232 (R xR
if Q =R3.

Now, we shall introduce definitions of Besov spaces By  (€2) and BE[]U(QT), where
Q C R" is an open domain. In the special cases of @ = R x R? or 2 = R x R} these
definitions are equivalent to Definitions 2.3 and 2.4, respectively.

Let 0 € Ry, p,q € (1,00) and let

AP hyate) = 1 (" Yua + e

§=0
AT (hyu(x) if [z, + hme;] C Q,
AT (h, Q)u(z) =
0 otherwise,

where z = (21,...,2,), m € N, ¢; is the unit vector directed along the z; axis.
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DEFINITION 2.6 (see [6, 17]). The Besov space By  (£2) is the space of functions u = u(x)
with the finite norm

" AT (R Q08 ul? g
lullBg ) = llullL, @) + Z (/0 hita(o—k) dh) ’
i=1
where hg >0, m>oc—k >0,k NU{0}, 0 € R;.
Now, for mg € N let
mo
Ape(myutt) = Y17 ("M Jate + n)
j=0
AT (h)u(t) if [t,t +moh] C (1,T),
AT (b, (7, T))ut) = { ey Ao e (D
0 otherwise.

DEFINITION 2.7 (see [6, 17]). The Besov space Bp%,(}g((r7 T)xQ) (—oo <7< T < 00) is
the space of functions u = u(¢, z) with the finite norm

HUHB,%;”((T,T)xQ) = HUHL,,((T,T)xQ)

|q

n g rho AT (R, 92)0% z
T)xQ)
+z;</0 Pyt e k) dh>

ho || AT (h, (7,T))dr0ul|? i
+</ 1A (h, (7, T))0; ull7, Xg)dh> ’
0

hlta(o/2— ko)

Whereh0>0,m>o—k,m0>%—ko,koeNU{O},o€R+,o>k,%>k‘0.

The Besov space BE&G((T, T) x S), where S is the boundary of a bounded domain
Q C R™ is defined in a standard way by using local coordinates and a partition of unity.
The following lemma holds.

LEMMA 2.1. In the case of Q =R? and (1,T) = (—00, +00) the norms in BE&U((T, T) x
Q) introduced in Definitions 2.3 and 2.7 are equivalent.

Similarly, in the case of (7,T) = (—o0,+00) and © = R? the norms introduced in
Definitions 2.4 and 2.7 are equivalent.

Now, we define a collection A,z (R?) containing the system ¢ = {$;(Z)}32, € P4 (R?).
In Section 3 we use the properties of this collection.
DEFINITION 2.8 (see [23]). Let L > 0 be a given natural number. By A, (R?) we denote

the collection of systems ¢ = {¢;(7)}52, C S(R?) of functions with compact supports
such that

O(@) = sup Zl2 > D30 (2)]

|a|<L
+ sup ([z[F+12l,5) Y [DEe; (27w, 27a')| < oo,
J‘ERS\{O} lal<L
j=1,2, =

where DY = 920021922 ZZ 0 = |al.

To Tx1 TT2)

To prove Lemma 4.1 we need the extension lemma.
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LEMMA 2.2 (see [6], Ch. 4, Sect. 18). Let o € Ry, p,q € (1,00), f € B2, (R x R3),
R = {z € R : 2 = (z1,29,23), 3 > 0}. Then there exists an extension of f onto
R x R3 denoted by f' such that f/|R><R§_ = f and

1£1 45 <clfll;5

where ¢ > 0 does not depend on f.

T (RXR3) — .7 (RxR2)’
We also use the following trace lemma:
LEMMA 2.3 (see [17]). Let u € Bp%(}g(QT), ceER,, o> %, p,q € (1,00). Then ult—o =
o2
¢ € Bpq” () and
H¢||B:;( clull 5.2 or):

o2 _
Let ¢® € By 7 2M(Q), where k=0,1,...,1,

o 1 es 1
- led 1 r o 1
§—31 ifE-,¢N
Then there exists a function u € BI;; QT such that 6ku|t 0= =¢® k=0,1,...,1 and
o (k)
”uHBE,éa(QT) S ckz:;) H(b ‘|B;;%_2k
In order to prove Theorem 1.1 we also need the following lemma.

LEMMA 2.4 (see [27], Lemma 2.5). Let o € Ry, p,q € (1,00), f € B2 (QT) and let
. {f fort e (0,7),

@

0 fort<DO.
Then [’ € BEZZJ((—OO,T) x Q) if and only if the following conditions are satisfied:
™0 717

where

[0/2] if /2 is noninteger, 0/2—[0/2] if o/2 is noninteger,

m = )\ =

g—1 if 3 €N, 1 if 3 €N;
(20) az{f|t:() = Oa
where

{ [0/2] =1 if § is noninteger and [$] > 1,
l:
2_92  ifg-2eNU{0}.

Moreover, for f' € BE(}U((—OO T) x Q) we have the estimate

RIINCIINE ,
¢l [||f||3ééo(m)+ (/O — g ) ] SN G5 oy

LS
< a1y ([ ™ar) ],
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5.0

REMARK 1. The result similar to Lemma 2.4 can be proved for a function b € B, (ST)
extended by zero on t < 0.

Finally, we present a lemma which in some cases guarantees together with Lemma 2.3
the possibility of constructing an extension g of @y such that Assumption 1.1 holds.

LEMMA 2.5 (see [27], Lemma 2.6). Let p,q € (1,00), 0 € R,
_ [%] if § is noninteger, \ g — [%] if 5 is noninteger,
-1 if 3 €N, 1 if § €N,
1° Let ¢ > p, § # % +1%], ¢ > [9] —|— 1 —, fe B;QU(QT) Moreover, in the case
of 3> % assume that
i flimo =0  for2i <m/,

where
, J—%— if J—geN
m = 2
[0—5] zfa——>0cmda——¢N.
Then .
" or S, m "
o Mgy
2° Letq<pandlet€>0besosmallthatg—[ ] 1—— Let”#[%]—i—%—%

p7+

g+ ,
and f € By, 7 (QT). Moreover, in the case of § +¢& > ]—3 assume that

i fli=o =0  for 2i <m”,
where
. o+2—-2-1 ifo+2—-2¢€N,
m_{[a-i-%—%] ifo+2—2>0ando+2 —2¢N.

e 197111
L,(92)

/O e L I JPTPO
To define a regularizer and to prove the existence theorem for problem (1.1), where
Q C R? is bounded domain, we need a partition of unity. To introduce this we define
two families of open sets {w®} and {Q®}, k € MU N, such that @* c QF) c Q,
Uy w® = U, 0% = Q, QW NS = ¢ for k € Mand QNS # ¢ for k € N. We
assume that at most Ny of the Q(*) have nonempty intersection and sup,, diam Q) <2,
sup,, diam w®) < X for some A > 0. Let ¢*)(z) be a smooth function with the properties:
0< (W) <1forze (M) =1forzewh, (Fx)=0forzecQ\Q* and
|De¢F)(z)] < &1, a = (a1, a,a3). Then 1 < Zkeﬂnum(c(k)(z))2 < Np. Introducing

NEIE
the function

R) (o ¢ (x)
n (:L’) - ) 27
Zlemum(C (7))

we have that n®)(z) = 0 for z € Q\ QW 3, 0 0 n®(2)¢(®)(z) = 1 and |DIn®) (z)] <
e/l
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Considering problems invariant with respect to translations and rotations we associate
with each Q) k € N, a local system of coordinates y = (y1,42,%3) with center at
¢F) e S = 5N Q%) such that w® and Q*) are described by the inequalities

lyil <A, i=1,2,3, 0<ys— F(y1,y2) < A
and
lys|l <2X, i=1,2,3, 0<ys— F(y1,y2) < 2\,
respectively. Then S*) can be written as
S ={y: y3s = F(y1,y2), lysl <2\ i=1,2}.
We straighten the boundary S*) by introducing the new coordinates
zi=vyi, 1=1,2, 2z3=y3— F(y1,92)
We denote the above transformation by ®y, i.e.
z=®(y) foryesH,
Then, denote: S*®) = &, (S®)), Q*) = &, (QF), ¥*) = & (w®). The sets W™ and
Q®) are described by the inequalitites:
lzil <A, =12, 0<z3 <A,
lz:] <2X, 1=1,2, 0< z3 <2\

respectively. Let y = Yi(z) be the transformation from the coordinates z to the local
coordinates y, which is a composition of a translation and a rotation. We set

WM (t,2) = u(t, Y, Lo @ (2)).

3. The parabolic problem with f =0, by # 0, ug = 0 in the half space. The aim
of this section is to prove the existence of solutions to the problem

ug — divD(u) = 0 in Ry x R3,
Ouy, 8’(1,3) ) 9
—_—+ — =b s k= 17 27 in Ry xR B
(3.1) M(@xg Oy, F *
us :bg in ]R+ XRQ,
ult=p =0 in R%,

where Ri ={z eR3: x = (v1,22,73), w3 > 0}.
In order to solve (3.1) we apply the Fourier-Laplace transform F». Then (3.1) implies

oy dis e .

p——s F Vil —— — (s + p& “)iy — v§p&iu; =0,  k=1,2, for x3 >0,
dzs dzs

4 )% e MU 4 )i = 0 for x5 > 0

V)——— + vi&; — (s Q3 = Tz
32 TR I dars He s 3> 5

du A

/’(‘ﬂ + szka?) = bka k= 1,2, for x3 =0,
dl’g

’&3 = [;3 for xr3 = O,
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where & = (61,&), €2 =&+ &, s =y +i&, v > 0, i = Fauy, k = 1,2,3 and the
summation convention over repeated indices is assumed.

