FUNDAMENTA
MATHEMATICAE
209 (2010)

Homotopy types of one-dimensional Peano continua
by

Katsuya Eda (Tokyo)

Abstract. Let X and Y be one-dimensional Peano continua. If the fundamental
groups of X and Y are isomorphic, then X and Y are homotopy equivalent. Every homo-
morphism from the fundamental group of X to that of Y is a composition of a homomor-
phism induced from a continuous map and a base point change isomorphism.

1. Introduction and definitions. In this paper we prove:

THEOREM 1.1. Let X andY be one-dimensional Peano continua. If the
fundamental groups of X andY are isomorphic, then X andY are homotopy
equivalent.

THEOREM 1.2. Let X be a one-dimensional Peano continuum, Y a one-
dimensional metric space and x € X and y € Y. For each homomorphism
h:m (X, x) — 71 (Y,y) there exists a continuous map f : X — Y and a path
q from f(x) to y such that h = g4 o f., where ¢, is the base point change
isomorphism.

COROLLARY 1.3. Let X and Y be one-dimensional Peano continua and
f: X — Y a continuous map. If f induces an isomorphism between the

fundamental groups of X and Y, then f is a homotopy equivalence between
X andY.

It seems that the first theorem was conjectured in the middle 1990’s; the
author heard of it from G. Conner. If the spaces X and Y are locally simply
connected in addition to the conditions in Theorems[I.I]and[I.2} then X and
Y are homotopy equivalent to finite graphs and their fundamental groups
are free groups and consequently the conclusions of Theorems [I.1] and [I.2]
are obvious. But in general they are rather nontrivial. On the other hand, if
X and Y are not locally simply connected at any point, the isomorphism A
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between the fundamental groups of X and Y induces a homeomorphism h
between X and Y [§], which is not so trivial. Hearing Theorem U. Kari-
mov asked the author whether Corollary [I.3|holds and this is an affirmative
answer to his question. Since our proofs extend those in [§] some of whose
notions are uncommon, we restate a few definitions.

For a < b, a continuous map f : [a,b] — X is called a path from f(a) to
f(b). The points f(a) and f(b) are called the initial point and the terminal
point of f respectively. When a = b, the path f is said to be degenerate. A
loop f is a path with f(a) = f(b). For a path f : [a,b] — X, f~ denotes
a path such that f~(s) = f(a+b—s) for a < s < b. Two paths f :
[a,b] — X,g : [c,d] — X are equivalent, denoted by f = g, if there exists
a homeomorphism ¢ : [a,b] — [c,d] such that ¢(a) = ¢, p(b) = d and
f = go. Two paths f : [a,b] — X and g : [¢,d] — X are homotopic,
denoted by f ~ g, if there exists a continuous map H whose domain is the
quadrangle in the plane with the vertices (a,0), (b,0), (¢,1) and (d, 1) such
that

H(s,0) = f(s) fora<s<hb,

(

H(s,1) =g(s) forc<s<d,
H((1—-t)a+te,t)= f(a) =g(c) for0<t <1,
H((1—-t)b+td,t) = f(b) =g(d) for 0<t<1.

The homotopy class containing a path f is denoted by [f]. The homotopy
defined above is usually called a “homotopy relative to end points”. We drop
the phrase “relative to end points” for simplicity.

A path f : [a,b] — X is reduced if no subloop of f is null-homotopic,
that is, for each pair v < v with f(u) = f(v), f[[u,v] is not null-homotopic.
Note that a constant map is reduced if and only if it is degenerate. For
paths f : [a,b] — X and ¢ : [¢,d] — X with f(b) = g(c), fg denotes the
concatenation of f and g, that is, a path from [a,b + d — ] to X such that
fg(s)=f(s) fora<s<band fg(s) =g(s—b+c)forb<s<b+d-—c
A loop f is cyclically reduced if ff is reduced. An arc is a subspace of X
which is homeomorphic to the unit interval [0, 1]. The Hawaiian earring is
the plane continuum H = (J°° {(z,y) : (z — 1/n)? +y* = 1/n?} and o
denotes the origin (0,0). Each simple closed curve of the Hawaiian earring
is parametrized as follows:

en(t) = ((1 + cos(m + 27t)) /n,sin(m + 27t) /n)  for 1 <n <w,0<t<1.

Let OX consist of all elements z € X such that X is locally simply
connected at z. If X is locally path-connected, then OX is an open subset
of X. We define X% = X \ OX. For a homomorphism h : m(X,z) — G,
let X} be the set of all points g € X such that, for each neighborhood
U of xg, there exists a loop f in U such that h(p,([f])) # e for some path



One-dimensional Peano continua 29

g from z¢ to z. Let O;X = X \ X*. We remark that in this definition the
choice of a path g does not affect anything. When h is injective, we have

5= X". We also remark that X}’ is closed and Off is open for a locally
path-connected space X.

2. Reduction of one-dimensional Peano continua. A subset A of
a space X is called an open arc if A is open in X and is homeomorphic to
the open interval (0,1). An open arc in a Peano continuum has at least one
and at most two end points; we denote them by A° and A'. We remark that
A = A' may happen.

The next theorem has been proved in the master thesis of M. Meilstrup
[15]. Since our proof will be modified to prove Theorem we prove this
precisely.

THEOREM 2.1 (M. Meilstrup [15]). Ewvery one-dimensional Peano con-
tinuum is homotopy equivalent to a one-dimensional Peano continuum X
such that X is a finite connected graph or OX is an at most countable union
of open arcs the end points of which belong to X™.

