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Linear differential equations and
multiple zeta values. 1. Zeta(2)

by

Michat Zakrzewski and Henryk Zoladek (Warszawa)

Abstract. Certain generating fuctions for multiple zeta values are expressed as val-
ues at some point of solutions of linear meromorphic differential equations. We apply
asymptotic expansion methods (like the WKB method and the Stokes operators) to solu-
tions of these equations. In this way we give a new proof of the Euler formula ¢(2) = 72 /6.
In further papers we plan to apply this method to study some third order hypergeometric
equation related to ¢(3).

1. Introduction. Let aq,...,a; be integers such that a; > 1, ap > 2.
The quantity
1
(11) C(al,...,ak) = Z m

0<ny <<y,

is called a multiple ¢-value (see [15]). We introduce the following generating
function for zeta values:

(1.2)  fayoap(®) :=1—Clar,...,ap)z* + (a1, ..., ap, a1, ..., ap)z>"
— (@ Ay Ay Ay e Q)T

where a = a1 + - - - + ax. We distinguish the generating function associated
with (2), i.e

(13)  f@)=1- (@) +(2.20 H(l—)

_ 1 _ sin7x
S Irl+z)r(1—z) 7z
Formula (1.3) allows to show that ((2m) = m?™x (rational number) (see

[18])-
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In [I8] the following result was proved. Consider the following differential
operators which act on functions 0(¢; ), t € R:

9=0/0t, R=(1-1)0, Q=td, P=RQ“ 'RQ™ ' ..RQ™
THEOREM 1.1 ([18]). The generating function (1.2) equals

(1'4) fal,---yak(x) = @1(1;%),
where 1(t; x) is the solution to the differential equation
(1.5) Pg+a2%g=0

such that ©1(t; x) is analytic in t near t =0 and p1(0;z) = 1.
Equation (1.5) associated with the generating function fy(z) is the hy-

pergeometric equation (with the parameters a = x, § = —z and v = 1)
(1.6) (1 —t)0tdg + x*g =0
and has a solution
2 2(..2
—1
(L.7)  g=o¢i1(t;x) = F(z,—x;1;t) =1 — :L'2t+:(}($ )t2+---,

(11
which is one of the hypergeometric functions (see [I]).

The function F(z,—x;1;t) is the generating function for the polyloga-
rithms

(21)2

. Ak
(1.8)  Lig,...a (t) = Z ISR
O<ny<-<ny L 7Tk

_ S dtl ) dtalJr...Jrak

0<tay - tay, < <t1<t Agl (tl) Asal""'“-"ak (ta1+---+ak)

(see [§] and (2.3)—(2.4) below). The latter integral is the Drinfeld-Kontsevich
integral (|9]) withe; =0ore; =1, Ag(t) =t, Ai(t) = 1—t and the sequence
(€1, +3€a1—1,Ea1sEar+1s - - > Earttap—1)Ear+tay)=(0,...,0,1,0,...,0,1),
i.e. with 1’s in the places a1,a1 + ag,...,a1 + - + a.

The generating function fa(x) was computed in (1.3) due to the known
product expansion of the function sin. The aim of the present paper is to
calculate fo(z) directly from the hypergeometric equation using so-called
WKB asymptotic expansions and Stokes operators.

The space of solutions to (1.6) is two-dimensional. Near ¢ = 0 the basic
solutions are ¢1(t;x) (from (1.7)) and @a(t;7) = @1 (t;2) In(2t) + ¢3(t; ),
with an analytic germ (3. Near s = 1 —¢ = 0 two independent solutions
can be chosen in the form 01(s;z) = s + ags® + --- and Oy(s;z) =
01(s; ) In(z2s) + by + bys + - -- = 01(s; ) In(x?s) + O3(s; x), where by = —1
and the other coefficients can be effectively calculated (see the next section).
Therefore near t = 1 the function ¢ can be written as follows:

(1.9) o1(t;z) = A(z) - 01(1 — t;2) + B(x) - 02(1 — t; ),
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and we have
(1.10) f(x) = ¢1(1:2) = B(x)bo = —B(x).
So the problem is to find the connection coefficient B(z). Here the solution
1 is defined uniquely, while to #; we can add const - 81, but the formula is
invariant with respect to such changes.

The WKB method allows one to find another pair of solutions to the

hypergeometric equation (1.6). These are formal asymptotic solutions as
x — oo of the following form:

' i V1/2(t) V3/2(t)
Ay (6o~ e )S(t){ (+iz) 2 (+iz)3/? +}

Here the “action” S(t) is 86(7(1 — 7))~Y2dr and the coefficient functions

(N /2 3 /25 - satisfy a series of linear “transport equations”; we solve this
system in Section 4.
The initial exponent v = —1/2 of = in (1.11) is calculated from the

behavior of the solutions ¢ 5(t;x) as * — oo, t — 0 but y = 22t is finite.
We find ¢12(t; ) = ®1.2(y), where G = P o are basic solutions to the Bessel
type equation

(1.12) d,y0,G + G = 0;

in particular, we have @1(y) = Jo(2/y) (where J, is the Bessel function, see
(3.2) below). Next, one can use the asymptotic behavior of Jy(r) as r — oc.
Analogously we can look at the asymptotic behavior of the functions 6;
asx — ooand s =1 —t — 0 and z = 2?s is finite. It turns out that
012(s;x2) =~ O12(2), where O1 5 are basic solutions to another Bessel type
equation

(1.13) 202H + H = 0;

we have ©1(z) = /zJ1(2V/z).

The idea is to expand the solution ¢; in the WKB basis (gar .90 ), next
represent the functions g(j)[ in the basis (61,62) and find the desired repre-
sentation of ¢; in the basis (01, 62). Unfortunately, there is a problem with
the series representing WKB solutions of differential equations with large
parameter: they are generally divergent. They are also divergent in our case
and the divergence is measured in terms of so-called Stokes matrices. To be
more precise, there exist asymptotic series g (¢; x) analogous to (1.11) which
represent analytic functions in two sector-like domains in the (¢, x) variables
(see Proposition 4.1 below). The relations between the WKB solutions g*
and the solutions (1.11) are of the form

(1.14) g5 =Ci(a g,

where Cy(z7!) = 1+ O(z7!) are some asymptotic series. We shall show
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that C(z71) = C_(z~ ') = C(2~?) and that
pr=1/Vm)g" +97);

in the proof we use some oscillatory integrals (see Lemma 4.4) or a direct
reduction of the corresponding two-dimensional system to a normal diagonal
form (see Remark 4.1). Therefore the solutions g* are more important that
the solutions gf)t.

In general, it is hard to compare the solutions in these two domains,
but it is possible to do it near t = 0 (and = ~ oo0) and near s = 0 (and
x ~ 00). In our next paper [16] we prove a theorem (see also Proposition 3.1
below) which says that the hypergeometric equation (1.6) is equivalent to
the Bessel-like equation (1.12) via a transformation Hy which is analytic
in (t,771) € (C2,(0,0)) (this is a generalization of a theorem from Wasow’s
book [13] about an analogous reduction to the Airy equation). For (1.12) the
point ¥y = oo is an irregular singular point and one finds there asymptotic
solutions (also called WKB solutions) of the form

(1.15) G*(y) = et Viy 11 4.,

also defined by divergent series but being analytic functions in larger sectors
(than in the hypergeometric case). Anyway, it is possible to compare these
WKB solutions in the intersections of adjacent sectors and in this way the
Stokes operators arise.

The above mentioned theorem from [16] gives an equivalence of equation
(1.6) rewritten using the “time” s = 1 — ¢t with the Bessel-like equation
(1.12) and the equivalence matrix H; is analytic in s and z~!. The basic
WKB solutions to (1.6) are of the form

(1.16) HF(z) = eP2V2 10400 4o

In the case of the hypergeometric equation (1.6) there exists an additional
fundamental relation
(1.17) 012(s;2) = —s0sp1,2(s; )
between solutions near ¢ = 0 and near ¢t = 1 (see Proposition 2.1). One way
to find the connection coefficient B(z) uses the latter relation (and some
calculus).

But there exists another way, which seems to admit a generalization to
other equations (1.5) from Theorem 1.1. Namely analysis of the Stokes phe-
nomena near the points ¢ = 0 and ¢ = 1 demonstrates that the connection
coefficient B(z) is represented by WKB type functions = 1e?™ (14 ---) and
x~le (1 4 --.) with trivial Stokes operators. So, the corresponding se-
ries are convergent and these WKB functions are single valued holomorphic
functions on C near x = oo (see Theorem 5.1). Then it is easy to see that
B(z)/(sinmx/z) is an entire and bounded function, hence a constant.
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Anyway, formulas obtained in this paper are new and seem beautiful.
Moreover, we develop an approach to the Stokes phenomenon in the WKB
method which has not been used before.