We are looking for a solution to (3.2) which vanishes for 3 — co. Such a solution to
(3.2) vanishing for z3 — oo has the form (see [7])

(33) i = B(E)e ™™ + W(E)(Er, s ima)e ™,

where g = (50’5/)’ @(E) = ((I)l,®2,%£/ : q)/)u (I)k = (I)k(g)a k = 1a27 P = ((1)15(1)2)7
= n 2 = o bR g € (- 1) k=12, 0 = 6P + &0
Inserting (3.3) into (3.2) yields

’ b
1Py + &V = ibgly — =, k=1,2,
(3.4) [

f/ . ‘I)/ + T1T2\I/ = 77:7'11;3.

Solving (3.4) we obtain (see [7])

1 - 1 .
(I)k = 7_b, : é.,gk - _bka k= 1a25
ST K171
1 /.- 1.
Wz—(ibg—i——b’f’).
T2 S
Let
e, =e T i=1,2, 60:61762.
T — T2

Then (3.3) can be written as
u=Vey+ Weq,

where V = (V4, V2, V3), W = (Wq, Wa, W3), and

1/ 1, - o
V= — (ibg + = g’) (o — 1)k = —— > (ibgs + b/ - €)&, k=1,2,
To s To(11 + T2)

~ 1~
Vg :i<ib3+sb/‘£/>(’rg—7’1) = —

T1 + T2

1/1 1 1 . i -
Wi = @5 + V& = — (— - —)b/ €6 — ——bi, + —b3&y,
S T2 ,LLTl )
co

N 1 A )~
= —— 0 G — —bp + ibsék, k=1,2,
T172(T1 + T2) JT1 T

(3.5) Uy = Z(ereoér + hmrelgr), m=1,2,3,

r=1
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where
1 s . S (S L=
To(T1 + 72)’ To(T1 + T2)’ To(T1 + 72)’
—co&150 —co25i
Jg13=—F—"", g3=—"",
7'2(7'1 +T2) TQ(Tl +TQ)
o1 = —1icoé1 ss = —icoa gss — —Cps
BT SR T o 9T
1 2
hy = —— + L7 hiy = hyy = &,
pr - 2T+ T2) T172(T1 + T2)
1 o3 i1
hoy = —— + ——2—— hj3=—,
U7 ’7'1’7'2(’7'1 +’7'2) T2
3
hos = =2, hgy = hgy =0, hgz=1.
T2

LEMMA 3.1. Let 7 = /v + &2 +i&. Then the following estimates hold:
'I", T c ;S J— .
‘agfagogjﬂ < Wa T,,TENU{O}, J=123, k=12

’ C .
\%%gjglsm, roreNU{0}, j=1,23;

c

v ar / ; — .
\35/3§0h3k| S W, T,TENU{O}, j,k—l,Q,

’ C )
‘a;i/agoh’j3| < W7 r,reNu{0}, j=1,2.

Proof. First, notice that

(3.6) a| | <l < el 7l

cs|t| < |2l < ealr|,
where ¢; >0 (j =1,...,4) are constants, and 7;, j = 1,2, can be written as
7j = |7jl(cos p; +isinp;),

where p; = argT; € (f T %), 7 = 1,2. This implies that

[T + 72| = V|11 + |[72]? + 2|71 ][ 72| cos(p1 — ).
Hence
(3.8) cs|T| < |11+ Tl < el

where ¢; > 0 (j = 5,6) are constants and we used that cos(p1 — ¢2) > 0 and (3.6)—(3.7).

Moreover

'r', A c N

|r’'+2r—17
il

In view of (3.6)—(3.9) we can replace calculation of derivatives of the functions g;; and
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hjk (4,k =1,2,3) by calculating derivatives of the following functions:

£ 3 Ste) 15 a5
gh:ﬁa 9%225, 9%2:9%1 2 9%323, 953:?,
€1 1 &2 1 S 1 51
) = = h =
931 = 0 U= s 33T 1= +
§162 £3 51 &o
h2—h21——37 h%z—_‘f‘_ h13——7 h%3:?-
To calculate the derivatives of the above functions we use the formula:
r4r’—1
(310) 8§/ 850 Z al+1’7— m—(+1)
m/
> (i) (00, "7)",

ny+-tng=l+1
7n1n1+-~-+m,qnq:7‘
m’lnl +---+mf]nq:7‘/

where m € R\ {0}, a1 (I =0,...,7 + " — 1) are real constnts depending on k + &/,
8?; = 821 8?22; mj, m; and n; (j = 1,..., ) are nonnegative integer numbers. Using (3.10)
and the Leibniz formula we get

> (7 )ok oo,

=0

/

<ec (|T|727(l+1)|T|l+17(2r+r/)|£1‘2 + |T|72*(l+1)‘T|l+17(27“+r’,1)|§1‘

|8g' 8209}1| =

3

1=0
_o_(1 I+1— — ¢
+ |7| 72 WD = Crar=2)y < W,
where we used that
|8m1({9 7_| i< ¢fr|h nj(m}; +2m1) ji=1,...,q.

Hence

! C
|0 Og, g11] < T

Using (3.6)—(3.9), the formula (3.10) and the Leibniz formula we estimate the other
functions g;, and hjj in the same way.
This concludes the proof. m

We also need some estimates of derivatives 97 38?0 85,/61-, 1 = 0,1 which will be proved
in Lemmas 3.2 and 3.3 below.

LEMMA 3.2. Let 72 =s+¢&2, s =~y +i, & = (&1,8) €R2, & € R, v > 0. Then

(oo}
(3.11) / \3%3(9?05?/61\pd$3 < C‘T|Pj—p(2k+k')_17
0
(3.12) / |07 55035, eo|Pdas < c|r|Pi—P@kHR)—
0
where p € (1,00), j, k, k' € NU{0}, 9 , = 8]“3]“22, k' = k1 + ka; ¢ > 0 does not depend

on T.
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Proof. By Lemma 2.2 of [27]

/ |8§38§08§;6_T1x3|pdm3 < |y |PImPRRHRD 1

0
and in view of (3.6), estimate (3.11) follows. In order to prove (3.12) notice that
(3.13) & eo = (—m)leg + (=17 (] "+ P+ + 1 Der = A+ Ao,
where A; = (—72)/eg. First, using relations (3.7), (3.8), (3.10) it suffices to estimate
8?0 8?,/((—1)j7j_1e_7$3) instead of (9?08?,/142. Since for j € N,

Og, 08 ((—1)/ 77~ te ™) = —9 "1 OF O e 7",
in view of (3.11) we have

(3.14) / 108 9F Ay[Pda, < c|r[piP@ETK) =P,
0

If j = 0 we apply the Leibniz formula together with (3.10) for m = 1 and the formula

k+k'—1
k ok’ —71x3 _ _—7Tx E +1
8&08";:/ e S =e¢ 3 al+1x3
=0

S OOy (e T
nyit-tng=I+1

miny4--+msng=k
myny+-Fming=k’

where a; (i =1,...,k + k') are nonnegative constants. Then it follows that (3.14) holds
also for j = 0.
In order to estimate 8?0 ag,/Al we represent e in the form

z3
eo(x3) = —/ 6771(“"379)6772ydy.
0
Then

3
Dereg(w3) = _/ (85/6_71(13_3’)6_723/ +e—T1(ws—y)a£,e—sz)dy
0
3

z3
— 35/7_1/ (IB _ y)efﬁ(ﬂﬂsfy)e*mydy + 65,7.2/ y6*72y6*71($3*y)dy.
0 0

Therefore, using (3.6)—(3.7), (3.9) we get

ReTy

“henfmouly [ R gy )~ Reray
|Ogreo(z3)| < |Ogmi| sup (Jzz —yle z ) e 2 e dy
O<y<oo 0

_ ReTo z3 _Reﬂ'z _R ( _ )
+ [0ero| sup (ye” "2 Y) e~ Tz Yem ey gy
O<y<oo 0

—Bemi % _Beny (z3—y) ,—Retay
< |0grmi| sup (ze” "2 %) e 2 e dy
0<z<0 0

_ Rero 3 —Reri(z3—7Y) _ Rerg
+ |Ogrma| sup (ye” "2Y) e eI Y o= T3 Yy
O<y<oo 0

¢ # _Bem ol _Remly| ¥ _Bemy i perizs—y
Sﬂ e 5 3y6 dey+ e 5 ye 13ydy.
T 0 0
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Hence by the Young inequality we obtain