Our proof is a modification of the proof of [8, Theorem 1.2], particularly
that of the implication (3)=-(2), and hence we recommend the reader to
review [8, Section 4] before proceeding.

A metric space (X, p) is uniformly locally connected if, for every € > 0,
there exists § > 0 such that if p(z,y) < 0 then z and y are contained
in a connected open set of diameter less than . We refer the reader to
[14, Section 2.1.1] for the notion of brick partiton and facts around it. An
important fact is: if O is a uniformly locally connected, connected open set
in a Peano continuum, then O is also a Peano continuum.

A partition P of a space is a pairwise disjoint family of finitely many
connected open sets such that |JP is dense. A partition P is of order 2
if PyNP,N Py = () for distinct Py, Py, P3 € P. A partition P is a brick
partition if P consists of regular open sets and int(P U Q) is uniformly
locally connected for each P,(Q € P. Consequently, each element of P is
uniformly locally connected.

For a subset S of X, the diameter of S is denoted by diam(S), i.e.
diam(S) = sup{p(z,y) : x,y € S} and Mesh(P) = max{diam(P) : P € P}.
Since our construction is based on the proof of [I4, Theorem 2.9], we state
that result in a form suitable for our case.

PROPOSITION 2.2 ([14, Theorem 2.9]). Let X be a one-dimensional Peano
continuum, K a 0-dimensional closed subset of X and xg,x1,...,2, € X.
Then, for every € > 0, there exists a brick partition P of X of order 2 such
that
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(1) K<UP:

(2) if x; # xj, then there are distinct P;, Pj € P such that x; € P; and
T € Pj;

(3) Mesh(P) < ¢

(4) the boundary of each member of P is 0-dimensional.

Proof of Theorem[2.1. Let X be a one-dimensional Peano continuum. If
XY = (), then the argument below shows that X is homotopy equivalent to
a finite connected graph. We therefore assume that X% # ().

Our first goal is to construct dendrites D,, and open arcs A; so that

e D, is a dendrite such that D, N X¥ = {z,}, D, \ {z,} € OX and
0D, CJ;04; U{x,};

A; € O%;

Dy, N D, C XY for m #mn and 4;NA; =0 for i # j;

XU, Dn U, A; is a strong deformation retract of X;

lim,, o diam(D,,) = 0 and lim;_,+, diam(A4;) = 0.

For this we construct brick partitions P,,, open arcs A;, parts of dendrites
Dpun, and points Y, by induction.

In the Oth step we let Py = {X}, but we do not define 4; and so on.
After the mth step, we have finitely many points y,, on the boundary of
U{P: P € P, PNX" # ()}. First we work in each P for P € P,,. Applying
Proposition [2.2] to the 0-dimensional closed set 9P and points Y, in 0P,
we have a brick partition Pp of P satisfying

e Pp is of order 2 and Mesh(Pp) < 1/(m + 1);

° ifg NXY =0 for Q € Pp, then @ is simply connected;
o if QNXY = () for Q € Pp, then QNQ’ is at most one point for Q' € Pp

with Q' # Q.
o If Y., € P, then there exists Q € Pp such that y,, € Q and Q N XY
= 0.

Next let P41 be the family
{Q\OP|Q € Pp, P € Py, PN XY £ (}.

Since P does not separate any nonempty connected open set in P [14]
Proposition 2.5], Pp,41 is a partition of J{P : P € P, PN X™ # 0} and
also a brick partition of it. Since P C |JPp, Pm+1 is of order 2. Hence
Pm1 is a brick partition of (J{P : P € Py, PN XY # ()} which satisfies
the following;:

(1) Puy1 is of order 2 and Mesh(P,,41) < 1/(m + 1);

(2) Pmy1 refines the restriction of P, to |J{P : P € Pp, PNXY # 0};
(3) if QN XY =0 for Q € Ppyt1, then @ is simply connected;
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(4) if QN XY =0 for Q € Ppy1, then @ N Q' is at most one point for
Q' € Py with Q" # Q.

(5) If Yy € P for P € P, with PN XY # (), then there exists Q € P11
such that Q C P, yyun € Q and Q N XY = 0.

For each Q € Pp,o1 with Q N X* = (), Q is finite and so we connect
these points by arcs and have a finite tree Ty which is a strong deformation
retract of Q in @, since @ is a uniquely arcwise connected Peano continuum.
Then {7 : Q € Pmt1, QN XY = 0} = Gy41 is a finite graph, where
we consider branching points in Ty and points in dQ as vertices. Then
Grr1 NUHQ : Q € Pry1, QN XY £ (} is a finite set, which we enumerate
without repetition as ym+1n-

For y,,; we have a unique P € P,, such that v,,; € P and PN X% # (.
According to (5) in the construction of Py,41, every point y,,; is connected
to at least one point Y, +1, by an arc A so that Y41, € Q for Q € P
with @ C P and Q N XY # 0, and A\ {y,u} € P. By working in each
P we have a tree Tf C Gpm41 so that y,,; are connected t0 Ypmi1n bY Tf.
Accordingly, if y,,+1, is connected to some y,,;, then 4,41, belongs to a
unique P € P,,. Therefore, there exists at most one P such that a tree Tf is
connected to each ¥, 11,; we then let T}, be Tf . When no Tf is connected
t0 Ym+1n we let T, be the singleton of ¥y, 11,. In such a case Y41, may
belong to P N P’ for distinct P, P’ € P,,. But there exists a unique P € P,,
such that y,11, € Q for Q € Py, 41 with Q C P and Q N XY # ). We work
in the unique P € P, for such T, in the following procedure. We remark
that the T),s are pairwise disjoint.

