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Trees of manifolds and boundaries of systolic groups
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Pawel Zawislak (Wroctaw)

Abstract. We prove that the Pontryagin sphere and the Pontryagin nonorientable
surface occur as the Gromov boundary of a 7-systolic group acting geometrically on a 7-
systolic normal pseudomanifold of dimension 3.

1. Introduction. k-systolic simplicial complexes (kK > 6 is a natural
number) were introduced by T. Januszkiewicz and J. Swiatkowski in [JS]
and independently by F. Haglund in [H|. These are simplicial analogues of
metric spaces of nonpositive curvature. The idea of systolicity leads to an
answer to the question posed by M. Gromov about a simple, easily check-
able combinatorial condition for a simplicial complex implying hyperbolicity
of this complex for the standard piecewise euclidean metric on it. In [IS]
Januszkiewicz and Swiatkowski have shown that a 7-systolic simplicial com-
plex is hyperbolic.

Gromov boundaries of 7-systolic complexes were investigated by D. Os-
ajda in [O]. He showed that the ideal boundary dgX of a (locally finite)
7-systolic simplicial complex X is a strongly hereditarily aspherical com-
pactum. He also showed that the Gromov boundary of a normal 7-systolic
pseudomanifold of finite dimension at least 3 is connected and has no local
cutpoints. In the present paper we study in detail the case of such pseudo-
manifolds in dimension 3.

Trees of manifolds are inverse limits of certain inverse systems of mani-
folds. The most common examples of such spaces are the Pontryagin sphere
and the nonorientable Pontryagin surface, which are trees of 2-tori and of
projective planes, respectively. Trees of manifolds were defined and investi-
gated by W. Jakobsche (see [J]) and by P. R. Stallings (see [3]). These spaces
occur as CAT(0) boundaries of right-angled Coxeter groups (see [E]). In the
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case when these groups are hyperbolic their CAT(0) boundaries coincide
with their Gromov boundaries.
The main result of this paper is:

MAIN THEOREM. Let X be a T-systolic normal pseudomanifold of di-
mension 3. Let a group G act geometrically on X. Then:

(a) (Theorem if X is orientable, then 0gG is homeomorphic to the
Pontryagin sphere,

(b) (Theorem[9.5) if X is nonorientable, then dgG is homeomorphic to
the nonorientable Pontryagin surface.

Let us make a few remarks on the Main Theorem. First, the existence
of n-dimensional, k-systolic normal (orientable) pseudomanifolds with ge-
ometric group actions was shown in [JS]. Second, note that in this paper
we prove stronger results. In the orientable case we show that the Gromov
boundary of a pseudomanifold is homeomorphic to the Pontryagin sphere. In
the nonorientable case we use only the cocompactness of the group action.
However, the above formulation seems to be more natural.

This paper is organized as follows. In Section [2] we recall some terminol-
ogy related to simplicial complexes and systolic complexes. We also recall
some facts about systolic complexes. In Section [3] we thoroughly examine
the properties of combinatorial spheres S, in 3-dimensional 7-systolic nor-
mal pseudomanifolds and properties of natural projections I1,, : S, — Sn_1
between them. D. Osajda showed that in the case of a locally finite 7-systolic
simplicial complex X of finite dimension the inverse limit @(Sn,ﬂn) of
the system of these spheres and projections is homeomorphic to the Gromov
boundary 0z X . In our case, we show that every sphere S, is a surface. More-
over, we show that up to a homeomorphism the sphere S,,41 is a connected
sum of .S, and links of vertices w € S,. In Section [4] we recall the results of
Jakobsche from [J| on inverse systems of compact orientable manifolds. The
proof of the first statement of the Main Theorem is given in Sections [5] [f]
and [7| In Section [5| we modify the maps I, : S,, — S,—1 (without changing
the inverse limit lim (Sn, IT,)). These maps become injective on some appro-
priate parts of their domains, which is one of the conditions in the definition
of a Jakobsche inverse system (which is in turn an object used to define
a tree of manifolds). Properties of such modified maps I}, : S, — Sy, al-
low us, in Section [] to further modify the inverse system (S, I1},). We call
these modifications a refinement. Every element of the refined system is a
connected sum of its predecessor and some finite number of tori. This is one
of the conditions in the definition of the Pontryagin sphere. In Section [7] we
define families D,, j, of pairwise disjoint discs in surfaces S, ., which turns
the refined system (S, i, IT] ;) into a Jakobsche inverse system of tori, thus

n
finishing the proof of part (a3 of the Main Theorem. In Section |8 we examine
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the properties of trees of nonorientable surfaces. In Section [0] we prove the
second statement of the Main Theorem.

2. Definitions and properties of systolic complexes. In this section
we recall the notion of a systolic complex and some of its basic properties.

Let X be a simplicial complex and let ¢ C X be a simplex. The link of
X at o (denoted by X,) is the subcomplex of X consisting of all simplices
disjoint from ¢ and spanning together with ¢ a simplex in X. The residue
of 0 in X (denoted by Res(o, X)) is the union of all simplices in X that
contain o.

For simplices o1 and o9 in X we denote by o1 * o9 the simplicial join of
o1 and oy (if it exists); this means that o1 and o9 are disjoint and o1 * o9
is the smallest simplex in X containing both of them. X is flag if every set

of vertices vy, ...,v, € X pairwise connected by edges in X spans a simplex
vy % - % vy in X. A subcomplex K C X is full if for every set of vertices
V1, ...,V € K spanning a simplex vy *- - - x v, in X this simplex is a simplex
in K.

A simplicial complex X is a pseudomanifold of dimension n if it is locally
finite, it is a union of its n-simplices and each (n — 1)-simplex is contained
in exactly two m-simplices. A pseudomanifold is orientable if it admits a
choice of orientations on top-dimensional simplices in a consistent way, i.e.
such that the orientations on each simplex of codimension 1 inherited from
two top-dimensional simplices containing it are opposite. An n-dimensional
pseudomanifold is normal if for every nonempty simplex o in X of dimension
dim(o) < n — 1 the link X, is connected.

REMARK 2.1. Note that if a pseudomanifold is orientable then all its
links are also orientable. The converse is not true in general. However, for a
simply-connected normal pseudomanifold of dimension 3 its orientability is
equivalent to the orientability of its vertex links.

A cycle in X is a subcomplex v C X isomorphic to some triangulation
of the circle S'. The length of a cycle v (denoted by |v|) is the number of its
1-simplices.

DEFINITION 2.2.
1. Let X be a flag simplicial complex and let k > 4 be a natural number.

e X is k-large if no cycle v in X of length 3 < |y| < k is full in X.

e X is locally k-large if for every nonempty simplex ¢ in X the link
X, is k-large.

o X is k-systolic if it is connected, simply-connected and locally k-
large.
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2. A group G is k-systolic if it acts geometrically (i.e. properly discon-
tinuously and cocompactly) by simplicial automorphisms on some k-
systolic simplicial complex X.

For brevity a 6-systolic complex or group is called systolic.

REMARK 2.3. Note that a full subcomplex of a k-large simplicial complex
is k-large itself.

Now we recall some basic facts about systolic complexes. For the proofs
see [JS] and [O]. We start with a theorem relating the notions of systolicity
and Gromov hyperbolicity.

THEOREM 2.4 ([JS| Theorem 2.1|). The 1-skeleton of a T-systolic sim-
plicial complex is hyperbolic.

For a subset A C X which is a union of some simplices in X we denote
by spany (A) the full subcomplex of X spanned by A (i.e. the intersection
of all full subcomplexes of X containing A). Now we recall the definition
of combinatorial balls and spheres in a simplicial complex X centered at a
simplex o C X:

e By(0,X) =0, Byyi1(o,X) =spany ({7 C X : 7N By(0,X) # 0}),
e S,(0,X) = spany({w € X© : d(w, o) = n}), where d(w, o) denotes
the distance in the I-skeleton X ().

In the following proposition we recall some natural properties of balls
and spheres in systolic complexes.

Fact 2.5 (JJS| Lemma 7.9]). Let X be a systolic simplicial complex and
let v € X be a vertex. Then for every natural number n > 0 and for every
simplex T C Sy (v, X) the intersection p = Bp_1(v, X) N X; is a single sim-
plex. Moreover, X, N By (v, X) = Bi(p, X;) and X; NSy (v, X) = S1(p, X7).