In the paper [17] in preparation we calculate some Stokes operators as-
sociated with a hypergeometric equation

(1.18) (1 —t)0tdtdg + x*g = 0

related to the generating function f3(x) associated with ((3) (compare The-
orem 1.1). It turns out that f3(x) can be expressed by WKB type functions
x*3/262“”/\/§(1 4+ -1), 0 = —1,€/3 e=/3 Moreover, it looks as if these
WKB type summands are subject to a nontrivial Stokes phenomenon. In
some sense the present paper is a testing work; it is easier to make calcu-
lations for fo(z) and check some conjectures which could be generalized to
more general cases.

The plan of the paper is the following. In the next section we present
the basic solutions of (1.6). In Section 3 we give some integral formulas
for the Bessel functions related to the hypergeometric equation and their
asymptotic behavior (via the stationary phase formula). In Section 4 we
explore the WKB method for (1.6) with large x. In Section 5 we study the
Stokes phenomenon associated with the WKB solutions.

2. Solutions near t =0 and near ¢t =1

2.1. Solutions near ¢t = 0. The indicial equation (for solutions g ~ t%)
associated with (1.6) near the singular point ¢ = 0 is o® = 0. So we look for
a solution of the form
(2.1) g=¢i1(t;x) =1+ at + agt® + - --

and we get the recurrent relations (n + 1)2a,41 + (22 — n?)a, = 0. The
solution to this system gives the hypergeometric series 1 = F(z, —x;1,t)
defined in (1.7). Next we look for another solution of the form
(2.2) g=pa(t;z) =1 -Int+bit+--- =1 -Int+ p3(t; x);
thus o3 satisfies the equation {(1 — )9t + 2%}¢3 + 2(1 — t)d¢p1 = 0 and it
is easy to see that the corresponding recurrent relations for b, are solvable.
In particular, we have by = —2a; = 222,

We can look at these solutions as functions of . We write
p1=p10(t) = pri(t)a? + pra(t)at -,
G2 = p20(t) — p21(t)2* + paa(t)at — -+ |
where ; ;. satisfy the system

(t0)%pj0 =0, (1 —1)0t0p)ki1 = k-

(2.3)
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The first equation has solutions 1 o(t) = 1 and ¢2(t) = Int, and the other
equations are solved by
t1

(1 ={2 | “Olfvi(z) dty.

We get
¢ dt
pra(t)=> | -1 | 5 dt; = Lis(1)
n 0

(see (1.8)) and, generally,

(2.4) p1,(t) = Liz,..2(t)
(with k 2’s). Using the formula

tn tn+1 1
t7Inty dt1 = Int —
élnl ! n—l—l<n n+1>

we get p21(t) = Liz(t) Int — 2 Liz(t) and, generally,

k
(2.5) o k(t) =Liz, 2(t) - Int =2 Liy 3. a(t),
j=1
where the indices of the Li,, . 4, are either a1 = --- =a; = 2, or a; = 3

and other a; = 2 (in the sum).

REMARK 2.1. Putting t=1in (2.4) and (2.5) we get ¢1 5(1)=¢(2,...,2)

(as expected) and ¢gr(l) = —2- Z§:1 €(2,...,3,...,2). After a simple
resummation of the series we find
(2.6) Ba(1) = 227 fo(z) - {C(3) + ((5)a® + (T +--- }.

Therefore the value at ¢ = 1 of the second solution to the hypergeometric
equation defines a generating function for the zeta values at odd integers.

However we should not regard (2.6) as something important. The fact is
that only the solution ¢ is unique, while @9 can be changed to @2 + P(x)p1
without affecting the basic properties of this solution, e.g. monodromy about
t = 0. Below we shall see that some other choices of the second (non-analytic)
solution are more natural.

One of the choices of the second solution is

(2.7) pa(t;2) = p1(t;z) - In(2®t) + @3(t; ).

2.2. Solutions near ¢ = 1. With the variable s = 1 — ¢ equation (1.6)
takes the form

(2.8) s05(1 — 8)0sg + 2°g = 0,
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where 05 = 9/0;s. We easily find that the independent basic solutions can be
chosen in the following form:

r2(z% - 1) 22 (2% — 1)(2? — 2%)
61(s;z) = z%s — ST s? 4+ 3191 s3—
Og(s;z) = 01(s;2) -Ins —1+bis+--- =0 -Ins +03(s; ),

(2.9)

where the function 65(s; x) is analytic near s = 0.
We shall also consider the following “second solution”

(2.10) 0z(s; ) = 61 - In(2?s) + 63.
The following result is mentioned in the Introduction.
LEMMA 2.1. Let
p1(tiz) = A(z) - 01(1 — t;z) + B(z) - 02(1 — tz)

be the representation of the function ¢1(t;x) near t = 1 in the basis 01, 0.
Then the generating function fo for the zeta values equals

fQ(:L‘) = —B({L‘)
Finally, we note the following fundamental relation between solutions to

the hypergeometric equation (1.6) near t = 0 and near s =1 —t = 0.

PROPOSITION 2.1. A function g(t) is a solution to (1.6) if and only if
the function

h(s) = s0sg(s)

is a solution to (2.8). In particular,

01(s;2) = —s0sp1(s;2),  Oa(s;x) = —s0spa(s; x),
where @1 o are defined in Subsection 2.1. Moreover,

O2(s;z) = —p1(0;2) + O(s), s—0.
Proof. Putting h(s) into (2.8) we get

505(1 — 8)dsh + x2h = 50,[(1 — 5)Ds5059 + xg] = 0.

Next, since the functions sds¢1(s) and sdsp2(s) are independent, they form

a basis of solutions to (2.8). =

REMARK 2.2. The functions ¢;(¢;x) and @a(t;x) are entire functions
of x (being the generating functions for polylogarithms). Moreover, for any
fixed = they are independent as functions of t. The same is true of 6;(s;x)
and 05 (s; ).

Moreover, for x = 0 near ¢ = 1 we have ¢;(¢;0) = 1 and $2(¢;0) =Int =
—5+0(s?). This implies that the connection matrix M (z) between the bases
(p1,92) and (91,52) is entire as a function of z € C.
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3. Bessel type approximations and their asymptotic expansions
3.1. Bessel approximations. Let us consider the series in (1.7) when
x — o00. Then the recurrent relations for the coefficients in (2.1) become

pt1 & —(%H)Qan and we find that when 2 — oo but y = 22t remains
finite,

(3.1) pr(tia) = i) = 3 0 = 2.

n=0

Here and below,

B o) (_1)n g 2n+p
(32) Tulw) _T;OF(M n+ 1)n! <2>

is the Bessel function with index pu (see [2] 6]).

The function G = @, (y) satisfies the equation 9,y09,G + G = 0, obtained
from (1.6) by replacing ¢ with y/z? and passing with x to infinity; it is the
Bessel type equation (1.12) from the Introduction.

Another solution to (1.12) is of the form

(3.3) Do(y) = P1(y) Iny + D3(y),

where @3(y) = O(y) is an entire function of y € C.

We call a linear meromorphic equation of the Bessel type if it has only
two singular points, at t = 0 and at t = oo (see also [16]).

For solutions near ¢ = 1 we analogously find that when x — oo but
z = x%s is bounded,

(3.4) 01(s;x) = O1(2) := V2J1(2V/2),

where the function @1(z) satisfies the Bessel type equation (1.13), with an-
other solution

(3.5) O2(z) = O1(2) Inz + O3(z2)

(where ©3(z) is an entire function).
The importance of the above approximations can be seen from the fol-

lowing result, which is a special case of a more general theorem proved in
[16, Theorem 2].

PROPOSITION 3.1. There exist matriz-valued functions Ho(t,z~!) and
Hi(s, 1), defined in a neighborhood of (0,0) € C? and analytic there, such
that

(o1, 02)Ho = (P1,P2), (61,02)H1 = (O1,02).
REMARK 3.1. Let

Py D
]_-OZ<<P1 <P2>’ go=< 1 2>
Jp1 O Ob, 0P,
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be the fundamental matrices associated with the bases (1, p2) (see (2.1)
and (2.7)), and (®1,P2) (see (3.1) and (3.3)), and 9®; = 229,P; means
differentiation with respect to the time t. Then we have

Ho(t;z) = fo_lgg.

Analogously the fundamental matrices

0, 0 ] C)
]__1:<1 2>, g1:< 1 2>
050 0405 0,01 0562
(where 95 = 220,) define the matrix-valued function

Hi(s;x) = .’Fl_lgl.