Vertices in G,,41 which are in P may not belong to any 7T},. Next we
expand T,s in Gp,41 so that every vertex of G,,11 belongs to one of the
extensions of the trees 7,,. We want to control the sizes of the expanded
trees and so we work in each P. By induction on n we construct a max-
imal tree T/ in Gyi1 NP or Gpi1 N (Py U Py) such that T,, C T, but
T NUpern T = 0 and T}y N Upsp, Tk = 0. Inductively, we assume that if
D,,; has been defined for y,,; then D,,; is connected to a unique 7,; and
we connect all such D,,; to T}, thus forming D,,11,. We remark that any
D,,; may not be connected to some T and that 7' may be even a sin-
gleton of yp,11,. Then we add all open edges of Gpt1 \ U,, Ty to the list
of A;. We remark that the size of A; added in the (m + 1)st step is less than
1/(m+1).

Continuing, we have D,,; which are contained in a unique D,,,;1 /. Since
we pick y,r in each separated small area, a sequence consisting of 1,18
converges to one point in X®. We enumerate these points as x, and let the
increasing union of D,,; for which ¥,,, converges to x,, together with the
singleton {z,,}, be D,,, which is a dendrite by construction. For each m, there
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are only finitely many D,, which contain ., for some k, and if D,, does not
contain y,,;, for any k, then D,, is contained in some PyU P; for Py, P; € P,
and hence diam(D,,) < 2/m. For each P € P, with PN X% = (), we have a
strong deformation retraction from P to Tp. Since lim,_o, Mesh(P,) = 0,
we can take a union of strong deformation retractions of P to Tp as a strong
deformation retraction of X to X* UlJ,, Dn UJ; Ai. Now we have achieved
the first goal.

Let Xo = X* U, Dn U, Ai. Since x,, = x,, may happen for m # n,
we form a union of D,s when x,, = x,. It is still a dendrite. Hence we
suppose that D,, N D, = () for m # n. Let Z be the quotient space of X
obtained by regarding each D,, as one point. Since lim,,_,, diam(D,,) = 0,
Z is a compact metrizable space (see [5, Propositions 1.2.2 and 1.2.3]). Since
Z is a countable sum of one-dimensional closed sets X® and A;s, Z is one-
dimensional by [12, Theorem 7.2.1] and hence Z is a one-dimensional Peano
continuum. The remaining task is to show that X is homotopy equivalent
to Z.

Let f: Xo — Z be the quotient map. To define g : Z — Xg, we take
strong contractions r,, : D, x [0,1] — D,, such that r,(x,,t) = =, and
7n(u,1) = x, for each u € D,,, and we take continuous maps a; : [0,1] — A;
so that a;(0) = A? and a;(1) = A} and a1](0,1) is a homeomorphism.

We define g(u) = u for u € X" and so it suffices to define g(u) for u in
each A;. There exists a unique ng such that Ag € Dy, and also a unique ng
such that A} € D,,. Define g on A; by

Tno (A%, 1 —3s) if u=a,(s) for 0 < s <1/3,
g(u) =< a;(3s —1) if u=a;(s) for 1/3 < s < 2/3,
Ty (A}, 35 —2)  if u = a;(s) for 2/3 < s < 1.

The continuity of g on (J; A; is obvious and so we consider the continuity
at x € X™. For an open neighborhood U of g(x) = z in Xy, choose a
neighborhood Uy of z in Xy so that Uy C U. Let Iy = {i : A? € D, or
Al € D, ¥, € Up}. There exist at most finitely many z,, € Uy for which
the set D,, U J{A4; : Ag € D,, or A} € D,} is not contained in U. For such an
xp € Uy, consider the connected component C,, of UN(D,,UJ{A4; : Ag e D,
or Al € D,}) containing x,,. Then there exist at most finitely many A; such
that A? € D, or Az1 € D, and A; € C,,. Collecting these we have an at
most finite subset I; of Iy such that g(A;) C U for all i € Iy \ I.

Since (Up N X™) U U;¢p, Ai is an open neighborhood of z in Z, just
shrinking on A; for ¢ € I; we have the desired neighborhood Vj of z such
that g(Vp) C U, i.e. g is continuous at x. Since it is comparatively easy to
prove f o g is homotopic to idz, we only prove that g o f is homotopic to
idx, .
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Define H : Xy x [0,1] — X by

H(z,0) = for z € X,
H(:B,t):x for x € X,
H(z,t) =rp(z,t) for x € Dy,
and
H{ai(s),1)
Tng (At — s — 2st) if 0 <s<1/3 and s+ 2st —t <0,
a;(s + 2st —t) if0<s<1/3 and s+ 2st —t >0,
=< a;(s+ 2st —t) if 1/3 <s<2/3,
a;(s + 2st —t) if2/3<s<1ands+2st—1t<1,

Tng (Al s+2st —t—1) if2/3<s<1ands+2st—t>1.

Then H(z,1) = go f(z) for z € Xy. The continuity of H at (z,t) for x € X"
is shown by similar considerations to those for g. =

REMARK 2.3. We remark a difference between the proof of [8, Theorem
1.2] and the above one. In the former case D,,;s and A;s converge to one
point automatically and the care for the sizes of connecting paths between
Ymi and Ymi1n 18 not necessary. But in the above case, if we do not take
care, we might not be able to find the end point of D,, in X". So, we connect
them in each P for P € P,, separately.