[ele] o] p [ele]
c —Rer: _pBen,
/ |0¢reo(w3)[Pdas < —K/ e 2ydy> / e P g
0 |T|P 0 0
o] Rery p ee] R c
+ / e 2 ydy) / e P eTlx?’dxg} < —
( 0 0 |7|2P 1’

where we also used that |7;| < gRETi, i = 1,2. In the same way we get

e c
/O ‘3§Oeo($3)|pd$3 S W

Now, we estimate [~ |8§,'8k060(x3)|pdw, where k + k' > 2, k, k' € NU{0}.
To do this we use the formulas
r4r—1
(3.15) 8&8?67“(137?’) = e m(@s—Y) Z bry1(zs —y) ™
1=0
Z (agn 82'7’/1 Tl)nl (aggs a?;ﬁ)ns
ni+-+ng=l+1
Y e
and
k+k' —r—r'—1
aécofraéc,’frle—my — e T2y Z Cm+1ym+1
m=0 ,
3 (OO i)™ . (D] D )",
ny+-tng=m+1

miny4-tmgng=r—k
m’1n1+-~-+mgnq:rbk’

where r < k, v < K, r—k e N, —k €N, b and ¢; (1 = L.o..,rM 4 j =
1,...,k+k —r—1') are nonnegative constants. Then applying also the Leibniz formula
and estimates (3.6), (3.7), (3.9) we obtain
’ I3 ’ !
|8§08§’ 60(1}3)‘ < C/ (|8§08k' 6771(963*9)”677'2?4' + |6771(13*y)||8§08§/ 6772y|)dy
0

k+k'—1

xa !’ !’
+ ) / |08, 0 e~ V|| gg R g, =2 | dy
r4+r’'=1 0
k+k' —1
< C|T|—k/_2k [/933 e_ReTI(zg—y)e—Re'rzy Z (553 _ y)l+1|7'\l+1dy
0 1=0
z3 k+k'—1
+/ efRe‘rl(a:gfy)efReTQy Z yl+17|l+1dy:|
0 1=0
k+k'—1 gy r+r’—1
4 Z / |:€—R€7'1(:E3—y) Z (23 — y)l+1|7_|_r’_2r+(l+1)
r+r/=1 0 =0

k+k'—r—r'—1
’ ’
'efReTQy § ym+1|7_|7(k —r )72(k7r)+m+1:| dy

m=0
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Continuing, we have

k+k'—1 o
e D Ol
1=0 0

z3
+ / efRe'rl (xgy)eRe'rgylerldy]
0

k4K k+E' —m g,
+Z Z / eReTl(ISy)eResz($3—y)myl|T|m+ldy}.
m=1 =1 Y0
Hence
k+k'—1
k ok’ —k'—2k I+1
|0 OF eo(a3)| < c|7| { > Il
1=0
I+1_— BT (g5—y) s — BT (g3—y) _—Rer
| sup (Jzg —y|Tem Tz WY e~z Ve Ydy
0<y<oco 0
x3
_ Rerj -~ _ _ Rerp
+ sup (yl—i-le =t y)/ e~ Remi(z3—y) ,— =52 ydy}
0<y<oo 0
k4k' k+k —m
m+l m— BT (p5—y)
+ > > ™ sup (|lag —y|mem T E eY)
me1 I—1 0<y<oo
T3
__ Rerp _ Rer; -~ __ Rerg
sup (yle™ 2 y)/ e~z @Y= T3 ydy}.
O<y<oo 0
Since
Ret; _ )
sup (t"e” = D <er|T", reN,i=1,2,
0<t<oo
we get

Re

/ ’ T3 T
\8?08? eo(x3)| < ¢|r|7F 2% [/ e~z (#3—y) g=Remay g,
0

T3 Rery —Rer (z3—y) T3 Rery (z5—y) _ Rery
+ e 2 Ye WY dy + e” 2 \WTYWem T Yy,
0 0

Therefore, using as before the Young inequality yields
(3.16) / |08 OF eo(x5)[Pds < c|r|~GRFHFIP=P=1 1 k" e NU {0}
0

Now, applying once more the Leibniz formula and (3.16) we obtain

k

oo '
(3.17) / 108,05 Ay Py < 50N
0

/ |7-|P[j*(kfr)*2(k’fr')] |5§0 82/,60(1‘3) |pdx3
r=0r'=0 0

< C|T‘pj—p(2k+k’)—p—1.
In view of (3.14) and (3.17) estimate (3.12) follows. m

We will also use the following lemma:
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LEMMA 3.3. Let the assumptions of Lemma 3.2 be satisfied. Then

% oo |90 Ok Ok ey (x5 4 2) — D1 OF OF e (x3)[P
@.19) [ [ttt AR, ,

< C‘T|p(j+%)*p(2k+k’)*1’

o0 03,08 0F eq(ws + z) — 0,0 0F eq(xo) P
(3.19) [ [tk ) BRSO, ,

< C‘T|p(j+%)fp(2k+k’)*p*1’
where » € (0,1).
Proof. By Lemma 2.2 of [27] and (3.6),
/00/ |6J 8k ak —71(z3+2) aj ak 8k 7'rlx3|p

21+pae

drsdz < C‘T|p(j+%)—p(2k+k')—1’

so estimate (3.18) follows. It remains to prove (3.19). First, let k = &’ = j = 0. Then
eo(xzs + 2) —eg(xs) = e ™ 3ep(2) + ep(x3)(e” ™% — 1)

and we have

 leo(xs + 2) — eg(x3) P o Rer > dz
/ / Sltpx d$3d2§/0 e ? eﬁ“dx?,'/o |60(Z)|pW

N e 1
+ ‘€O($3)| dxs . Wdz

= Jeo( c Rl oap
|T‘ ZI+P% e TP
Since
o) P o© —pRetoz | ,—(T1—T2)z _ 1 p oo
/ ‘e?ErZ)‘ dz:/ € - e dZS/ Zp—l—pue—pRengdZSC|T‘p%—p
o &z P 0 ZiTp T — T2 0
and
 Jeme — 1Jp
| e <
we obtain

> leg(zs + z) — ep(x3)|P daads < C|T‘p;«t7p71
0 2 1+pi 302 = ’

Now, let k, k', j € N. By (3.13)
82 eo(xs + 2) — 82 eo(w3) = (—72) [eo (3 + 2) — eo(w3)]
+ (=T T T e (s + 2) — e (23)]
= Ay (r3+ 2) — Ar(x3) + Aa(xs + 2) — Az(x3).

Instead of Of OF (Ag(xs + z) — As(z3)) we estimate 8?08’“,/(/1%@3 + 2) — Al(x3)), where
A = (- )37'3 le=7s_ Then, in view of (3.18) with j replaced by j — 1 and 7y replaced
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by T we get
OF OF As(ws + 2) — OF OF As(s)|P
(3.20) //| e A2 (23 + 2) — Og, O¢ 2(3)|d

Zl+p74

T3dz
< | r[PUH)—p(R+R)=p—1

To estimate 82“08?,/ (Ar(xs + 2) — A1 (x3)) we write
xr3+z xs3
30(1'3 + z) — eo(xg) = _/ 6—71(®3+Z—y)e—7'2ydy +/ e—Tl(ﬂCs—y)e—szdy
0 0

xr3+2 x3
_ _/ e—ﬁ(ws-i-z—y)e—‘rzydy _/ (6—71(:03-‘:-2—1/) _ e_Tl(ZS_y))e_szdy.

3 0

Hence, by using the Leibniz formula we get
|08 08/ (eo (a3 + 2) — eo(z3))]

xr
< C/ ’ |aécoa§//(e—ﬁ(z3+z—y) _ e—n(zs—y))|e—Refzydy
0

XT3 ,
+e /O e @ tEmy) _ emmilws—w)|| gk o ey |dy

k+k'—1
— — —kar -k’ —
te Y / |0F, O e~ (matzmw) _gp gplem @ mv)||grkar, T e m Y |dy
r4+r’'=1

xr3+2 ,
+ c/ |8§08§, e (@stz—y) \e_ReT”dy

xrs3
xr3+2 ,
o / e~ Ren(wota=v)| gk gk c=av|dy
T3

k+k'—1 Ts+2

6
+e Y / |0, 0 e~ o= ||gp ko K ey |dy = I
i=1

r+r’'=1

First, using the formulas (3.15) and (3.12) we estimate

z k+k'—1
|Il| < C‘T|f(2k+k/)/ 3 Hefq—l(z;,Jrzfy)efRe'rgy Z (-TS —y+ Z)l+1_
0 1=0
k+k'—1
. |7_|l+1 _ e—Tl(xa—y)e—Re-rgy Z (1,3 _ y)l+1|7_|l+1:| ’dy
=0
k+k -1
< C‘T|_(2k+k/)/ —Re-rl(gcg, y) —Ret12 —Remy Z -TS —y)l|2|

0 1=0

+ (@3 =) T A (s = )Pl T (s )21y

z3 k+k'—1
’
+ C‘T|_(2k+k ) / e—Re-rl(;cg—y)e—ReTgyle—Renz _ 1| . Z (1‘3 _ y)l+1|7'\l+1dy.
0 1=0
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L

k+k'—

p
Sl A A
OOZ2p€ pReT1 2 k+k'—1 R P
—Rety(z3—y) ,—Rer EPAYE AR E S|
A dzZ/ (/ T gy —y)! ey ) da

k+k'—1

(l 1) —ReT12 Rem( ) R )
. —Reri(z3—y) ,—ReTay _
+ +/O e dz E / (/ e (x3 —y)

k+k'—1

+1 P pl 7pRe‘rlz 7Re'r (z3—vy)
-7 dy> dz3+/0 i ——dz Z / </ 1®3—Y

P
efReTQy(xg — y)|T|l+1dy) d.%‘g:l

orapy [°1— e PRemz Rt Rer ( )
+cfr| @R )/ R T Z / (/ e
0

P
e‘ReUy(mg — y)l+17|l+1dy) dxs.

Hence

Zpe—pReTl z

[P —crrey | [T
Sl4pr de3dZ < C|T| A Wdz

Using as before the Young inequality we calculate

[e%e] T3 p
(3.21) / </ e Ren(@s—y)g=Reray (g, _ y)Tdy> dzs
0 0

<dr|TPTl =1L,
where we also used that |7;| < gReTi, i=1,2 and (3.6)—(3.7).