It was proved in [16] that the matrices Hp 1 are analytic in (t,27!) and in
(s,271) (respectively) near (0,0). (In the proof one uses the fact that the
matrices Fy and Gg have the same monodromy properties as ¢ goes around
0 and as x goes around oo and have almost the same asymptotics as t — 0
and z — o0, e.g. in sectorial domains.)

Theorem 2 from [16] is a generalization of a theorem of W. Wasow from
[13] about reduction of equations of the form & = A2ta(t) + Ab(t,1/)),
a(0) = 1 (with analytic germs a and b and large \) to the Airy equation
O%y =Ty, T = tA\*/3, which is also of the Bessel type.

3.2. Integral formulas. Bessel functions admit representations via con-
tour integrals.

LEMMA 3.1. The following formula holds for all integer n:

1

(3.6) In(2V/y) = by S exp(2iy/y sin a)e”™ " da.

—Tr

™

Proof. Formula (3.6) was obtained by Bessel and can be found in the
literature (see 2 6] ). Let us recall the simple argument that can be used in
more general situations.

We have
00 1)m m+n/2
1 (Vgu)™ (=vy/w™
= TeSu=0 3 <Z g,L! ) (Z :ﬂ)
1 du

Putting u = €' we get the result. m
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LEMMA 3.2. For a non-integer index p we have the following Schlafli
representation:

™

(3.7) Ju(w) = % S exp(i(wsina — pa)) do
_ sinmp S exp(—wsinh 8 — pf) dg.
0

Proof. This follows from some generalization of the residue formula for
Jn, with integer n. We have

1 1
Ju(w) = 5 S exp<2w(u — 1/u)>u_”_1 du
C
where C' is a contour which begins and ends at u = —oo and surrounds

u = 0 in the positive direction. Next the contour C is deformed to two
half-lines along (—o0, —1) (parametrized by —e?) and the circle |u| = 1. For
more details we refer the reader to [2, formula 7.3(9)] (see also the proof of
Lemma 4.2 below).

In the original Schlafli formula the first integral in (3.7) is replaced with

71 {§ cos(wsin o — pav) dv.

LEMMA 3.3. The solution @9 to the Bessel type equation (1.12) can be
defined as

B Bal) = lm {LEVE) - T2V} - 0Pi),

where v is the Euler—Mascheroni constant. It admits the following integral
formula:

T

(3.9) Da(y) + 2vP1(y) = % S aexp(2iy/ysin a)do

T
[e.o]

-2 S exp(—2,/ysinh 8) d
0
where the function Po(y) is given in formula (3.3).
Proof. Take the following perturbation of (1.12):

{(9y)? +y —v*/4}G =0,

where v # 0 is a small parameter. Its independent solutions are .J,(2,/y)
and J_,(2,/y), as can be easily checked. Of course, the right hand side of
(3.8) defines a solution to the unperturbed equation. Next, we have
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1 2

= ?l1- Y Y — ...
T (2vy) F(l+u)y {1 (1+v)1! + (1+v)(2+v)2! }

= Jo(2yy){1 - v¥(1) + (v/2) Iny} + vicy + ey + -} + O(?)
(see (3.2)), where

¥(z) =TI"(2)/T(2)
is the Fuler Psi-function (with ¥(1) = —~).
To prove formula (3.9) we first note that lim, o v~ {J,(2\/y)—J-»(2/¥)}

=2 VJ (2y/y)|v=0. Next we use the Schlafli formula (3.7). m

3.3. Oscillatory integrals. Recall (see [7]) that the stationary phase
formula concerns integrals of the type

(3.10) I(\) = Se’\‘b(o‘)x(a) d*o

over a k-dimensional manifold when |A\| — co. Assuming that the “phase”
¢(a) has finitely many critical points a1, ..., a,, which are Morsean, one
has the following asymptotic stationary phase formula:

(3.11) Z x(a ! o) <27T) m.
\/d t(—D?¢(a;)) A

Usually, in apphcatlons, the large parameter X is imaginary and the phase
¢ is a real function; then the integral in (3.10) is called an oscillatory integral.
This is the case considered in this paper.

3.4. Asymptotics for ¢; and ©,. In the integral (3.10), specified

to (3.6), the phase function ¢(«) = 2isin « has two critical points oy = 7/2
with ¢(a1) = 2i, ¢"(aq) = —2i and ay = —7/2 with ¢(az) = —2i, ¢ (ag)
= 2i. Therefore we obtain the following (well known) asymptotic formula for
y — 00

(3.12) P1(y) = Jo(2/y) ~ W

On the right hand side of (3.9) the second integral can be ignored, because
it decreases like y~1/2 (without any exponent). The first integral in that
formula is an oscillatory integral and a standard application of (3.11) gives
(for y — o0)

(ei(2\/§—7r/4) +e—i(2\/?§—ﬂ/4)).

il i -7 —i -
(3.13) @2(y)+27¢1(y)w2wf1/4(6 (VT-T/1) _ -il2yi-m/4)y.

Concerning the solutions ©;(z) to the Bessel type equation (1.13), we
could find integral formulas (analogous to those above). But it is more nat-
ural to use Proposition 2.1, which implies

(3.14) Oj(z) = —20,P;(2).
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Therefore (3.12)—(3.13) give (for z — o0)

L1/4

~ 2w
VT g ieyE-n) | —iyE—/A)
(3.16) O2(2) +2701(z) ~ 5 ? (e +e ).

(3.15) O1(2) (61(2\/24/4) _ e*i(2\/277r/4))7

REMARK 3.2. The above asymptotic formulas are true when y is real
(respectively when z is real). In the case of a non-real argument only one
term, which dominates, is correct. This is related to the Stokes phenomenon
discussed in Section 5.

4. The WKB solutions. Equation (1.5) for a large parameter = theo-
retically can be solved using the WKB method. This means that one repre-
sents a solution as a finite sum of terms of the form

eSO (4 (077 + i1 (a7 ).
In general the series in the above formula are divergent, but this divergence
can be somehow controlled. Below we present three approaches to the WKB
solutions to (1.6): formal, via the stationary phase formula and via normal
forms.

The name of the method comes from the names of its authors, G. Wentzel
[14], H. Kramers [10] and L. Brillouin [4]. Originally it was used to solve
approximately the Schrédinger equation [11I], but here we apply it to the
hypergeometric equation.

4.1. Formal WKB solutions to the hypergeometric equation.
We look for so-called WKB solutions to the hypergeometric equation (1.6)

of the form g = emg(t)w(t; x). Substituting this to (1.6) we get the equation

(4.1) {1 —=)t08)? +1} + 2711 — t){2(tdS) Iy + (0(tDS))1p}
+ 2721 — t)0(tdy) = 0.
This implies the “Hamilton—Jacobi equation”
t(1 —)(09)% = -1
with two solutions

dr
4.2 S(t) = £i\ ———— =: +i5(¢).
(42 () =] s = iS(0)

Thus we get two independent solutions to the hypergeometric equation,
" .
gy () = eSOy (8 ).
Let
T4 = .
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Then we can take the following asymptotic expansion (valid for both solu-
tions):

(43) g5 (67) = 5Oy p(0)23"” = vy p (™ + Y5 (2™ + -},
where

(4.4) mli/2 =tz (for z > 0)

and the functions 1; satisfy the “transport equations”

(4.5) 2(t0S)0¢1 /2 + (0(t0S2))h1 2 = 0,
(4.6) 2(t85)67,b] + (8(t852))¢] = 6(7581%;1), j> 1/2.

We choose a solution to (4.5) in the form

(4.7) Yua(t) = (10872 = {11

To solve the other equations we introduce the new variable

t
4. — A" .
(4.8) YEVTDE
thus
u (1+ ut)?
t_il—i—u‘l’ =0 = 1 O
and
(4.9) VY1ya(t) = 72)1/2(11) =1/u.
The functions 9;(t) = 1[)]- (u), j > 1/2, satisfy the equations

o1 - 1 -

(4.10) Vi + ij = @(U(l + U4)¢;‘_1)/a

where the prime denotes 9,. The recursive solutions to (4.10) have the form

u

@1 =T, (T)w) = o | w1+ w) (w) du.
We find
(4.12) Q213/2 = %(U_g + 3u), 1/;5/2 = %(316_5 — 5u?)

and 1ﬂ7/2 = —%(511_7 + Tud) — %(u*‘ + 3u), 1;9/2 = —3;82(;7(711_9 —9u")+

323 (3u" — 5u?).