3. Lemmas for paths. First we recall some material from [§].

LEMMA 3.1 ([8, Lemma 5.1]). Let X be a first countable space and'Y be
a one-dimensional metric space and h : 71 (X, x) — w1 (Y,y) be a homomor-
phism. Then for xo € X}’ there exists a unique point yo € Y which satisfies
the following condition:

for a path p : [0,1] — X with p(0) = xo and p(1) = x, there exists a
unique path q : [0,1] =Y from yo = q(0) to y = q(1) up to homotopy
which satisfies the following:

for each continuous map f : (H, o) — (X, x0) there exists a continu-
ous map g : (H,0) — (Y,yo) such that h o @, o fi = pg0 gx.

Using this lemma we defined h : X}* — Y in [8, p. 497]. We want to
extend h to X. For this purpose we recall the setting from [8, Section 6].
Here we generalize it a little.

For a one-dimensional space X, a point x € X and a subset S of X,

e P(X) is the set of all paths in X,

e P,(X) is the set of all paths which terminate at z,
e Pg(X) is the set of all paths which connect points in S,
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e Pg.(X) is the set of all paths which start from points in S and ter-
minate at x,

PM(X) is the set of all homotopy classes of paths in X,

RP(X) is the set of all reduced paths in X,

RP,(X) is the set of all reduced paths in X which terminate at x,
P;L(X ) is the homotopy classes that are represented by the paths in
P.(X).

Since any path is homotopic to a reduced path (see [4]), there is a one-to-one
correspondence between P"(X) (or P?(X)) and the quotient of RP(X) (or
RP,(X)) modulo equivalence. According to our definition of homotopies
between paths, homotopies are relative to end points, the initial point and
the terminal point of the class [p] are well-defined for a homotopy class
[p] € PM(X). If pq is a path for two paths p and ¢, then [p][q] is defined as
[pg]. An element of P"(X) is degenerate if it is the equivalence class of a
degenerate path.

For an open set U containing the initial point of [p], let O(U, [p]) = {[f] :
f is homotopic to gp for some g with Im(g) C U}. The tail-limit topology
is the topology on P!(X) which has the collection of all O(U, [p])’s as a
neighborhood base for [p]. Let o : P*(X) — X be the map which sends [p]
to the initial point of p.

LEMMA 3.2 ([8, Lemma 6.6]). Let X be a one-dimensional metric space
and F : [0,1] — PMX) be a path such that F(0) is degenerate. If f €
RP,(X) represents F(1), then o0 o F and f~ are homotopic.

We remark that this statement was wrongly stated as “o o F and f are
homotopic” in [§].

For a homomorphism % : 711 (X, 2) — 71(Y,y), we define ¢ : Pyw ,(X) —
RPy(Y) and & : Pxw(X) — RP(Y) as follows. For a path p from zg € X}’
to x, we have a reduced path ¢ from ﬁ(azo) to y according to Lemma
such that the properties there hold. We define ¢ (p) = ¢. For a path py from
z1 € X! to xg € X} in X, pop is a path from z; to . We define £(po)
to be a reduced path homotopic to ¥ (pop)y(p)~. We remark that in case
xr = xg, ¥(po) and &(py) are defined, but may be distinct. In particular, for
the constant loop ¢, at =, £(c,) is a degenerate path, but 1 (c,) may not be.

LEMMA 3.3. Letp and p’ be paths from xo € X}’ to x. Then h([p~p']) =
[Y(p)~¥(p')]. Consequently, for a loop | with base point xo, h o pp([l]) =

Py (p) ([E(D)])-

Proof. Let ¢ = (p) and ¢’ = 1(p'). Then, as in Lemma[3.1] for each con-
tinuous f : (H,0) — (X, zp) there is a continuous map g : (H, 0) — (Y, o)
such that ho g,y o fu = ho gy o fu = pg 0 gs. Since ho @,,—y (fu([u])) =
h([(p™p") " DA™ (f o wp))h([p~p']) for a loop w : [0,1] — H with u(0) =
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u(1) = o, we have
hppDld " Nlgou)ldIh([p p]) " =

~— ~—

@
>

Since ¢ is unique up to homotopy, we hav
hlp™p]) =g a1 = [V ()¢ @)

Next let p’ = Ip. Then we have

hoep([l]) = h(lp™P]) = [¥(p) (Ip)] = [¥(p) " U(Ip)¥(p) Y(p)]
= Py (p) ([€(1)]).

LEMMA 3.4. The definition of (po) does not depend on p. More precisely
&(po) is defined by the homotopy class [po] of po and h uniquely up to the
equivalence.

Proof. To see this let p’ be another path from zg to z. By Lemma
h(lp~p']) = [¥(p) "¢ ()] and h([(pop)~ (pop)]) = [ (pop’) ~%(pop)]. Thus

[¥(pop’) "% (pop)] = h([(por') ™~ (pop)]) = R([p""p]) = [(') ¥ (p)]
and hence [1)(pop’) " (pop)(p) ¢ (p’)] = e, which implies that
€(po) ~ ¥(pop)¥(p)~ ~ Y (pop ) (p) " =

LEMMA 3.5. Let xg,x1,22 € X}’ and po be a path from x1 to xo and py be
a path from x4 to x1 and p be a path from xo to x. Then ¥ (pop) ~ £(po)v(p)

and &£(p1po) ~ &(p1)€(po)-

Proof. Since &(po) ~ ¥ (pop)w(p)~, we have ¢ (pop) ~ &(po)w(p). Now
&(p1po) ~ Y(p1pop)t(p)~ and £(p1) ~ ¥(p1pop)y(pop)~ by Lemma
Hence

§(p1po) ~ &(p1)Y(pop)Y(p)™ ~ £(P1)€(po)- =

LEMMA 3.6. Let X, Y and Z be one-dimensional metric spaces and g :
m(X,z) —» m(Y,y) and h : m(Y,y) — 71 (Z,z) be homomorphisms. Let
Yo @ Pxp o(X) — RP(Y), & @ Pxp(X) — RP(Y), 91 : Pypy(Y) —
RP.(Z), & : Pyp(Y) — RP(Z) and ¢ : Pxp o(X) — RP.(Z), & :
PX}f’og (X) — RP(Z) be the maps induced from g, h and h o g respectively.
Then 1(vo(p)) ~ th2(p) for p € Pxp o(X), and &1(€0(po)) ~ &2(po) for
Po € PX;LUOQ(X).

