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Abstract. Erdds space € is the “rational” Hilbert space, that is, the set of vectors in
22 with all coordinates rational. Erdés proved that € is one-dimensional and homeomorphic
to its own square € X €&, which makes it an important example in dimension theory.
Dijkstra and van Mill found topological characterizations of €. Let M?*!, n € N, be the
n-dimensional Menger continuum in R™*!, also known as the n-dimensional Sierpiriski
carpet, and let D be a countable dense subset of M2?"!. We consider the topological
group H(M?+!, D) of all autohomeomorphisms of M2 T that map D onto itself, equipped
with the compact-open topology. We show that under some conditions on D the space
H(MZT!, D) is homeomorphic to € for n € N\ {3}.

1. Introduction. All spaces in this paper are assumed to be separable
and metrizable. If X is locally compact then we equip the group H(X)
of homeomorphisms of X with the compact-open topology. If A is a sub-
set of X then H(X, A) stands for the subgroup {h € H(X) : h(A) = A}
of H(X).

Let D be a countable dense subset of a locally compact space X. In [5]
Dijkstra and van Mill show that if X contains a nonempty open subset
homeomorphic to R™ for n > 2, to an open subset of the Hilbert cube,
or to an open subset of some universal Menger continuum p” for n € N,
then H (X, D) is homeomorphic to €. In line with these results we consider
in this paper the topological group H(M?*! D) for n € N. Here M*! is
the n-dimensional Menger continuum in R"*! (see Engelking [6, §1.11]),
also known as the n-dimensional Sierpinski carpet, and D is a countable
dense subset of M1 In our main result, Theorem we show that under
some conditions on D the space H(M?! D) is homeomorphic to & for
n € N\ {3}. The proof is based on the proof of [5, Theorem 10.4] where
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Dijkstra and van Mill use their characterization of & to deal with the u™ case.
We also heavily rely on Dijkstra [4, §5] where it is shown that there are closed
imbeddings of Erdés-type subspaces of ¢! (see Theorem in H(MPH)
if n € N\ {3}. The main complication is that MZ*! in contrast to the
n-dimensional universal Menger continuum considered in [5, Theorem 10.4],
is not homogeneous.

2. Preliminaries. Let RT = [0, 00). We shall use a number of compact-
ifications of R™. Let S™ denote the one-point compactification of R™. We
let R denote the compactification [—00, 0] of R. We shall use the convention
that £o0o+t = +00 when t € R. This extends the addition operation on R™
to a continuous function from R™ x R™ to R™. An m-cell is any space that
is homeomorphic to I"™, where I = [0,1]. For a set A in a topological space
we let 0A denote the boundary of A and Int(A) the interior of A.

Recall that for a compact space X the compact-open topology on H(X)
coincides with the topology of uniform convergence. We denote the identity
element of H(X) by ex. If O is an open subset of X then we say that
h € H(X) is supported on O if h is equal to the identity on X \ O, i.e. if
hI(X \ O) = ex\o. We write Ho(X) for the subgroup of H(X) consisting
of all homeomorphisms of X that are supported on O, so Ho(X) = {h €
H(X) : h[(X \ O) = ex\o}. Furthermore, we let Ho(X, A) stand for the
subgroup Ho(X) N H(X, A) of H(X).

We need the following elementary result; see [0, Lemma 10.3].

LEMMA 2.1. Let f: X — Y and g: Y — Z be continuous. If go f is
a closed imbedding then so is f.

We give the definition of an n-dimensional Sierpinski carpet.

DEFINITION 2.2. Let n € N. A nowhere dense subset X of S"*! is
called an n-dimensional Sierpiniski carpet if the collection {U; : i € N} of
components of S"*1\ X forms a null sequence such that the closures of the
Uy’s are a pairwise disjoint collection and every S"T!\ U; is an (n + 1)-cell.

The Menger continuum M "1 constructed according to the “middle
third” method (see Engelking [6, §1.11]) is a standard example of an n-
dimensional Sierpiriski carpet. The following characterization theorem is due
to Whyburn [I1] (for n = 1) and Cannon [2] (for n > 2).

THEOREM 2.3. Let X and Y be two n-dimensional Sierpiriski carpets
forn € N\ {3} and let U and V be components of S"t1\ X, respectively
SN\ Y. If h is a homeomorphism from the boundary of U to the boundary
of V, then h can be extended to a homeomorphism from X to Y.

REMARK 2.4. In Theorem let S and 7' be components of S"1\ X,
respectively S"*1\ Y such that S # U and T # V. The proofs of Lemma 1
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and Theorem 1 in [2] together with the Annulus Theorem ([2]), which enables
one to control where the boundary of a component of S"*!\ X is mapped

to, imply that we can extend h to a homeomorphism h: X — Y in such
a way that h(9S) =0T.

DEFINITION 2.5. A point x of an n-dimensional Sierpiniski carpet X is
called a boundary point of X if it lies on a nonseparating copy S of S™ in X,
that is, X'\ S is connected. If x is not a boundary point we call it an interior
point of X.

Using the notation of Definition it follows easily from Brouwer’s
Invariance of Domain [8, Theorem 3.6.8] and the generalized Jordan Curve
Theorem [9, Theorem 36.3] that x is a boundary point of X if and only if
z € |J;2, 0U; and that every OU; is homeomorphic to S™. Note that these
definitions of boundary point and interior point of X do not coincide with
the usual meaning of these notions since Int(X) = (). Boundary points and
interior points are two topologically different types of points in X, both of
which are represented in X. This means that X is not homogeneous. It is
well known that these points are topologically the only two different types
of points in X if dim X # 3 (cf. Theorem and Lemma [2.7)).