Let b, denote the barycenter of a simplex 7 and let X’ denote the first
barycentric subdivision of the simplicial complex X. We view the barycenters
b, of simplices 7 C X as the vertices of X’. The combinatorial properties
of balls and spheres mentioned in Fact are crucial in the definition of
projections

I, : Sp(v, X) — [Sp_1(v, X)]

that we recall now.

For a systolic complex X and a vertex v € X let .S, denote the sphere
S, (v, X) and let B,, denote the ball B, (v, X). Let Y () denote the 0-skeleton
of Y, i.e. the vertex set of the simplicial complex Y. Define the map

Ty S = (8,-1)"

by the equalities IT,,(w) = b, for all vertices w € 57(10), where the simplex 7
is the intersection B,_1 N X,,.
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Spheres and balls in 7-systolic complexes have stronger properties than
those recalled above. The following fact allows us to extend the map

1, : S — (87 ) to a simplicial map
Hn . Sn — 57/’1,—1‘

Fact 2.6 ([O, Lemma 3.1]). If X is 7-systolic then, for any vertices
v1, v € Sy, connected by an edge in Sy, II,(v1) and II,(vs) are either equal
or span a 1-simplex in S),_;.

Define I1,, : S,, — S, as a simplicial extension of the map IT,, : S,(LO) —

(S"_1)© defined above.

We now comment on the notation used in this paper. We use the same
symbol IT,, for the simplicial map I1,, : S,, — S/,_; and the related continuous
map I1,, : S, — Sp—1 (when we forget the simplicial structure and treat the
complexes Sy, and S],_; just as metric spaces). For example, this is the case
in the following fact describing the metric properties of the maps II,,. We
denote by dx the standard piecewise euclidean metric on X.

Fact 2.7 (JOL Lemma 3.3]). Let X be a T-systolic complex with finite
dimension. Then there is a positive constant C' < 1 depending only on dim X
such that for all natural numbers n and for allx,y €Sy, ds, ,(II,(x), II,(y))
<C- dSn(iU,y)

The next theorem shows that the inverse system (S, I1,,) can be used to
describe the Gromov boundary of a 7-systolic complex X.

THEOREM 2.8 (JOL Lemma 4.1]). Let X be a 7-systolic locally finite sim-
plicial complex of finite dimension. For a vertexr v € X let S, denote the
sphere Sy (v, X) and let the maps II, : S, — Sp—1 be defined as before.
Then the inverse limit lim (Sy, IT,,) is homeomorphic to the Gromov bound-
ary of X.

3. Spheres and projections in 7-systolic normal pseudomanifolds
of dimension 3. In this section, X is a 7-systolic, normal pseudomanifold
of dimension 3. We thoroughly examine the properties of the combinatorial
spheres S,, in such pseudomanifolds and of the projections II,, defined in
Section 21

In Lemmas [3.1] [3:2] and [3-3] we describe the links of X at simplices of
dimensions 2, 1 and 0 respectively.

LEMMA 3.1. Let o C X be a 2-simplex. Then the link X, consists of two
vertices.

Proof. o is contained in exactly two simplices of dimension 3. m
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LEMMA 3.2. Let e C X be a 1-simplex (i.e. an edge). Then the link X,
is a 7-large triangulation of the circle S' (i.e. a triangulation consisting of
at least seven edges).

Proof. Let € be a join vy xvy. Let u € X; be a vertex. There are exactly
two vertices wy,wy € X, adjacent to u (since u * vy * v9 is a 2-simplex lying
in exactly two 3-simplices). Thus, since X is locally finite, the link X, is
a disjoint union of copies of triangulated circles. But since X is normal, the
link X, is connected, so there must be exactly one copy. Since X is locally
T-large, it follows that this triangulation of X, must be 7-large. =

LEMMA 3.3. Let u € X be a 0-simplex (i.e. a vertex). Then the link
X, s topologically a closed connected surface with a 7-large triangulation.
Moreover, if X is orientable then X, is also orientable.

Proof. For a vertex w € X,, we have (Xy)y = Xysw. Thus the link (X))
is a triangulated circle (see Lemma . A simplicial complex all of whose
vertex links are triangulated circles is itself a triangulated surface. Since X
is T-systolic, this triangulation is 7-large. The connectedness of X, follows
from the normality of X. The last assertion follows from Remark "

Combinatorial properties of 7-large complexes imply the following:

REMARK 3.4. Let X be a T-large triangulated closed surface and let
o C X be a simplex. Then:

1. the balls Bi(o,X) and By(o,Y) are triangulated 2-discs; moreover,
their topological boundaries in X are the spheres Sj(o,X) and
Sa(o, X) respectively,

2. the ball Bs(o, X') can contain a loop in the 1-skeleton (1) homotopi-
cally nontrivial in X' (if dimo > 0).

In the next lemma we describe the combinatorial and topological prop-
erties of the spheres Sy, (v, X).

LEMMA 3.5. Let v € X be a vertex and let S, = Sp(v, X) be the com-
binatorial sphere of radius n centered at v. Then Sy is a connected surface
with a 7-large triangulation.

Proof. For n = 1 we have S7 = X,. Thus the assertion follows from
Lemma
Let w € S, be a vertex and let p := X, N Sp—1. Since X, is a 7-large
surface and p is a simplex (see Fact , Remark shows that B (p, Xu)
is a triangulated 2-disc. As
(Sn)w = Xuw N Sy = S1(p, Xu) = bd(Bi(p, Xu)) = Ch

(see Fact it follows that the vertex links of §,, are triangulated circles.
Thus S, is a triangulated surface.
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Since Sy, is full in X (by definition) and X is 7-large, it follows that this
triangulation of S,, is 7-large (see Remark .

Connectedness of S, can be shown using an inductive argument and

Corollary below. =

Lemmas [3.6] [3:7] [3-8] and [3:9] describe the local properties of the projec-
tions Il,+1 : Sp+1 — Shp-

LEMMA 3.6. For a 2-simplex o C S, there is exactly one vertex w, €
Sny1 such that the join wy x o is a simplex in X . This vertex coincides with
the preimage H;}l(ba).

Proof. By Fact X5 MNSy—1 is a single simplex. Thus, for dimensional
reasons, it is a vertex. By Lemma [3.I] the link X, consists of two vertices.
Moreover, X, NS, = 0, since S,, is a surface and a full subcomplex. It
follows that X, N .S,11 must be the other vertex of X,, say w,. From the
definition of the projections it is easy to see that Hn;ll[bg] =X, NSpt1 (0

is a 2-simplex). It follows that H;il[bg] = Wy. W

LEMMA 3.7. For an edge € C Sy, the intersection oz = X. N Spq1 s an
arc (triangulated). If o1 and o2 are two 2-simplices in Sy, containing €, then
the endpoints of this arc coincide with the preimage vertices Un__&l(bgl) and

-1
Hn—i—l (bUz)'

Proof. Since S, is a surface, there are exactly two 2-simplices in .S,,, say
o1 = vy *€ and 09 = v9 * €, that contain . For these two simplices there are
two vertices wy, and wg, in Sp41 such that for ¢ = 1,2 the joins wy, * 0; are
simplices in X.

First we show that w,, and w,, do not lie in a common simplex in X. To
see this suppose that wy, * w,, is a simplex in X. By Fact I 11 (we,)
and IT4+1(ws,) lie in a common simplex in the barycentric subdivision S),.
Now II,,+1 maps w,, to the barycenter by, for ¢« = 1,2. But b, and b,, do
not span a simplex in SJ,, a contradiction.

Now for ¢ = 1,2 let a vertex u; be the intersection X, N S,—_1. Note that
since u1 and ug belong to X.NS,_1, they are equal or span a simplex in S, _1
(see Fact . Since the link X, is a triangulated circle, and wuy, us, v1, vo are
all vertices of X lying in B, (v, X), it follows that w,, and w,, are connected
by an arc a. = (wy, = Wo, W1, ..., Wy = Ws,y) in Spyq (for some m > 1).
Lemma implies that the vertices w,, are exactly the preimages /1. n_jl (bs,)
fori=1,2. m

LEMMA 3.8. Let € C S, be an edge, let o1 and o2 be two different 2-
simplices in S, containig €, and let ae = (wo,w1,...,wy) be the arc in
Sn+1 given by Lemma 3.7 Then the projection I, 41 maps the edges wo* wq
and Wwy,—1 * Wy, homeomorphically onto the edges by, * be and by, * b in S,
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respectively, and collapses the subarc (wi,wa, ..., Wm—2,Wn—1) to the bary-
center b,.