Proof. We remark that Xz, C X’ and g(zo) € ;" for g € X, .
Since 1o(p) is determined by a continuous map f : (H, 0) — (X, zo) such
that Im(f,) is infinitely generated instead of a continuous map from (H, o)

to (¥, o), we easily get v (to(p)) ~ va(p) for p € Pxy. .
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Now we have 1 (10(pop)) ~ ¥2(pop) and hence
£1(&0(p0)) Y1 (Yo(p)) ~ ¥1(§0(po)vo(p)) ~ ¥1(¥o(pop)) ~ &2(po)2(p)
by Lemma It follows that &1(&o(po)) ~ &2(po).

The next lemma strengthens the continuity of & on X}’ [8, Lemma 5.3]
and hence its proof is a modification of that of [8, Lemma 5.3].

LEMMA 3.7. Let X and Y be one-dimensional metric spaces, X be locally
path-connected and h : 7 (X,z) — w1 (Y,y) be a homomorphism. Let x, €
X and p, be a path from x, to To for each n < w such that Im(py,)
converges 10 oo € X}”. Then Im((pp)) converges to h(Tog).

Proof. Aiming for a contradiction, suppose that there is a neighbor-
hood U of h(zs) such that Im(&(p,)) € U for all n. Let p be a path from
Zoo to x. According to [8, Lemma 6.1] we have an arbitrary small loop i,
with base point x, such that h o ¢, ,([l,]) is represented as a reduced loop
Y(pnp) 110 (pnp) for a cyclically reduced loop I. Hence we have a continu-
ous map f : (H,0) — (X, z) such that foe, = p, l,pn. Lemmaimplies

that we have a path ¢ from h(z) to y such that ko pp, o fi = @40 g« for a

continuous map ¢ : (H,0) — (Y, h(2s)). For a sufficiently large n, we have
Im(goe,) C U. On the other hand,

@q 0 g«([en]) = howyo fu(len]) = h o p([pn lupnl) = h o pp([l])
= [Y(pup)~ Lb(pap)] = [ (P) " E(Pn)~ LE(PR)Y (D))

= 0q([£(pn)~ & (pn)])

and hence [g o e,] = [£(pn) "I/ &(pn)]- Since &(py,) is a reduced path and I’ is
cyclically reduced, one of £(p,,)~ 1" and I’¢(py) is reduced. Hence the image
of the reduced loop of &(p,)~ I/ &(py) is not contained in U by [8, Lemma
2.6]. Now &(pn)~11,&(pn) is not homotopic to a loop in U (see the first three
lines of Section [4) and we have a contradiction. =

LEMMA 3.8. Let X and Y be one-dimensional metric spaces and X be
locally path-connected and path-connected, and h : (X, z) — 7 (Y,y) be a
homomorphism. Let xy,y, € X}’ and p, be a path from y, to x, for each
n < w such that Im(py,) converges to xoo € X}'. Then Im(&(py)) converges
to h(Zoo).

Proof. By the path-connectivity and local path-connectivity, we have a
path f, from x, to z,, for each n such that Im(f,,) converges to . As in
the proof of Lemma suppose there is a neighborhood U of }NL(xoo) such
that Im({(pn)) € U for all n. Since {(pn) ~ E(pnfnfrn) ~ E(Pnfn)é(fn) ™, we
have Im(&(f,)) € U or Im(&(pp frn)) € U. We choose zy, if Im(f,,) € U, and
yn otherwise. Then we have paths contradicting Lemma "
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Let X be a locally path-connected, path-connected, one-dimensional
metric space, Y a one-dimensional metric space and suppose that for a ho-
momorphism A : 11 (X, z) — 71 (Y, y), X = X;’UU,;c; Ai, where A;s are open
arcs and A9, A} € X}”. Note that lim; .o diam(4;) = 0. Then h: X* — Y
is a continuous map by [8, Lemma 5.3]. We extend h on X as follows. For
each A;, we choose a continuous map a; : [0,1] — A; with a;(0) = A? and
ai(1) = Al so that the restriction of a; to (0,1) is injective (That is, a; is a
homeomorphism if A? # Al.) Then define h(z) = &(a;)(a; *(z)) for = € A;.

Then the continuity of & on Ule ;1 A; is obvious and that at each point
in X}’ follows from Lemma since lim,,_, diam(A4,,) = 0. We use this
extended h in Lemmas m and and also in the proofs of Theorems .
and[1.2] In Lemma[3.10| we suppose that Y also has the additional properties
which X has.

LEMMA 3.9. Let h: m(X,x) — m1(Y,y) be a homomorphism and r be a
reduced path from x1 € X}’ to xg € X;'. Then &(r) is homotopic to hor.