LEMMA 2.6. Let n € N\ {3} and suppose that x € OU, where U is
a component of S"T1\ ML Then there is a local basis B, at x such that
for every B € B, and every y € BN AU there is a homeomorphism h of
M with h(x) =y that is supported on B.

Proof. Note that it follows from Theorem and the homogeneity of S™
that all boundary points of M *! are topologically equivalent. Therefore, it
is enough to consider the boundary point x = (0,...,0) € d(I"*!), where
O(I"*1) is the boundary of the unbounded component of R™1\ M+t
For B, we take the collection {B; : i € w}, where B; = M1 N [0,37%)" L,
Now take i € w and a point y € B; N I, If y = x then the iden-
tity map obviously satisfies the requirements of the lemma, so we suppose
that y # x. The closure of B; in Mt is C; = M N [0,379"* so
C; = 37'M"*! which means that C; is again an n-dimensional Sierpiriski
carpet. Note that D; = 9([0,37¢"*!) is the boundary of the unbounded
component of R"*!\ C;. Since B; N D; is open and connected in D;, and D;
is homeomorphic to S™, it follows that B; N D; is path connected and we can
use the strong local homogeneity of S™ to see that there is a homeomorphism
gi: Di — D;, with g;(z) =y, supported on B; N D;. By Theorem [2.3| we can
extend g; to a homeomorphism g; of C;. If we now define h;: M7t — Mn»+!

by Gile) ifzed,
hi(x) = .
x otherwise,
then h; is as required. =
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We want to derive a similar result for the interior points of M?*! with
n € N\ {3}. For this we use the following lemma. Recall that 9(I"*1) is the
boundary of the unbounded component of R**1\ M7+,

LEMMA 2.7. Letn € N\ {3} and let x and y be interior points of MI+1.
Then there is a homeomorphism h: Mt — MM with h(zx) = y and
h[@(]““) = 63([n+1).

Proof. If © = y we can take h = €yyn+1, SO suppose that = # y. Clearly,
we can find quotient mappings ¢z, g,: R"" — R" ™ with ¢;1({z}) = I"*!
and ¢, ' ({y}) = 1" such that g, : R"\ "1 — R™\ {z} and g, : R"*1\
"1 — R\ {y} are homeomorphisms. Then ¢, '(M2*!) \ Int I"*! and
qy_l(M}}H) \ Int I"*! are Sierpiriski carpets and we denote them by S,,
respectively Sy,.

Let B,, respectively By, be the boundary of the unbounded component of
R\ S, respectively R"\ S, So B, = ¢, '(0I"*!) and B, = ¢, *(0I").
Note that g = (qy_ 16 ¢;)IB; is a homeomorphism from B, to B, such
that ¢, 0 g = q.[B;. It follows from Remark that we can extend g to
a homeomorphism g: S, — S, such that g(aI" ") = 91"+

Now define the function h: M2+t — M?+! by

" Y if z=ux,
= {lgogoiho 1ern
It is easy to see that h is a bijection such that h o ¢, = ¢, o g. Since ¢, is
a quotient mapping and g, o g is continuous, it follows that h is continuous.
By compactness of M*1 we see that h is a homeomorphism.

Take z € O(I"1). Then ¢, '(z) € B, and since g is an extension of g we
see that

h(z) = (ay 0 9)(a; ' (2)) = (3 0 9)(@; ' (2)) = @l (2)) = 2.
This shows that h[o(I"1!) = ep(in+1), S0 h is as required. m

LEMMA 2.8. Let n € N\ {3} and suppose that = is an interior point of
M+, Then there is a local basis B, at x such that for every B € B, and
every interior point y of M1 in B there is a homeomorphism h of M1
with h(x) =y that is supported on B.

Proof. Tt follows from the construction of M?*! that = has arbitrarily
small open neighbourhoods B in M™*! such that B, the closure of B in
M (or in R"*1) is homeomorphic to M**! and the boundary 8B of B
in M1 is the boundary of the unbounded component of R"*! \ B. Let
B, be the collection of those neighbourhoods B of x. Clearly, B, is a local
basis at x. If y is an interior point of M"*! such that y is an element of
a B € B,, then y is an interior point of B. It follows from Lemma that
we can find a homeomorphism of B that maps z to y and is the identity



Homeomorphism groups of Sierpinski carpets 5

on the boundary of B in M?*1. This homeomorphism can be extended to
M1 by taking the identity on M7?*!\ B. This shows that the local basis
B at x is as required. =

LEMMA 2.9. Let O be an open subset of M1 for n € N\ {3} and
let Dy and Ds be countable subsets of O. Suppose that for j € {1,2} the
interior points of M1 contained in Dj are dense in O, and D; N OU; is
dense in OU; N O for all i. Then there is a homeomorphism h of M that
is supported on O and satisfies h(D1) = Ds.

Proof. This proof uses a well known back-and-forth construction; see
for instance [I] or [8, Theorem 1.6.9]. Write D; = D! U D}, where D} is
the set of all points of D; that are interior points of M and D]f is
the set of all points of D; that are boundary points of M+, Similarly,
write Dy = D} U D]2°. Let {ai,as,...} and {ai,as,...} be enumerations
of Di, respectively DY, and let {b1,bs,...} and {51, bo, . . .} be enumerations
of D, respectively DS. Using the Inductive Convergence Criterion [8) 1.6.2]
we construct a sequence (hy,)men of homeomorphisms of M?*+! such that
h =lim,, .o hyy 0+ - -0 h exists and is a homeomorphism, and the following
conditions are satisfied:

(1) hgy, is supported on O for all m € N;

(2) hmo---ohi(aj) = haj_g0---ohy(aj) € D} for all j and m > 45 — 2;

(3) (hm 0:+--0 h1>71(bj) = <h4j_1 O---0 hl)il(bj) € Dll for all j and
m>4j —1;

(4) hyo-- ohl(aj) = hyjo--- o hi(a;) € Db for all j and m > 4j;

(5) (hmo---0hy)~Nb;) = (hajp10---0h1)"'(b;) € D} for all j and

m > 45 + 1.
These conditions ensure that h € Ho (M), h(D}) = D} and h(DY) = Db.
Put by = €+t and assume that h1, ..., hyj_3 are defined for certain j € N.