Proof. By Lemma .7 II,4+1 maps wg to by, and wy, to by,. We show
that I1,,1 maps w; to b, for i = 1,...,m — 1. It is enough to show that

Xy, NSy is exactly the edge e.

For this, note that w; and € span a simplex in X. Thus € is a simplex in
Xw,; NSp. If this intersection contains a vertex u not contained in ¢, then u
and € span a simplex in 5,. But 2-simplices in S,, containing ¢ are exactly
o1 and oy. It follows that w; is wg or w,y,, a contradiction. m

LEMMA 3.9. Let w € S,, be a vertex. Then there exists a cycle (i.e. a
triangulated circle) o, in the 1-skeleton of Xy, N Sp41 such that the image
I, 41wy is equal to the sphere Si(w, S)) (which is a cycle in the barycentric
subdivision S}, ) and the preimage n+1[51(w SI] is equal to ouy.

Proof. As S, is a triangulated surface, the residue Res(w, S,) is a tri-
angulated 2-disc. Let it consist of the 2-simplices o; = w * w; * w41 for
i=0,1,...,k —1, where k = | X, N'S,| > 7 is the length of the link (S,)w
(indices taken modulo k). Let o = Xyu, N Spy1 be the arc in S, 41 given
by Lemma Let oy := agU -+ - U ag_1. We claim that oy, is a cycle.

It is enough to show that o; Na; # 0 only for [i — j| < 1, and for
li—j] = 11it consists of one point. Suppose that a; N« # O for some
i<je{0,1,. — 1} and let u € o Ny be a vertex. Since the arcs «;
and o are contalned in the links Xy, and Xy, respectively, the simplices
wxw; and w xwj lie in X, N S,,. By Fact [2.9] -the join w; *w; *w is a simplex
in S, N X,. It follows that j = i + 1. Since ay, is connected (a; N aj4q is
exactly the single vertex equal to X,, N S,41), it must be a cycle.

By Lemma @ and the deﬁmtlon of the cycle oy, it follows that II,q
maps a,, onto S (w, S},). Since IT,, ! [B1(w, S,)] € XN Sp+1, it is enough to
show that for all vertices u € X, N Sy41 not contained in a, the projection
I, 11 maps u to w. We show that X, N .S, is exactly w. Suppose that
there is another vertex, say w’, lying in X, N S,. Then w’ = w; for some
1=20,1,...,k — 1. Thus u lies in the arc «;, a contradiction. m

From the proof of Lemmal3.9|we get the following additional information:

Fact 3.10. Let w € Sy, be a vertex and let {e; : i =1,...,k} be the set
of all edges in S, that contain w. Then the cycle o, is equal to Ule o, .

In the next lemma we show that the cycle ay, given by Lemma[3:9bounds
some 2-disc By, C Xy N Bp1.

LEMMA 3.11. Each cycle oy, bounds a 2-disc By, = Ba(0y, Xw) in Xy, N
Bpt1, for some simplex oy, C X,.
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Proof. For a vertex w € 5, giving the arc «ay, let o, = Xy N Sp_1
(this intersection is a single simplex). We show that a,, = S2(ow, Xuw). It is
obvious that o, C Sa(0w, Xy ). For the opposite inclusion let u € So (04, Xw)
be a vertex. There is a vertex v’ € S,, N X, connected by edges to u and to
some vertex of o,,. It follows that u is a vertex in the arc . Thus, by
Fact u is a vertex in oy,.

By Remark the cycle ay, is the boundary of Ba(oy, Xyw). Since the
link X, is a surface (with a 7-large triangulation), it follows that Ba (o, Xw)
is a 2-disc (see Remark |3.4] again). m

For a vertex w € S, let P, := cl(X,,\ Bw). Clearly, we have the following:

Facr 3.12. The set P, is a subcomplexr of Sp+1. Topologically it is a
connected surface with boundary ..

The next lemma describes the map 1,41 restricted to the subcomplex
P, C Sn+1.

LEMMA 3.13. For every vertex w € Sy, the projection Il,11 : Sp+1 — Sp
maps the subcomplex P, onto the ball Bi(w,S)). Moreover, the preimage

H;jl[w] is the union of the simplices in P,, disjoint from the cycle ay,.

Before proving Lemma [3.13] note the following:
REMARK 3.14.

e The ball B;(w, S),) is topologically a 2-disc with boundary Si(w, S},).
e Lemma together with previous results (Lemmas and Facts
3.12)) fully describe the restricted map Il,11(p, -

Proof ofLemma. By Lemmam ngl[Sl(w, S = ay. Let u € Py,
be a vertex not contained in ay,. Since P, is a subcomplex of the link X,,,
the vertices w and w span an edge in X. We show that X, N5, is exactly
the vertex w. It follows that IT,11 maps u to w. It is enough to show that
dim(X, N S,) = 0 (since w a vertex in this intersection, which is a single
simplex).

Assume the opposite and let ¢ = X,,NS,,. Then IT,, 11 maps u to b,. Since
o contains w and has dimension at least 1, b, is contained in S (w, S},). Thus
w € 11, [S1(w, S4,)]. This contradicts the equality I7,,}, [S1(w, S},)] = ay. =

For a better understanding of the map II,,; we introduce another cell
structure on the sphere S,,. We call this cell structure dual.

e The set of dual O-cells (denoted by e¥) consists of the barycenters b,
of all 2-simplices o C S,,.

e The set of dual 1-cells (denoted by el) consists of the unions by, * bs U
by, *be, where ¢ is an edge in S, while o1 and o9 are the two 2-simplices
in S, containing &.
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e The set of dual 2-cells (denoted by €2) consists of the balls By (w, S’,)
around all vertices w € S,,.

We denote by Sff the cell complex related to this cell structure, and
by (Sg)(k) its k-skeleton, i.e. the cell subcomplex consisting of all cells of
dimension at most k.

Using this dual cell structure, as a consequence of previous lemmas we
get:

LEMMA 3.15.

1. Hn+1[ 0] is the verter wy, = Xo N Syt
2. Hn+1[ 1 is the arc ..
3. Hn 1[€2] is the subcomplex P,,.

Proof. Assertion 1 follows from Lemma 36}

By Lemma II,,+1 maps a. onto el. By Lemma [3.7, the preimages of
the endpoints of el are exactly the endpomts of a.. By Lemma E Hn+1[ 1]
is contained in the cycle «,, for every endpoint u of . Let u and ' be the
two endpoints of €. Since a,, N o, = o, We get assertion 2.

Assertion 3 follows from Lemma [3.13]

The next lemma describes the relationship between the 1-skeleton (S%)™)
of the dual cell structure on the sphere S, and its preimage under I1,,11.

LEMMA 3.16. The preimage n+1[(Sd)(1)] of the 1-skeleton of the dual
cell structure is naturally homeomorphic to this 1-skeleton.

Proof. The 1-skeleton (S%)™) is the union | Je! of 1-cells. By Lemmas
and [3.15] II,11 gives a one-to-one correspondence between the arcs a. and
the dual 1-cells e!l. Namely, o is mapped onto e} Moreover this correspon-
dence is consistent with the incidence relation, i.e. €2 N e , # ) if and only if
oy Nayy # 0, and the same holds for triples of vertices. m

REMARK 3.17.

e Note that the restriction of II,,1 to II Jrl[(Sd)(l)} is not a homeomor-

phism onto (Sg)(l). However, it can be approximated by homeomor-
phisms of the form described later in Lemma [5.2] More precisely, the
map w, — €2 can be extended to a map S,11 — S, such that every
arc a is homeomorphically mapped onto the dual 1-cell el. As a conse-
quence, the cycle ay, is mapped homeomorphically onto the boundary
bd(e?) of the dual 2-cell €2,

e The sphere Sy,+1, up to homeomorphism, can be thought of as obtained
from S,, by cutting out the interiors of all dual 2-cells €2, and replacing
them by surfaces P, such that each boundary bd(P,) = au, is glued
homeomorphically to bd(e2).



Boundaries of systolic groups 81

Recall that a connected sum of the manifolds M and N of dimension n
(with or without boundaries) along n-discs D C int(M) and D’ C int(N) is
the quotient space

(M \int(D)) U (N \int(D')))/ e~ p(a)
where f : bd(D) — bd(D') is a homeomorphism.
As a consequence of the second part of Remark we have:

COROLLARY 3.18. The sphere Sy11 s topologically a connected sum of
the sphere Sy, and the links X, of the vertices w € S, along the discs By, C
X and efﬂ cS,.

