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THE MAJORIZING MEASURE APPROACH
TO SAMPLE BOUNDEDNESS

BY

WITOLD BEDNORZ (Warszawa)

Abstract. We describe an alternative approach to sample boundedness and conti-
nuity of stochastic processes. We show that the regularity of paths can be understood
in terms of the distribution of the argument maximum. For a centered Gaussian process
X(t),t € T, we obtain a short proof of the exact lower bound on E sup, ¢, X (¢). Finally we
prove the equivalence of the usual majorizing measure functional to its conjugate version.

1. Introduction. Consider a Gaussian process X (t), t € T, on a prob-
ability space ({2, F,P), that is, a jointly Gaussian family of centered r.v.
indexed by 7. We can then provide 1" with the canonical distance

d(s,t) = (E(X(s) — X(£)))Y?,  s,teT.

If X(t),t €T, is sample bounded then the space (T,d) is totally bounded
since otherwise by Slepian’s lemma (see e.g. [11, Theorem 3.18]) one can find
a countable subset S C T' such that Esup,cg X () = co. This implies that
Diam(T') = supg 7 d(s,t) < oo, and taking the Cauchy closure of (7',d)
one can assume that (7,d) is a compact metric space. This implies that
there exists a separable modification of X (¢), ¢t € T (which we refer to from
now on), and therefore sup;c7 X (t) is well defined. The sample boundedness
of X(t), t € T, means that sup,cp X () < oo almost surely. Due to the
Gaussian concentration inequality this is equivalent to the finiteness of the
mean value, namely

(1.1) Esup X (t) < oo.
teT

On the other hand note that

(1.2) Esup X (t) = sup Esup X (¢),

teT FCT teF
where the supremum is taken over all finite subsets F' of T'. Hence (|1.2]) pro-
vides an alternative definition of Esup,cp X (¢), which can be used without
introducing any modification of the basic process.
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The second basic question on Gaussian processes is the continuity of
paths. We say that X(t), t € T, is continuous if (T, d) 3t — X (t,w) € R is
continuous for almost all w € §2. There exists a natural family of quantities
whose analysis implies a complete characterization of the continuity property.
For each 6 > 0, define

SG)=E sup |X(s)— X(0)].
s,teT, d(s,t)<é

Then continuity is equivalent to lims_,oS(0) = 0 (see e.g. |11, Chapter 12|
or [I, Chapter 3]).

In this paper, K denotes a universal constant that may change from line
to line. The standard approach to the regularity of Gaussian processes goes
through entropy numbers. Let B(t,¢) be the ball in T" of radius ¢, centered
at t, i.e. B(t,e) = {x € T : d(z,t) < €}. Denote by N(T,d, ) the smallest
number of balls of radius € > 0 that cover T'. The simplest upper bound of
E sup,cr X (t) was proved in [6l [I3] to be

E sup X () S V10go(N (T, d,¢)) de.
teT

Therefore {° \/logy(N (T, d, €)) de < oo is a sufficient condition for (1.1) to
hold. Since it can also be proved that

S\/logQ (T,d,e)) de,

the condition {° \/logy(N (T, d,e))de < oo in fact implies the continuity
of X(t),teT. Unfortunately entropy numbers do not solve the regularity
questions completely: there are sample bounded Gaussian processes of infi-
nite entropy (e.g. ellipsoids in Hilbert space [17]) and there are discontinuous
Gaussian processes that are sample bounded.

A better tool than entropy is majorizing measures. We say that a prob-
ability Borel measure m is majorizing if

(1.3) sup S Viogy(m(B(t,e))~1) de < co.

Generalizing the notion of majorizing measure let, for probability measures
My V

M(p, v, 9) H\/logz )~ 1) dev(dt)
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and M(p,v) = M(u,v,Diam(T")) = M(u, v, 00). Obviously
)
M /J'a 5157 S \/10g2 ))_1)d57

where d; is the delta measure at ¢ € T. A simple chaining argument shows
(see [8]) that the existence of a majorizing measure suffices for sample bound-
edness of X(t),t € T.

THEOREM 1.1. For each Gaussian X(t), t € T, we have

Esup X (t) < K inf sup M (p, o).
teT K oteT
The idea of using majorizing measures to study sample boundedness was
developed in [I5] and later in [2]. In the Gaussian setting the difficult part
was to establish that the existence of a majorizing measure is necessary when
X(t), t € T, satisfies (L.1). This was first proved in [14].

THEOREM 1.2. For each Gaussian X(t), t € T,

Esup X(t) > K~ 1nf sup M (s, y).
teT teT
Moreover (see e.g. LI, Chapter 12|) a Gaussian process X (t), t € T, is
continuous if and only if for some probability measure p,
hm sup M (p, 64,9) = 0.
6—0 ¢eT
A simpler argument for Theorem |1 - 1.2| appeared in [16], and finally in [17] the
language of majorizing measures was replaced by admissible partitions. Each
of the methods contains an important constructive part, where one has to
construct a suitable admissible partition or a majorizing measure.
In this paper we propose a different approach. From [§] it is known that
whenever sup,, M(p, 1) < oo then there exists a majorizing measure on T,
namely

inf sup M(p, 6¢) < SupM(u 1)
H teT

The quantity sup,, M (i, 1) is a natural upper bound for processes. Note that
for each X(t), t € F, where F' is a finite subset of T, there exists a random
tr valued in F' such that

(1.4) Esup X(t) = EX(tp).
tel

DEFINITION 1.3. Let pup(t) :=P(tp =t) for t € F, where tp is given by

i)

This measure can be treated as the distribution of the supremum ar-
gument on F. We show in Section [2| in the general setting of processes of
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bounded increments that M(up, pr) is the right upper bound for the mean
value of the supremum.