Moreover,

Zprepre'rlz
(3.22) / ———dz TP r=1,. 0+ 1
0 z1tp

By (3.21)—(3.22) we get

/ / |Il dl‘3d2 < C|7'| (2k+k")p+p(3e—1)— L

Exactly in the same way we estimate

oo (oo} I P
/ / |1J2r| drsdz.
o Jo #7PF
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Next, we have

k+k'—1
|I3] < c|7|” (2k+K") Z / e~ T (@stz—y),
r+r'=1
r4r’—1 k+k'—r—r'—1
Z (23 + 2 — y) T r| e Remy Z Y g
=0 m=0
r4r'—1 k+k'—r—r'—1
_ e mi(@3—y) Z (23 7y)l+1‘7_|l+1 Z ym+1|7_‘m+1 dy
=0 m=0

k+k" k+k'—
< C|T| (2k+k") Z Z / 7Re'rl (z3+2— y) —ReTay
s~ )21+ G — )2l G — )l el
k+k' k+k'—

—|—C|T‘_ (2k+k") § § / —Reﬁ (z3—1y) —Remy
m=1

fem e — 1) (a5 — y)my [ dy.

Hence

I5| _ /
(3.23) / / |1ip% drsdz < c|r|~(k+EIP

k+k" k+k'—m

po—pReT1z L) x3

E E > 2Pe dz e—ReTl(x3—y)e—Rergy
Zler%

m=1 0 0

(zg—y)™ ! lITm“dy) dxs

oo 2p ,—pReriz oo T3
e ! —Rer1(x3—y) ,—Retay
+ 17d2 (& e
0 Zltpx 0 0

[eS] Z(m—l)pe—pReﬁz

'(-’173_y)m 2 l|7'm+ldy> d$3++/0 sz

e} 3 P
) / (/ efReq—l(mg,fy)efResz(zs — y)yl|7'|m+ldy> dI3:| .
0 0

Using in (3.23) estimates (3.21)—(3.22) we get

|15]P (2t kYoo 1) —
/ / zl+p%d2d$3§6|7-| (kK )p+p(2e=1) h

Next, we consider

‘14 _ (2k+k/) > dZ
/ / 21+p %dZd.Tg < C|T‘ P 0 2 l4ps

ket k' —1 z3+2 P
Z / ’ / (1‘3 42— y)l+1‘T|l+1e—Ren(a¢3+z—y) . e—ReTgydy drsdz
x3
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oo —pRetiz
—p(2k+k") e
< |7 S dz

k+k'—1

Rer o0 T3tz ReTo:
Yo osup (yitteT =y \Tlp”“)/ (/ e"’T”dy)
1=0 0<y<oo 0 T3
r3+2 p—1
. (/ epRen(rsy)dy> dxs
3

oo —pRetiz 1—e— ]
Sc|7'\*1’(2k+k’)71/0 = ,(zlerz )dz

oo Rery x3+z p—1
/ e P2 w3</ e—pRen(ws—y)dy) das
0 z3

S C|T‘fp(2k+k')+p(%71)fl.

The integrals fooo fo Z|11+L% dzdxs, i = 5,6, we estimate in the same way.

Summarizing the above considerations we get

/ / |08 85, eo(z3 +2) —eo(w3))[P

Zl—i—p%

’
drsdz < C|T|fp(2k+k J+pr—p—1

Hence, by the Leibniz formula

8k8, Ai(xs +2) — Ai(x3))|P
(3.24) / / |0g, 9¢r (Ax( 31+) 1(z3))] drads
ztTpx
P2k’ |08, 0% (eo (3 + 2) — eo(w3)) P
<CZZ / / frppli= =20 DeaZe L0827 dersdz
r=0r'=

< C|T‘m—p(2k+k )—p—1

Inequalities (3.20) and (3.24) yield (3.19).
This completes the proof. m

Now, we can prove the main result of this section.

THEOREM 3.4. Letpqe(l,oo)7UER+)o>1_’_ bkeB;[(:%l 1)/2,0-1-

k=12, b3 € Bp,q,A, P/ (R+ x R?). Then there exists a unique solution to problem
(3.1) such that u € Bﬁﬂfy(RJr x R3) and

il

(R x R?),

B3, +(R4xR3)

< c(Z [y S [y

Bp.q.y (R4 xR?) p.a,Y p(R+XR2))

The proof of Theorem 3.4 follows from the lemmas below.
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LEMMA 3.5. Let the assumptions of Theorem 3.4 be satisfied. Then

2
(3.25) ||uH1 5 g, <B2) Sc(glbklﬁe;‘;;;)/2’”1;(R+xn§2)
+ ||b o—ly/z o1 )
| 3||Bz(>qw1)/2 P (R, xR2)

where u = (u1, ug, uz) and

i £91/a
lumll, p50o @, xmy) = {Z ( Z/ e‘”tQ("_J)kFQ_IgbkFQa;gum|pdtdx) } ,
k=0 \j<[o]VRxRL

m=1,23.
Proof. Using (3.5) we have

ltmll, 5 o psy = {i":(z

k=0 \j<[o]

< c(i Z i:]fkjr)l/q,

k=0 j<[o] r=1

3

/ ) ‘ef;cQ(afj)kFglgbk Z(gmragjc‘aeo
RxRY r=1

g1

5 )
—_
Q=

A

+ hmrﬁi3el)lA)Tpdtdx>

where

1/p
Ligjr = (/ e 2 DR Fy o (gmr €0 + hmragael)Fzmpdtdx) .
RxR3

Introduce the family of functions {1;(€)}, € = (£0,¢), & = (&1,&2) such that supp vy
C{&:|€|la <4}, supp ¢; C {€:2772 < [€], < 2912} and ¢;(€) = 1 for £ € supp¢;. Then
i . , ) P p
Ilkjr = (/ B B 2_ 5;3 %3 br )
RxRY 150

> 2RIy (g @ €0 + Panr &, €1) P11 P

— (/ ‘ Z Q(U_j)ke_wo(Ffllﬂz(gmraigeo + hmr5£361)
R3xXRy '

1/p
p
. F2F2_1¢kF2F2_1¢lFQbr)(J_J71‘3)‘ di‘d$3) 5

where Z = (t,2') = (20,2), 2’ = (z1,22) € R?. Continuing, we can rewrite Iy, as

Ilkjr = (/ ‘ Z 2(0’—j)ke—"/wo [Fglwl(gmrai_%eo
RSXR+ 1=0

1/p
. p
+ hyny 0] e1) FaFy g % Fy 'y Fab, ) (3, 3:3)‘ d:edx3>

— (/ ‘Z%U—J‘)ke—wo/ AGIEsy " Yi(gmrd? o + hunrdl e1)
R3xRy ' 70 R3

p 1/p
. F2F2_1¢k](g, In)(F2_1¢lF2b7~)(f — ’Ij)’ dfd:l?g) .
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Similarly as in [27] (see the proof of Lemma 3.2) we shall use in the sequel the formulas:

(3.26) Fy  1(gme 02 €0 + himr 0 €1) Fa Fy ' 1) (3, 3)
= [F5 " i(gmr0l, €0 + hume0l 1) % Fy ' ¢1](4, 43)
and
(3.27) [Fy 1 (F(27,20)) * Fy N (g(2% 2 ))(9) = 27 (Fy 1 f + By 1) (27'9),

where f = wl(gmr%?ﬁo + hmra;{Sel)v g = ¢k77 g = (2_ly07y/)a y/ = (yla y2)
Moreover, we used in (3.27) the notation

h(&,&) = h(y+i, &), he{f g}
and the relation
(Fy th(y +1i2%€0,2'€)) (yo, y') = 27 (Fy Thiy + i, €))(27'9).

Applying (3.26), the expression I1x;, takes the form

o0

Ik'r: |:/
e R3xR4 E

=0

2(U—j)k6_7w02_4l /3 d?j)[Fgﬁlwl(gmraajvlgeo
R

P 1/p
+ b0 1) * Fy ') (2710, 2) (Fy 'y Foby ) (T — 2710) d:zd:cn] ,

where we used the change of variables y; = 27 w;, i = 1,2, yo = 272wy and the notation
W = (27 we, w'), w' = (wy,ws), W = (W', wp). Then (3.27) yields

Ilij:{/ dxdzxs 220 Dk 771}0/ dw W gmra-geo
R3 xR

+ hin 0, e1) (2%, 2)) % Fy (2%, 21))) (@, w3) (Fy ' 1 Faby) (2 — w)

:{/ dxg/ dz
Ry R3

*« Fy H(gr(22,28))](w, w3)e” V00 (Fy ¢y Fab, ) (2 — )

p}l/p

> 20 [ e gyt D)2
=0
P } 1/p

(o—i)k / dive ™" [Fy™ (41 (g3, €0

Next, the Minkowski inequality with respect to z gives

Iigjr < [/
Ry =0

+ hmraig,el)(?mw 21)) * Fy (g (2%-,21))) (@, a3)

1/p
. </R3 dz|e= 7 @o=wo) (F1 g Fyb, ) (Z — w)|p>

oo

p11/p )
] = Ilkjr.
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The change of variables Z =  — w in the integral with respect to & implies

Ly = { / dag| Y 2lo Ik / dwe™ " [Fy  (¢1(gme 02, €0
Ry =0 R3

+ himr 03 e1)(2%,20)) % Fy ' (91(27,20))] (w, 23)
1/ppy1/p
([, ae=arme@r) |1

where Z = (29, 2’), and we used the fact that Fyb, = Fib,.

593

Next, using the Holder inequality in the integral with respect to w and replacing w

by ¥ and zZ by w we obtain

00 1/2
‘ 1

Il < {/ da 2<U—J>k(/ dg7>
I R, ° ; re (L4 ]7[a)?