4. Inverse limits, Jakobsche spaces and outline of proof of the
Main Theorem. In this section we recall the result of Jakobsche from [J]
concerning inverse systems of appropriately iterated connected sums of com-
pact orientable manifolds. This result justifies the notion of tree of manifolds.

Recall that a family A of subsets of a metric space X is a null family if
for every € > 0 only finitely many elements A € A have diameter greater
than e. The family A is dense if | J.A is a dense subset of X.

THEOREM 4.1 ([J, Theorem 4.6]). Let (Lo <™~ L1 <2 Ly <2 ... be an
inverse system of connected closed orientable m-manifolds (m > 2) and for
each k > 0 let Dy be a finite collection of pairwise disjoint bicollared discs
i Ly, such that:

1. each Ly is a connected sum of finitely many copies of Ly,

2. every map apyq restricted to a,;il[Lk \ W{int(D) : D € Di}] is a
homeomorphism onto Ly \ |J{int(D) : D € Dy},

3. every preimage a,;il[D] (for D € Dy ) is homeomorphic to a copy of
Lo with the interior of a bicollared disc removed,

4. the family {a;;[D] :i > j,D € D;} is null and dense in L; for all
Js

5. aj;[D]Nbd(D’) is empty for all D € D;, D' € Dj and all i > j.

Then the inverse limit @(Lo &L &2 Ly &) depends only on L.

We denote this inverse limit by X (L) and call it the Jakobsche space
for Lo, or the Jakobsche tree of manifolds Ly. We call (Ly, a, Dy) >0 satis-
fying assumptions 1-5 of Theorem [{.1] a Jakobsche inverse system for Lg. If
(Lg, ok, Dy ) k>0 satisfies assumptions 2, 4, 5 and the condition:

3a. every preimage a,;_il[D] (for D € Dy) is homeomorphic to a con-
nected closed (orientable) m-manifold (not necessarily fixed) with
the interior of a bicollared disc removed,

(1) For 7 > j we denote by «;,; the composition a1 o --: o a;, whereas «;; denotes
the identity on L;.
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then we call it a Jakobsche inverse system of (orientable) m-manifolds. We
call the corresponding inverse limit a tree of (orientable) manifolds.

REMARK 4.2.

1. Note that we have not stated the result of Jakobsche in its full gener-
ality.

2. For Ly = T?, the 2-dimensional torus, the space X (T?) is known as
the Pontryagin sphere.

3. For m = 2 and Ly = X, the orientable surface of genus g > 1, the
space X (X,) is homeomorphic to the Pontryagin sphere. Actually,
every tree of orientable surfaces of genera greater than 0 is homeo-
morphic to the Pontryagin sphere. We sketch some details of this in
Section 8 (see Remark [8.6(2)).

If X is a locally finite 7-systolic simplicial complex of finite dimension,
then by Theorem the Gromov boundary dg X is homeomorphic to the in-
verse limit @(SH, I1,,). The results of Sectionimply that the inverse system
(Sh, II,,) of spheres and projections in a 7-systolic orientable normal pseudo-
manifold X of dimension 3 is close to satisfying assumptions 1-5 of the Jakob-
sche theorem. In the next remark we make this observation more precise.

REMARK 4.3. The maps II; are natural candidates for projections ay,
and the families Dy = {2, : w € SIE,O)} of dual 2-cells in the spheres Sy are
natural candidates for families of discs as in a Jakobsche inverse system. More
precisely, Fact 2.7 implies that for such a choice of families Dy the family
{I1;;|D] : ¢ > j, D € D;} is null in every sphere S;. Moreover, since |JD;
covers the sphere S;, it follows that the families {II;;[D] : i > j, D € D;}
are dense in every S;. If the links of all vertices of X are triangulations of the
same surface Y, then assumptions and are satisfied with Ly = X
by Lemma [3.15]3).

On the other hand, the maps I, and the families Dy, defined as above fail
to satisfy some other assumptions of the Jakobsche theorem. In particular:

e clements of Dy are not pairwise disjoint,
e even though I1;;q maps Hk__&l[Sk \ U{int(e2) : w € S,go)}] onto Sk \

U{int(e2) : w € S,go)} the restriction of IIj4; to this preimage is not
a homeomorphism, and
e assumption 5 of Theorem [£.]] fails.

The strategy of the proof of part (a) of the Main Theorem is as fol-
lows. In Section [5| we modify the inverse system (.Sy, IT,), without affect-
ing the inverse limit, by changing the bonding maps appropriately. This
modification will make the inverse system satisfy assumptions 2, 4 and 5 of
Theorem (after choosing the families of discs appropriately). The mod-
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ified inverse system (S, II)) (with families of discs chosen appropriately)
will be a Jakobsche inverse system of orientable surfaces. In Section [6] we
refine this new system without changing the inverse limit either. The re-

fined system will consist of orientable surfaces S, ;, for k = 0,1,..., g, (for

some natural numbers g,) and maps H;z,k-',-l—ﬂc 0 Spk+1 — Sy satisfying
— J— / / !/ _ !

Sn,() = Sn, Snvg’n = Sp41 and Hn,1~>0 °© Hn,2~>1 ©:-+0 Hn,gnagnfl — tn41-

The refinement is necessary to get a connected sum with tori, rather than
with higher genera surfaces. In Section [7] we define a family of discs in
every surface of the refined system to match all the assumptions of The-

orem (1]

5. Modification of the inverse system. We denote by dsy, the uni-
form metric on the set of continuous maps between two compact spaces.
We perform small (with respect to the uniform distance) modifications of
the maps I1,, in the inverse system (S, IT,) keeping the inverse limit un-
changed. To do this we use the following result due to M. Brown.

THEOREM 5.1 ([B} Theorem 3|). Let Y = lim (Y}, f;), where Y; are com-
pact metric spaces. For i > 0 let K; be a nonempty collection of maps from
Y; to Y;_1. Suppose that for each i > 0 and € > 0 there is g; € K; such that
dsup(fi, 9i) < €. Then there is a sequence (g;) where g; € K; such that'Y is
homeomorphic to lim (Yi, g:).

The next lemma shows that it is possible to approximate the projections
Il 41 2 Spe1 — Sy, arbitrarily closely by maps II, 1 : Sp41 — Sp having
much better properties (from the point of view of fulfilling the requirements
of Jakobsche inverse system).

LEMMA 5.2. For any number ¢ > 0 and any integer n > 0 there is a
continuous map Iy y1.c: Spp1 — Sy satisfying the following:

1. dsup(nn+lann+1,e> <€,

2. H;_&l[w] = (Hn+1’€)_1[w] = (Xy \ B3(ow, X)) U S3(0w, Xy) for all
vertices w € S,(P) (where oy = Xy N Sp—1),

3. the restriction of Il41,¢ to Spy1 \ U {(Hn+1’€)_1[W] tw € 57(10)} s a
homeomorphism onto S, \ {w : w € 57(10)},

4. M1 [S)] € Moyt [SY)].

Proof. Let w € S,, be a vertex. Let [, denote the number of 2-simplices
in S, that contain w. For ¢ = 0,1,...,0, — 1 let 0, = w * w; * w;41 be all
these 2-simplices (with indices taken modulo I,,).

Consider the cycle o,y C Sp4+1 as described in Lemma @ Denote the
vertices of ay, in the following way:
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wo,0, Wo,1y -+, Wo,kg = W1,0, W1,15- -+, W1k = W20y,
wi,,—1,05 - -

o Wiy —1,ky,, 1 = W0,0
(for some natural numbers kg > 1,...,k;, 1 > 1). We choose the indices in

such a way that I, {1(w;0) = bs;, IIni1(wij) = bone,., for 0 < j < k; and
successive vertices are connected by an edge.