If hgj_30---0hi(aj) € Di2, take hgj_o = €pgntt- Otherwise, we use
Lemma to find a small neighbourhood Vj;—o C O of hyj_go--- 0 hi(a;)
which is disjoint from the finite set

{bl, .. J 1, bl, ce ,i)jfl} U h4j,3 0-++0 hl({al, ceey @1, at, ... gljfl})
and moreover has the property that we can map hyj_30---0 hi(a;) to any
other interior point of M?*! in Vij—2 by a homeomorphism supported on
Vij—2. Since Dj is dense in O we have Dy N Vy;_o # (. This means that we
can find a homeomorphism f4; o of M+ supported on Vij—2 such that

fij—20haj-z 00 hi(a;) € Dj.

We put hgj_o = f4j—2-
If (hgj—po0---0hy)” (b ) € D 1, we take hgj_1 = = eyt Otherwise, we
use Lemma [2.8 again to find a small neighbourhood Vi;_1 C O of b; that is
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disjoint from the finite set

{bl,.. .,bj_l,l;h...,gj_l} Uh4j_2 O Ohl({al,...,aj,dl,...dj_l})

and has the property that we can map b; to any other interior point of M
in V4;_1 by a homeomorphism supported on Vj;_1. Since (hyj_g0- - -ohy)(D})
is dense in O, by (2) we know that (haj_20---0hy)(D})NVyj—1 # 0. This
means that there is a homeomorphism fy;_1 of M1 supported on Vij—1
such that

Fit (b)) € (haja 00 hy)(D}).
We put hgj—1 = faj-1.

Using the same argument as above, but now applying Lemma [2.6|instead
of Lemma we find neighbourhoods Vy;, Vij11 C O of (haj—10---oh1)(a;),
respectively j, and homeomorphisms hyj, haji1 in Hy,, (M+1) respectively
Hy,,., (M), such that

h4j o h4j_1 O0---0 hl(&j) S DS, hzjl_‘_l(i)ﬂ S h4j 0-+-0 hl(D]f)

If the neighbourhoods Vi;_2, V41, Vaj, Va1 are chosen small enough, then
the conditions of the Inductive Convergence Criterion are satisfied. m

REMARK 2.10. It follows immediately from this lemma that if D N oU;
and Do N AU; are dense in OU; N O for every ¢ with OU; NO # (), and Dy and
D, do not contain any interior points of M *!, there is a homeomorphism
h of M+ supported on O that maps D; onto Ds. Similarly, if D; and
D both entirely consist of interior points of MZ*! there also exists such
a homeomorphism.

Now let p > 1 and consider the Banach space /P of all sequences z =
(20, 21,...) € R such that Y 7 |2, |P < co. The topology on 7 is generated
by the p-norm ||z, = (320% |2[P)'/P. Tt is well known that || - ||,, is a Kadec
norm with respect to the coordinate projections, that is, the norm topology
is the weakest topology that makes all the coordinate projections z — z, and
the norm function continuous. This fact can also be formulated as follows:
the norm topology on ¢? is generated by the product topology (inherited
from R“) together with the sets {z € 7 : ||z]|, < t} for ¢t > 0. We extend

the p-norm over R¥ by putting ||z[|, = oo for each z € R \ /7.

DEFINITION 2.11. Let X be a space. A function f: X — R is called
lower semicontinuous (abbreviated LSC) if f~!((t,cc]) is open in X for
every t € R.

Note that the norm as a function from R¥ to [0,00] is LSC but not
continuous because the norm topology on (7 is much stronger than the
topology inherited from R¥. It is easily checked that f: X — R is LSC if
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and only if f(lim, o zy) < liminf, . f(x,) for every convergent sequence
(xn)nEw in X.
We define Erdds space

E={zecl’:z,cQforallncw

Let 7 be the zero-dimensional topology that & inherits from Q“. We
noted that 7 is weaker than the norm topology, so clopen sets separate
points, that is, & is totally disconnected. By the remark above, the graph
of the norm function, when seen as a function from (6, T ) to RT, is hom-
eomorphic to €. This means that we can informally think of € as a “zero-
dimensional space with some LSC function declared continuous”.

We point out the following connection between the two topologies on €.
Because the norm is LSC on R¥, every closed e-ball in € is also closed in the
zero-dimensional space Q“. This means that every point in & has arbitrarily
small neighbourhoods which are intersections of clopen sets.

DEFINITION 2.12. A subset A of a space X is called a C-set in X if A
can be written as an intersection of clopen subsets of X. A space is called al-
most zero-dimensional if every point of the space has a neighbourhood basis
consisting of C-sets. If Z is a set that contains X then we say that a (sep-
arable metric) topology 7 on Z witnesses the almost zero-dimensionality
of X if dim(Z,7) < 0,0N X is open in X for each O € 7, and every
point of X has a neighbourhood basis in X consisting of sets that are closed
in (Z,7). We will also say that the space (Z,7) is a witness to the almost
zero-dimensionality of X.

Thus € is almost zero-dimensional. The space Q¥ is a witness to the
almost zero-dimensionality of Erdds space. More generally, if ¢p: Z — R is
an LSC function with a zero-dimensional domain then it follows easily that
Z is a witness to the almost zero-dimensionality of the graph of . Clearly,
a space X is almost zero-dimensional if and only if there is a topology on
X witnessing this fact. Oversteegen and Tymchatyn [I0] proved that every
almost zero-dimensional space is at most one-dimensional.

