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AREZKI TOUZALINE (Bab-Ezzouar)

A UNILATERAL CONTACT PROBLEM WITH
SLIP-DEPENDENT FRICTION

Abstract. We consider a mathematical model which describes a static
contact between a nonlinear elastic body and an obstacle. The contact is
modelled with Signorini’s conditions, associated with a slip-dependent ver-
sion of Coulomb’s nonlocal friction law. We derive a variational formulation
and prove its unique weak solvability. We also study the finite element ap-
proximation of the problem and obtain an optimal error estimate under
extra regularity for the solution. Finally, we establish the convergence of an
iterative method to the finite element problem.

1. Introduction. Contact problems involving deformable bodies are
quite frequent in industry as well as in daily life and play an important
role in structural and mechanical systems. A first attempt to study contact
problems within the framework of variational inequalities was made in [11].
The unilateral contact models take an important place in the theory of
variational inequalities and the approximation by finite element methods
(see [14), [15]). The mathematical analysis of unilateral contact problems,
including existence and uniqueness results, was widely developed in [13].
Numerical studies of the Signorini contact problem were made in [2, [4] 3], [15].
The mathematical and the numerical state of the art can be found in [I8, [15].
Recently a static contact problem with normal compliance and unilateral
constraint associated with a slip-dependent version of Coulomb’s law of dry
friction was studied in [I] and numerical results were presented.

In this paper we deal with the analysis and numerical approximation of
a unilateral contact problem with Signorini’s conditions and slip-dependent
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nonlocal friction law for elastic materials. Historically for the first time
Signorini’s conditions and the nonlocal friction law first appeared respec-
tively in [I7] and [LI]. In [6, [16] the static unilateral contact problem with
nonlocal friction law was resolved by different numerical approaches, while
the quasistatic unilateral contact problem with nonlocal friction law was
studied in [9].

We recall that the model of slip-dependent friction is considered in geo-
physics and solid mechanics corresponding to a smooth dependence of the
friction coefficient on the slip u,, i.e. u = p(|ur|). Several authors have
been interested in the study of such models: see for instance [8 [10] and the
references therein.

The current paper represents a continuation of [I9] concerning the study
of contact problems with slip-dependent friction. We assume that the elas-
ticity operator is nonlinear, strongly monotone and Lipschitz continuous.
We suppose that the displacement field is of class H? (the standard Sobolev
space of degree 2). We deduce, under an extra regularity for the solution,
an optimal error estimate O(h), where h > 0 stands for the discretization
parameter.

The rest of the paper is structured as follows. In Section 2 the mechani-
cal problem (Problem P;) is formulated, some notation is presented and the
variational formulation is established. In Section 3 we prove an existence and
uniqueness result. In Section 4 we study the finite element approximation of
the displacement variational formulation. We establish the convergence of
the finite element method and derive order error estimates under appropri-
ate regularity assumptions on the solution. We also introduce an iterative
method to solve the finite element problem (Problem Py), which converges
under certain assumptions.

2. Problem statement and variational formulation. Consider an
elastic body occupying a bounded Lipschitzian domain 2 C R¢ (d = 2, 3).
The boundary I of 2 is partitioned into three measurable parts such that
I'=T1UTyUTs, where I}, i = 1,2,3, are disjoint open sets and meas(I})
> 0. The body is subjected to volume forces of density fi, and prescribed
zero displacements and tractions fo on I and I5, respectively. On I3 the
body is in unilateral contact with an obstacle following a version of nonlocal
friction law where the coeflicient of friction depends on the slip displacement.

Under these conditions, the classical formulation of the mechanical prob-
lem is the following.