Consider the 2-simplices in P, intersecting «,,. Denote them in the fol-
lowing way (see Figure 1; note that this figure does not reflect the geometry

-
AN
N
N
N
\\
N
N
// "\71w—2,1<,772—1,m12,,1 T Wio1,0,1 N
/ i
/
\
/
/ Wlw—l,k]i]—l,ml R b,0,1 \\
\
Sn+1 ( W, =W, \
\ 0,0,m 0,1,1 \
\ 0,0 \
\
\ Wo, 0,2 J/
\ /
\ /
\
\\
N
N
N
N\

Wy

Fig. 1. Proof of Lemma [5.2]
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of the subcomplex Py, in fact all simplices have sides of length 1):
Wo,0 * Wo,0,1 * W0,0,2, Wo,0 * Wo,0,2 * W0,0,35 ---, W0,0 * W0,0,mg,0—1 * W0,0,m0,0>
W0,0 * W,1 * W0,0,mo.s Wo,1 * Wo,1,1 * Wo,1,2 (Where wo 1,1 = w0,0,m), -+
Wo,kg—1 * W0,k * W0,ko—1,mq ky—1> W1,0 ¥ W1,0,1 * W1,0,2

(where wi,0 = wo i, and wi 01 = w07k0,17m0,k071), e

Wl =1,k —1)—1 * Wiy =1k, —1y—1,0 ¥ Wiy—1 kg, _1y—1,15 -+
Wl —1,k(,,—1)—1 * wlw—l,k(lw,1)—1,m[lw,1’k(lwil),1]—1
* Wl =Lk —1) =Lty —1k g, gy -117
Wiy —1,k(,,—1) * W0,0 * W0,0,1
(Where wlumklw = Wo,0 and wlw*Lk(lw—l)*Lm[lw—l,k(lw_l)—1] = w(),(),l).

For two points 2 and y lying in a single simplex we denote by [z,y] the
interval connecting them.

For i = 0,1,...,l, — 1 choose points a;, b;, ¢;, d; in the following way:
i € [Wi0, Wi—1,k;_yy—1] With d(ai, wi—1k;_,,-1) = € bi € [Wi0, Wi—1k;_, 1]
with d(ai,’wi,o) =€ ¢ € [wiyo,wm] with d(Ci,wljo) €, d; € [wl 0, Wi, 1] with
d(di,w; 1) = €. For s € [0,v/3/2] and i = 0,1,...,l, — 1 choose a,bf, c$,d$
in the following way: ai € [w;01,a;] with d( Z,[wlg,wl Lk_1y—1 1)) = s,
by € [wipq,b] with d(bf,[wi,o,wi—l,k(l H-1 1) = 5, ¢ € [Wiom,, ] With
d(cs, lwip,wi1]) = s, di € [wi707mi’0,di] with d(d, [w“),wZ 1]) = s. For s €
[O\f/Q]i:()l dw—1,7=0,1,...,k;—1and k=1,...,m;; choose
z],k S [wl]7wlj k] Wlth d(e; €i.jk> [w’L] k> Wi 3, k+1]) = \/5/2 - S

Fori=0,1,...,l, — 1let a} = II,41(a;), b, = Ipt1(bi), ¢, = pt1(c)

and d; = II,41(d;). For i = 0,1,...,l, — 1 and s € [0,/3/2] let a}° =
Hn+1(af), b;s: n+1(bf)> CgS: nt1(c i)v d;s: n+1(di)a e;s = n+1( )

/s — S y
and €7y = Iyy1(ef ;) (for j > 0).
For each i = 0,1,...,1, — 1 choose vertices w;, j;, € {wi1,..., wik,—1}
and wj, j, k; € {Wi, i1, Wiy jm,, ;. + (the vertices w;, j; will be mapped

onto the barycenters bys.w,,, in order to fulfill condition 4).
Define the map IS : P, — Sy as follows:

o I (x) = Hn+1(w) for w € [wio1,a:,b;] U [wi0m,,,ci,di] and for
T € H;—&l[w]ﬂ

e for s € [0,v/3/2] and i = 0,1,...,0, — 1 let ;Ufl s [bF,ef04] U
50,15 €500 U+ U l€lgm, o€ z] [bls e’] U [ef, c’] be linear (Wlth

respect to the length of segments),
e for s €[0,v/3/2] and i = 0,1,...,l, — 1 let

wi1 A el lUled el ol U Ulef jpsef k] = A7 €]
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and
w,e S S S S /s /s
I (€, ks €5 i kisn] U U [ei,ki—Lmi,krl,aiH] — [efis1, @i’
be linear.

Note that II.” 1 is a well defined continuous map. Note also that with
vertices Wiy Giw chosen in a coherent way (i.e. for two adjacent vertices
w,w" € Sy, the chosen vertices w;, j, ~and Wi; i, lying on the arc oy

wes Hn‘H :

and satisfies the required conditions. We omit further details.

must coincide) the map 175, = J Sni1 — Sy is well defined

The following lemma is an obvious corollary of Theorem and Lem-
ma We define a sequence of maps (II},,; : Spy1 — Sn)n>1 such that
the inverse limits lim (Sy, 1I,) and lim (S, IT;) are homeomorphic. The new
inverse system (S, I1}) satisfies the conditions mentioned at the beginning
of this section. As we will show later, after refinement of this new system, we
will be able to define the families of discs D, j, such that the refined system
(Sn.ks H;%k, Dy, 1) will become a Jakobsche inverse system for the torus.

LEMMA 5.3. There is a sequence of continuous maps (II), | : Spy1 —

Sn)n>1 and a decreasing sequence of positive real numbers (en)n>1 such that:

L. the inverse limits im (Sy, I1,) and lim (Sy, II},) are homeomorphic,

2 Mylo] = ()™ ] = (Xu \ Bs(ou, X0) U S0, Xo) for ol
vertices w € S (where ow = XuwNSn_1),

3. the restriction of IT},  to Sppq \ U{(II, 1) tw] : w € 5’,(10)} is a
homeomorphism onto S, \ {w : w € S )},

0
4. Hn+1[57(l_£1] C H/+1[S7(H)-1]7

5. deup(Ins1, 1T, 1) < €n,

6. €,/(1-C) < 1, where C is the constant given by Fact (this property
will be used in the proof of Lemma .

6. Refinement of the inverse system. In this section X is orientable.
Recall that the vertex links X, are orientable surfaces (see Remark [2.1)). We
refine the inverse system (S, II)) without changing the inverse limit. The
refined system (S, x, H:l,ki) will have the property that every surface S, 41
is a connected sum of its predecessor S, and a finite number of tori.

As will be made clear in Section m, the inverse system (S, II)), after
appropriate choice of families D,, of discs in S,,, fulfills assumptions 2, 4 and
5 of Theorem Preimages of the chosen discs under the bonding maps
II), | will correspond to surfaces that are contained in links of X at vertices

of S,,.
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Two phenomena may appear that prevent the system (S, IT},) from sat-
isfying assumptions 1 and 3 of the Jakobsche theorem for Ly = T2. The
first is that links at vertices do not have to be surfaces of the same genus.
The second is that even if all vertex links are homeomorphic, they may be
surfaces of genus greater than 1.

Using the following two lemmas we will be able to refine the system
(Sn, IT]) to overcome these difficulties. We start with some terminology.

DEFINITION 6.1. Let f: X — X’ be a map between compact orientable
surfaces and let D = {Dy, ..., D;} be a family of pairwise disjoint discs in X".
We say that f collapses X to X’ along the family D if:

e Y is a connected sum of X’ and a finite number of surfaces Xy, ..., Xy,
of genera g1 > 0,...,g; > 0 respectively (for some [ > 0) along discs
D;C X and D C X, fori=1,...,1,

o f(z)==xforallz e &'\ U, int(Dy),

e there are open neighbourhoods U; of bd(D}) in X, \ int(D)) and points
x; € int(D;) such that f maps U; homeomorphically onto D;\{z;} and
collapses (X, \ int(D;)) \ U; to z;.

We call such a map a collapsing map. If it is clear which family D we
mean, we say that f collapses X to X'.

Note that the maps I, . from Lemma and hence the maps I1/, from
Lemma [5.3] are examples of collapsing maps.

We state without proof two obvious lemmas which we use in the refine-
ment procedure.

LEMMA 6.2. Let X be an orientable surface of genus g > 1. Then there
exist orientable surfaces Xy, ..., Xy =X, discs D; C X; (fori=1,...,9—1)
and maps f; : X — X1 (fori=2,...,9) such that:

e Y is an orientable surface of genus i fori=1,...,g,
e X is a connected sum of X;_1 and a torus Tf_l along the disc D;_
and some disc D}_; C T? | such that D; C T? ;|\ D}_; and f; collapses
Z’i to Eifl along DZ',1 = {Difl}.
LEMMA 6.3. Let f : X — X' collapse an orientable surface X to an
orientable surface X' along a family D = {D1,...,D;}. Let Xg,,..., X, be
orientable surfaces as in Definition . Fori =1,...,1 let D} C X, be

discs as in Definition F):fl Let the genus g; of Xy, be greater than 1 for some
j€{1,...,1}. Then there exist:

® a decomposition of Xy to a connected sum of two orientable surfaces
Zg;, and Zg;/ of genera g; =1 and gj = gj — 1 respectively (i.e. Z’g; is
a torus) along discs D} C g and D' C g such that D C g and
D!nD; =0,
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X

o a surface X", which is a connected sum of X' and Xy, ..., X o
J

gj—1»
2gisrs -y 2g along discs D; and D] respectively,
e maps f1 : X — X" and fo : X" — X' such that fi collapses X to X"

along {D}}, f2 collapses X" to X' along D, and f = fao fi.