: </]R3 dme_’yyo[F271(wl(gmrai360 +hmra%3€1)(22l'72l'))*
P}l/P

1/p
- ( / df|e*m°<F;1¢zF2br><:e>p) Sy
R3

Assuming that d > 3 we get that

1 1/2
dyj———— < c.
</R i+ |z7|a>d) =

Hence, in view of the Parseval identity we have

Ly = C{ /R dus| Z 2= D=2 =04y (gD 0
+

1=0
1/p
p
||W2%'d(R3)| }

1/p
. (/R3 df|e_7Z°(F11¢1F1br)(f)|p>

L \1/2
« By on (22 2 )5 a) - (1 + [7la)? )

+ B 02, €1)) (22,28 23) i (22, 21

<y Q(U—j)(k—l)g(a—j)l</ [
Ry

=0

1/p
j 21 l 21 l
# b DL 2 )@ 2 g )

1/p
| ( [ st <F11¢kF1br><x>|p) = iy,

Using inequality (3.29) (see Lemma 3.5 below) we get

(3.28) Ligjr < ¢y | 20T HHATDIEH O menlt om0 gy Fyby | 1, )

=0
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where ¢, =1 for r = 1,2, ¢, = 0 for r = 3. Therefore, by the Holder inequality

co 3 e}
_1
[umll, 5.4 (B xE2) < c{ E E ’ E 2(8=L)li=klg(o—g+er)l
,Bpq, X
p,q,y B+ + k—0r—1 1—=0

Q}l/q

co 3 o
_L)i— o1l _¢ _ _ 1/q
SC(ZZZQ(6+E li=klag(e=y=enld)| =1t lcszzerqu(RS)) ’

k=0r=1 =0

e 0 Byt gy Fiby || 1, (o

where 6 =0 +d+4,t =zy and € > 0 is arbitrarily small. Assuming that L > § + ¢ we
obtain (3.25).
This ends the proof. m

To prove (3.28) we need

LEMMA 3.6. Let d be an even number such that d > 3. Then

(3.29) Jmr = </ dx3||[1/)l(gm,«3§;360 + hmraisel)](221-,2l~,x3)
Ry

1/p
cen (@ 2P > < 2 me DI,
W2 (RxR2)

where for | = 0 the constant ¢ depends on v, ¢, =1 forr = 1,2; ¢, = 0 forr = 3;
m=1,2,3; L > 0 can be chosen sufficiently large.

Proof. Jp, can be written as
Tur= ([ dos ST U 2000000
B S s <d
; : j 2 9l y 2l 5l e
O 08 R D020, ) (27, 21 ) (O 02 61 (271 2 ~)II’£2(R3)> .
Applying the Minkowski inequality we get
Jor < ¢ > 1053 022 ) (22,28 )02 022 g (27,21
Y1 (si+2s:)<d
110g7 982 01 eoll , ) (22, 2 ) (91 Og 61) (22, 2" || Ly )
+ (02 02 ) (22,2 ) O O B (22,2811 052 052 03 e || L e (27, 21)
(g0 1) (27,2 ) | La(rs)) = Timr-
From the properties of 1); it follows that
suppyy (2°-,2") € {€: [€la < 4} for I =0,
suppy(2°,21) C{€: 1/4 < [€]a <4} for I #0
and

(3.30) 05105 (22, 21) < ¢ for £ € A,
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where o
A={¢:|€la <4} for [ =0 or
A={E:1/4<|fa <4} forl£0,
Therefore, we obtain
(3.31)  Jimr <c Z (106022 gy (27, 28) 082 0220 €0 1, () (22,25
?:1(S§+23i)§d
(05108 1) (27,28 Ly a) + 10E2OF2 B (22, 21-)
NOZ 02 enl L, e (22 28 ) (954 02 1) (27, 28) | Ly 4)-

By Lemma 3.1
o s CQl(s'erZsz)
(3.32) \39?35§gmr(22l'72l')| < T for r =1,2,
1(sh+2s2)
sh s 2, ol €272
(3.33) |0¢7 02 gm3 (2%, 2")| < [T
1(s} s

(3.34) |8s;852h | < M for r=1,2

. ’ 50 mnr| = |7—|$/2+232+1 - ) Y

o) s C2Z(S'Z+252)

(3.35) |0¢7 02 hima| < T

where now 72 =y + 22152 + 221&4i. Lemma 3.2 yields the estimates

. 8! as C2l(8é+2s3) i1 _

(3.36) 109,082 0 eoll L, my ) (27, 2") € |75}
|7—‘ 3+2s3

and

e cl(ss+2s8)
(3.37) 109,052 02 x| 1,z ) (27, 2") < WITIJ v,
where now 72 = v + 22l§/2 + 221¢4i. Moreover,
(3.38) 2t < 7] < 2! for £ € A,

if we assume that v < 2247| for | € NU {0} and some r € NU {0}.
Finally, since {¢y} € Au(R?) (see Section 2) we have

(3:39) (105402 k(2% 2" )| Lo(a) = 1054 02k (2°F - 22 R). 2k 2U=R)
< 02(d+2)|l—k| ||6;%8;§¢k(22’“-, 2k')||L2(B) < c2(d+4—L)|l—k|,
where L is chosen sufficiently large,

B={y:27"2 <|gl, <27FF2}  for 1 #£0,
B={7:|gla <27%*%} forl=0

and where we have used the change of variables yo = 220=F)¢,, ¢/ = 2(=k)¢’,
In view of estimates (3.31)—(3.39), inequality (3.29) follows. m
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Now, we shall derive the estimate for

o ( FU
= // e (B ¢ FoU) (&, @3, 2)” dzdzsdz
232 7 (Ry xRY) RxRZ |z|1+p(o=lo])

where U(z,13,2) = 89[503]11(56, T3+ z) — 89[503 w(T, x3).

q_ 1

p|a
)

[

LEMMA 3.7. Let the assumptions of Theorem 3.4 be satisfied. Then
2

(340) ||u||2,B§é?(R+XRi) S C(kzl kuHB;aq i—l)/? J(o—1— ;n (R XRZ)
+ b o— = U** )
[[bs ;q;vz P (R4 xR?)
Proof. Since
3
F2Um = Z(QMTaLi]EO + hmragg]El)l;T’
r=1

where Ey = e (€, 23 + 2) — eo(€, x3), E1 = e1(€, 23 + 2) — e1(€, x3), we have

s Hz B2 (R xRY)
1

_ Z =770 By L, S5 (GO B + B0 )b, P\ 77 7
PV Z1p(o—[o])

<o(Sya)"

k=0r=1

where

J. = |6 WEOF ¢k(9mr [U]EO +hmrax3 El)b |pdxd:17 dz v
7 7 e Jrws A=) 3 '

Introducing the same farnily of functions {¢;(£)} as in the proof of Lemma 3.5 we get

J _ (/ / —7%o [F wl (gmrale:; Ly + hmraﬂﬁs El)
2kr —
]RX]R

2|1/t =Te])
BF! <z>kF2F; G, )(Z, 23, 2) |
|Z\1/p+ o=[o])

/ / 6 %o [F wl (gmrax3 EO + hmraa’:g El)
- |2[1/PHo—To])
' By Fy gy, F2F{ Q1 Fob, (7, 23, 2) [

2|t/ (e—To])
a (/]R /]R3 xRy

e~ V%o di [F2_1wl(gmrazg] EO + hmragz] El)F2F2_1¢k](ga -TS)
s Y |2 t/p+(e—[])

(F o) (@ —g) |

2|t/ +(o—[])

1/p
da‘cdmdz)

1/p
da‘cdmdz)

1/p
da‘cdmdz) .
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Now, using formula (3.26) from Lemma 3.5 with 97 e; (i
(1 =0,1) we obtain

Jopr = [//
R JRI xR,

«Fy Lop) (27D, a3, 2) - (Fy "y Fab,) (7 — 27 1)
|z|L/p+o—lo]

0,1) replaced by 3%3 E;

- —yxoeo—4l / 7 [Fglwl (gmraﬂ[fgs]EO + hmra:g] El)*
E e 2 dw
3 ‘z|1/17+0’*[‘7]

1=0 R

p

1/p
dfd$3d2:| ,

where we used the change of variables y; = 2~ w;, i = 1,2, yo = 22wy and the notation
W = (27 we, w'), w' = (wy,ws), W = (W, wp).
Next, formula (3.27) from Lemma 3.5 yields

dz =
Jogr = d dz | ——F— dwe™ 70
2k |:/R+ = /]R3 .T/R |z|1+P(U—[U]) ’ ; R3 we

A 190 Eo + hiny O E1)](27-,21) = (Fy 1) (2-,21) H(@, w3, 2)

1
P:|p

dz ad
e~ YW -1 [o]
<{ [, | e | 2 Joo 0T U ilgmi 5 B

. e—V(xo—wo)(F51¢kF2br)(j — D)

+ hine O )27, 2) # (Fy ') (2,21 (@, s, Z)}< di|e(Fom o)

]RS
py1l/p
_ 71
} :‘]21471"

where we also used the Minkowski inequality. Applying the change of variables ( = Z —w
in the integral with respect to z gives

dz o0
1 _ He—YWo -1 [o]
Sopr = { /R+ das3/R |2[1+p(e=[o]) ’ §l=0: s dwe {Fy ¥i(gmr Oy Eo

R D B2 2 ¢ (B 60 (22,2} 0,5, 2)
_ _ 1/pipy 1/p
([, ey tamm@r) |}

where { = ({o,(’). Using the Holder inequality in the integral with respect to w and

replacing @ by 7 and ¢ by Z we get
) 1/2
1
([t )
(»/R?’ (1 + ‘y|a)d

dz
Ty < d —
2hr = {/]R+ x3A |2 +e(o =l |

([ e 1 a0 B+ 0 B2 2

P}l/P

1/p
(F oy (@ — w>|p)

RNV
« (B )2, 24} (5,23, 2)(1 + [90) |2)

. ||€7'YIOF1_1¢51F117T||LP(R3).
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Hence, assuming that d > 3 and applying the Parseval identity we obtain

dz > -
e [ e [ s 35 W ton 8L
+ =0

+ hnr O B)](27, 2, 25, 2)00 (2, 2| g0
2

p) 1/p

(R3)
e R g Fuby | re)-

Lemma 3.8 below implies

= _1_ _ _ e T—
Jzzkr§6221(o per)gldram Lyl k|||€ TR 17/11F1br||L,,(R3),
1=0

where ¢, =1 for r = 1,2, ¢, = 0 for r = 3. Hence

el g, e )

co 3 oo 1/q
l(o—L—c, —Ly)|l—k — _
<o YD Y2tttk e g b, )
k=0r=11=0

where ¢ > 0 is arbitrarily small. Let L; > d + 4 + e. Then (3.40) follows. m
Now, we prove

LEMMA 3.8. Let d > 3. Then
dz
= e [o]
(341 fomr = (/]R+ de/R e |1V (gmr Oz, Eo

1/p
+hmragz]El)](Qﬂ'a21'7$372)¢k(22l'a2l')”p d )
W2 (RxR?)

where for | = 0 the constant ¢ depends on v, L1 can be chosen sufficiently large.