THEOREM 1.4. For each Gaussian X (t), t € T, and finite F C T,
Emax X(t) < KM(ur, pr).

Note that in the case of Gaussian processes the above property was proved
in [I, Theorem 4.2|, yet it is also mentioned in [7] and was known to Tala-
grand [I4]. There are many cases (see [3], 4, [5]) where one can prove the lower
bound for the supremum of stochastic processes in the form sup, M(u, p).
The benefit of the approach is that the lower bound has to be found for a
given measure p on T', which better fits the chaining argument. Moreover one
can reduce the constructive part of the lower bound proof to the definition
of a natural partitioning sequence on (T, d), which is described in Section
Consequently (see Sections , using this idea we give a short proof of the
following lower bound.

THEOREM 1.5. For each Gaussian X (t), t € T,

Esup X (t) > K~'sup M(p, ).
teT m

In this way we deduce that E sup,cq X (t) is comparable with sup,, M (u, 1)
up to a universal constant. In particular, this shows the well known property
(1.5) K~ Vinf sup M(p, 6;) < sup M(p, ) < K inf sup My, 6¢).

K teT 1% K teT

We prove in Section [§] that holds in a much generalized setting (of
processes under certain increment conditions). Another question is whether
or not there exists a measure pg such that Esup,cp X () is comparable with
M(pr, pr). Such a measure pp should be treated as an asymptotic argument
supremum distribution, i.e. a weak limit of g, for an increasing sequence of
finite F}, that approximates T'. Apparently the result requires the continuity
of the process X (t), t € T

THEOREM 1.6. If X(t), t € T, is a continuous Gaussian process then
there exists a measure up on T such that
K *"M(ur, pr) < Esu:pF)X(t) < KM(pr, pr).
te

Moreover pr is any cluster point of any sequence (ur,) given by Definition
where F,, C F11 and |J,, F, ts dense in T

The meaning of Theorem is that for continuous processes there ex-
ists an asymptotic supremum distribution, which also agrees with the result
of [9], where it is proved that the supremum argument exists for continuous
Gaussian processes at least up to a modification of the probability space.
Obviously if there exists a well defined supremum argument, i.e. a random
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variable t7 such that Esup;cp X (t) = EX (¢7), then the proof of Theorem
shows that Esup,cp X (t) < KM(pr, pr), where por is the distribution of tp.
Therefore for continuous Gaussian processes there exists a natural measure
pr that can be used to characterize the finiteness of Esup,c X (1).

In the proof of Theorem we use the following general estimate on
S(9).

THEOREM 1.7. For each Gaussian X(t), t € T,

K~ supsup(/\/l 1 1, €) — ey/logy (N (T, d, §))) < 8(0) < K sup M(u, p, 26).
>0 p n

In particular X (t), t € T, is continuous if and only if
lim sup M (u, p,6) = 0.

Proof of Theorems [I.6] and [I.7] are provided in Section [} Then in Sec-
tion [7] we study the main toy example for the theory—the Hilbert—Schmidt
ellipsoid. In the slightly simplified case of Bernoulli random vectors we give a
sufficient description of the supremum distribution to obtain the right upper
and lower bounds on the expectation of the supremum. We also point out
how the theory may be used in the analysis of small value distribution of
centered random vectors valued in the Euclidean space. Finally, in Section
we show a duality principle. We consider the quantity sup,, infier M (4, 6¢)
and prove that in the general setting of processes of bounded increments it
is comparable with inf, sup,cp M(p, 6¢) and hence also with sup, M(u, 1).
This is an extension of the result discussed in a recent paper [12] and used to
prove generalizations of the Dvoretzky theorem to arbitrary metric spaces.
In particular in the Gaussian like setting we have

THEOREM 1.8. We have

K~! sup inf M(p, 6) < sripM(M,u) < Ksip inf M(p, 0).

2. The upper bound. In this section we collect all the upper bounds
required in this paper. The basic theory was given in [I5] and then slightly
developed in [2] and [3]. First note that our measure approach works in a
much more generalized setting. Let (T, p) be any compact metric space and
¢ a Young function, i.e. convex, increasing, ¢(0) = 0 and ¢(1) = 1. The
centered process X (t), t € T, is of bounded increments if

[ X(s) = X(1)]

@1) B

)Sl, s,teT,
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ie. | X(t) — X(s)|le < p(s,t). Let Diam,(T") and B,(t,e) be the diameter
and the ball in the p metric. Moreover define

< t,e») &

Tppip(t, 0) = S
0

Mpo(p,v,0) = Sa, o) v(dt).
T

For simplicity let
Tupp(t) = Oppe(t,Diam,(T)), M, (u,v) = M, o(u, v, Diam,(T)).

We use the concept from the Introduction, i.e. let a random ¢ valued in a
finite F* C T be such that Emax;cp X (¢) = EX(tp) and up(t) = P(tp = t).