REMARK 6.4. Note that Lemmas [6.2 and [6.3] are also true for nonori-
entable surfaces. The only difference is that collapsing maps involve con-
nected sums with projective planes rather than tori.

As an immediate consequence we get the following:

COROLLARY 6.5. Forn > 1 let H;LH 2 Sha1 — Sp be defined as before.
For each vertex w € (Sn)(o) denote by g, the genus of the link X, (which
is a closed orientable surface). Let g, = max {g, : w € (S,)©}. Then there
exist surfaces

Sn = ©n,0, Sn,l; E) Sn,gn = On+1
and maps
I, 1 o IT} 5 1 IT}, 5 .o
Sn,O Sn,l n,2
! !
n,gn—1—gn—2 S Hnygn*’gnfl S
n7gn_1 n7gn
such that:

o S,k 1s a connected sum of Spr—1 and some tori Ty p1,Ty k2,
oo Tneyma i (for some natural number my, j, > 1) along pairwise dis-
joint discs

Dpnki CSnk-1, Dnk2 C Snk—1s -5 Dnkm,i C Snk—1
and
/ / /
Dn,k’,l - Tn,k:,la Dn,k‘,2 - Tn7k;,2, RS n,k,my i - Tn7k7mn,k
respectively,

o cvery disc Dy jy1,; is contained in some torus T,y ; and is disjoint

from the disc D), i

o for eachm >0 and each k = 1,...,g, the map H;H_l kk_1 Collapses
Snk to Sy -1 along the family {Dpp;:i=1,...,my, 1},

o Il = II}, , o (where I}, , o denotes the composition II}, | 4 o

! /

gy o odly g g,—1)-
Corollary [6.5] gives the refined inverse system of orientable surfaces
T 1o T 5y H{,g1ﬂg1*1
(S1 S11 So

In this inverse system every surface is a connected sum of its predecessor
and a finite number of tori (possibly only one). If the genus of S; is greater

Hé1—>0
’ )
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than 1, we use Lemma [6.2] for S to get the inverse system

(SO H(l),lao 5,071 H(l),2a1 o H(/),goﬁgo—l Sl H{,IHO )
with Sy a torus. We do not do this if S7 is a torus.

The last condition of Corollary [6.5]implies that refining the inverse system
does not change the inverse limit. Thus we get the following:

COROLLARY 6.6. Suppose that X is a T-systolic normal orientable pseu-
domanifold of dimension 3. Then the Gromov boundary 0gX is homeomor-
phic to the inverse limit of the refined inverse system

1} buf 11 i ;
. 0,1—0 0,2—1 0,90—90—1 1,1—0 1,2—1
lim(Sp So1 S, Si1 )
. H{ 1—0 H:’l 2—0 . .
(lim(S1 Si1 -+ ) if Sh is a torus).

7. Getting the structure of a Jakobsche inverse system. In this
section we continue the previous considerations, under the same assumption
that X is orientable. We define some finite families D,, j, of pairwise disjoint
discs in every surface S, j. The inverse system (S, x, 11 7’l ) with families D, j,
will satisfy all assumptions of the Jakobsche theorem, with Lo = T?.

To define these families we need some preparation. For n = 0,1,... let
Ay = I ,(w) 1 1 > n,w € SZ(O)} C Spand let Apy = I, ;1 [Api1] C
Sn.k, Where H;%l : S, — S5 and Hjl7gn_)k : Spy1 — Sp i are the compositions
I yo--ollland II}, ; y 4 0---oIl, ,  respectively.

LEMMA 7.1. A, is a countable dense subset of S,, for alln > 1, and A, 1,
is a countable dense subset of Sy i for alln >0 and all k =0,1,..., gy.

Proof. Recall that every map I1; is a C-contraction and the 0-skeleton
Si(o) is a finite 1-net in S; for all 7. It follows that {II,;(w) : w € Sl(o)} is
a finite C!~"-net in S,,. Since the maps II/ satisfy the condition IT; [SZ-(O)] C
II! [SZ-(O)] (see assertion 4 of Lemma it follows that the assertion holds for

the sets A,,. Since A, 1, is the image of the countable dense set A, 11 under
a surjection, it is itself countable and dense. =

Now we define inductively families of discs D,, and D, ; in the spheres
S, and S, ;, respectively to match all assumptions of Theorem
Suppose the genus of the sphere S is equal to 1 (i.e. Sy is a torus). Let

D1 ={Dy:wEe (51)(0)}

be a family of pairwise disjoint discs with w € int(D,,), diam(D,,) < 1/2 and
bd(Dy,) N Ay = ). Note that since every disc is the union of an uncountable
family of disjoint circles and a point (just take a homeomorphism to the unit
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plane disc and circles of radius r € (0, 1] centered at 0), it follows that such
discs exist.

If S1 has genus greater than 1, then as in Corollary we start with
the surface Sy. Let Dy be a family consisting of one small 2-disc D in Sy
(contained in the disc Dpo as in Lemma and satisfying the inequality
diam(D) < 1), with = € int(D) (where a point x € int(Dp ) and a disc Dy
are given by the fact that the map I} ;_,,: So1 — So is a collapsing map).
Again we can assume that bd(D) N Ay =10.

Now suppose we have defined the families Dy, ..., D,_1 and D; ; for all
t<n—1and j=0,1,...,g;. We define the family D,, as follows. For every
vertex u € 57(10)
that:

we choose a small 2-disc D,, containing w« in its interior such

the discs D,, are pairwise disjoint,

bd(D,) N A, = 0 for all vertices u € ST(LO),

II!  [D,) N bd(D') = for all i < n and all D’ € D;,
;:gm o I1/,1 ,[Du] NbA(D') = 0 for all i <n, all j=0,1,...,g; and

all D' € Dy,

diamg, (I1; ,[Dy]) < 1/2" for all i < n,

o diamgi,j(ﬂl gimj Ol i1 p[Du]) < 1/2Mforalli <nandallj=1,...,9

To choose such a family Dy, note that no point a = II}, (u) € A; lies
in the boundary bd(D’) of any disc D’ € D;. Analogously, no a = Hl’ i
Hz,—i—l o(u) € A; ;isin bd(D’) for any D' € D; ;. Thus for small enough ¢ > 0,
n [Bg (u,€)]Nbd(D") = 0 for all D" € D; and IT} ;011 ,[Bs, (u,€)]N
bd(D' ) = @ for all D' € D;; (there are only finitely many such dlSCS D").
Since S, is a surface, the metric ball Bg, (u, €) contains a 2-disc D,, containing

w in its interior. Again we can assume that bd(D,) N A4,, = (.

Now suppose we have defined the families Dgy, Dy, ..., D,, the families
D;;foralli <nand j=0,1,...,g; and the families D, ; for all j < k. We
define the family D, ;. as follows. For all points x,, ;. ; given by the fact that
the map II’ kAl Smk“ — Sy is a collapsing map let D, ;.; be a small
disc in Sn,k containing x,, j; in its interior such that:

e the discs D, 1 are pairwise disjoint,

° bd(Dn’kJ) N An,kz = () for all I,

o Il oll} ; o[Dns] Nbd(D') =0 for all i <n and all D’ € D;,

o Hl’glﬂj o Herln o II} 1 o[Dnka] Nbd(D') = P for all i < n, all j =

0,1,...,g; and all D’ € D, j,

diamg, (U’ oIl k_}()[Dn k1)) < 1/2" for all i < n,

. diamgi,j(ﬂzg o lli oIy o[Dnkg]) <1/2" for all i < n and all
j:0717"'7gl
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Such discs can be chosen analogously to the way we have defined the
elements of the families D,,.