Proof. Let p; be the restriction of r to [1 —¢,1] for 0 < t < 1, e.g.

p1 = r and po is the degenerate path at xg. Define F : [0,1] — P:( )(Y)

as follows. Let F'(t) = [&(pe)] if o([pe]) € X}¥. Otherwise, we have i € I
and 0 < tp < t; < 1 such that ¢y < t < t1, o([py]),o([py,]) € X and
r[[1 —t1,1 —1to) ~a; or r[[1 —t1,1 —to] ~a; . Let

pro = { S0 -0/t~ ) 01—
[€(ag 1(tr = 8)/(t1 = t0), 1)E(pey)] i r[L —t1, 1 —to] ~ a; .
If o([ps]) ¢ X}, the continuity of F" at ¢ is obvious. Otherwise, the continuity

of F' at t follows from Lemma Since F(1) = [¢(r)] and h(r(1 —t)) =
o o F(t), the conclusion follows from Lemma [3.2] =

LEMMA 3.10. Let hg : m (X, x) — 71 (Y,y) be an isomorphism and hy be
its inverse. Let p be a path between points in X. Then p is homotopic to
hy o ho op. In particular hy o hg(xo) = xq for xg € Xv.

Proof. Since every path is homotopic to a reduced path, it suffices to
show this lemma for a reduced path p. Let & : Pxw(X) — RP(Y) and
&1 Pye(Y) — RP(X) be the maps induced from hg and h; respectively. We
remark that X3’ = X* and V7 = Y. Then [£1(€0(p))] = [p] by Lemma
The conclusion follows from Lemma .

4. Proofs of Theorems and The following lemma is well-
known and can be proved if we notice that any path is homotopic to a
reduced path in its image [4] and the reduced path is unique up to equiva-
lence.
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LEMMA 4.1 (Folklore). Let X be a one-dimensional space. Then two
homotopic paths in X are homotopic in the union of their ranges.

Proof of Theorem[I.1l By Theorem [2.1] we may assume that X = X" U
Uies 4i and Y = Y* U UJ;c; Bj, where I and J are at most countable,
A; and Bj are open arcs. Let hg : m(X,2) — m1(Y,y) be an isomorphism
and hy : m(Y,y) — m1(X,z) be its inverse. We assume that hg and hy
are extensions on X and Y respectively according to the description before
Lemma By Lemma a; and hy o hg o a; are homotopic for each i.
By Lemma {4.1| we have a homotopy H; : [0,1] x [0,1] — X such that

H;(s,0) = ai(s), Hi(s,1) = hy o hgoa;(s),

H;(0,t) = ai(0),  Hi(1,t) = ai(1)
and Im(H;) C Im(a;) UIm(hy o hg o a;). Since lim;_, diam(A4;) = 0,
have lim;_,o diam(Im(H;)) = 0. Define H; : A; x [0,1] — X by H,(z, )
H;(a;*(x),t). Then
T,(0,0) = ailar @) = o, F(A%1) = aif0) = A%
Hi(AlLt) = a;(1) = AL, Hi(z,1)=hiohgo ai(a; (z)) = hy o ho(x).
DeﬁIEF:Xi[O,l] — X by H(z,t) = v forz € XY and 0 <t <1
and H(z,t) = Hi(z,t) for z € A; and 0 < ¢t < 1. Then the continuity of
H follows from that of all H; and the fact that lim;_, diam(Im(H i)) = 0.
Hence hy o hg is homotopic to the identity map on X and similarly ho o hy
is homotopic to the identity map on Y. =

we

For our proof of Theorem one more notion is necessary. Let h :
m1(z,2) — G be a homomorphism. We call a subset S of X h-simply con-
nected if for every point x¢ in S, every loop [ in S with base point ¢ and
every path ¢ from z to z, h(pq([l])) is trivial. We remark that if h(pq([1]))
is trivial, then h(py([1])) is also trivial for every path ¢’ from z to x.

Proof of Theorem . If X}’ is empty, then O;)L( = X and we have a
brick partition P such that

e P is of order 2;
e P is h-simply connected for P € P;
o if PNQ # (), then PUQ is h-simply connected for P,Q € P.

Hence this is the case when our procedure stops at the first step and we can
easily get the conclusion from the following arguments. Hence we proceed
to the case when X}” # (). We construct a retract K U X}’ of X, where K is
locally homeomorphic to finite graphs in O})f . This is a modification of the
proof of Theorem [2.1] in Section [2|

Starting from the Oth step we let Py = {X}, but do not define A4;s and
so on as before. We trace the previous proof, but we set buffers around
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U{P: P ePn,PNXP #D} (= Ry). We call P € Py, a buffer element if
PNR, #0but PONR,, =0.

After the mth step, we have at most finitely many points y,,, on the
boundary of | J{P : P € P, PN R, # 0}. Applying Proposition m we
take a brick partition P41 of Ry, which satisfies the following:

e P41 is of order 2 and Mesh(P,41) < 1/(m + 1);

e P11 refines the restriction of Py, to Ryy;

e if P € P, is a buffer element, then P N R,, is a disjoint union of sets
of the form PN Q with Q € Py,,y1 and Q N Ryyyq = 0;

e if QNQ #0,QNXYP =0and @ NXY =0 for Q,Q" € Ppt1, then
Q U Q' is h-simply connected;

e if QNP # () and Q N X} =0 for @ € Ppy1 and a buffer element
P € Py, then QU P is h-simply connected.