DEFINITION 2.13. Let X be a space and let A be a collection of subsets
of X. The space X is called A-cohesive if every point of X has a neighbour-
hood that does not contain nonempty clopen subsets of any element of A.
If a space X is {X }-cohesive then we simply call X cohesive.

Again, let p > 1. As a generalization of the construction of &, consider
a fixed sequence Ey, E1, Es, ... of subsets of R and let

E={z€?:z, € E, for every n € w}.

The following two results were proved in Dijkstra [3].
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THEOREM 2.14. Assume that £ is not empty and that every E, is zero-
dimensional. The following statements are equivalent:

(1) there exists an x € [[;2 o E, with ||z||, = 0o and lim,_.o z, = 0,
(2) every nonempty clopen subset of £ is unbounded,

(3) & is cohesive,

(4) dim€& > 0.

Recall that if Ay, Aq,... is a sequence of subsets of a space X then
o0 o0

limsup,, o An = Neo Urey, Ak
COROLLARY 2.15. If 0 is a cluster point of limsup,,_, E, then every
nonempty clopen subset of £ is unbounded (and hence dim € # 0).

We need some new notions. The following definitions are taken from
Dijkstra and van Mill [5].

DEFINITION 2.16. If A is a nonempty set then A<“ denotes the set
of all finite strings of elements of A, including the null string A. If s =
apay ...ap_1 € AS¥ for some k € w, then |s| denotes its length k. In this
context the set A is called an alphabet. Let A“ denote the set of all infinite
strings agay ... of elements of A. If s € A< and 0 € A< U A¥ then we
put s < o if s is an initial substring of o, that is, there is a 7 € A<¥ U A%
with s™7 = o, where 7 denotes concatenation of strings. If 0 = agay ... €
A<Y U A¥ and k € w with k& < |o|, then o[k = apa; ...ap_1.

DEFINITION 2.17. A tree T on an alphabet A is a subset of A<“ that
is closed under initial segments, that is, if s € T and t < s then t € T.
An infinite branch of T is an element o of A“ such that o[k € T for every
k € w. The body of T, written as [T, is the set of all infinite branches
of T. If s,t € T are such that s < t and [t| = |s| + 1 then we say that ¢
is an immediate successor of s, and succ(s) denotes the set of immediate
successors of s in 7.

Now we introduce the concept of an anchor.

DEFINITION 2.18. Let T be a tree and let (X;)ser be a system of subsets
of a space X such that X; C X whenever s < t. A subset A of X is called
an anchor for (Xy)ser in X if for every o € [T, the sequence X9, Xop1, - - -
converges to a point in X whenever X, N A # ) for all k € w.

ExXAMPLE 2.19. As noted before, Q% is a witness to the almost zero-
dimensionality of €. Let 7 be the topology that & inherits from Q“. Put
T =Q<, and for s = qy...qx—1 € T with k € w, let Q¥ be the closed
subset of Q¥ given by

QV={zeQ¥:z;=¢ for 0<i<k—1}.
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Put ¢, = QY N¢& for s € T and let B be a bounded subset of &. We show
that B is an anchor for (&;)ser in (&,7). Let 0 = qoq1 - .. € [T] be such that
€sxNB # () for all k € w. It is clear that &, converges to the point ¢ € Q¥
in the product topology of Q“, where we identify the string goq; . . . with the
sequence (qo, q1, - - -)- It suffices to show that o € €. Since B is bounded there
is an M € N such that B C {x € Q¥ : ||z|| < M}, and because &, N B # ()
for all k¥ € w this means that ||(qo,q1,--.,q-1,0,0,...)|| < M for all &£ > 0.
We have

”UH = lim ”(QO7 qi, - - - 7Qk7170707 .. )H S M7
k—o0
so o € €.
Dijkstra and van Mill [5 §8] introduced the following class E’ of spaces.

DEFINITION 2.20. E’is the class of all nonempty spaces E such that there
exists an F,s-topology 7 on E that witnesses the almost zero-dimensionality
of E and there exist a nonempty tree T" over a countable set and subspaces
E; of E that are closed with respect to 7 for each s € T\ {\} such that

(1') E\ is dense in F and Es; = |J{E; : t € succ(s)} whenever s € T,

(2') each x € E has a neighbourhood U that is an anchor for (Ej)ser in
(E.T),

(3") for each s € T\ X and t € succ(s), E; is nowhere dense in Ej,

(4") Eis {Es : s € T}-cohesive,

(5') E can be written as a countable union of nowhere dense subsets
that are closed with respect to 7.

In [5, Theorem 8.13] Dijkstra and van Mill prove
THEOREM 2.21. A space E is homeomorphic to € if and only if E € E'.

As an illustration we show that € satisfies the conditions of Defini-
tion Let 7 be the product topology that & inherits from Q%, put
T = Q<% and let &, for s € T be as defined in Example Since QQ is a
o-compact space, it is easy to see that Q% is an absolute F,s-space. Further-
more, & is an F,, subset of Q“, which means that 7 is indeed an Fjs-topology
on € that witnesses the almost zero-dimensionality of €. It is clear that &,
is closed in (€,7) for all s € T" and conditions (1’), (3') and (5') are easily
seen to be satisfied. For (2’) and (4’) note that it follows from Example
and Corollary that every bounded neighbourhood of a point = in € is
an anchor for (&)ser in (QE, ’T) that contains no nonempty clopen subsets
of any &;.