PROPOSITION 2.1. There exists a universal constant K < oo such that

for any process X (t), t € T, of bounded increments and for every finite set
FcCT,

EsuEX(t) - SEX(U,) pr(du) < KM, o(1r, ).
te 7

Proof. First Theorem 1.2 from [2] shows that for each t € F,

X(0) = § X(u) pr(du)
T

< Ki0upp(t) + KoMy (pr. pr) | w(W
TxT ’

> v(du, dv),

where K7, Ko are absolute constants and v is a probability measure on 1" xT'.

Denote
_ X(w) =X\,
Z‘Aﬁ( e )

then (2.1) implies that EZ < 1. Let £, = {tp = t}. Clearly

S Elo,X(1) - | EX (u) ur(dt) = ngt( SX(u)uF(du)>

teF T teF
< ZElgt (Klauﬂp,(p(t) + KQMP#;(MF, /LF)Z)
teF
<K1Y Ouppe®pr(t) + KoM(pp, pr) < (Ky + Ko)M(pp, pr).
teF

This completes the proof with K = K1 + Ko.

We recall that in the Gaussian case, i.e. when p(s,t) = d(s,t) and

o(x) = 27° — 1, we simplify the notation and use o, and M instead of o, ,
and M, ,. Obviously since Gaussian variables are symmetric, EX (u) = 0
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and hence Proposition 2.1]implies Theorem [I.4] In the case of non-symmetric
processes we have the following bound.

COROLLARY 2.2. For X (t), t € T, with Gaussian increments, for a finite
set ' C T and for any s € T,

Esup(X (1) — X(s) < (K +2)M(r. o)

Proof. Clearly
Esup(X(t) — X(s))

teT
< Bsup(X(0) = § X (u) () ) + | E(X () = X (5)) pr ().
€ T T

However due to the convexity of ¢,

plX( -~ X (),

IX(U)—X(S)I)

X(u)—X(s)|>c = ESD( c

and hence

E|X (u) — X(s)| < 2| X (u) = X(5)]l, < 20(u,v) < 2 Diam, (7).

Therefore
VE(X(u) — X(s)) pr(du) < 2 | Diam,(T) pr(du) < 2M(up, pr).
T T

Consequently,

Eilelg(X(t) - X(s)) < (K +2)M(pp, pr).

The result follows since 0,,,.(t) > Diam,(T) for t € F. u

Observe that if p_p denotes the supremum distribution of —X(¢) on F
then

(2.2) Eﬁgl; 1X(t) = X(s)] < 2+ K)(M(ur, pr) + M(p—p, pi—r)).

3. The partition structure. One of the clear consequences of Gaussian
sample boundedness is that Diam(7T") = sup{d(s,t) : s,t € T} is bounded.
For simplicity assume that Diam(7) = 1. Recall that we write o, and M in
this case.

Fix r > 1. Let A = (Ax)r>0 be a partition sequence such that for each
A € A there exists t4 € A such that A C B(ta,r7%/2). Let Ag(t) be the
element of Ay, that contains t. We translate the quantities M (u, v) into the
language of A.
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LEMMA 3.1. For each p,

z ¢(W)

Proof. First observe that

[e.9]

S Viogy (u(B(t,e))"1) de < (r — 1) Zr k. Slogy (u(B(t,r=F))~1).
k

=1

Then note that for all ¢ € T', we have Ay (t) C B(t,r~*) and therefore

V9o (u(B(t,r=+))~1) < /logy (u(Ax()) ).

By the property \/logs(zy) < /logy(x) + 1/logy(y) we obtain

k
Vlog, (u(Ay, Z log, <Allét())))>

Therefore changing the summation order yields

This completes the proof. m

COROLLARY 3.2. We have

V)Srir > Z 10g2<ZE§;>.

k=1 BeA,_1 AE.Ak

4. Gaussian tools. In the general theory of Gaussian processes there
are two basic properties one can use (see [II, Theorem 3.18|, and [I0] for
concentration inequalities).

LEMMA 4.1 (Sudakov minorization). For a Gaussian X(t), t € T, sup-
pose that d(t;, t;) > a fori,j <m, i # j. Then

E sup X(t ay/logy(m

1<i<m

where C7 is a universal constant.
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LEMMA 4.2 (Gaussian concentration). For a Gaussian X (t), t € T, let
o = sup; ;e p(E(X(t) — X(s)?)Y2, DCT. Then

P(‘ng(X(t) - Eféng(iﬁ))‘ > u) < 2exp(—2152).

The main consequence of these facts is the basic tool we use (see [17,
Proposition 2.1.4]).

PROPOSITION 4.3. Let (t;)], C T satisfy d(t;,t;) > a if i # j. Consider
o > 0 such that D; C B(t;,0). If Ui, D; C D then

Esup X (t) > C; tay/logy(m) — Caov/logy(m) + rnln E sup X ().

teD SiSmo eD;
Thus for a > (2C1Cs)0,
E sup X (t) Yay/logy(m) + min E sup X (),
teD 1<ism  4ep;

where C1,Co, C3 are universal constants.

5. The lower bound. In this section for a Gaussian X (t), t € T, we
prove Theorem 1.5 Recall that Diam(T) = 1. First define a set functional by

F(A) =Esup X(t), A isa Borel subset of T.
teA

Using this functional we define a natural partitioning structure for (7, d).
Recall that F(T) can be finite only if (T, d) is totally bounded, and hence
using compactification we may refer to (7, d) as a compact space.