We successively construct a finite tree Tp for each buffer element P € P,
such that end points of Tp are chosen from 0P as follows. First we choose
one point from each nonempty P N P’ for P’ € P, with P’ ¢ R,, and
P’ # P, making sure this point is among the points 9,,, whenever pos-
sible and making sure that our choice is consistent with whichever point
from P’ might have already been chosen. Then we choose one point from
each nonempty P N Q with Q € P,,41. Since P is connected, we have
a tree Tp C P such that Tp N P is connected and the end points of
Tp are the elements chosen from 0P. Now each end point of Tp corre-
sponds to some P N P’ or to some P N Q. Since Tp is an absolute ex-
tensor, we have a retraction rp : P — Tp so that rp(P N P’) = {v} or
rp(P N Q) = {v} for each end point v € Tp with v € PN P orv € PNQ
respectively. Next we define trees Ty and retractions rg : Q@ — Tg for
Q € Pny1 with QN Ry1 = 0 just as for P € P,,. We define neither
Tg nor rg for buffer elements Q € P41 in this step. But, on a part
of 9Q for a buffer element () retractions rp or rg have been defined.
We enumerate the retracted points of those parts of boundaries as ymy1n
(n € Ipyy1). More exactly, Ym+ti1n (n € Lnt1) is the one-to-one enumeration
of the points in Tp N Q for buffer elements P € P,, and buffer elements
Q € Py orin T N Q' for nonbuffer elements Q € P,,;1 and buffer ele-
ments Q' € Ppyy1.

For each y,,; € P where P € P, is a buffer element, we have some
P’ € P, such that PN P’ # () and P’ N X™ # (). Then we have some ¥,11n,
in P/, since P’NX"™ # (). We can connect %,,; and ¥,,4+1, by an arc in Tp and
Tos for @ C P'. Using these arcs we construct D,,,, and A; similarly to the
proof of Theorem and have D,,, A; and the desired K = J,, D,, U, 4;.
Let Xo = X} Ul,, DnUJ; 4; and 7 : X — Xj be the retraction obtained
as the union of rp and the identity on X}
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First we assume z € X;’. We remark r(z) = 2. To trace our previous
proof, we show h([l]) = h([r o ]) for any loop [ with base point z. By
[10, Theorem 1], m1(Y,y) is a subgroup of an inverse limit of free groups.
It suffices to show that g o A([I"(r o I)]) = e for every homomorphism g
from 71 (Y,y) to a free group. By [9, Theorem 1.3] (cf. [3]), we have £ > 0
such that any open connected subset of X of diameter less than ¢ is g o h-
simply connected. Since lim,, ..o Mesh(P,,) = 0, we may choose P,, so that
Mesh(Py,,) < £/2. We have a brick partition P of X such that P consists of
P cP,, with PNR,, # 0 and P € P; with PN R; = 0.

For a given loop [ with base point x, we have 0 = ug < uy < --- <wux =1
such that I([uj, ui11]) C PUP for PP € P.If PNP # () for P€ PNP;
with i < m and P’ € P, then P U P’ is h-simply connected according to
the effect of buffers. On the other hand, if PN P’ # () for P, P’ € P N Py,
then diam(P U P’) < ¢ and hence P U P’ is g o h-simply connected. Since
each P € P is path-connected, working from k to 0 we see that [~ (r o) is
homotopic to a concatenation of loops [ - - - i1 such that g o h([};]) = e. Now
we have proved that g o h([l”(r o l)]) = e and hence h([r o l]) = h([l]). Let
1 : Xo — X be the inclusion map. Then for each loop [ in Xy with base
point z we have h o i.([l]) = h([l]) and X}’ C (Xo)j,;, € Xy € X}

The space Z obtained from this Xy as in the proof in Section |2 is a
one-dimensional Peano continuum which is homotopy equivalent to Xj. Let
go : Xo — Z and ¢ : Z — X be the homotopy equivalence. According to
our construction we have X}’ C Z, and gg and g1 are the identity on X}’
Hence Zj,; ., = (Xo)j;, = X} Let ho = hoi.ogi, and Z = Z;) U, 4,
where A;s are open arcs. We use hyg for the extension on Z defined just before
Lemma Let ¢, be the constant path x and ¢ = v¥(c;), where ¢ and &
are defined for hg. For a loop [ with base point x in X, using Lemma [3.3| we
have

h[l)) = hoiu[rol]) =hoi.ogu(lgoorol]) = wq([§(goorol)])
= ¢q(ho.([g0 07 0 1])) = ¢q 0 (ho o go o r)«([l])-
Now iLO o gg o r is the desired continuous map.

When z ¢ X", we choose a path p from zy € X}’ to . Then we have
hoyy:m(X,z9) — m(Y,y). By the preceding we have a continuous map
[+ X — Y and a path ¢ from f(z¢) to y such that h oy, = ¢4 0 fi. Let {
be a loop with base point x. Then

h([l]) = hogpo@y-([l]) = ho pp([plp™])
= @q o f+([plp~]) = @q([(f o p)fol(f op)~])
= Pq O P(fop)— © f*([l]) = P(fop)—q © f*([l])v

which completes our proof.
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Proof of Corollary . By Theoremwe may assume X = X"U(J; 4;
where each A; is an open arc. If X* = (), then we obtain the conclusion easily.
We suppose that zp € X™. Since f, is injective, we have X" = X% and
we can define (f,) on X according to the definition just before Lemma
For z € XY, (f«) (z) is the unique point determined by Lemma and
hence (f.)(x) = f(z). Let ¢ : Pxy 4,(X) — RPy(Y) and & : Pxw (X) —
RP(Y) be defined as before Lemma For x € A;, we have (f.) (z) =
€(a;)(a; ' (x)). Let p be a path from A} to zg. Then &(a;) ~ v (a;p)y(p)~.
By the uniqueness of [1(p)] according to Lemma[3.1] we have [¢(p)] = [fop]
and [¢(a;p)] = [f o (a;p)] by the same argument. Now,

§(ai) ~ ¥(aip)p(p)” ~ (foa))(fop)(fop)” ~ fouas
and so (fx) = &(a;) o a;l and the restriction of f to A; are homotopic. By
Lemma f and (f,) are homotopic as in the proof of Theorem Now
Lemma [3.10| implies the conclusion. =

REMARK 4.2. (1) Theorem can most probably be proved in the case
where Y is a planar continuum using a method of C. Kent [13].