These formulas suggest introduction of the functions

wp(u) = (n—=2)u™" + (=1)" D2 yn=2 5 =3,5,7,....
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One easily verifies the following recurrent relations:

3-1
Tws = -2~
w3 8'4W5,
n(n — 2) n(n —2)
Tw, = — 2/ T =57

It follows that

= Annwn (W) + app—awn_a(u) +--+, n=3,5,...,

for some coefficients ay,,, which are calculated inductively and grow very

fast with n; for instance, an, = (n — 2)(—1/8)=3)/2((n — 4)1)2/(n — 3)IL.
The solution (4.11) to (4.10) is only a particular solution; a general solu-

tion would contain the term const-u~!. But the Laurent polynomials @En 2(u),

n =3,5,...,in (4.13) do not contain the term with »~! proportional to V1/2-

Recall that the hypergeometric equation is related to some Bessel type
equations. Therefore these Bessel type equations should also admit solu-
tions of WKB type. Indeed, the Bessel type equations (1.12) and (1.13)
have y = oo (respectively z = 00) as an irregular singular point (see [19]).
As suggested by the asymptotic formulas (3.12)—(3.15) they admit formal
asymptotic solutions

414) GE(y) = X2V, ~1/4) 1 - 1 a2 _ as
(4.14) (y) =e Yy iiy1/2+(:|:iy1/2)2 (iiy1/2)3+

and

(4.15) Hi(z):eﬂiﬁzw{l_ b by by }

T2 (mia ) (wi Py

where the coefficients a;and b; are defined recursively (compare (1.15)-
(1.16)).

DEFINITION 4.1. We define the testing WKB solutions ga—L(t; x) by the
right hand side of (4.3) where v; are defined by (4.9) and (4.11) with the
condition that ¢, j > 1/2, do not contain the monomial v~ . In other words,
1; are defined as in (4.13).

The (formal) function G*(y) and H*(z) are called the WKB solutions
for the Bessel type equations (1.12) and (1.13) respectively.

4.2. Integral representations and a stationary phase formula.
The solutions to the hypergeometric equation admit integral formulas given
in the lemmas below.
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LEMMA 4.1. We have

1 14+t dv
(4.16) o1 = Fz,—z;1;t) = 5— § —.
2mi s 1<1+\f/v> v

Proof. This follows from the residue formula and the expansions

(Vi) =1 a(~vi) + T Vi
_ +1
(1 Vi)™ = b (Vi) + S vy +
(This representation is slightly different from the standard Euler integral.) =

The next lemma is a generalization of the Schlifli formula.

LEMMA 4.2. For Re(y—f) >0 and 0 < t < 1 we have

(4.17) m A0V B, Bivit)
=5 7§ 1+ Vi)™ P (1 4 Vie ) e 9 dy

. 1V
n W [ (1= Vw711 = Vijw) %’

1

Proof. We have the following analogue of the Euler integral:

— B3)th-1/
Gl

WIS i)

o, B;7;t)
S(1+\fv>” Vo) f,

27Tz

where 7" is a contour in the complex v-plane which begins and ends at v =
—1/+/t and surrounds the point v = 0 in the counterclockwise direction.

To prove (4.18) we expand the factor (1++v/t/v)"*=3" F&J)r:,) /2 (—p)~"

and then we use the Euler Beta function relation

(—1)" S(l + Vi) Py dy

r
0

= (™ —e71™) S (1+ V) P~ (=)™ du
_1/\/{
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(nay—1y2 L (v = B) [ (=n —y + 1)

_ 9 .
i8in 7y - ¢ T(—n—B+1)
. _ I'(B+n)sinmf
-9 A =D/2 Py ).
rsiny -t (y=5) I(y+mn)sinmy’

where sinwf = /I'(1 — 8)I'(5).
Finally one deforms the contour 7 to the unit circle {v = e¥¥ : —1 < ¢
< 7} and two straight line segments along {v = —w:1 <w < 1/Vt}. =

LEMMA 4.3. The second basic solution near t = 0 to the hypergeometric
equation (1.6) (for Rex > 0) can be taken in the form

w o= § () (e )

lv]=1
1/Vt

B S <1—\/Zv)${sin7rxln< 1—+tv )+30087m}dv
L \1—Vt/v ™ v2(1 —Vt/v) v
Proof. We take the family of Riemann equations t{(1 — t)dtdg + 2%g} —

p?g = 0, p =~ 0; it is a perturbation of (1.6). It has the solutions 7, (t; x) and
n—u(t; ), where

_ r(l4+z+p)
T e — (1 + 2p)
=1 +pu{20(1+2x) —20¢(1) +Int} - ¢y

thF(p+x,p—ax;1 4 2u;3t)

F(u+m,p—a;1+2ut) + O(u?)
©n=0

0
+M@

and ¥ denotes the Euler Psi-function. It follows that @9 = lim, .o i{nn —
n—pu} is a solution to (1.6) with the logarithmic term. Now, using the gener-
alized Schlafli formula (4.17) with o« = p+x, f = p— 2 and v =1+ 2u, we
get

_ LS 14+ vio \* dv B sinw(az—l—?)u)s 1— vt \*™ dv
Um 21 1+ \/E/U Ul+2,u T 1— \/'E/U U1+2,“’

where the path of integration in the first integral is {v = €™ : 0 < a < 27}
and the corresponding path in the second integral is the interval [1,1/1/t]. =

REMARK 4.1. Since

u2 — g2
1+2u

it follows that the analytic part ¢3(t) = O(t) of the solution g9 = ¢1 Int+¢3

Flu+x,p—ao;1+2u5t) =1+ tge
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from (2.2) equals
ealt) = 5Ptz =4 2u0)| =257+ O(F)
ou =0
Moreover, from the expansion ¥ (1+xz) = —y+¢(2)z—((3)2%+((4)x3—- - -
(see [1L Eq. 1.17(5)]) and (2.6) in Remark 2.1 we get
(420) b2 = o+ (2U(1+2) = 20(1)) -
and
P2(L2) = fa(2){20(2)z + 2¢(4)2” +2¢(6)2° + -}

But —~— = %—2{(2):01—2“4):53—'-- (compare [I, Eq. 1.21(3)]). Therefore
" . — COS T — 3 4 4 4
Po(l; ) = =T + 27" fo(x). This implies that the function
(4.21) Pa(t; ) == Pa(tiz) — 2™t - pu(ts @)
is a solution to (1.6) independent of 1 and such that
cos T
(4.22) po(lim) = 2T

There is also a natural relation between the solution ¢y and the solution
02 = P2 + p1Inx? (see (2.7)). Indeed, from the Stirling formula it follows
that ¥(1 4 z) ~ Inz + 5= + O(z72) as  — oo. Therefore, as  — oo, we
have

(4.23) G2~ 02+ (2y+ Oz "))
(compare (3.9) above).

Anyway, we have found four candidates for the second solution to (1.6):
P2, P2, P2 and py. All are natural and reasonable.

Having integral formulas for solutions to our equation (1.6) we can use
the stationary phase formula. We begin with (4.16).

The integral in (4.16), with v = ¢® and large x > 0, is an oscillatory
integral (see (3.10)) with the “phase”

(4.24) b= %{mu + Vi) — In(1+ vVE/v)).

The stationary phase formula states that the leading contribution to the
integral in (4.16) comes from neighborhoods of critical points of the phase.
There are two critical points a4 which correspond to vy = €'+ = —\/t F
13/1 — t. The corresponding critical values of the phase are

qbi::F;ln - 2::|:S(t), U=\ —

where S(t) = SE(T(l — 7))~Y2dr is the same as in (4.2) above.
The critical points a4 are non-degenerate. We can see this by putting
v = vee' into (4.24) and expanding ¢ in powers of (small) a. We find
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6(a) = ¢u Fula® + -, or iwp = wLS(t) — vevla? + -+, v = +in.
Therefore the leading term of the oscillatory integral corresponding to the
critical point a4+ equals

vss(t) L

g S exp(—z+u®a?) da ~

e eTES(t)

2u,/TxL
Let us now look at the further terms of the integral in (4.16). For this we
put a = A/(u\/x1) and expand

iwAs¢ = ix(p — Px)

in powers of x;1/2. We get

(4.25) AL = +izy In(1F iu? (e VTE 1))
Tize In(1 F (e AW 1)),

The 0 -term of this expression equals —A?, and the other terms, denoted
by 2(A), can be grouped as follows:

for some real coefficients ¢, , and dy, , (which do not depend on the sign +).
We get an integral of the form

1
2T, [T+
where e is expanded in powers of A and integrated. By analogy with the
Gaussian integrals we can assume that

Se*‘@ x e dA,

2(A)

(A™) = ige—AQA”dA = (n—1). <1>n/2
Vi 2
if n is even, and zero otherwise.