Fix r > 1 and € > 0. We construct A = (Ay)r>0 in the following way.
Let Ay = {T'}. To define A, k > 1, we partition each B € Aj_; into sets
Aq, ..., Ay in the following way. Let By = B and t; € B be such that

sup F(C(s)) < F(C(t1)) +er™",

SEBy
where C(s) = B(s,77%71/2) N By. Let A; = B(t1,77%/2) N By and By =
By \ A1. We continue the construction, and if for ¢ > 1, B;_1 # () then choose
t; € B;_1 so that
(5.1) sup F(C(s)) < F(C(t;)) +er ",

SEB;_1
where C(s) = B(s,r~%=1/2)NB;_;. Using t; we construct A; = B(t;,r%/2)
N B;—1 and B; = B;_1 \ 4;. Recall that our basic assumption was that
there exists M < oo such that Bj; = (), namely by construction M <
N(T,d,r%/2) < oo due to the compactness of 7.

For each B € Ay and | > k denote A)(B) = {A € A : A C B}.
Note that by construction for each A € Aj there exists t4 € A such that
A C B(ta,77%/2), so the partition satisfies the requirement from Section
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The main result of this section is the following induction scheme. The
result is based on Proposition [£.3] and hence we have to choose r suitably
large. On the other hand, a parameter ¢ is introduced to avoid some technical
problems with attaining a supremum. This parameter is not particularly
important but again we have to make it sufficiently small in order to apply

Proposition [4.3] properly.

PROPOSITION 5.1. For r sufficiently large, namely r > max{1,2C1C5},
and € > 0 sufficiently small, namely ¢ < (4C3)~Y, there exists a universal

constant L < oo, namely L = 4C'3, such that for each measure p on T and
B S Ak*l; k Z 17

e Lo os, [ 1B)
p(B)(F(B) +4r+) = AG%B)MA) 1g2<M(A))

+ > uCF(©).

CEAj41(B)

Proof. Fix B € Ag_1, k > 1. By the above construction Ag(B) =
{A1,...,Apr}. There exists the smallest lp > 0 such that 1 < M < 92'0
For simplicity let m—_; = 0 and m; = 22 for | = 0,1,...,lp. We group sets
in Ay (B) using the following scheme. Let Ay ;(B) = {Am, ;+1,---,Am, }
for 0 < 1 < lp, and Ay, (B) = {Amlo,ﬁl,---,AM} Clearly A (B)| =
my —my—y for 0 <1 < ly, and | Ay, (B)| = M —my,_;. For simplicity denote
Br=Useanm 4 0= <l

By the partition construction there exist points ¢;, 1 < i < M, such that
A; C B(t;,r7%/2) and d(t;,t;) > r~*/21if 1 <i < j < M. Moreover for each
C € Ajy1(A;) there exists to € C such that C C B(tg,r~%71/2) N A;, and
hence by ,

F(C) < F(D;) 4+ er®

where
D; = B(t;,r " 1/2)nA; for1<i< M.

Again by the partition construction, if ¢ < j then

F(D;) < F(D;) +er".
Fix I > 1. We apply Proposition with a =77%/2, 0 = r=*"1/2 and m =
my—1+ 1 for the sets D;, 1 < i < m, and deduce that for r > max{1,2C,C5}
and ¢ < (4C3)~! there exists a universal constant L = 4C3 such that

F(B) > —r k2 L P(C)  for all C € Apy1(A;), A;j € Api(B).

S
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Consequently,
1 _
(5.2)  wWBYFB)> zuB)r 22+ 3 3 wOF(E).
AjeAL1(B) CeAri1(4y)

The remaining bound concerns Ay, o(B). Here we cannot do better than the
simplest estimate

(5.3) wBo)F(B)> ) > wO)F(©).

Aj€EAL,0(B) C€AR1+1(4;5)

By the concavity of y/logy x on [1,00) we find that for 0 <1 <,

W(B22> Y 4y lgg(l‘jéfli)

AjEAk,l(B)
Moreover for each 0 <1 <y and A; € Ay (B),

s (A2) o (K23 = o, (25,
and hence

(5.4) M(Bz)<2l/2Jr 10g2<,5((§z))>>
Sty o £5).

AJ‘EAk,l(B)

Thus if 2//2 > \/log, (u(B) /11(By)) then by ,
(B2 > ST () oms (B )

A'EAk Z(B)

v

otherwise 2//2 < \/log,(1(B)/u(B;)), which together with the fact that

logy(1 + z~1) increases on [0, 1] implies
1(B) 212 41
By /1 < B).
/’L( l) OgQ(Iu(Bl)) = 221 ,LL( )

Therefore by @ we obtain

lo_91/2
(5.5) 22”2 (By) + Z LBy =2y way log2< l’fff%)
Summlng -, and (| . yields
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w(B) <F(B) + ok <1 + i 21/;?“))

=0

M
2 gpr 3 ouA) 1%(Z§f§>+ > HOFi(©)

i=1 CeAr41(B)

Clearly 1 + Z%O:O 2122;1 < 4, which completes the proof. m

Proposition and a simple induction yield

o.9]
T)+4) r 2
k=1

o

1 _ u(B)
> ﬁk:f 2k Z Z 1(A) 4 [logy (M(!‘U)

BeAs—1) A€Agg—1(B)
Note that for each C' € A;, the partition sequence A defines C = (Cg)r>0
by Cr = Ak+1(C). Applying the above inequality to C' and C in place of T
and A, and then using the inequality F(T') > > o 4, #(C)F(C) we deduce
that