Now the families of discs D,, and D,, ;, together with the maps I}, and
I}, .y satisfy the assumptions of Theorem (note that A, is dense in
Sy and A, 1 is dense in S, ). Since the maps 11, were chosen close enough
to the maps II,, to preserve the inverse limit, as a corollary we get:

THEOREM 7.2. The Gromov boundary of a 7-systolic normal orientable
pseudomanifold of dimension 3 is a Jakobsche tree of tori, i.e. the Pontryagin
sphere.

8. Nonorientable trees of surfaces. In this section we examine the
properties of Jakobsche inverse systems of nonorientable surfaces. An ex-
tension of Jakobsche’s construction for nonorientable case was considered
in [S]. In dimension 2, i.e. for nonorientable surfaces, it is possible and more
convenient to follow Jakobsche’s approach rather than that of Stallings. We
sketch here some details of this.

We call a family D of pairwise disjoint closed discs contained in the
interior of a manifold M a good family if it is a null family and {int(D) :
D € D} is a dense family in M.

The following lemma is a simple extension of Toruriczyk’s lemma (see
[J. Lemma 3.1]).

LEMMA 8.1. Let X' and X' be nonorientable surfaces (with or without
boundaries) and let f : X — X' be a homeomorphism. Let Z and Z' be two
good families of closed 2-discs in X and X' respectively. Then there ewist
a bijective function p : Z — Z' and a homeomorphism

o2\ | D) - 2\ | int(D)
DeZ D'ez’
such that

f/"bd(z) = froax) and f'[bd(D)] = bd(p(D)) for each D € Z.

The proof of this lemma is the same as in [J], thus we omit it.

Using Lemma[8.1 and the fact that every homeomorphism of the bound-
ary of a closed nonorientable surface with the interior of a disc removed can
be extended to a homeomorphism of this surface, by the same argument as
in the proof of Theorem 4.6 in [J], we get the following:

THEOREM 8.2. Let (L <= L1 <= Ly <2 ...) be an inverse system of
connected closed nonorientable surfaces and for each k > 0 let Dy, be a finite
collection of pairwise disjoint discs in Ly such that:

1. each Ly is a connected sum of finitely many copies of Lo,
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2. every map ap4q restricted to oz,;il[Lk \ U{int(D) : D € Dy}] is a
homeomorphism onto Ly \ | J{int(D) : D € Dy},

3. every preimage a,;il[D] (for D € Dy ) is homeomorphic to a copy of
Lo with the interior of a disc removed,

4. the family {a;;[D]:i> j,D € D;} is null and dense in Lj for all j,

5. aj;[D]Nbd(D’") =0 for alli > j and all D € D; and D' € D;.

Then the inverse limit lim(Lo &L &2 Ly &) depends only on L.

As in the orientable case we denote this space by X (L) and call it a
Jakobsche tree of nonorientable surfaces Lg. Just as in the orientable case,
we call the system (Lg, o, Dy ) k>0 satisfying assumptions 1-5 of Theorem
a Jakobsche inverse system for Lg. If (Ly, o, Dy)r>0 satisfies assumptions
2,4, 5 and the condition:

3a. every preimage a,;il[D] (for D € D) is homeomorphic to a con-
nected closed nonorientable surface with the interior of a disc re-
moved,

then we call it a Jakobsche inverse system of nonorientable surfaces. We call
the corresponding inverse limit a tree of nonorientable surfaces.

REMARK 8&.3.

1. For Ly = RP?, the projective plane, the space X (RP?) is known as
the nonorientable Pontryagin surface.

2. For Ly = X,, the nonorientable surface of genus g > 1, the space
X (Xy) is homeomorphic to the nonorientable Pontryagin surface. That
is, every tree of nonorientable surfaces is homeomorphic to the nonori-
entable Pontryagin surface (see Remark .

The next two lemmas show that if nonorientable surfaces occur densely
enough in a tree of surfaces, then this tree is homeomorphic to the nonori-
entable Pontryagin surface. The proof of the following lemma is similar to
the proof of Theorem 2.1.49 from [M], thus we omit it.

LEMMA 84. Let (Xo <& X1 <2 Xo & o) and (Yo & v £ v, &
-++) be two inverse systems of topological spaces such that the maps s; and
t; are continuous and onto for all natural numbers i and there exist:

e increasing sequences {ny}, {my}, {n}} and {m}} of natural numbers
satisfying np—1 < nj, < ng and mp—; < mj, < my,
e continuous onto maps fr : Xp, — Ym, and gy : Ym% — X"%’

such that the following diagrams are commutative:
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Sn’ n STL n,
K"k k—1"g
X”;c Xnk Xnk—l Xngc
ng lf}e fk—ll Tgk
to t /
Mk My _1,my
va;C A Ymk Ymk_l — va;C

Then the inverse limits im(Xy, sg) and lim(Yy,ty) are homeomorphic.

LEMMA 8.5. Let (Lo A &2, & -++) be an inverse system of
connected closed nonorientable surfaces and for each k > 0 let Dy, be a finite
collection of pairwise disjoint discs in Ly such that:

1. (Lg, o, Dy) is a Jakobsche inverse system of surfaces@

2. for every natural number k and for every disc D € Dy, there is a nat-
ural number lp > k such that (o, ) L[D] is a nonorientable surface
with the interior of a disc removed,

3. every map ag41 collapses L1 to Ly along Dy.

Then the inverse limit lim(Lo &Ly & Ly &£ 0) is homeomorphic to
the nonorientable Pontryagin surface.

Proof. We shall define the following collection of data:

e an infinite increasing sequence {ny} of natural numbers,

a sequence {L}} of nonorientable closed surfaces,

a sequence {D)} of finite families of pairwise disjoint discs in every

surface L},

e sequences of maps {fy : L, — L 1}, {gx : L), = Ly, } and {o], :
Ly — Ly}

satisfying the following:

(a) the diagrams:

Angmppn
Lnk <~ Mgt Lnk

and fr 9k
9k Sr+1
Ly,

are commutative,
(b) g maps L}, \ UDeD;fl(az)_l[int(D)] homeomorphically onto L,, \

UDEDL_1 £ Hint(D)] and maps (o) "'[D] onto f, '[D] for all discs
DeD_,,

(?) In particular, we require that CMEL [D] (for D € Dy) is a closed surface (orientable
or not) with the interior of a disc removed.
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(¢) fet1 maps Ly, \ UDeD;c fk;ll [int(D)] homeomorphically onto Lj \
LJDED;C lnt(D)v
a. collapses to L, _, along D, _.,

d) o, collapses L to L} _, along D_,

e , O, 1s a Jakobsche inverse system of nonorientable surfaces.
L;C ;6 D;C i Jakobsche i f i bl f

Note that by Lemmathe inverse limits lim(Ly, o) and im(Lj, ap ) are
homeomorphic. By the nonorientable analogues of Lemmas and [6.3] the
inverse limit lim(Lj;, o}, ) is homeomorphic to the Jakobsche tree of projective
planes. Thus, by Theorem [8.2] both these inverse limits are homeomorphic
to the nonorientable Pontryagin surface.

It remains to construct the desired data. We do this inductively. Let
ng = O, LIO = Lo, go = IdL07 D(/) = Do. Let ny = 1, f1 = 1.

Suppose that we have defined the following:

e natural numbers n; for j = 0,1,...,k satisfying n; < nj;q for j =
0,1,...k—1,

e nonorientable closed surfaces L;. for j =0,1,...,k—1,

e finite families D; (for j = 0,1,...,k — 1) of pairwise disjoint discs in

every surface L;- respectively,
e maps f;j : Ly, — Lj_y for j = 0,1,....k, g; : L} — Ly, for j =
0,1,...,k—land o} : L, — L), for j=0,1,...,k =1 (if £ > 0)

satisfying (a), (b), (c), (d) and an additional condition:

(f) every preimage (o)~'[D] (for D € D) ;) is homeomorphic to a

nonorientable closed surface with the interior of a disc removed.

Let npp1 > ny be the smallest integer such that (fy o anyny.,) (D]
is a nonorientable surface with the interior of a disc removed for all discs
D € Dj,_, (such a number exists due to assumption 2).