[VsH

< C2l(a—%—cT)Q(d+4—L1)\l—k\7

Proof. Using the Minkowski inequality as in Lemma 3.6 we obtain

dz s1 as1
KWSC( JRCY A= == D SR [C-E RS
Ry R 2]

i (si+2s)<d

(D320 g O 020 Eg + 032 022 hny 00032 015 B ) (22,21, )

0 §o T3 §o T3
1
OO 2 )
¢ Yeo Pk ’ Lo (R3)

<c Y @) (2,205 05 gme (22,21

i1 (si+2s)<d

o303 g By
[z p+o—Toh

(27,28 (0240 dr) (27, 2) | L )
Ly, (Ry XR)
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te S @) (222 )50 b (271,21
i (sj42s:)<d

53050 By .

|;|1/§j)r(0'j[a]) ||LP(R+><R)(2QI" 2l')(a§’48§§¢k)(22l'5 2l')||L2(R3)-

Lemma 3.3 implies
07020 By
|z|1/PH(o=[o])

(22l.’ 2l.) < c2l(s’2+2s2) ‘T|st’272527%71
L, (R xR)

and

sz s2 alo]
|a§|/1(?§°+?w3 - (22, 21) < el (oir2ea) 7o,
z g—|0o

L, (R4 xR)

Hence
05203208 Eq

20 ol l(o—1-1) = .
2 [/p+(e=ToD (27,20) <277 for (e Aif 140,

Ly (R4 xR)

050220k By

i et 2 ol I(o—1) - .
[ /re—ToD (2%-,2) <2 for ¢ € Aif 1 #0,

Lp (R4 xR)
05203208 B;
[2[/p+(eTo])

1

>

=0

(2%.21) < ¢(y) for (€ Aifl=0,
Lp(R4 xR)

where A is defined in Lemma 3.6. Now, by the above estimates and estimates
(3.30)—(3.39), inequality (3.41) follows. m

4. The parabolic problem with f # 0, by # 0, ug = 0 in the half-space. In this
section we consider the problem

ug — divD(u) = f in Ry xR3,
auk 8u5> . 2
— 4+ — ) =bx, k=1,2, in Ry xR~
(4.1) “(axg Dz ) ~ +
’LLga3 in R+ XRZ,
uly—g =0 in RY.

g _1,0-2 3 (c—1-%)/2,0—-1-1 9

LEMMA 4.1. Let f € Biqy" "(Ry xR3), by € Bpgy * PRy x R?), k=1,2,
o—1)/2 50— 1 ) .

bs € Bz(ump)/Z "Ry xR?), 2 < 0 € R, pg € (1,00). Then there exists a unique

solution to problem (4.1) such that u € Bp%(fy Ry xR3) and

@)l < (1 g2

pray (R xRY) (R4 xR3)

2
N N S
— B( 1 p)/z 1 p(

2
Pd,y Ry x

R2) + [1bs]| (0-1)/2,0-1 ),

By.a.v P (R+ xR?)

where ¢ > 0 is a constant independent of u.
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Proof. Since f € BE;#U_Q(I&L X Ri), we can extend f by zero to the function f’ defined
in R x Ri, and then by Lemma 2.2 we can extend f, = e 7" f’ onto R x R? to a function
f satisfying

O e A P V[ P,
Let f = fwe"’t. Then (4.3) yields
(44 U5, 22 sy < Al g3 2, cns

Consider the Cauchy problem
Gy —divD(a) = f in Ry x R,

Tlt=o = 0 in R3.
By Lemma 4.3 below and (4.4)
(4:5) HUHqu’?(RJr xR3) = C‘|f||3§qii'072(ﬂ¥+ xR3)’
Let v = u — %. Then v is a solution of the problem
vy — divD(v) =0 in RxR?,
0 0 o o1
u<02+”3’> :bk—ﬂ<l”“+“3> k=12 on RxR?
Oxz  Oxk ) |,._o Orz  O0xk ) |,,—o
V3|z3=0 = b3 — U3|z5=0 on R xR?,
V]4=o = 0 in R?

-
Let

Uy =
0 for t < 0.
By the traces theorems (see [6]), estimate (4.5) and the fact that

ot ou ot ot
(“(a—k+a—3> ) _u(akuagﬁ
€T3 Tk 23=0/ ~ X3 T
and (ﬂ3|x3=0)’y = ﬁ73|x3:0 we have
(4.6) [@3]zs=oll g2 -1 = Iltiaylay=oll g-2.0-1

Bp%qn?p ? (R4 xR?) p%q o (RxR?)

~ {&e‘"’t for t > 0,

< ~ o < T o
= CHU’YHB,%(;U(RXRS) - ch”B;?,q,i'g *(Ry xRY)
and
oty Oug
B o T
x3 Tk /) lzg=0llB2, 2 2 P (R4 xR?)
8’1~Lk 8723
N H”( Dus | Oun by
T3 T z3=011B2, 2 2P P (RxR2)
< c||lu a < §-10— :
= CHUV“BP%‘;"(RxRa) - CHf”B;?,q,i’U *(Ry xRY)

Theorem 3.4 and estimates (4.6)—(4.7) imply the existence of a unique solution to problem
(4.1) and estimate (4.2).
This ends the proof. m
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From Lemma 4.1 the corollary follows.

(e—1— )/20 1—

COROLLARY 4.2. Let f € B;q B30, T) X RY), by € By 7 ((0,T) x R2),

k=12, b3€qu 2/ P((0,T) xR?),2< 0 €R, p,ge (1,00), 0 < T < oo. Assume
also that

feBiy T (—00, T) x RY),

b, e BT PO (Lo TY xR, k=1,2,

by € By 73770 (—00,T) x R2),
where

h  forte (0,T),
B — h e {f,by,bs, bs).

0 fort<o,

Then there exists a unique solution u € BE(}J((O,T) x R3) to the problem

— divD(u) = f in (0,T) x R3,
aUk 8u3> 2
—+— | =by, k=1,2 on (0,T) xR~
(4.8) (8333 Oxy, g 0.1
us = b on (0,T) x R?,
ult=0 =0 in RY.

Moreover, u' € Bp%,[;((—oo,T) x R3) and we have the estimate

/ !
@9 Il 5o vty S SO gvoa e

2
AL RO i S b ),

k=1 Bp.q (( 00,T) xR?) p ((—o00,T)xR2)
where ¢ = ¢(T) is an increasing function of T.

Proof. Using the extensioNn theor~em, we extend the functions f = e™7" f/, by, = e 1,
(k=1,2,3) to functions f, and b; such that

va”Bp%q “2(RxR2) <c|f H 5177200 T)xR3)
<l Nyt
HBM”BLTJE%)/ZPP%(RxRi’r) < cf|by Al ,(f’q 1-3)/20-1= P(( 00, T) xR )
< ||t} ”B!(,Uq 1= 1)/200- 1,5(( o TR k=12,
Hb3~,|| ;Uq,;)/g df_(Rx]Ri’r) < c||bg HB;aq—lW? vfp(( o0, T)xB2)

< el rotyyens
Byry #7777 (—o0,T)xRE)
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Let @ € Bp%,(fV(RJr xR3 ) be a solution to problem (4.1) with f = €7 f, [g, , by = €y |z, ,
k = 1,2,3. Then the function u = @) € B2, ((0,T) x R%) satisfies problem (4.8).
Moreover, u' € BZ; ((—00,T) x R3) and «’ fulfills estimate (4.9). =

Now, we consider the Cauchy problem

—divD(u) = f in Ry x R3,
(4.10) D) =1 N
Ulp=0 =0 in R”.

‘We have

LEMMA 4.3. Let f € Bp,q,}, 7T 2(R+ xR3),2<0 €R, pqe (1,00). Then there exists a

unique solution of problem (4.10) such that u € Bp?q (R x R3) and
il <clflly5e

Proof. We use the same argument as in Theorem 3.1. The Fourier-Laplace transform
applied to (4.10) yields

(s + p&) Frug + vép&s Fius + vép& Fiu; = Fify, k=1,2
[3 + 1€ + (u+ v)E Frus + v€;&sFyuy = F fs,

where (Fyu)(s f]m St o e Cu(t, x)de, s = v + o, £ = (&1,&2,&3). Solving
(4.11) we get

o
BZ gy (Ry xR3) — TRy xR3)

(4.11)

3
1
Flumfz amrFlfr7 m = 1a2537

s+ p&?
where

s+ pf? +vEd 4 2083  —v€ié 26183

ail = A , a12—Ta a3 = — A
LSS s+ p€? 4 vEf + w63 2068

a1 = 77 a22 = A , 23 = T’
A3 _ —vkals s+ v+

az; = 1 azz = 4 ags = 4

A=s+pe® +vE 4 vEs.