- IRs u(B)
—2k+1
Py +a) s Ly 5 s, 1og2(M(A>>.
k=1 k=1 BEAQk; 1A6-A2k B)
Since F(T) = Esupy,er X(¢) and Y 50,77 % < 1 for 7 > 2, we finally
get

2(EsupX(t)+4)221Li S Y wB) log2<'ZE§§>.

teT k=1 BEAr_1 ACA(B)
Together with Corollary and the inequality
Esup X (t) = Esup X (t) — X(s) > sup Emax(X(t) — X(s),0)
teT teT teT
> C'Diam(T) = C,

where C' is an absolute constant, this completes the proof of Theorem

6. Continuity of the process. In this section we prove Theorem
i.e. we estimate
S(6)=E sup |X(t) - X(s)|
s,teT, d(s,t)<é
in terms of sup, M(u,p,9). Fix 0 < ¢ < Diam(T) = 1 and let A be a
partition of (T,d) that satisfies A C B(ta,d) for each A € A and some
tqa € A. We require that |A| = N(T,d,J), which is clearly possible by the
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entropy definition. Obviously

{(s,t) s d(s,t) <0}y D | A x {ta}.

AcA
Therefore
(6.1) S@)=E sup |X(t)— X(s)| >E maxsup|X(t) — X(ta)|
steT,d(s,t) <6 A€AL teA
> sup Esup(X(t) — X(ta)) = sup Esup X(¢).

A€A;,  teA A€A;,  teA
Using Theorem [1.5| we get
(6.2) Esup X (t) > K" sup M(pia, p1a),

teA A

where the supremum is taken over all measures supported on A. Observe
that each probability measure p on T has the unique representation u =
Y oaea@(A)pa, where a(A) > 0, > ,c4(A) = 1 and pa is supported
on A. Consequently, by the property \/log,(zy) < /logy(x) + 1/logs(y)

M(p, ) S S\/logz €))~1) de pu(dt)

<" a(A) | | VIoma@ AN BT de pa(d)
TO

AcA

<3 [a<A>;§ Viog;(a(A)pa(B(t.)) 1) de pa(dt)

+cMA)l%ﬂMArU]
Using the entropy property

Z Oé(A)\/log2(04 ) < \/10832 (T.d,é))
AeA
we deduce that

sup M (i, 1,¢) < 3 a(A) sup M(jua, 1) + ey/10gy (N (T, d, 5)).
H AeA HA

Consequently, by (6.1]) and (6.2)),
(6.3) S(0) > K~ sup(supM (1, i, ¢) — e\/logy (N (T, d 5)))
This is the lower bound in Theorem [L.7]
COROLLARY 6.1. If X(t), t € T, is Gaussian and continuous then
hm5¢m& (T,d,s)) = 0.
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Proof. By our main characterization, the process X (t), t € T, is Gaussian
and continuous, so lims_,0 S(d) = 0. Consider now a set F' C T such that
|F| = N(T,d,d§/2) and | J,cr B(t,0/2) = T. It is important to observe that F
may be chosen in a such way that points in F' are ¢ /2-separated (this can be
obtained from any set F' with the required properties by a simple induction
procedure). We apply with ¢ = 6/2 and p equally distributed on F, i.e.

p(B(t,c)) = w(B(t,6/2)) = p({t}) = 1/N(T,d,/2).

Therefore M (u, i1, ¢) = M(u, 11,8/2) = (§/2)+/loga(N(T,d,5/2)) and hence
S(0) > (6/2)(\/1ogy(N(T,d, 5/2)) — \/logy(N (T, d, 6))).

Using 6 = 27" this proves that

(6.4)  lim 27 M1 (/logy (N (T, d, 27F-1)) — \/logy(N (T, d,27%))) = 0.

To finish the argument we observe that by Slepian’s lemma [I1, Theorem
3.18] we have

(6.5) sup 2~ \/log2 N(T,d,27%)) < KS < o0,
k>0

where S = lims_,o S(§). For simplicity, denote N (T, d,27%) by a; for any
k > 0. We have ap < agy1 for £ > 0; moreover, can be rewritten as
limy o0 27 Y(ag11 — az) and as supgso 2 Fap < KS. Suppose there
is a subsequence (k;);>0 such that lim; 2_klakl = a > 0. Then obviously
by , for any m > 0,

—kH—ma

lim 2 f—m = 2"'a.

l—00
Consequently, for large enough m we have a contradiction with the require-
ment that supy> 27Fq;, < KS. This implies that the only possible limit for

subsequences is zero and hence limy_,o0 2 %a; = 0. w

Corollary and (6.3)) imply that if X (¢), t € T, is Gaussian and con-
tinuous then lims o sup,, M(u, p, ) = 0.

On the other hand, if F' is an N(T,d,0)-net (ie. |F| = N(T,d,9),
User B(t,0) = T) then

E sup |X(t) — X(s)| <Esup sup |X(t)— X(s)l.
s,teT s€F te B(t,20)

By the concentration of measure argument based on Lemma we deduce
that for a universal K7 < oo,

Esup sup |X(t) — X(s)]

s€F teB(t,26)

<supE sup X (1) — X(s)| + K16+/loga(N (T, ).
seEF  teB(s,20)
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Note that
E sup |X(t)—X(s)|=2E sup X(¢t)
teB(s,20) teB(s,20)

and Esupye p(s 25 X (t) < Ko sup, M(p, p, 26) by Theorem [1.5 E Hence

Esup sup |X(t)—X(s)| < K(sup/\/l(,u 1, 26) 4 6+/1logy(N(T, d 5)))
seF tc B(t,26)

Since the argument used in the proof of Corollary [6.1] implies that
sup/\/l(,u 1, 26) > 5+/logy (N (T, d, 6)),

we obtain the upper bound in Theorem [1.7} Then lims sup, M(p, i, 6) = 0
implies that lims_,0S(4) = 0, and therefore the process X (t), t € T, is
continuous.