3. Homeomorphism groups of a Sierpinski carpet. We prove the
following theorem for n-dimensional Sierpinski carpets as an extension of
the results in [5, Chapter 10].
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THEOREM 3.1. Let n € N\ {3}, let {U; : i € N} be the collection of
components of S"T\ M1 and let D be a countable dense subset of M.
If O is a nonempty open subset of M1 such that either D N OU; = O for
every i with OU; C O, or DN OU; is dense in OU; for every i with OU; C O,
then Hy (M, D) is homeomorphic to Erdds space for every open U that
contains O.

As noted before, M*! is not homogeneous, which is why we need the
conditions on D here. If we choose for instance a set D C M*! such that
|D N OU;| =i for every i then H(M?*! D) contains only the identity map.

Note that if D NOU; = O for all dU; C O, there can still be ;7 € N with
D NoU; N O # (. Similarly, if D N dU; is dense in OU; for all 0U; C O,
there can still be j € N such that D N 9oU; N O is not dense in oU; N O.
The following claim shows that for the proof of Theorem we can avoid
these situations. Furthermore, it shows that if DNoU; is dense in QU; for all
OU; C O, we may assume that the set of interior points of M?™! contained
in DN O is either empty or dense in O. This observation will also be useful
in the proof of Theorem

CLAIM 3.2. [t suffices to prove Theorem[3.1] for the following three cases:

(i) DN O consists entirely of interior points of M *1;
(i) DNoU; N O is dense in OU; N O for every i € N and the interior
points of M1 contained in D N O are dense in O;
(iii) DNOU;NO is dense in OU;NO for every i € N and DNO contains
no interior points of M +1,

Proof. Suppose that we are in the situation of Theorem Let Dj be
the set of all points of D that are interior points of M+, We define O’ C O
by

O otherwise.

Clearly, O’ is a nonempty open subset of M1 such that either D;N O’ = ()
or D; N O’ is dense in O'. Next we define O” c O’ by

0" =0\ J{oui : 0U; \ O’ # 0}.

Since the interior points of M?*! are dense in M?*! and the collection
{U; : i € N} forms a null sequence, it follows that O” is a nonempty open
subset of M1, Furthermore, if OU; N O” # () then OU; C O” C O. 1t is
clear that O” satisfies one of the conditions (i), (ii) or (iii), and if we prove
the theorem for O” then we will have also proved it for O. =

We introduce some notation.
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DEFINITION 3.3. We define subspaces E» and Ej of ¢! as follows:
Ey={ze€l':2 cwforallicw},
Ey={z€l': 4z cwforallicw}.

We write Z5 for the space consisting of the set FEy equipped with the
zero-dimensional topology inherited from the product space R, that is,
the topology generated by the coordinate projections. Similarly, we write
Z4 for the set E4 equipped with the zero-dimensional topology inherited
from R¥. For ¢ € w we let &: E4 — FE4 denote the projection given by
§Z(z) = (Z(), 21y Ry 0, 0, .. )

We will use the following proposition in the proof of Theorem [3.1]

PROPOSITION 3.4. Let n € N\ {3} and let O C MI*! be open
and nonempty. Then there exists a closed imbedding G: E4 > z — G,
€ Ho(M™1), a copy Re of R in O and a sequence p1,pa,... € O \ R,
such that

(a) lim; oo p; = 0c € R, where R, = R. \ {£ooc},

(b) for each r € Re and z € E4 we have G.(r) = r + ||z|| € Re,

(c) for each x € MM\ R there is ani € w such that G (x) = G, (2)
for every z € Ey,

(d) BoG: Zy — BH(MIN)) is a closed imbedding, where A =
{000 p1,p2,- -} and §: HOME) — (MIF)A s given by 5(h) =
hlA (the restriction of h to A is an element of the infinite product
space (MP+1)4).

The sets Re and A can be chosen such that either both consist of interior
points of M1 or both consist of boundary points of M"*1. Moreover, for
n = 1 the sets R, and A can be chosen such that R. consists of interior
points of M and A consists of boundary points of M?.

Proof. Dijkstra [4, Remark 3] showed that there exists a closed imbed-
ding H of E in H(B), where B is a topological copy of M"*! that contains
a copy R, of R and a sequence py, ps, . .. € E\]RC such that properties (a)—(d)
are satisfied. Note that we can imbed E4 in E5 by the map g: Fy — FEs given
by

9(z0,21,...) = (20,0, 21,0, 22,0, ...).

Now g is even an isometry such that g(Fj4) is closed with respect to the
weak and (therefore also) strong topology on Es. This means that we may
assume that H is a closed imbedding of E4 in H(B) with properties (a)—(d).
We prove the proposition for n = 1 and n > 2 separately.

Case I: n € N\ {1,3}. This is the easy case because in the construc-
tion of Dijkstra [4, §5] the points of R, U {p1,p2,...} all lie in the same
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boundary U of some component U of the complement of B. From [4, Re-
mark 4] it follows immediately that there is an imbedding G as described
in the proposition and such that R, and A both consist of boundary points
of M+,

To show that there is also a suitable imbedding G such that both R, and
A consist of interior points of M+, we consider two disjoint copies By, By of
B in S™*1. Let OUy, respectively OUs, be the boundary of the component of
SnHI\ By respectively S"1\ By, that contains the set R.U{p1, p, ...} in By,
respectively Bs. Then, using Theorem we make a new Sierpinski carpet
B from B; and Bs by identifying the points of 0U; with the corresponding
points on OU,. This means that the set R, U {p1,p2,...} C Bi1 now only
contains interior points of B. Dijkstra’s imbeddings of E4 in H(B;) and
‘H(B2) naturally give rise to an imbedding G of E, in H(B) that satisfies
the requirements of the proposition and is such that R. and A both consist
of interior points of B. Applying [4, Remark 4] we see that there exists an
imbedding G as in the proposition with R. and A both consisting of interior
points of M1,

CASE II: n = 1. In this case the set R, consists of boundary points of
B and the sequence pi, po, ... consists, with the exception of one point, of
interior points of B; see [l §5]. We note that all points of Re U {p1,p2,...}
that are boundary points of B lie in the boundary of the same component
of S?\ B. This means that we can use the same argument as in the case
n € N\ {1,3} to show that we can find an imbedding G as required and
such that R. and A both consist of interior points of MZ.