As in Lemma 3.5 we consider

oo
|| mHBpQ,q,w(RJrXRS) |: </]R><]R3

! aar) |
2 x ’
k=0 g

where {¢5}52, C ®,(R*) (see Definitions 2.2 and 2.1 with z, &, |Z|, replaced by

3

e_thGka1¢k Z amrFlfr

T = ($0,$1,$2,$3), a = (05070[1,@23&3)3 |i"a: (|x0|+Z|xz‘2)

We also introduce a family of functions {v;(£o,§)} with the properties: Z;’il ¥ (&o,&)
=1, suppto C {(£0,€) : |(€0,E)la < 4}, supp ey C {(€0,€) : 2772 < [(&0,€)la < 27F1},
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Vi (&0, &) = 1 for (&, ) € suppey, [(£o,&)la = (|6o| + Z?:l |€:%)1/2. Then

co 3 . 1/q
Feml g e o, xe) < C( 22 12’") ’

k=07r=1

where
oo

1
Logr = ( / 27k e M P i ———5 ame Fi f
RxR3 ; ' s+ pe2 "

=

p
dtdz)

Repeating the same considerations as in the proof of Lemma 3.5 we get

1

2 ol
(2 §0a2§)7+i22150+u(25£)2

Iopr < c Z 20’(k:—l)2al
=0

e Pyt gy foll 1, ()
(RxR3)

: amr(221607 2l€)¢k(22l503 216) H dyg
W2

0 o 1
(03 o) (22, 21y og= 0 ( o : )
=0 3% | (si42s9)<d v+ 02206y 4 p(21€)

53 o1 "
’ (8;38503@””)(2%.’ 2l')(85 aﬁo ¢k)(22l'7 2l')

?

Ly (RXR3)

where d > 4.
By formula (3.10) we obtain

$0 1 2l(52+2sg)
(et <2
0\ v + 2280 + p(2')> [r|satest2

where 72 = v 4 i22/¢, + (2!€)2. Moreover,

2l(53 +259)

Sa 0S89 21 l
1082 02 amr (2%, 2€) | écm~

Therefore, for I # 0

0 1
S2 OS2 < 272[
e (v + 14220, + u(2l€)2> ‘ =
59
022 0g2 amr (2760, 2'€)| < ¢ for (&,€) € A,
where a = {(£,€) : 1 < [(&0,&)|a <4}, and for [ =0

So 5(2J 1 S3 Sg
o0 (wm — 5)2>’+ 10220, (2260, 2'6)] < clr) o (€0,€) € A,

where A = {(&o,¢) : [(§0,&)]a < 4}

The derivatives of ¢; and ¢ are estimated as in Lemma 3.6.
By the above considerations we have

oo
5_ _ _ _ —
Loy < ¢y 20t 2= DIHe =Dt om0 Pty 1 £, | 1, s
1=0
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Next, the Holder inequality implies

lim | 5

7, (R4 xR3)
1/q
<C{Z‘ZZ2(5 L)|i— k‘z(o' 2)1 ||@ 'YZEOF ¢1F1fT||L (RxR3) }
k=0 1=0r=1
SR (64e—L)|i—k|go(c—2)lq|| ,—~t —1 q a
< o333 A R )
k=0 1=0 r=1

where § = o +d + %, t = xg, € > 0 is arbitrarily small. Assuming that L > 0 + ¢ we

obtain

”um” Hf” —1,0—1 m:1,2,3.

Bp%q?'v Ry (Ry xR3)’
This ends the proof. m
An immediate consequence of Lemma 4.3 is the corollary below.

COROLLARY 4.4. Let f € Bi, R0, T) xR3), 2< 0 €R, p,ge (1,00), 0< T < co.
Assume also that [’ € Bﬁ,q o 2((foo,T) x R3), where

f'—{f forte (0,7),
o fort <.

Then there exists a unique solution u € BE,}”((O,T) x R3) of the problem
—divD(u) = f in (0,T) x R?,
Ulp=0 =0 in R3.
Moreover, u' € B,,%[f((—oo,T) x R3) and

le'll .5 <clfll 3

where ¢ = ¢(T) is an increasmg functzon of T.

o (=00, T) x (( 0, T)xR3)’

5. Problem (1.1) with homogenous initial condition in a bounded domain.
Consider the problem

L(04,00)u = ug — divD(u) = f  in Q7
(5.1) Bru =T, -D(u)n =0, k=1,2 on ST,
Bsu=u-n=b; on ST,
=0 =0 in Q,
where Q C R? is a bounded domain with boundary S, 0 < T < oo.

The main result of this section is the following theorem

THEOREM 5.1. Let o € R, p,q € (1,00), S € Co+2, f e BEr(QT),

e B TRy k=12, byeBiT »(ST).

Let Assumption 1.1 hold with fo, bor. (k =1,2) and bos replaced by f, b, (k=1,2) and

~ ~ g 1 ’
bs. Moreover, assume that in the case of o > % the function f and by, € Bﬁ;z’"H(Q T,

2p ,o+2—
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k=12 bs € Bﬁ;l a+2(Q/T), extensions of by, k = 1,2, and bs to a neighbourhood

Q c R?’ of S, satisfy Assumption 1.2. If % —-1<o< % we assume that by, (k=1,2)
and bs fulfill conditions (1.5) and (1.6), respectively. In the case of % -2<o0< % -1

we assume only that bs satisfies condition (1.6). Then there exists a unique solution
€ BE;LUH(QT) to problem (5.1) such that

”am UHL 2 (1)
/0 Wdt < 00,

[% + 1] if 5 1s noninteger,
my =
Z if $ € NU{0}.

where Ay = A1,

Moreover,

T 107" ull,
»(22°)
(52) ||u||B§q+17"+2(QT) +/0 Wdt

2
<1l qn + > el ens-pren

105 FIT, ey .\ 7
+bsll R (ST)+</0 W‘“)

e 107" bl . T 116" bs |7 @
»(S1) CINED!
+ Z (/ ti+arz dt) T (/0 tl+ars dt) }
k=1

To prove Theorem 5.1 we consider the covering {Q®)}, k € M U N, of Q introduced
in Section 2 and associate with it two families of functions {¢®) ()}, {n®) ()} such that
{¢®) (z)n™®)(z)} is a partition of unity (see Section 2).

Let f®)(t,2) = ¢®)(x)f(t,z). Denote by R*) k € 9M, the operator such that

uM(t,x) = RW f8 (¢, 2),

where u(®)(, ) is a solution to the Cauchy problem
L(0r, 0)u™ (t,2) = ) (t,2) i (0,T) x R,
u®]_g =0 in R3.

(5.3)

For k € O we denote by R*) the operator such that

a(k)(tv Z) = R(k) (f(k) (tv Z)a Z;(k) (t’ Z/))v 7= (Zlv 22),

where b(¥) (¢, ') = (ng) (t, 7)), l;ék) (t,2), f)gk) (t,2')) and 4(¥) (¢, 2) is a solution to the initial-
boundary value problem

L(0,0:)aM (t,2) = fM(t,2) i (0,T) xRY,
(5.4) Ba®(t, ) = b®) (¢, 2 on (0,T)x {z€R3: z3 =0},
@M zg =0
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where B = (Bj, Bs, Bs). Then, the operator R called the regularizer is defined as follows
(see [15, 19]):

Rg = Z ™ (2)u®(t, ),
keMUN

where g = (f7 b)7 b= (bla b23 b&)a
R¥) £ (¢, ) for k € M,
ul®) t,z) =
ZR®(Z R (), Z7 00 (¢, x))  for ke M,
and Zj, is the operator such that Z,o(t, z) = v(t, x).
By Corollaries 4.4, 4.2 and Lemma 2.4 there exist solutions to problems (5.3) and

(5.4) such that u®’ € BE " ((—00,T) x R3) and @) € BES 7 2 ((—00, T) x R3),
respectively. Moreover, we have the estimates

® ®
65 Nl g g SO g s kM,
MO FRY I,
(56) 69 |12 sy S OO g o

2
A(k)/
Jrg b ot1—L1y/2 o411
= 1% HBL,q“ 22T (Coo,T)xR2)

/\(k)’
+||b3 HB,,%,:F?_I”’U”i%((—oo,T)xRQ))7 keMn,
where

/_{v for t € (0,7,
0 fort <O,

Introduce the spaces:

v [u®,a®, fI)| f® 5 50 Gk

o1 1 1
5+3 2p7‘7+1 P

HY (=00, T) = Bz ((—00,T) x Q) x By (=00, T) x S)

o 1 __ 1 _ 1
x Biy? T (o0, T) x 8),

L oo+1—

L,J+lfl erl,iy
2p P(ST)XB;(]2 2p

5.0 g+3- 3
Hg,q = {(f7 blab25b3) € BPZJ} (QT) X prq (ST)

G+l—g5,0+2—1

X Bp.q P(ST) (B, by, by) € Hy (=00, T)},
Vi =fue Bi 7O s € BETTT (—o0,T) x )}
with the norms:
(b1t b)lrg, = (B b W) g oo

— Nl
||U\|Vp7q = [lu ”BZqH’GH((*oovT)XQ)'

Then by (5.5)-(5.6) the following lemma holds.
LEMMA 5.2. Let 0 € Ry, p,q € (1,00), S € C7*2, g € HZ .. Then the regularizer
R:HJ,— V), is abounded linear operator, i.e.