Let

b= (Eoy U md)u U (ko nemen) (D)

DeD),_, DeD},_,

where points 2 € bd(D) are identified with their preimages ( fzo0t, ny,, )~ [2]
due to (c) and assumption 1.
Define gy, : L), — Ly, fot1: L

!/ /. / /
nper — Ly and o 0 Ly — L) by

fk_l(x) ifzel |\ U int(D) (by (c) for fx),
DeD;

a”kv”k-}—l(m) if z € U (fk ° an}mnk-kl)il[D]u
DeD;_,

gr(x) =
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X lfx € U (fkoank,nk+1)_1[D]a
Je1(z) = DeD;_,
fre © Anymyy, () otherwise,
/ x ifeel |\ U int(D),
ak(m) = De’D;g_l

fr 0y my,, () otherwise.

These maps are of course well defined and continuous. They satisfy (a), (b)
and (d) in the obvious way.
To define D), we need some technical definition. For ng < j < ngyq let

Df ={D e€Dj: DN (froan;) '[D']=0for D' eD,_, and
DN a;;[D"] =0 for ny, < s < jand D" € Dg}.

Define
D}, = {fer1 [y, [D]] s ne < j <mpya, D e Df Y

Nk+1

We skip the straightforward check of conditions (c) and (e). m
REMARK 8.6.

1. Note that assumption 3 in Lemma [8.5] is not necessary. Indeed, as in
the proof of Theorem 4.6 in [J], it is possible to change ay, : Ly — Lg_1
on o '[D] (for D € Dj_1), keeping the inverse limit unchanged, to
get collapsing maps.

2. The same argument shows that every tree of orientable surfaces of
genera greater than 0 is homeomorphic to the Pontryagin sphere.

9. Proof of part (b) of the Main Theorem. In this section we extend
Theorem [7.2] to the nonorientable case. We need some preparations. We start
with the following property of group actions on metric spaces, the proof of
which we skip.

LEMMA 9.1. Let X be a proper metric space and let a group G act on
X cocompactly by isometries. Then there is a positive constant R > 0 such
that for all x € X the translates of the metric ball Bx(x, R) under elements
of G cover X, i.e. G- Bx(z,R) = X.

Consider now a 3-dimensional 7-systolic normal pseudomanifold X with
a cocompact action of a group G by simplicial automorphisms. For a vertex
w € X and a simplex o C X,, consider the subcomplex

Xw,o = (Xw \ BZ(U, Xw)) U SQ(O', Xw)
Let Kyo = diam(Xi(Ul,Z,) (in the intrinsic metric d ) ). Note that K =
max { Ky, 1w € X0 5 c Xy} is finite.
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The next lemma describes the relationship between distances in succes-
sive spheres in a 7-systolic normal pseudomanifold of dimension 3.

LEMMA 9.2. Let X be a T-systolic 3-dimensional normal pseudomanifold
with a cocompact action of a group G by simplicial automorphisms. Let K
be as above. Let p and q be two vertices in the sphere Sy and let p' and ¢’ be
two vertices in Sk11 connected by an edge to p and q respectively. Then

ds(l) (p/7 q,) < K(ds(l) (p7 q) + 1)
k+1 k

Proof. Let p = po,p1,...,pn = q be a geodesic in the 1-skeleton S,(Cl).
Fori=1,...,n let p} be a vertex in X, ,«p, N Sk+1. Note that diam((X,, N
Skr1)WM) < K, since X, N Sp11 = X, p, where p = ITj.(p;). Thus

n—1
/ / / / / / / /
dg (0, 4) < dgy (v ,pl)+j§::1dsgl(pi,pi+1)+dslil+>l(pn,q ) < K(n+1). =

The next lemma shows that if a nonorientable complex X is as in Lem-
ma [9.2) then there are enough vertices with nonorientable links in X, in a
certain precise sense.

LEMMA 9.3. Let X be a 7-systolic normal nonorientable pseudomanifold
of dimension 3 with a cocompact action of a group G by simplicial isometries.
Let v € X be a vertex. Let w € Sy, = Sk(v, X) be a vertex. Then for every
€ > 0 there is a k' > k and a vertex uw € Sy such that the link X, is
a nonorientable surface and Iy 3 (u) € Bg, (w,€).

Proof. Let € > 0. By Lemma there is R > 0 such that for all x € X
the translates of the metric ball Bx(x, R) under elements of G cover X, i.e.
G-Bx(z, R) = X. Thus there is a positive integer N such that G- By (w, X)
= X for all vertices w € X (where By(w,X) denotes the combinatorial

N-ball).

For a natural number [ > 0 and for ¢ = 0,1,...,2N consider the com-
binatorial spheres Ski;+i = Skti+i(v, X). Let u; € S,(fglﬂ be such that
Ijqgip1 (1) = g for @ = 0,1,...,2N — 1 and Iy p4i(up) = w. There

is a vertex u € By(uy,X) such that the link X, is a nonorientable sur-
face. Since By(un,X) C Biyiron(v, X) \ Biyi—1(v, X), it is enough to
show that for [ large enough, for all vertices z € By(uy,X), we have
ds,, (I gt1+i(2),w) < €, where k + 1+ i = dyu(v,z) (here we use the
convention that T, = Idg, ).

For this let z be a vertex in By (un, X)NSk4i4; for somei =0,1,...,2N.
Let

Up = ZO,la 20,27 R ZO,jov Zl,l) AR Zl,j17 ttt Zi—].,l7 R Zi—l,jiflazi,lu Z’L',ji =z

(for some natural numbers jo,j1,...,7;) be a geodesic in the 1-skeleton
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XM satisfying zpmn € By(un, X) N Skiiem(v, X) for m = 0,1,...,i and
n=1,...,75n (actually all geodesics between z and ug have this form, since
combinatorial balls are convex (see [JS, Corollary 7.5]) and thus geodesically
convex (see [HS, Proposition 4.9])).

Let K be the constant of Lemma [9.2| and let L = max{K,2N + 2}. We

will show that

dsy 14 (2, ui) < L2N+3,

Using this inequality we get
ds, (I g 144(2), w) < O [2N+3 - ol [2N+3

where C' is the constant given by Fact Thus for [ large enough the
assertion holds.
To prove the above inequality, we inductively show that for all ¢ =

0,1,...,1,
d ) (th't,ut) < tLtt 4+ 2R and d_q (Zt70,ut) < tLiL
Sk+l+t Sk+l+t

Since zpj, and ug are vertices in the intersection By (un, X) N Bjyqi(v, X),
it follows that

ds(l) (zo,joy UO) = dX(l) (zO,joa UO) g 2N.
k41

Suppose that

d (zt,jz,ut) < tLt+1 + 2N

(1)
Skttt

By Lemma 9.2
dgwy (2410, urp1) < KL 42N +1) < L(t+ 1)L = (¢ + 1)L
k+1+t+1
and thus
dgwy  (Zt41joprs 1) < (E+ 1)L 42N,

k+l+t+1
It follows that
(z,u;) <L 42N < L2NH3

and the lemma follows. m

LEMMA 9.4. Let X and G be as in Lemma[0.3l Let v € X be a vertez.
Let w € Sg = Sk(v,X) be a vertex. Then there is a k' > k and a vertex
u € Sy such that the link X,, is a nonorientable surface and Hl/c,k’ (u) = w.

Proof. Let w" € Si11 be a vertex such that IT; 1 [Res(w’, Sp11)] = w. Let
€ > 0 be such that e+¢;/(1 —C) < 1forl =2,3,... (where the ¢ are given
by Lemma. Due to Lemma there is a k' > k+1 and a vertex u € Sy
such that X, is a nonorientable surface and Il 1y (u) € Bg, (' €).
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Note that if dg, (z,y) < 0, then
ds,_, (I} (), i(y)) < ds,_,(11}(x), ILi(x)) + ds,_, (I1i(2), IT(y))
< C6+ €.
It follows that
Ay oy (I gy g (), g1 (1) < €pq1 + Cepyn + -+ + CF—k=le,

! <1
T €.
Thus IT} ,, 1. (u) € Bs,,, (w', 1) C Res(w', Sk11), so g (u) = w. =

< €k+1

Now we can prove part (b) of the Main Theorem.

THEOREM 9.5. Let X be a 7-systolic nonorientable pseudomanifold of di-
mension 3. Let a group G act cocompactly on X by simplicial automorphisms.
Then the Gromov boundary 0gX is homeomorphic to the nonorientable Pon-
tryagin surface.

Proof. By Sections [6] and [7] we can assume that dgX is homeo-
morphic to the inverse limit of a system of nonorientable surfaces satisfying
assumptions 1 and 3 of Lemma [85] By Lemma [9.4] we can assume that
assumption 2 is also satisfied. Thus the assertion holds by Lemma [8.5] =
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