PROBLEM P;. Find a displacement field u : 2 — R¢ such that
(2.1) dive(u) = —f1 in £2,
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(2.2) o(u) =Fe(u) in {2,

(2.3) u=0 on I,

(2.4) ov = fy on Iy,

(2.5) uy, <0, o,(u)<0, o (uwu,=0 on I3,

07| < p(lur|)| Roy|
(2.6) lor] < p(Jur|)|Roy| = ur =0 on I3.
lor| = p(jur|)|Roy| = 3IXN>0: 0, = —Au,

Here (2.1) represents the equilibrium equation where o = o(u) denotes the
stress tensor, while (2.2) is the elastic constitutive law in which e(u) is the
small strain and F' is a given nonlinear function.

Equations (2.3) and (2.4) are the displacement and traction boundary
conditions, respectively, in which v denotes the unit outward normal vector
on I' and ov represents the Cauchy stress vector.

Condition (2.5) is the classical Signorini contact condition without a gap
and (2.6) represents a version of Coulomb’s law of dry friction in which y
depends on the displacement ..

We note that in (2.5), 0, denotes the normal stress and u,, is the normal
displacement. When w, < 0, i.e. when there is separation between the body
and the obstacle, condition (2.5) shows that o, = 0; when u, = 0, i.e. when
there is contact, then o, < 0. In (2.6) the tangential shear cannot exceed
the maximal frictional resistance u(|u,|)|Roy (w)].

Next, in the study of Problem P; we shall adopt the following notation
and hypotheses:

We denote by Sy the space of second order symmetric tensors on R
(d =2,3), while ‘" and | - | will represent the inner product and Euclidean
norm on Sy and R?, respectively, i.e.

UV = U, lv] = (v0)?  Vu,v e RY,

1/2

0.7 = 045Tij, || = (7.7) Vo, 7 € Sq.

Here and below the indices ¢ and j run between 1 and d, and the summation
convention over repeated indices is adopted.
To proceed with the variational formulation, we need some function

spaces:
H = (L*(2))%,

Q= {r = (1) : 7ij = 7j € L*(2)},
Hy = (H'(2))%.
H, Q are Hilbert spaces equipped with the respective inner products:

(w,0)g = {wvde,  (o,7)q = | oij7; du.
9] (9}
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The linearized strain tensor is defined as

1

€(U) = (5ij(U)) = (2(’0@'7]‘ + Ujﬂ')) Yv € Hy.

For every element v € Hy, we also write v for the trace of v on I'" and we
denote by v, and v; the normal and the tangential components of v on the
boundary I' given by v, = v.v, v; = v — v,v. Similarly, ¢, and o, denote
the normal and the tangential traces of a function

ce@i={reQ:divre H}.
When o is a regular function, we have

oy = (ov).v, o;=0V—o0yV,
and the following Green’s formula holds:

(o,e(v))g + (dive,v)g = S ovwda Vv € Hy,
I

where da is the measure surface element.
Next let V' be the closed subspace of H; defined by

V={veH :v=0o0n I}
and let the set of admissible displacements fields be given by
K={veV:v,<0ae. onl3}.
Since meas(I) > 0, the following Korn’s inequality holds [12]:
(2.7) le()llq = callvllm,  YveV,

where ¢ > 0 is a constant which depends only on {2 and I'y. We equip V
with the inner product given by

(u, v)v = (e(u),£(v))Q

and let || - || be the associated norm. It follows from (2.7) that the norms
|lz7, and ||-]|v are equivalent and (V/ ||-||v) is a real Hilbert space. Moreover,
by Sobolev’s trace theorem, there exists a constant dgp > 0 depending only
on the domain {2, I'1 and I3 such that
(2 [0l g s < el Vo€V,

In the study of the mechanical problem P;, we assume that the operator
of elasticity F' satisfies
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(

(a) F':02x 83— Sg;
(b) there exists M > 0 such that
|F(x,e1) — F(z,e9)| < Mleq — &2
for all 1,e9 € Sy and a.e. x € {2;
(c) there exists m > 0 such that
(F(x,e1) — F(x,62)).(61 — &2) > mle1 — eo]?
for all 1,9 € Sy and a.e. x € (2;

(2.9)