Now we observe that it follows from the definition of g and the construc-
tion of Dijkstra that all the points p; might as well be chosen as boundary
points of B. By [4, Remark 4] we can then find the desired imbedding G
with R. and A both consisting of boundary points of M?.

Consider now two disjoint copies By, Bo of B in S? and assume that
all the points p; in B; are boundary points. Let 0Uj, respectively dUs,
be the boundary of the component of S2\ By, respectively S? \ Bs, that
contains R.. The set RC in By is an arc in the simple closed curve OUq,
and similarly the set R, in By is an arc in dUs. This means that, using
Theorem we can form a new Sierpiniski carpet B from B; and Bs by
simply identifying the points of the set R, in B; with the corresponding
points of the set R, in By. Then R, C B consists of interior points of B and
the points £oo. are boundary points of B. Dijkstra’s imbeddings of Ej in
‘H(Bi1) and H(B2) naturally extend to an imbedding G of Ey in H(B) that
satisfies properties (a)—(d) and is such that R, consists of interior points
of B, and A consists of boundary points of B. Applying [4, Remark 4]
we see that there exists an imbedding G as in the proposition with R,
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consisting of interior points of M? and A consisting of boundary points
of MZ. u

We can now give the proof of Theorem

Proof of Theorem . Take an open subset U of M**! that contains O.
Let p be a metric on M"*! and let p be the induced metric on H(M?+1):
p(f,g) = max, ym+1 p(f(x),g(x)) for f,g € H(M? ). Note that p is right-
invariant: p(f o h,g o h) = p(f,g) for any h € H(M2'). We prove the
theorem by showing that H (M1, D) satisfies the conditions of Definition
The result then follows from Theorem Without loss of generality
we may assume that D N (M2 \ U) is dense in M\ U. Let 7 be
the topology that Hy (M1, D) inherits from the zero-dimensional product
space DP via the injection h +— h[D. It follows from [5, Theorem 10.1]
that 7 is an Fjs-topology that witnesses the almost zero-dimensionality of
Hy (ML, D).

Consider the spaces F4 and Z4 and the projection map &;: 4y — Ey for
¢ € w as given in Definition We let P be the countable dense subset
U2 &(E4) of Ey. Consider now the Cantor set

C'={2€ Ey: 2 €{0,47"} fori € w},

and note that since > 7, 47" < o0, the norm topology and the product
topology coincide on C’. Let §: C' — R be the imbedding given by the
rule §(z) = ||z||. We define C = 6(C"), v = 6!C, and Q = §(C’" N P). Thus
C' is a Cantor set with @ as a countable dense subset and ||y(r)|| = r for
each r € C. We define subspaces & and & of ¢! by

Ee={zel':z;eCloricw}, E={zecl':zcQforicuw}

The subscript ¢ refers to the fact that & is a complete space. We let Z, and
Z stand for & respectively £ with the witness topologies that these spaces
inherit from R¥. Let v: w X w — w be a bijection such that v(i,j) > j for
all i,j € w. We define an imbedding ¢: & — Ey by the rule ({(2)),j) =
(v(z:)); for z € & and 4,5 € w. It is clear from the definition and the
fact that the norm and product topology coincide on the compactum C’
that (: Z. — Z4 is a closed imbedding. Note that ||((2)|| = ||z]|| for each
z € &, which implies that ¢ is also a closed imbedding with respect to the
norm topologies (recall that the norm topology is generated by the product
topology together with the norm function).

We select a null sequence of nonempty open sets Vg, Vi, ... whose closures
are disjoint subsets of O. Put V = (Jp_, Vi. Using Proposition g we can
find for every k € w a closed imbedding G*: By — Hy, (M?*1), a copy
]f%k of R in Vi and a sequence p’f,pg, oo € Vi \ ]Rk such that conditions
(a)—(d) of Proposition with R, replaced by Ry and p; replaced by Pk,
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are satisfied for G¥. If € R we write z, for the representation of x in Ry,.
Let Ay = {ook,p¥,p5,...} and let By: H(MPT!) — (MPF1)4% be given by
Ok (h) = hlAg. Then condition (d) of Proposition is satisfied for G* with
the set A; and the map 0.

We now define H: & — Hy (MP*!) by

Gg(z) (x) if z € Vy,
(1) H.(z) = G:(Zkil)(x) if x € Vj, for some k € N,
T if z € ML\ V,

for z € &.. Since the V’s form a null sequence it is clear that every H, is a
homeomorphism of M1 and that H, depends continuously on z € &.. Let
IT: Hy (M2 — Hy, (M) be the continuous map defined by IT(h) =
(hVh) Ueymiyy,- Since ¢ and G? are closed imbeddings and IToH = G%0o(,
Lemma implies that H: & — Hy(MPt!) is also a closed imbedding.
Now we consider the three cases of Claim separately.