We have computed a few initial terms in the expansion of ¢ (t; ) and we
have found that it is a sum of two asymptotic series §(may ) 1/2er=5M {1 4
%w;l(u_?’ +3u) —2- 8_350;2(% —3Bu™®—5u)) +--- }, ie %77_1/26“5“)
times

5

{1;1/2(7093;1/2 - ﬁg/z(u)a:f/z + (2561;1/2(@ + 1;5/2(u)>x;5/2 T }

(compare (4.12)); we do not present these rather tedious calculations here.
Anyway, we can state the following result.
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LEMMA 4.4. We have
1 1
4.27 ~ =0 )9y +90) = 5=(g" +97),
(4.27) P15 mC g T a0) =52t +g7)
where C(x~2) is a formal series with real coefficients such that

(4.28) Clx™®) =1+

o56a2 T L

Proof. We prove only the formula (4.27). The expansion of e, with 2
given in (4.26), gives a sum of the following monomials in v and x4:

YA kim A S Km =23 kj(n—1) =30 K (20 =3) 3 > kj(nj—1)=3k;(n}—1/2)

_ AMAAM'—2N42K—2N"+3K" | xj—EN+K—N’+K'/2

)

where M =3 kjm;, M' =3 K:m}, N =3 kjn;, N' = Knl, K =73 kj,
K' =% k; (and the primes are related to the expansion of the exponent of
the second sum in (4.26)). We are interested in the monomials involving u".

Since there are no terms with half-integer powers of x4 (as (A?"*1) = 0),
we see that K’ = 2K is an even integer. Therefore the condition 4M +4M'—
2N —2N'+ 2K + 6K"” =0 implies N+ N' — K — K" =2(M + M' + K"),
i.e. an even power of 4. =

DEFINITION 4.2. The formal functions
(4.29) g7 =Cz7?%) - 4§
are called the principal WKB solutions to (1.6).

Consider now the solution @9 defined by (4.19). The right hand side of
(4.19) consists of two integrals, of which only the first, along {v = €'® : 0 <
a < 2w}, is essential when applying the stationary phase formula.

We have an oscillatory integral I = Seim(a) X(«) da with the same phase
as in (4.21) but with different amplitude y(a) = 5= (¢(a) — 2). We write

(4.30) o~ I=1I +1_,

where I+ are contributions from neighborhoods of the critical points a4 of
the phase. Since

(4.31) wlaz +a) = T+ = A4(0) - L,
we get
(4.32) I, =Jy+ Ky + Ly,

where the integrals Ji, K1, Lo correspond to the three summands in .
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LEMMA 4.5. We have

o T _ _ _
(4.33) &2~ YD, (g ~ Doy )
where D (x~1) are formal series satisfying
(4.34) Di(z7Y +D_(z7') =2C(z7?).

Proof. Of course, Jy = tim - C(a:_Q)gS—L.

We shall prove that the integrals K +K_ and L +L_ (from (4.32)) are
both proportional to gar + gg ; this is sufficient. For this it is enough to show
that the Gauss type integrals {e*4+ A, (in K) and %xfﬂ SAe*AQeQ dA
(in L+) have “correct” coefficients of u~*.

Consider first the integral related to L. Repeating the expansion of e
from the proof of Lemma 4.4 we find monomials of the form

. r_ —9N’ r_ —N+K—-N'+K'/2—1/2
4. AMAAM' 2N +2K—2N'+3K 1'$i + +K'/ /’

where K" = 2K"+1 must be odd. The condition 4M +4M'—2N+2K —2N'+
6K" + 2 = 0 implies that the latter monomial equals =+ - xi(M+M HEOFL

(=1)MAM K +1 . g 2(M+M'+K")+1 4 o it does not depend on the sign =+.

Note that
—oiSpe ([ izAso _ 9 1 iwase
e TEPK L = QWSe 2P ALpda = 8:c27r§6 = da
_ 1 9 —2vg, =1, —1/2
NG 8$C(x Hu ey "4}

(compare above). The coefficient of uilxil/ ? on the right hand side equals
(1/2y/m){—2273C"(z72) — £C(272)2~!} = —1/4/mx and does not depend
on the sign +.

More precise calculations show that K + K_ + Ly + L_ = (1/2z/7

+-){gg +90) m

4.3. Reduction to a normal form. Putting h = g/x we rewrite (1.6)
as the first order system

(4.35) <i ) — A(t;z) <Z>

where
TN S RS (R

The normal form of such a system is a diagonal (or independent) system
obtained by means of a formal linear change which depends on t.
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The first step is the diagonalization of the matrix A;(t) with the eigen-

values +A(t),
A(t) =i//t(1 —1).

We put
(4.36) X=At)g+h, Y=-=Xt)g+h
and we get
. 1/3 1 1/1 1
X =AMt)eX — 4<t - 1—t>X_ 4<t+ 1—t>Y’
(4.37)

. 1/1 1 1/3 1
V= Ay —~(-+—)x-—-(2-— v
Alt)z 4<t+1—t> 4<t 1—t>

The general theory says that such a system can be diagonalized by means
of an infinite series of “shearing” transformations (see |5} [7]). Let us apply
some initial transformations, in order to compare the (partial) normal form
obtained with the results of the previous and next subsections. We put

X_X1+(blitubg(tu...)yl,

2
cy(t colt
YZ( ), 2<2>+,”>X1+Y17
T T

(4.38)

and we expect to obtain the following separated system:
. A (t
X, = <A(t)a: + Ao(t) + 135 )4 )Xh

pa(t)

(4.39)
Vi = <—)\(t)x + po(t) + — '>Y1-

The resulting system of equations in b;, ¢;, A; and p; is easily solved. Using
the variable u = (t/(1 — t))"/* (see (4.8)) we get
by =—c = =ty v
8(t(1 —t))1/2 8u2 ’
1—2t 1—u®
T32(1—t) 32ul

1/3 1
AO:MO:_4<t_1—t>’

P S B (S
M= " —npZ 32
-1 1-2t  (u*—1)(1+u?)?

T e(1-02 12848

and

A2 = 2
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General solutions to the system (4.39) are of the form

eizS(t)
Xl - Kl ° t3/4(1 —t)1/4
i, 1 1/, 1
_ N I 921 —
i XeXp{mx (“ u2> 51222 (“ teta) Tt
( ’ ) e—1zS(t)
Y= K, -

t3/4(1 — ¢)1/4

woxpd (w2 LYo (e B4
P\ 162 w2 ) " 51222 ul ’

with arbitrary constants Ko (which may depend on z). Substituting this
to (4.36) and then to g = 55 (X —Y) (see (4.35)) one finds a general solution
to (1.6) in the form

(4.41) g=Kig"(t;x) + Ka2g ™ (t; ),
where

St + (4.
(1.42) 7t0) = (14 gz + o+ ) (6)

and gSE are the testing WKB solutions (see Definition 4.1).

REMARK 4.2. The solutions §* are also WKB solutions. They seem to
be more important than the testing WKB solutions g(jf, because they are rep-
resented by analytic functions in some sectorial domains (due to a theorem
of Birkhoff discussed below).

In fact the relation between §* and gOi is of the form
gHta) = C™) gy (),

where C'(z2) is a formal series. This can be seen by a closer look at the
above reduction to the normal form, i.e. bgj11 = —c2j41, A2j41 = —H2j4+1
and bgj = C25, )\Qj = K2;5-

This and the coincidence of (4.42) with (4.28) above suggest that the
functions §* coincide with the principal WKB solutions g* from Defini-
tion 4.2. We do not know how to prove this. Anyway, we have the relation
gt =(C/C)g*.

Note also that the normal form system (4.39) is more natural than the
WKB solutions §*, because the latter involve the initial condition S(0) = 0.

The reduction (4.38) is divergent (as a power series in z~!) and the
WKB solutions §* are only formal solutions. G. Birkhoff [3] was the first to
prove that such a system can be diagonalized analytically in some sectorial
domains. Below we present a scheme of Birkhoff’s proof.
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In the first step we apply a change of variables
(4.43) X=X1+U(@{)Y, Y=V(HX1+ Y1
which should transform the system (4.20), i.e.

X Al AN X
(3)= (i 42) ()
to the diagonal form

(4.44) X, =Bi(t)X1, Y= By(t)Y].

We get By = AY — VA% By = A2'U + A?? and two independent Riccati
equations

(4.45) U=A"U - UA® + A2 —UA?'U,

(4.46) V =ARV —vAY 4+ A2 _ v ALY,

The latter differential equations can be rewritten in the form of the integral
equations

(4.47) Uty= | PO-POLAR(r) — U(7)A* (1)U (1)} dr,
Iy (t)
(448) V()= | "OPOLA (1) — V(1) AP (71)V(7)} dr,
Ia(t)
where P(t) = SS(AH(L) — A%2(1))di = 2izS(t) + - -+ . Here I'1(t) and I%(t)
are suitable paths in the 7-plane.
We shall consider two domains

Dy = {ImzS(t) > —a, Imz(r — S(t)) > —a, |z| > 1/e, t € W},
Dy ={ImzS(t) < a, Imaz(m — S(t)) < o, |z| > 1/e, t € W},
where o > 0 is a fixed constant and

W:{t:t1+it2:€<t1<1—€, ’t2’<5t1(1—t1)}

(4.49)

is a small neighborhood of the segment (¢,1 —¢) CRC Cande >0is a
small constant.