We now prove Theorem Assuming the continuity of X (t), t € T', we
construct 7 on T such that K I M (ur, pr) <Esup,eqp X (¢) < KM (ur, pr).
Let (F,)%, be any sequence of finite subsets such that F;,, C F,y; and
U,>0 £ is dense in T'. By the compactness of (T, d) the set of cluster points
of (7;4 Fn ol is not empty, and hence going to a subsequence we can assume
that pp is a weak limit of the sequence. By Theorems [I.5] and [T.4]

K" M(pr, pr) < Esup X (t) < K limsup M(pp,, 5, ),
teT n—00

so it suffices to show that
lim M(ug,,pr,) = M(ur, pr).
n—oo

It is clear that for € > 0 the functionals

S S Vogs (v( £))~tde v(dt)

are continuous on P(T, d) (space of probability measures with the weak
topology). Therefore to get the convergence of @ (i f, ) to @o(ur) we need that
3

sup S S \/10g2 (MFn (B(t, 5))_1) HF, (dt) < sup M(p, 5)
" To H

tends to 0 as ¢ — 0. Theorem|[I.7]implies that the convergence holds whenever
X(t), t € T, is continuous. This completes the proof of Theorem

7. Hilbert—Schmidt ellipsoid. We are ready to discuss the supre-
mum distribution in the setting of the basic toy example for the theory, the
Hilbert-Schmidt ellipsoid. Consider the real sequences x = (x;):2; equipped
with the Euclidean norm ||z|| = (3252, 22)!/2. The basic object for our pur-
poses is the ¢ space which consists of z = (z;)$°; such that ||z|| < co. We use
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the notation 22 = (22)2, and xy = (z;9;)%2, for any sequences z = (z;)%4,

y = (y;)72,. For any sequence a = (a;):2; we set

&= {(xl)fil €ly: Zx%/a? < 1}.
=1

We can require that a; > a;+1 > 0 for ¢ > 1. Note that £ is compact if and
only if a; — 0 as i — oo. Let g = (¢;)72;, where the g; are independent
standard Gaussian random variables. Let

X(z)=(x,g9), z€€&.

The basic question is when sup,c¢ X () < 0o a.s. Note that the process is
continuous if it is sample bounded, therefore sample boundedness implies the
existence of the supremum distribution (in the sense of the previous section).
In the case of £ this implies that the process X is sample bounded if and
only if >°2°, a? < co. Indeed, for any N < oo define

N
En = {(zl)fil : Zm?/af <1and x; =0 for i > N}.
i=1
Using the Schwarz inequality, we get

(7.1) E sup X(z) =E sup (z,g9) =E sup Z algl = (Za )1/2.
r€EN ze€N xESN

Note that the supremum sup,cg, X(z) is attalned at © € &y such that
x; = aggi/(zi]\il aZg?)Y/? for i < N and x; = 0 for i > N. Therefore the
supremum distribution py on SN is the law of a2g; /(3 | a2g?)'/? fori < N
and 0 for ¢ > N. If >°7°, a7 = oo then the weak limit of py is dp and we
have a contradiction with Theorem [L.6] This implies that Esup,ce X (z) can
be finite only if ||a[? = Y52, a? < co. Note that in this case the limit of ux
exists and is equal to p, the dlstrlbutlon of a2g; /(32 aZg?)' /%, i > 1, ie.
the law of the random variable a?g/|lag|| valued in €. In particular under
the assumption ||a|| < oo, we have

12  EspXe (Za " < ()" = .

el i—1

It can be proved using the above result and Khinchin’s inequality that
Esup,ce X(z) is comparable with |a|| up to a universal constant. Recall
that by Theorems [1.5[ and E sup,ce X () is comparable with M (u, i),
and hence M (pu, p) is comparable with |la|| up to a universal constant. The
measure u is a bit complicated and that is why we replace it by a more
comprehensible distribution based on random signs which shares the same

property.
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First observe that by Theorem [1.5| and the quantity ||a|| dominates
M(v,v) up to a universal constant, where v is any probability distribution
on &. Following this idea let us slightly simplify the setting and consider the
process

Y(z)=(z,e), z€€,

where € = (¢;)72, is a sequence of independent Bernoulli random variables,
ie. P(e; = £1) = 1/2. Clearly Y (x), z € &, is subgaussian, which means
that

IV (2) =Y @)lly < Cllz—yll, where @) =22 1,

and C is a universal constant. Obviously Esup,c¢(z,e) = |la||. Therefore
by Proposition |la|| is bounded from above by M(v,v), where v is the
supremum distribution of Y (z), x € £. Note that by the same argument
as in the Gaussian case the measure v is the distribution of the random
variable a?¢/||a|| valued in €. On the other hand we have learned from the
Gaussian case that ||a|| dominates Esup,ce X (2) and hence also M(v, v) up
to a universal constant. Therefore M(v,v) and ||a|| are comparable, which
shows that v is a good equivalent of u, and the benefit is that v has a much
simpler structure.
We start to analyze the measure v. Note that for any x € £, we have

v(B(z,0)) = P(Ha2€ —zl|a| H < 5||a”).
The upper bound for this quantity is relatively easy to find, by means of the
following construction. We may only consider § < ||z||. For any y € ¢ define
y(i) € €2 by y(i); =0, j < i and y(i); = y; for j > 4. Denote v; = ||z(7)||;
then by the construction v; = ||z||, vi+1 < v; for i > 1 and lim;_, v; = 0,
therefore (v;)72, forms a partition of [0, ||z||]. For simplicity let vg = a1 > v;.