CasE (i). In this case DN O consists entirely of interior points of M1,
Choose a k € w. By Proposition we can choose the imbedding G* in (1)
such that Ay and Rj consist of interior points of M?*!. Note that Ry is a
nowhere dense subset of V}.. This means that we can find a countable dense
subset Dy, of V}, consisting of interior points of M ! with Dy NR; = () and
Ay, C Dy. Since P is countable and G¥(R;,) = Ry, for all z € E (see property
(b) of Proposition , we may assume that G¥(Dy) = Dy, for each z € P.
Let Q4 be the additive group {i4’ : 4,5 € Z} and note that C N Q4 = Q.
Let ij be the copy of Q4 that lies in Ry, so Q’i consists of interior points
of M1, As observed in Remark we may assume that the set D has
the properties

(2) DNVo=Dy, DNV,=D,uQt forkeN.

We verify that
E={z¢€é& :H.,(D)=D}

and hence that H[€ is a closed imbedding of € into Hy (M2, D) for n € N.
If H, € Hy(M?*!, D) and k € N then by property (b) of Propositionwe
have H,(0x) = ||7(zk—1)|| = 2k—1 € Q4. Since z € & we also have z;_; € C
and hence z;_1 € Q. Thus z € £. Conversely, let z € £. If z € Vi, \ Ry, for
some k € w then by property (c) of Propositionthere isa 2’ € P such that
H.(z) = G¥ (). Since G¥,(Dy) = Dy, it follows that x € Dy, = DNV, \ Ry,
if and only if H,(z) € Dj. Note that H,(Rg) = Ry and that this set is
disjoint from D. Consider finally the case that x € Ry for £ € N. Then
2k—1 € Q C Qq and H,(z) = Gf/(Zk_l)(a:) =2+ ||v(zk-1)|| =  + zk—1, which
is in Q4 if and only if z € Qq.
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Remember that 7 is the topology on Hy (M7 +!, D) inherited from DP.
Let 7’ be the topology that H(M?*!) inherits from (M?*1)P and note
that 7" restricts to 7 on Hy(M2!, D). We first verify that H: Z, —
(H(MP1), T") is continuous. Let € D. If z ¢ V or if x € Vj, for some
k € N, then H,(x) depends on at most a single coordinate of z, so conti-
nuity with respect to the product topology is obvious. Let x € V and thus
x € Dy C Vp \ Rg. Then by property (c) of Proposition GY (z) depends
on only finitely many coordinates of 2’ € E; and hence H,(z) = Gg(z) (x)
also depends on only finitely many coordinates of z € Z.. This shows that
H is continuous with respect to the product topologies. From property (d)
of Proposition we find that By o H = o G° o ( is a closed imbedding
of Z. into Bo(H(METL)). Since Ag C D, the mapping Bo: (H(M2TY), T') —
(M7 +1)40 is continuous. Thus from Lemma we conclude that H: Z. —
(H(M21),T") is a closed imbedding. Since Z = H'(Hy(M2*, D)), also
H|Z is a closed imbedding of Z in (Hy (M2, D), T).

Consider the point 01 € Q}l C R;. For every a € D we define I, = {h €
Hy (ML, D) : h(01) = a}. Note that every I, is closed with respect to 7'
and that J,cp I'w = Hy (M2, D). For i € N, let 2" = (47,0,0,...) € £
and let h € I,. Since lim; .o, 2* = 0, where 0 denotes the zero vector
in R¥, it follows that lim; oo ho Hy ' o H,i = h in Hy (M2, D). However,
ho Hy Yo H,i ¢ I',. To see this, note that it follows from Proposition
property (b), that Ho[R; = ep, and H.i(01) = (47%)1. This implies that
h(Hy'(H,:(01))) = h((47%)1) # h(01) = a. Thus I, is nowhere dense in
Hy (M2, D) and condition (5') of Definition is satisfied.

We now make an observation which will be the key to satisfying condi-
tions (2’) and (4') of Definition [2.20]

CrLAM 3.5. If A is an unbounded subset of £ then

diam,;{H : z € A} > p(—00g, 00p).

Proof. Let z € A and let n € N be arbitrary. Select a 2™ € A such that
|z™]| > []z]| + 2n. It follows from (T]), condition (b) of Proposition and
the fact that [|C(2)|| = ||z]| for all z € & that

H.((—lz] = n)o) = Gy (=2l = n)o) = —no.
Similarly, we see that
Hon (|2l = n)o) = ([I2"[] = [Iz]| = n)o.
We conclude that
diam;{H, : z € A} > limsupﬁ(HZ,Hzn)

n—oo

> lim p(=no, (" = l|2]| =)o) = (=000, o),

proving Claim .
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Let T = Q<% and define for s = ¢ ...q; € T with k € w the subspace
Es of € by

Es={z€&:z_1=q for 1 <i<k}

With the same arguments as given after Theorem [2.21] we see that the
spaces & satisfy the conditions of Definition [2.20] every bounded subset of
€ is an anchor for (&)ser in Z, and every nonempty clopen subset of any
& is unbounded. Let J = {f; : ¢ € Q} be a countable dense subset of
Hy (M, D). Since H: Z — (Hy(MP*', D), T) is a closed map, the set
Xs ={H, : z € &} is closed with respect to 7 for each s € T. We define
(Es)ser as follows:

Eyx=X)oJ, Es=Xg g °f0 ifs=q...q€T\{\}

Note that if f € Hy (M2, D) then the map h +— ho f is a homeomorphism
of (Hy (M1, D), T) as well as of Hy(M?!, D). So every F; is closed with
respect to 7 provided s # A.