If (t,z) € Dy (from “up”), then the contour I'1(t) begins at 7 = 79 > 0
(where 79 < ¢) and ends at 7 = ¢ and is such that Imz(S(¢) — S(7)) > 0
along I7(t), and the path I'y(t) begins at 7 = 1 — 79 and ends at 7 = ¢
and has Imz(S(t) — S(7)) < 0. In this case (4.47)—(4.48) can be solved by
using the contraction principle, because the factor exp(P(t) — P(7)) in (4.4)
is uniformly bounded (respectively the factor exp(P(7) — P(t)) in (4.48) is
uniformly bounded). Moreover, the solutions are analytic in the variables ¢
and z in the domain D,, and satisfy U ~ O(1/x) and V ~ O(1/z). We refer
the reader to [13] [19] for details.
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Solving the diagonal system (4.44), substituting the solution to (4.43)
(with U and V just obtained) and then inserting X and Y into g =
(X —Y)/2X we get the following analogue of (4.41):

(4.50) g=Kig/(t;z) + Kag, (t;2), (t,x) € Dy.

For (t,z) € Dy (from “down”) the path () is the same as I'5(t) defined
above, and I'»(t) becomes the old I7(t). Here also (4.47)—(4.48) have unique
solutions which are analytic in Dy. We get the following analogue of (4.50):

(4.51) g9 =Kig; (t:z) + Kagy (t:2),  (t.z) € Dy.
We note the conjugation symmetry of the above construction:
(4.52) gu () = g7 (67),  gu (t2) = g7 (£ 7).

Of course, the solutions gf 4 are defined modulo multiplication by func-
tions of z, i.e. the constants Ko above can be functions of x (analytic in
suitable domains). We normalize the solutions gi[ 4 by the condition

1 1
4.53 =——(g"4+9)=—=(gT +9; 0,0<t<1
( ) ¥1 2ﬁ(gu +gu) Qﬁ(gd +gd )7 z>0,0<t <1,

in agreement with Lemma 4.4 above (see (4.27)) and with Definition 4.2.
Let us summarize the results of this subsection in the following

PROPOSITION 4.1. There exist analytic WKB solutions (g, g, ), ana-
lytic and continuous in Dy, and (g;,g;), analytic and continuous in Dy,
whose formal expansions are the same as for the formal WKB solutions
(g7, 97) from Definition 4.2. They satisfy the relations (4.52) and (4.53).

REMARK 4.3. One can choose another way to diagonalize the system
(4.37). One can first use the transformation X = X; +U(¢)Y, which leads to
the triangular system X1 = B X1, Y = Bs1 X1+ BsyY. This leads to the same
Riccati equation for U as (4.45), which is solved in the same way. Then one
applies the transformation Y = Y] + V(¢)X; to diagonalize the triangular
system. But the equation for V' is simpler than (4.46), it is a linear equation
with an explicit solution of the form V(t) = SF2(t) eQM=QW By, (1) dr (for
a suitable function (). But it turns out that the composition of the latter
triangular changes of variable is different from (4.43). The difference is of
the same type as in the Stokes phenomenon. Moreover, this approach spoils
the conjugation symmetry (4.52).

The paths I'j(t) do not begin at 7 = 0 or at 7 = 1 due to the poles
of the functions A" (t) at ¢t = 0 and at ¢ = 1. The different choices of 7
also result in the Stokes phenomenon. Probably this can be avoided by some
regularization of the divergent integrals in (4.47)-(4.48).

Recall that Riccati equations are related to second order linear differential
equations. A natural question is which linear equation appears and how
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it relates to the original hypergeometric equation. But calculations show
that the coeflicients of the linear equation are multivalued, expressed via
t(1 —t), and we do not see anything interesting here.

REMARK 4.4. An analogue of analytic diagonalization in the domains D,
and Dy of the hypergeometric system (4.35) is the sectorial normalization
theorem for systems related to the Bessel type equation (1.12).

First one applies the ramified change of the “time” variable y = v?, which
leads to the equation

(4.54) Dyv0,G + 4vG =0
(for G = G 0 v?), or to the system
d d 1
—G1 =Gy, —Go=—-4G1 — —Gs.
dv dv v
Using the variables X = 2G1 — iGy, Y = 2G1 4+ iGo we get the system
dX 1 dy 1
T _oix - (X-YV), Y= 2y+(X-Y
dv ’ 211( ) dv e 21)( )

which should be diagonalized. The analytic diagonalization uses the trans-
formation (4.44) with the Riccati equations (4.45)—(4.46), equivalent to the
integral equations (4.47)—(4.48). However, in (4.47)—(4.48) the integration
paths I'1 = I'(v) and I = I»(v) are different. They end up at 7 = v, are
parallel to the real axis and, depending on the sector considered, they begin
either at 7 = +00 or at 7 = —o0. The sectors about v = co are

(4.55)  S,={-rn+d<argv<m—90}, & ={f<argv<2r—4}

for a small constant § > 0. Therefore there exist two reductions to the normal
(diagonal) form, one analytic in the sector S, (“right”) and one analytic in
the sector S; (“left”).

Analogously the Bessel type equation (1.13) rewritten as a system with
new time w = /z, i.e.

(4.56) wdypw 10,H + 4H = 0,

is transformed to the diagonal form by means of two transformations which
are analytic in the sectors (4.55) about w = oo.

4.4. WKB solutions associated with ¢ = 1. The testing WKB solu-
tions ga—L from Definition 4.1 have the exponential term e**5(®) which equals 1
for t = 0 (and e*®™ for t = 1). Therefore introduction of the following func-
tions seems natural; they will be explored in the next section.

DEFINITION 4.3. Together with the solutions gif (from Definition 4.1)
and g (from Definition 4.2) we have the following WKB solutions (associ-
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ated with the point s =1 —t¢ = 0):

hE(s;x) = xie*mis(l)gg(l — s52),

4.57 ,
(4.57) ht(s;x) = +izeT® g (1 — s;2).

By Proposition 2.1 and Lemmas 4.4 and 4.5 we have

Cla?)
27

and a second solution can be taken in the form

1 (s5) = -

{s 8sgo (s52) + 5059y (s;2)}

O2(s;2) = —s05pa(s; x)

~ =YD s (s5) = D (s ().

Since @ = o + const - 1, also 0y = 0y + const - 01, and hence (2.9) gives
02(0; ) = 62(0;x) = —1.
We have

(4.58) s0s[e 2x5(s) wi (s;2)] {:Ui\/ ¢i + 8351/1i}

Using u = /t/(1—1) V(1 —5)/s and 805 = —((1 + u?)/4u?)0,, we

find that ¢*(s;2) = ury / + .-+ is expanded into a series of wy(1/u) =
(n—2)u™ + (— )"(”‘H)/Qnu " with coeflicients depending on z. We have
(1 +ut)/4u)dyu = §(u™> + u) and

4
L a1 /)
_n(n—2) (L+u)((=1)" D2 4 w2
N 4 u? ’
We see that the first term (with 2'/2) in the expansion of the right hand
side of (4.59) equals miﬂ/u (is proportional to 1/u) and the other terms
(with 27, j < 1/2) in 244/s/(1 — s)%* and in 5954 do not contain the
monomial 1~
Next,

n=39,....

S(s) =85(1) = S(t) = m — Sa(t).
This, together with the above, implies the following important identity:
(4.59) 50595 (8;2) = wet™gF (t2) = Fihd (s;2), t=1—s.

This, together with the results of the previous subsection, yields
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LEMMA 4.6. We have

C L — (4. —imx + (4.
Qﬁ{e 90 (t,(l?) +e 90 (ta .%')},

0y(s;2) ~ x\gj{_DJ,_eiﬂ-ng_ (t;z) + D_e” ™ gt (t;z)}.

01(s;x) ~ —x

This implies the formulas
D, e™ 4 D_e~im 2C sinmx -

1t z) x(Dy + D_) 1(52) D, +D_ 7x 2(53),
i Dieiﬂ'x _ D2_67i7r:p D+€i7m: + D,G_iww R
Do(t;x) = — 01(s;x) + O2(s; ).

This lemma, the equalities 6;(0; ) = 0 and 6(0; ) = —1 and (4.34) (in
Lemma 4.5) imply

COROLLARY 4.1. We have fa(z) = —B(z) = sinmx/7x.