LEMMA 7.1. For each i >0 and 6 > 0 such that 6 <

a2 1 2
v(B(z,0)) < eXp(—”gE}i”).

fvza

Proof. First observe that for i > 0 and ¢ < fvl, we have

P(||a% —fv\lallH < 8llall) < P(|la*(D)e — 2(@)llall[| < dllal)
< P(2(a*(i)e, x())lall = [|la®@)|* + (l=(D)]* — 6%)[la]?)
< P(2{a®(D)e, () |lall = [la*@)* + 52| lall*)

a?(i)||?[|x(7)]?
< P(2(a®(i)e, z(d)) > [|a®(@)|| ||z(d)]]) < eXP<_H8H£L2)(’L)|g’c(z‘()>\g )

a?(i)||?
< exp 2I)
i
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N[ =
<
)

where we have used Hoeffding’s inequality and ||z(4)||?> — 6% = 1)1,2_57 s2 >
= Llz(9)]? and u? + w? > 2uw. =

Consequently,
a(i v;
Viog (B 8) 1) 2 viogale) | \/é)n o Y2 <5<
Therefore
[l
(73) | | Vieg(w(B(z,8))"1) do v(dx)
. [e%e] Uz/\/i
>3 | Viog(v(B(,8)) 1) do v(dx)
i=1T 1+1/f

Z ot ; S (@) = llz(i + 1)) v(de).

Z

Therefore it suffices to prove the right lower bound on {([z(i)|| —
l|x(i + 1)||) v(dx) for i > 0.

LEMMA 7.2. We have

4
a:
VUlz@) = =i+ D) v(dr) > g
3 2|al [[a*(@)|]
Proof. First note that
e — i + D)) > =8
x — Nzt + 1) > —1—
2|z (2)]|
and then observe that
z? (g;02)? a}
——t —y(dr) =FE S = A ..
;2”%(1)” 2llall lla*()ell  2[la (@)l [|all

Combining Lemmas 1, 2 and ([7.3)) implies that

[l

| | Viogy(v(B(,6))1) dé v(dx)
&

0

a2 al log2<>
1 .
Bale Z 4a 2Ha2 DPlal] ~ Il

This proves that our upper bound on v(B(z,0)) is of the right order.
We turn to the proof of a suitable lower bound for v(B(x,d)).
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LEMMA 7.3. We have

| | Viogs(v(B(x,8)) 1) ds < 2v2|al.

0

Proof. The main trick here is to consider only special a?(i), namely for
i =2 k =0,1,2,.... Observe that for points = of the form a?z/||a| =
(a?€;/||al|)22,, & = £1, on which the measure v is supported we have
v(B(z,8)) = P((a’, a?) 2 |a®||* — 56°||a]]?).
Let 8 = v2[|a?(2")]|/Jlall. Then
2k—1

v(B(z, ) (Zaezzz )

Now observe that the 1nequahty Y2 aje; > Zf Il a} holds at least on

Z
the event where ey = --+ = ey = 1 and Y ;2o a451 > 0, which has

probability 272", Therefore v(B (a: o)) > 22" and consequently
Viog(r(B(z.50))1) < 272,

Clearly

| V1oga (V(B(x,8)) 1) dd <Y 2F2(55_1 — 6p).
0 k=1
Moreover using the triangle inequality we get

2k _1
Y af <laf7r2® Va3,

i=2k—1

Sp—1 — 8% < [lal| !

Consequently,
ZWQ (6r—1 — 6) < V2 ||a~ 122’f La2, s

It remains to observe that
oo

> 2 tag <2l
k=1

Therefore

| Viogy(v(B(x,6)1) dé < 2v2|jall.
0

Integration of the inequality with respect to v completes the argument. m

The theory is also useful to obtain some lower bounds on the small value
probability. Recall that for points = of the form a?z/||al| = (a?&;/|lal)?2,
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with & = %1 (the support of v) the values of v(B(z,J)) are all equal to
v(B(z,0)) = P({a’,a*) > [la®||* — 36%[al*).

On the other hand, the bound M(v,v) < K|la||, where K is a universal
constant, implies that

0+/logy(v(B(x,6)) 1) < M(v,v)K||al|
for any z of the form = a?z/||a|| = (a?&;/||al|)$2,, & = £1, and hence
v(B(z,8)) > exp(—K?|a*/6?)
with K = \/@ K. In this way we have proved

COROLLARY 7.4. For any sequence (t;)3 of positive numbers such that
[£Y/4]| < oo we have

(Z tie; > Ztl 152||2/4) 4 ) > exp(—K2/62).

Note that lower bounds in the problem of small value probability are
usually difficult to get.