I1Rgllvs, < cllgllmg,,

where ¢ > 0 does not depend on g.
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Problem (4.1) can be written as
Au=g, A= (L,B).
Now, our aim is to show the existence of left and right inverse operators to A generated
by R.
First, we prove
LEMMA 5.3. Let 0 € Ry, p,q € (1,00), S € C°"2, g € HY ;. Then
ARg =g+ Sy,

where S is a bounded operator in HY , with small norm for small A = sup;, diam QF) and

small T. More precisely,

11
§ 5 é.
||Sg||ng < C<€ 4 C1 (g, X)T 2+ CQ(”F”C“+2)>‘ 3> ”g”H:gqa

where € € (0,1), ¢1 is an increasing positive function of its arguments; ca is a polynomial
of the second order and §; >0, i =1,2,3.

q

Proof. Exactly as in [27] we have
ARg = (Slg + fv 529 + b)a

where
S1g = Z (LD, 0 )M u® — n®) L(,, 8, )u)
keMUN

+ > 0" 2 (L(0y, 0. — VFO,,) — L(9y,0:)) 2 M (¢, ),

ken
Sgg =0.
Hence ARg = g + Sg, where Sg = (519, S29) = (S19,0).

First, we consider

3 (L@ 20 u® — gLy, 0, )u™))

kemum

]. /7

L\
< ¥ (C(A)num I o mracns
keamum

1
Y pu®y w1,
i C<A> = ”BE;"((o,mW))’ where te = [uie;lij=1.23.

a1

BEy ((—00,T)xQ)

‘We have

_ k
Bp%;a((—oo,T)xQ(k)) - HUSC )HLp((OqT)XQ(“)

3./ pho AP (h, Qud|? b\
+Z (/ L,,((o,T)xsz<k))dh>

h1+qa
i=1

0

ho [|AT™ (h, (=00, T))ul |2 1/a
N (/ t Ly((—o00,T)) x 20 dh)
0

hitag
=K, + K3 + Kg,

where we assume that m > o, mg > Z + 1 and mho < A, moho <T', A = supy diam Q)
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First, we estimate

T 1/p T 1/p

) T . 1/p T P 1/p
<ce m( | 1. dt> +ca"1< / )
o Byl () 0 L, @)

T 1/p
— — k
< Cel 1 Hu(k)HBE;LUJJ((O,T)XQ(’C)) + ce 1T</0 ||u§ )(t)HI[),p(Q(k))dt)

< C(El_%1 + TE_){I)HU(IC)/H S+1,042
Bylq

((—00,T)xQM)’

where 0 < 77 < 1 and we have used the imbedding lemma, the interpolation inequality
and the fact that u(®)|;—y = 0. Next, we have

3 ho ([T AT (B, Q)u®)|| 2 ey dt) /P 1/a
Ky < el Z (/ Jo 1A thJWp ®) ]
0

i=1

+cem Z AT

T m k
3 [ /ho I fT A (h, Q)ul >d7||§pm))dt)q/pr/q
i=1 LJO

< 17%2 (k‘) o
< ee 7 lu ”Bp%jl"’“((o,T)xsz(k))

T\ Am k
s [ [0 U A7 (D7 drlh )P
+ce Z 0 hltao
=1

< C(El_%2 + E—%zT)Hu(k) ||Bp%q+1,g+2((7oo Tyx Q)

where 0 < 75 < 1 and we used that u®)’ lt=0 = 0. Finally,

m, k)’

ol 10 IAT (=00, TNUS 1T (o )M

K;<h dh
0 0 pita(5+3)

1/24,,(k) .
< HB:Zf’QHr((foo,T)xQ(k))'

Taking into account the estimates of K7, K5, K3 we obtain

k ! — — k ’
[l I3 < (e 4 TY2 4 Te ) - [[ul® [sepes
p,q

2o (=00, T)xQk)) = ((—00,T)xQk))’

Similarly, we estimate ||u(®)|| Next, we have

B2.7((0,T)x Q)"

H > 0 ®) 2y (L(0y, 0. — VF,,) — L(9,,0.)) 2 u™ (2, x)‘
kEN

B2 (=00, T)xR)
~ (k)
<c Z HF?JUFZZ) ‘Z:‘bk(y(fﬂ)) HB,,%;((—OO.T)XQ(’”)
kemn ’ ’

~ (k)
+ ”FyFyugz) |Z:(I>k(y($)) ||B17%,;U((700,T)><Q(k))
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+ [ Fyyal | +1Fy |

z=®y (y(z)) HBI%Q'”((—OQT) x Q(k)) z=®x(y(x)) HBI%Q’”((—OO,T) x (k)

< exa Sng(HFHCUH(Q(m)) > ||u<k>’|\3%+1,a+2
p,q

—00,T)xQ(k))’
i (( ) )

where a > 0, and ¢ is a polynomial of degree 2.
The above estimates and inequalities (5.8)—(5.9) imply the assertion of the lemma. m
We also need

LEMMA 5.4. Let o € Ry, p,q € (1,00), S € C°F2, v e V7, . Then

(5.7) RAv = v+ W,

where W is a bounded operator in V] with a small norm for A and T small. More
precisely,

- 1 1 - -
[Wollyg, < el + ( X>T52 tea([Fllgms2)X)lellvg,.

where € € (0,1), c3 is an increasing positive function; c4 s a polynomial of degree 2 and
0;>0,i=1,2,3.

Proof. As in [27] (see Lemma 4.3) RAv can be represented in the form (5.7), where
Wo="> " n®R® (B L@y, 0,) — L(0r,0:)¢*))v

kem

+ 3 12 RN 2 (¢ L(Dr, 02) — L(9r, )¢ M )o, 0]
ken

+ > 1Mz RO((Z L0, 02) — L(Dy, 02) Z )P,
ken

(2;'B—BZ )Wl =L + I + Is.

First, we have

1
L+ L 2410 <c el v ) vl 5.0
1+ Bl pgviove o ke;m< (A)” 527 ((—oomyxam)

1 1—3c 1/2 —
+C<X>”U”B:Z,‘}G((O,T)xﬂ(k)))Sc(g + T/ +Te ") |vllvg,

where we applied the same calculations as in the proof of Lemma 5.3.
Next, we obtain

~ N ’
5], 5+1.0+2 < A sup &(|| Fill ooy Y 0™ 541000
P.q k P.q

((—o0,T)xQ) — = ((—o0,T)xQ(k))’

where a > 0, and ¢ is a polynomial of degree 2.
By the above considerations, the assertion of the lemma follows. =

Proof of Theorem 5.1. Lemmas 5.3-5.4 imply the existence of right and left inverse opera-
tors to A which are bounded operators equal to R(I+S)~! and (I +W)~!R, respectively.
Therefore,

RI+S)'=I+W)'R=A"".

This yields the assertion of Theorem 5.1 for T > 0 sufficiently small.



610 E. ZADRZYNSKA AND W. M. ZAJACZKOWSKI

In the case of arbitrary 0 < T < oo we divide the interval (0,7T) into a finite number
of subintervals: (2 , 25 (Nt,T) with sufficiently small ¢ > 0. By using the
standard argument (see [15]) we extend the solution step by step from (0,¢) onto (0,7).

This ends the proof. =

6. Problem (1.1) with nonhomogeneous initial condition in a bounded do-
main. This section is devoted to the proofs of Theorems 1.1 and 1.2. Let ug €

o4+2—1 +1 o+2 T
Bpg  7(Q). By Lemma 2.3 there exists a function g € B2 (€2") such that

o |t=0 = uo,
Fiio],_y = 0F ' f],_y + divD(9f taigli=0), k=1,2,...,m, 2m <l
where [ is defined in Assumption 1.2 and

< cluoll aya-z  + ISl
B P

P,q

).

(6.1) ‘|’L~L0HB§:1‘U+2

(or) = B, (@)

Let v = u — @g. Then v is a solution of the problem
—divD(v) = f — (tgr — divD(@o)) = fo,
To - D(v)0t|s = (b — 7 - D(t0)7)|5

(6.2) — b — 7o - D(di0)|s - 71 = boals, a=1,2,
v-n = (53—ﬂ,o-ﬁ)|sZbg—ﬂo‘s~’ﬁ5b03‘s,
U|t:0 =0.
By (6.1)
63)  ollyg.r ey < U5 gr, + 10l 5nrss )
(IIfH B3 + uoll si2-z ),
Bp,q T(9)
(6.4) Hb()a‘SHBI(’aqﬂ,l)/z o1 T’(ST)
< C(||ba||BZ()o:1—l>/2,o+1—l(ST) + |‘€LOHB§:1>U+2(QT))
(Hb ||Bl(jaq+1—1)/2 o1 (S’T)
Fluoll ara-z  +IFl 50 o) =12
Bpq 7(Q) Bj, (QT)
and
6.5 b ESRE B
( ) H 03|S||Bp q+1 +2- p(ST)
< C(Hb3H °+1—— F23 gmy + HUO”BEI%%(Q) + ”fHB%v" QT))-

Therefore, Theorem 5.1 implies the existence of a unique solution v € By 2+1 U+2(QT) of
problem (6.3), and this yields the existence of a solution of problem (1.1).

The uniqueness of u follows from (1.7), while the estimate (1.7) is a consequence of
(6.3)—(6.5) and estimate (5.2) for v.

This ends the proof of Theorem 1.1.

Theorem 1.2 is an immediate corollary of Theorem 1.1 and Lemmas 2.3 and 2.5.
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