REMARK 4.5. The above proof of the formula for the generating function
f2(x), although looking natural, is not of the sort which could be generalized
to other generating functions.

Moreover, it seems that the series g (t;2), C(x~2) and D+ (z~") do not
correspond to concrete functions analytic in any domains. One should rather
use functions g*(t;2) (instead of gif) and Di/C (instead of D) which
correspond to functions analytic in the domains D, 4 (see Proposition 4.1).
This point of view is assumed in the next section.

5. Stokes operators. Usually the Stokes phenomenon [12] is related to
normalization of a linear system Z = A(t)z in a neighborhood of an irregular
singular point, say at ¢ = 0. The neighborhood of ¢t = 0 is divided into sectors
S; such that there exist transformations z = B;(t)y holomorphic with respect
tot € S; which lead to a diagonal system g = diag(di(t), ..., dn(t))y. But the
matrix-valued functions H; are different in different sectors. The difference
between B; and Bjy1 is measured via so-called Stokes matrices (see [19]).

In the context of WKB solutions, e.g. for ¢t € (0,1) and x large, usually
the Stokes matrices are related to solutions near one of the endpoints of the
time interval, t = 0 or t = 1 (see [7]). One would like to define analogues of
the Stokes operators for the WKB solutions, but when the time t € (0, 1)
is real and x varies in some sectors near x = oo, i.e. in (C,00). However, a
rather detailed analysis performed in [16] demonstrates that it is not possible
to do this in a uniform way with respect to t. Moreover, calculations of the
Stokes operators associated with the third order hypergeometric equation
(1.18) demonstrate that the Stokes operators at the two endpoints of the
interval (0, 1) are essentially different.
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When studying the Stokes phenomenon in [7] and [5] greater attention
is focused on analytic properties of the WKB solutions with respect to the
time ¢, while the parameter x ~ +oo is usually real. The so called Stokes
lines are drawn in the complex t-plane near the “turning points” ¢ = 0 and
t = 1. In this section we focus our attention on the parameter x, which
will vary in whole sectors near infinity, and the time ¢ will vary in a small
neighborhood of the interval (¢,1 —¢) C C (as in Subsection 4.3).

5.1. Stokes operators for Bessel type equations. We begin with
equation (1.12). It has (uniquely defined) formal WKB solutions G (y) ~
y~ V42V and G (y) ~ y~ Y%= %VY near y = oo (see (4.14)). In order to
avoid the root in the exponents we use the following formal function:

2v
(5.1) éﬂ@:laﬂﬁzei{yf”+%_”}
+1 Nom
(where vy = Fiv and |/vx = e /4 /v for v > 0), which are solutions to the
Bessel type equation 8,09,G+4vG = 0, i.e. (4.54) considered in Remark 4.4.

By a sectorial normalization theorem (see [I3] 9] and Remark 4.4) the
solutions G* represent asymptotic series for solutions which are analytic in
some sectors about v = oo (in the complex v-plane). In the present case
there are two such sectors: S, (right) and S; (left) with vertex at oo of angle
2 — 2 (6 > 0 small) and with the rays argv = 0 and argv = 7 as their
bisectors (see (4.56)). The latter rays are called the rays of division. Then
the sectors S, = S, NS N{Imv > 0} and Sy =S, NS N {Imv < 0} have
angle m — 24. The sectors S, and Sy are “transitional” sectors; their bisectors
are called the Stokes lines.

We denote by é’} and éli the corresponding solutions in the sectors S,
and S respectively obtained from the sectorial normalization theorem (see
Remark 4.4).

We note the following relations, where f < h means that the function f
is much smaller than the function h:

(5.2) C’jl =< G’;l in S, @;l =< C;’jfl in Sy.

The solutions C;‘ri (respectively @li) are analytic in the adjacent sectors Sy
(up) and Sy (down). Therefore they are expressed as linear combinations of
the corresponding solutions éli (respectively é;t) The corresponding ma-
trices C,, and Cy of transformations between the basic solutions are called
the Stokes matrices.

Each Stokes matrix is triangular with 1’s on the diagonal. We have

1 C12 1 0
5.3 C, = . Oy = .
(53) <0 1) ; <@11>
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This means that, after passing from the sector S, to the sector S;, the basic
solutions undergo the following changes:
Gf =G/, Gy =G +c2G (inSy),
Gl_ = G;, Gl+ = é;r + Cglél_ (in Sd)
The rule is that to a given solution one can add a solution with smaller
asymptotics at infinity. We shall calculate the coefficients c19 and co; using a
method from [7], where Stokes matrices associated with the Bessel equation
were computed (see also [19]).

We also note the following substitution property of the functions (5.1).
Due to the fact that \/vx = eii“/4\/17 for v > 0, the independence of the

coefficients a; from the sign in (5.1), and the construction in Remark 4.4,
we can write

(5.5) C’+(ei”v) = -G (v), C;’l_(emv) =Gtw), wv>0.

Let Gif (v) on the ray argv = 0 (in the sector S,) be represented by the
following combination of the basic solutions &y (v ) Pyov? =1—va?+---
and @5 (v) = Py 0v? = @1(v) - Inv? + Pz 002 + -

(5.6) GHv) = K10, (v) + Ko®y(v), v >0,

for some coefficients K; and Ks. After passing to the ray argv = 7 (in &)
and the substitution v +— —v (using (5.5) and the logarithmic singularity
of &3) we get

(5.7) — G (v) = (K| 4 21iK2)®1 (v) + Koy (v), v > 0.
Analogously, after passing to the ray argxz = 27 and using an analogue of
the relations (5.5), we get

(58) —G’j(v) — Cglé; (U) = (K1 + 47TiK2)€l:)1(U) + KQ@Q('U), v > 0.
Equations (5. 6)—(5 8) imply the representation (on argv = 0)

- ~ 1 iKl ~ iKl
P GJr G [ =|— - Gt —

1(v) = o7 K ok, O H G, P2(0) <K2 27rK22> o K2
and the fact that

(5.4)

G,

Co1 — 2.
Moreover, the asymptotic formula (3.12) implies that Ky = i/y/7. Since the
solution @2 depends on its definition, i.e. modulo @1, we find that @2( ) =
—iy/TGt(v) (mod &) for v > 0.
In the same way one proves that c;o = —2 and obtains the representation

. 1~ -
¢1(U)=ﬁ(Gl -Gf), ago=m;

taking into account the square root of v in G*, this agrees with (3.12). We
summarize this in the following
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PROPOSITION 5.1. We have c12 = —2 and co1 = 2 in (5.3). Moreover,
. 1 - . . ‘ . -
(5.9) @&1(v) = ﬁ(G;r +G,), 3= —iv7- -G (mod®;), argv=0;
. 1 - . ‘ . N
(5.10) ®1(v) = —=(G; = Gf), D2=—iy/m -G (mod®y), argv=m.

In (5.9)-(5.10) we give the representation of the function @(v) for v on
the two rays of division. But, in fact, these formulas hold true in the whole
sector S,; which contains the corresponding ray of division. The same remark
applies in other expansions which are given below.

Calculation of the Stokes matrices associated with the Bessel type equa-
tion (1.13) runs practically in the same way as in the proof of Proposi-
tion 5.1. One has the formal solution H*(z) ~ z1/4e¥2VZ (see (4.15)). After
the transformation z = w? we can define the following functions:

(5.11) ﬁi(w)z\/@e2w{1—bl+b§—m}.

They satisfy the Bessel type equation (4.56) with another pair of solutions

él(w):w—§w2+--- . Oy(w) =61 (w) - Inw + O(w)

(with analytic ©; and ©3).
Now we have the same sectors S,;, with analytic solutions H i, and

Su,a about w = oo, but with domination relations different than in (5.2).
Therefore the corresponding Stokes matrices take the form

1 1
(5.12) D, = ( 0), Dy = ( d”).
dyy 1 01

Anyway (using also (3.15) and (3.16)) we arrive at the following result,
where (5.17) is a consequence of the factor ,/w< in the definition of H*
(H} (e*"w) = —Hj (w)).

PROPOSITION 5.2. We have d1a = —2 and da; = 2 in (5.12). Moreover,

5 =(H — H),

(5.13) Z\f
Oy (v) = —f- H' (mod©;), argw = 0;
(5.14) Orlw) =5 f
Os(v) = —/7 - H (mod 6,), argw = .

(H + H;"),
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In particular, we get

(5.15)  Hf (w) = H (w) = (=1//7) - Oy (mod ), argw = 0;
(5.16) H; (w) = I:[l (w) = (1/3/7) - O3 (mod O), argw = m;
(5.17) fNIlJr( ) =—H; (w)=(-1//7)- O, (mod @), argw = —.