Similar results can be established for Gaussian variables and more gener-
ally for centered random vectors valued in the Euclidean space. Indeed, if X
is a random vector valued in R™ in the isotropic position and A a given n xn
matrix, then for the set T'= A* By, where Bf' = B (0, 1) is the Euclidean
ball of radius 1 in R™ centered at 0, we can consider the process Z(t) = (t, X),
t € T. Again due to the isotropy assumption E|Z(t) — Z(s)|? = ||t — s]|? for
any s,t € T, and obviously

E sup Z(t) = E||AX||.
teT

Moreover the supremum distribution m is the same as the distribution of
the vector A*AX/||AX]||, and hence for any x € A*BY,

m(B(z,0)) = P(||[A*AX — z||AX||| < §|AX]).

Consequently, whenever the presented Gaussian type approach may be used
to get a lower bound on E||AX|| it should result in lower bounds on the small
value probability, i.e. m(B(z,d)), 6 > 0.

8. The duality principle. Let ¢ be a Young function. In this section
we consider general processes X (t), t € T, on (T, p) under the increment
condition ([2.1). By the result of [3], for ¢ that satisfy

(8.1) ©(2z) > 2Cp(x) for some C' > 1
and small enough x > 0 we have

S =supE sup [X(t) — X(s)| > K~ ' sup My, (1, 1),
X s, teT 1%
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where the supremum is taken over all processes X (t), t € T, that satisfy

(2.1). On the other hand, by ([2.2)),
(8.2) S < Ksup M, (1, 1),
m

and therefore & = supy Esup,cr|X(t) — X(s)| is comparable with
sup,, M, (1, i1). By the general result on majorizing measures [2] we have

S < Kinfsup M, ,(u, 0¢),
Ko teT

and hence

(8.3) K~ 'inf sup Mp,cp(l% d¢) < sup Mp,cp(ﬂvﬂ) < Kinfsup Mp,ap(ﬂa dt)
K teT 1% K teT

for a large class of ¢ and p on T. The objective of this section is to show
that there is another quantity comparable with sup, Mo (@, 1), namely
sup,, infier My (4, 6). We now state the main result for this section, which
is an extension of Theorem [[.8

THEOREM 8.1. Assuming that ¢ satisfies (8.1)) there exists a universal
constant K < oo such that

K~ 'sup gnf Mopo(s0t) < sup M o(p, 1) < K sup inf M, (1, ).
u teT 1 u teT

Proof. In the proof we need that ¢ ~'(1/x) is comparable up to a univer-
sal constant with a convex function and ¢(1) = 1. Namely by Lemma 2.1 in
[15] there exists a convex function & such that

(8.4) o7 (1/2) < €(x) <9 H(1/2)  for z > 0.

Consequently, it suffices to prove the result for a convex function £(z) com-
parable up to a universal constant with ¢ ~1(1/2), which can also be normed
so that £(1) = 1. For simplicity we keep the notation ¢ ~1(1/x) even when
&(x) is used, but we stress that by ¢~!(1/z) we always mean the convex
equivalent.

Clearly sup,, M, ,(p, ) > sup,, infrer M, (11, 0¢), which implies that

(8.5) S > K 'supinf M, ,(u, &)
y teT

By (8.2)) and (8.3)), for any measure v on T,

(8.6) S < Ksup M, ,(v, ).
teT

We show that on each finite subset F' C T there exists an equality measure
vp on F such that o, ,,(t) are equal on each ¢ € F and finite. Indeed,
let F' = {t1,...,tm}, and note that each probability measure y on F can be
treated as a point (a(1),...,a(m)) in the simplex A, = {(a(1),...,a(m)) :
a(i) >0, 37", a(i) = 1}, namely we set a(i) = p(t;). We define a mapping
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BN R, &= (By,...,8), by
Diam, (T

-1 1
Di(p) = oppep(ti) = S ® (M('Wwﬂ)) de.

0
LEMMA 8.2. There exists a unique measure vy on F such that ®;(vp)
are all equal and finite for 1 <i < m.

Proof. Note that by the convexity of o ~1(1/x) (the discussion of (8.4))), ®
is convex and continuous on A,. Moreover ®;(d¢,) = Diam, (1) and @;(d;,) =
oo if ¢ # j. Therefore @ is simplicial in the sense that each facet of A,,, say

Ar={(a(l),...,a(m)):a(i) =0,i€ I; a(i) >0, ¢ I}

for some I C {1,...,m}, is mapped onto Aj, where

Ap={(@1(n); .., Pm(p)) : Piln) = 00, i € I; i) < 00, i & I}.
Consequently, Ay, where [m] = {1,...,m}, must be mapped onto the
convex surface in R™ that connects the points z; = (x;(1),...,z;(m)), 1 <

i < m, where x;(i) = Diam,(T") and z;(j) = oo if i # j. This implies
that there exists exactly one point of intersection of the surface with y +—
(y,...,y), y € R. Therefore there exists exactly one probability measure v
such that ®;(v) are all equal and finite for 1 <i <m. »

Consequently, by and Lemma we obtain
E sup | X(t) — X(s)] < K inf M, ,(vF,d),
stel teF

and therefore

. < i .
(8.7) S< ngp ;g%/\/lp,cp(y, 5t)

Clearly (8.5)) and (8.7]) complete the proof. =
This proves the duality principle.

COROLLARY 8.3. The following quantities are comparable up to a uni-
versal constant:

inf sup M, (1, 9;) and supinf M, ,(u,d;).
BoteT p €T

That s, either we can search for the optimal measure p that works for all
t €T, or for all measures we have to find the worst possible point t € T'.

As we have pointed out, the result has an application to the extension of
the Dvoretzky theorem to metric spaces [12].
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