It remains to show that (Es)ser satisfies conditions (1')—(4’) of Defini-
tion Since X # (), the set Ey, just as .J, is dense in Hy(M?T!, D).
The other part of condition (1’) follows with the same ease. Since H: £ —
Hy (M2 D) is an imbedding, condition (3') is satisfied. Now let W be an
arbitrary set in Hy (M *, D) such that diam(W) < p(—o00g, 00p). We show
that W works for condition (2') as well as for (4'). Let 0 = qoq1 . .. € [T] be
such that E,;, N W # () for each k € w. Putting 7 = ¢1¢2 ... € [T] we have
XN (Wo fq_ol) # () for each k € w. Since p is right invariant it follows
that

diam;(W o f-') < p(—000, 500)

and hence F = {z € £: H, € Wo f; '} is bounded by Claim Thus F is
an anchor for (&)ser in Z and obviously &, N F # 0 for each k € w. Thus
&0y Er, - - . converges to an element z in Z. Then X719, X1, ... converges
to H, and Es9, Es11, . .. converges to H, o fq,, both with respect to 7. Thus
condition (2) is satisfied. Now let C' be a nonempty clopen subset of some
E such that C C W. We may assume that |s| > 1 and we put ¢ = s[1 and
q"t=s.50 diamﬁ(C’ofl;l) < p(—000, 000) and Cof;l is a nonempty clopen
subset of X;. This means that {z € £: H, € Cofq_l} is a nonempty, clopen,
bounded subset of &. As mentioned above, this contradicts Corollary 2.15]
so we conclude that (4') is satisfied and Hy (M2, D) € E'. Now apply
Theorem to see that Hy (M1, D) is homeomorphic to €.

CASE (ii). In this case D N OU; N O is dense in 0U; N O for every i and
the interior points of M*! contained in D N O are dense in O. We use
the same method as in case (i). Take & € w. By Proposition we choose
the imbedding G* in (1) again such that the sets Aj and R; both consist
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of interior points of M*1. Noting that R, is a nowhere dense subset of
M+ we can find a countable dense subset Dy, of Vj such that A, C Dy,
D NRy =0, D, NOU; is dense in OU; NV}, for every ¢ with OU; NV}, # 0,
and the interior points of M?*! in D are also dense in Vj. Furthermore,
we may assume that G¥(Dy,) = Dy, for each z € P, since P is countable and
G*(Ry,) = Ry, for all z € Ej. It follows from Lemma that we may assume
that D has the properties in . We continue in precisely the same way as
in case (i) to conclude that Hy (M, D) € E' and hence Hy (M2, D) is
homeomorphic to € according to Theorem |2.21

CASE (iii). In this case D NOU; N O is dense in 0U; N O for every i and
D N O contains no interior points of M?*!. Again, we want D to have the
properties for appropriate sets Dy, so that in the same way as in case (i)
(and (ii)) we can conclude that Hy (M *!, D) is homeomorphic to €. We
have to treat the cases n =1 and n > 1 separately.

First we consider the case n = 1. We want D NV = Dy, with Dy
a countable dense subset of V with A9 C Dy and DyNRy = (). Since D only
contains boundary points of M?, we want Dy to consist of boundary points
of M2. Furthermore, since we are aiming towards Remark again, we
also want Dy to be dense in OU; N Vj for every i with 0U; NV # (). This
means that Ry cannot be contained in the boundary of some component
U; of the complement of MZ. Therefore, we choose G in such that Ag
consists of boundary points of M?Z, and Ry consists of interior points of MZ.
This is possible according to Proposition It is then clear that we can
find a set Dy as required and by Remark we may indeed conclude that
DnVy= Dyg.

Now take k € N. Just as in we want DNV, = ij U Dy, where Dy,
is a countable dense subset of V;, with D, "Ry = 0 and A, C Dy,. Since D
consists entirely of boundary points of M2, we choose G* in such that
both Aj and Ry contain only boundary points of M?2. This can be done
according to Proposition Suppose that Ry, C 0U;, for some component
U, of the complement of M?. Noting that Ry, is a nowhere dense subset of
M? we can choose Dy, so that it consists of boundary points of MZ, it is
dense in OU; NV}, for every i € w\ {ix} with OU; NV}, # 0, and it is dense
in (OU;, \ Rg) N V. We see that Dy U Q¥ is a countable dense subset of Vj,
entirely consisting of boundary points of M?, that is dense in OU; NV}, for
every i with OU; NV}, # 0. It then follows from Remark that we may
assume that indeed DNV, = Q’j U Dyg.

We conclude that we may assume that D satisfies . As before, we may
assume that G¥(Dy,)= Dy, for all k€w and z€ P, so we can continue in the

same way as in case (i) to conclude that Hy (M2 *!, D) is homeomorphic
to €.
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Now consider the case n € N\ {1,3}. This is easier than the one-
dimensional case. Take k € w. Using Proposition we choose the imbed-
ding G* in such that both the sets Ay and Ry, consist of boundary points
of M"*1. Note that if R, C 0U;, then Ry is, in contrast to the case n =1,
nowhere dense in 0U;, . This means that we can find a countable dense sub-
set Dy, of V},, consisting of boundary points of M*! such that A, C Dy,
DiNRy, = () and D NAU; is dense in OU; NV}, for all ¢ such that V,NOU; # 0.
From Remark [2.10]it follows that we may assume that DNVy = Dy if k =0
and DNV, = ij U Dy if k € N, so we may assume . Again, without
loss of generality we have G¥(Dy) = Dy, for all k € w and z € P, so the
same reasoning as in case (i) shows that Hy (M2 D) is homeomorphic
to €. u

In analogy to [5, Theorem 10.4] and [5, Remark 10.7] we can adapt the
proof of Theorem to produce the following slight generalization.

THEOREM 3.6. Let X be a locally compact space and let D' be a count-
able dense subset of X. Suppose that X contains an open subset O’ that is
homeomorphic to an open O C M1 for some n € N\ {3}, such that D'N0O’
corresponds to a countable dense subset D of O that satisfies the conditions
of Theorem . Then Hy (X, D') is homeomorphic to € for every open set
U that contains O'.
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