5.2. Stokes operators for the hypergeometric equation. This sub-
section is the core of the whole paper. Here we prove that the connection
coefficient B(x) from the equation p1 = A(x)61+ B(x)02 (see (1.9)), which is
related to the generating function fo(x), admits for large x a representation
via WKB type functions which are subject to the Stokes phenomenon which
is trivial.

Recall that the hypergeometric equation (1.6) is equivalent to the Bessel
type equation (1.12) near the point ¢ = 0 and to the Bessel type equation
(1.13) near the point ¢ = 1 (compare Proposition 3.1). Application of the
matrix Ho (which realizes the equivalence near ¢t = 0) from the right to
the row vector (G;f (zv/%), G, (z\/t)) gives two row vectors of WKB solu-
tions

(5.18) (M, () gt M7 (2) gy + My (x)g7),
(5.19) (N (x)gy + Ne(z)gy Ny (z)gy).

Here gffd are the WKB solutions from Proposition 4.1 and M (z), M (x),
M_(z), N(x), Ny(x), N_(z) are functions of = holomorphic in suitable do-
mains.

Formula (5.18) holds in the domain
(5.20) D, N{zvt e S} n{|t] <},

where D, is defined in (4.49) (recall that in D,, the parameter ¢ is in W and
is close to the segment (0,1)) and v is a small constant, but v > ¢ where ¢
appears in the definition of W. Note that the domain (5.20) contains points
(t,x) with Im2 > 0 (which is clear) but also with Imz < 0 (although small);
this can be seen from the definitions of D,, in (4.49) and of S, in (4.55).

The functions M,, MF are analytic in the domain (5.20). But they
are functions of z only. So they are analytic in a rather large domain
{Imz > —d/,|z| > 1/e} for some o/ > 0.

Analogously, (5.19) holds in the domain

(5.21) Dyn{zvt e S,y n{y < |t] < 12}

and the functions N,., N are analytic in the domain {Imz < o/, |z| > 1/¢}.
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Application (from the right) of the matrix Hy to the vector (C:’;’(x\/f),
é; (x\/t)) gives the following analogue of (5.18)(5.19):

(5.22) (M, (2)gu, My (2) gy + Mi(2)gy),
(5.23) (N (2)g4 + Ni(2)gg s Ny (2)g5),
which hold in respective domains analogous to the domains (5.20) and (5.21)
(where S, is replaced with &;). Here also the functions M;, M li are analytic in
the domain {Imz > —a’, |z| > 1/¢} and the functions N,., N are analytic
in the domain {Imz < o/, |z| > 1/e}.

The Stokes phenomenon for the solutions G’fl means some relations be-

tween their images under Hy. From Proposition 5.1 and equations (5.18)
and (5.22) we get M, g;" = M;" g, and Mg, + Mg} = M; g;, + Myg" —
2(M;tg), Le.

(5.24) M =M M- =M, M =M-2M".
Similarly (5.19) and (5.23) give
(5.25) NS =N' N7 =N, N,=N —-2N;.

Moreover, the matrix Ho(t,z71) is invariant with respect to conjugation (it
has real “coefficients”). Also the solutions Gfl and gf 4 have some conjugation

symmetry properties. For instance, G, (v) = G, (7) and analogous properties
for gf 4 are given in (4.52). This implies additionally to (5.24) and (5.25) the
relations

(5.26) M (x) = N, (z), M, (x)=N,(z), M(x)=N(z).

7 s

Finally, the normalization condition 2v/7p1 = g +g, = gj +g, fort,z >0
(see (4.53)) means that
(5.27) M7 =1, Mf+M,=1, NS=1, N7 +N,=1

T T

It follows that there remains only one “free” coefficient, which can be chosen
as M;F(z).

Now we analogously calculate the relations between the WKB solutions

HE = Hfl(x\/g) and

rl
(5.28) hid = :i:ia:ejFi”gid(l )
(compare (4.57) in Definition 4.3). Recall that h; < hf in D, and h} < h;

in Dy. The (right) action of the matrix H; ' from Proposition 3.1 on the
WKB solutions (5.28) is the following:



Multiple zeta values 239

he = mt (o) H +my(2)Hy =m] (2)H +my(a)H;
v my (o) H =m; Hy,
(5.29)
hi = nt(2)H =n (2)H;",

)
hy —n, (x VH 4+ n.(z)H = n;f[lf + nl(w)ﬁ;r

Here the coefficients are analytic in the corresponding domains {+Imz >
—d/, |z] > 1/e} and satisfy the relations

m,‘f—mf, m, =m;, my = m, +2m;,
(5.30) nt =nf, n, =n; , n; = n, +2n,
mi (z) =n, (), my(z)=n"(z), m(z)=n(@).

The latter relations mean that the coefficients are analytic and single-valued
functions in the whole neighborhood of x = oco. But at this moment we
cannot claim normalization relations like those in (5.27).

But we can now express the solution ¢1 = 2(g;" + g;,)/v7T = 2(g5 +
9;)//m as B(x)f; (mod6). By Propositions 4.1 and 5.2 and (5.28)—(5.29)

we have

1 . ,
31 — TTp+ _ —ITT gy —

1
NG
{e™ (mf (2)

HY +my(2)Hy ) — e ™my () Hy }

r

2ixﬁ

= %{emz(m:—(x) +m,(x)) — 6—i7rmmr— (z)} - é2 (mod él)
= G e i (@) (@) = ¢ ()} 0 (mod ),

where the first arrow denotes the map defined by Hl_l and the second arrow
corresponds to the matrix H;. Analogously we find the following relations:

(5.32) 27m{ e (—myf (x) + my(x)) — e m; (2)} - o (mod 6y),
(5.33) 1= 27Tm{ et (x) — e (ny (x) + ne(2))} - 62 (mod 61),
(5.34) @1 = { Tt () — e ™ (—n; (2) + ny(x))} - f2 (mod 8;).

2mix
Subtracting the right hand side of (5.32) from the right hand side of
(5.31) we get —1/2miz times
¢ mf (x) + myf (@) + my(2) — mu(2)} — e (my (x) —my)

times 6 (mod 61); this is zero due to (5.30). The same argument shows that
the right hand sides of (5.33)-(5.34) coincide on the intersection of their
domains.
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The above implies that the connection coefficient B(z) is represented via
the WKB type functions

4
(5.35) Ft(p) = SPETD) 1y
x
which are subject to the trivial Stokes phenomenon in the sense that the
functions w* (2 71) are analytic and single-valued near 2! = 0. We regard

this as the fundamental result of the paper.

THEOREM b5.1. The generating function (1.3) for multiple zeta values
€(2,...,2) has a representation

folx) = Ff(z) + F~ (), 2z — oo,

where F*(z) are single-valued functions of the form (5.35). This implies that
fa(s) = sinmz/mx.

Proof. The first statement of the theorem was proved above. To prove
the second statement we note that the function fa(z) vanishes at the points

x = +1,42,.... Since the function sin7mz/x has simple zeroes at those
points, we find that the function
fa(z)/(sinma/x)

is entire on C. By the first part of Theorem 5.1 it is bounded at infinity.
Therefore it is a constant function equal to 1/7, since f(0) =1. =

REMARK 5.1. Potential importance of this theorem relies upon the fact
that in its proof we do not use Proposition 2.1 about the fundamental relation
between solutions near ¢ = 0 and ¢ = 1.

Moreover, the coefficients in the expansions of w™ from (5.35) in powers of
27! can be derived without knowing the function fo(z). Namely, first we use
the formal expansion of ¢; from Lemma 4.4 (via the testing WKB solutions
g5 and the series C(z72)), next we express the solutions g3 via the WKB
solutions hac from Definition 4.3 and, finally, using the integral formulas for
01 and ég and the stationary phase formula we are able to rewrite h(jf in
terms of 6y, 6. Also the triviality of the Stokes phenomenon can be deduced
at the formal level in this way.

We hope that the approach to the hypergeometric equation (1.6) devel-
oped in this paper is novel and can be applied to other hypergeometric type
equations of the form (1.5).

REMARK 5.2. One could consider the second order differential equation
satisfied by the summands F'*(z) and F~(x), i.e.
fooof Of
det | F* 9, F+ 92FF | =0.
F~ 0,F~ 02F~
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By definition it is an equation defined near x = oo, with meromorphic and
irregular singularity at infinity. But when one assumes that it extends to a
Bessel type equation in C with regular singularity at = 0, then one arrives
at the equation
O2f + (2/2)0uf +7°f =0,

with the solutions sin 7z /x and cos 7wz /x.

Unfortunately, it seems that this argument fails in the case of higher
order hypergeometric type equations, like (1.18).
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