(2) For topologists who are not familiar with wild topology, it seems
to be difficult to understand what ideas work in the proofs of this paper.
Theorem reduces Peano continua to simple ones. The idea of its proof is
standard in continuum theory going back to [I]. More unfamiliar parts seem
to be in Section |3, which extend [§]. In [8] we show that many things about
wild algebraic topology can be reduced to the Hawaiian earring and how the
homomorphic image of the fundamental group of the Hawaiian earring can
detect a point in the space in question due to the noncommutative Specker
phenomenon. This phenomenon goes back to G. Higman and is explained
in [8, Remark 3.16(4)]. The Higman theorem is related to the fundamen-
tal group and the shape group of the Hawaiian earring. An application to
topology of this theorem appeared in [6], which was used in [11]. A more ap-
parent topological use can be seen in [7, Corollary 2.11], where it is shown
that every endomorphism of the fundamental group of the Hawaiian ear-
ring is conjugate to the homomorphism induced from a continuous map.
This is a prototype of Lemma by which we define h on X}’ for a ho-
momorphism h between the fundamental groups of one-dimensional Peano
continua. In the present paper we have extended the domain of h to the
whole space X using Theorem and strengthening results in [8] according
to the ideas there. In other published papers topological use of the noncom-
mutative Specker phenomenon can be seen in [2] and [16], though it is used
implicitly there.

Acknowledgements. The author thanks G. Conner, U. Karimov,
K. Kawamura and D. Repov§ for their interest in this subject. The author



42 K. Eda

is grateful to the referee for his very careful reading of this paper and of [§]
as well, and his suggestions and detecting errors. The author was supported

by the Grant-in-Aid for Scientific research (C) of Japan No. 20540097.

References

[1] R.H. Bing, Partitioning continuous curves, Bull. Amer. Math. Soc. 58 (1952), 1101—
1110.

[2] J. W. Cannon and G. R. Conner, On the fundamental groups of one dimensional
spaces, Topology Appl. 153 (2006), 2648-2672.

[3] G. R. Conner and K. Eda, Correction to: “Algebraic topology of Peano continua”
and “Fundamental groups having the whole information of spaces”, Topology Appl.
154 (2007), 7T71-773.

[4] M. L. Curtis and M. K. Fort, The fundamental group of one-dimensional spaces,
Proc. Amer. Math. Soc. 10 (1959), 140-148.

[5] R.J. Daverman, Decompositions of Manifolds, Academic Press, 1986.

[6] K. Eda, Free o-products and moncommutatively slender groups, J. Algebra 148
(1992), 243-263.

[7] —, Free o-products and fundamental groups of subspaces of the plane, Topology
Appl. 84 (1998), 283-306.

[8] —, The fundamental groups of one-dimensional spaces and spatial homomorphisms,
ibid. 123 (2002), 479-505.

[9] —, Algebraic topology of Peano continua, ibid. 153 (2005), 213-226.

[10] K. Eda and K. Kawamura, The fundamental groups of one-dimensional spaces, ibid.
87 (1998), 163-172.

[11] —, —, The singular homology of the Hawaiian earring, J. London Math. Soc. 62
(2000), 305-310.

[12] R. Engelking, General Topology, Heldermann, 1989.

[13] C. Kent, Homomorphisms into the fundamental group of one-dimensional and pla-
nar continua, Master Thesis, Brigham Young Univ., 2008.

[14] J. C. Mayer, L. G. Oversteegen, and E. D.Tymchatyn, The Menger curve character-
ization and extension of homeomorphisms of non-locally-separating closed subsets,
Dissertationes Math. 252 (1986).

[15] M. Meilstrup, Classifying homotopy types of one-dimensional Peano continua, Mas-
ter Thesis, Brigham Young Univ., 2005.

[16] A. Zastrow, Construction of an infinitely generated group that is not a free product
of surface groups and abelian groups, but which acts freely on an R-tree, Proc. Roy.
Soc. Edinburgh Sect. A 128 (1998), 433-445.

Katsuya Eda

School of Science and Engineering
Waseda University

Tokyo 169-8555, Japan

E-mail: eda@logic.info.waseda.ac.jp

Received 27 January 2009;
in revised form 22 April 2010


http://dx.doi.org/10.1016/j.topol.2005.10.008
http://dx.doi.org/10.1016/j.topol.2006.09.014
http://dx.doi.org/10.2307/2032902
http://dx.doi.org/10.1016/0021-8693(92)90246-I
http://dx.doi.org/10.1016/S0166-8641(97)00105-3
http://dx.doi.org/10.1016/S0166-8641(01)00214-0
http://dx.doi.org/10.1016/j.topol.2003.11.012
http://dx.doi.org/10.1016/S0166-8641(97)00167-3
http://dx.doi.org/10.1112/S0024610700001071

	Introduction and definitions
	Reduction of one-dimensional Peano continua
	Lemmas for paths
	Proofs of Theorems 1.1 and 1.2