(d) the mapping x — F(z,¢) is Lebesgue measurable on (2,
for all € € Sy;
| () F(x,0) =0forae €

The forces and the tractions are assumed to satisfy
(2.10) AEH, fre (L),
and we denote by f the element of V' given by
(f,v)y = S frvdz + S fovda Vv eV
0 Iy

We assume that the coefficient of friction u satisfies

(a) p:I3 xRy = Ry
(b) there exists L, > 0 such that
(@, u) — p(z,v)| < Luju — v
(2.11) for all u,v € R4 and a.e. x € [5;
(c) there exists up > 0 such that
p(x,u) < po for all w € Ry and a.e. x € I;

(d) the function z +— pu(x,u) is Lebesgue measurable on I3

for all u € Ry.

R : H Y*(I') — L*(I3) is a continuous linear operator (see [6]), that is,
there exists a positive constant cr such that

(2.12) HR7'||L2(F3) < CRHTHH*U?(F) VT € H_1/2(F)-
Next, we define a subset W of H; as
W={ve H :dive(v) € H}
and let j : W x V' — R be the functional defined by

j(v,w) = | u(lv-])|Roy (v)] |wr|da  V(v,w) € W x V.
I3
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We note that if v € W then o(v) belongs to @1 and o, (v) is an element of
H~'2(I"). Thus, j(v,-) makes sense.

Now, using Green’s formula, it is straightforward to see that if u is a suf-
ficiently regular function which satisfies (2.1)—(2.6), we obtain the following
variational formulation of the mechanical problem P;.

PROBLEM P5. Find a displacement field u € K N W such that
(2.13)  (Fe(u),e(v —u))g + j(u,v) — jlu,u) > (f,v—uw)y VYve K,

3. Existence and uniqueness of solution. The main result of this
section is the existence and uniqueness theorem for the weak formulation Ps:
THEOREM 3.1. Let (2.9)—(2.12) hold. If
dQ
(3.1) LMCREQ((M/m + Dlfilla/ce + (deM/m)|| f2ll L))
d
+ /LoCRMﬁ <1,
m
then Problem Ps has a unique solution.

Proof. The proof will be carried out in several steps. It is based on fixed
point arguments.
Let g € L% (I3) where L2 (I3) is the nonempty closed subset of L*(I%)
defined as
L3 (I3) = {s € L*(I3) : 5 > 0 a.e. on I3}

and let the functional j, : V' — R be given by
Jg(v) = S glvrlda YveV.
I3
We now consider the following contact problem with given friction.
PROBLEM P,. Find uy € K such that
(32)  (Felug),e(v—1g))q +5y(v) — jglug) = (frv—ug)y Vo€ K.
We prove the following lemma.
LEMMA 3.2. For any g € L? (I'3), Problem P, has a unique solution.

Proof. Let A: V —V be the operator given by (Au,v)y = (Fe(u),e(v))q
for u,v € V. We use (2.8) and (2.9)(b) & (c) to show that A is strongly mono-
tone and Lipschitz continuous. The functional j, : V' — R is a continuous
seminorm; since K is a nonempty closed convex subset of V', it follows from
the theory of elliptic variational inequalities (see [5]) that the inequality
(3.2) has a unique solution. =

We now consider the mapping ¥ : L% (I'3) — L% (I;) defined as
(3.3) ¥(g) = u(lugr|)|Roy (ug)|  Yg € L3 (I3).
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We have the following result.

LEMMA 3.3. If (3.1) holds, then the mapping ¥ admits a unique fixed
point g* and ug« is a unique solution of Problem P.

Proof. Let g1, g2 € L% (I). Thus, by (2.12) and Green’s formula,
(3.4) [1R(00 (ug,)) = Blow(ugy))llr2(ry) < crM|lug, — ug,|[v-

We take v = ug, in the inequality equivalent to (3.2) with g = g1, v = ug, in
the inequality equivalent to (3.2) with g = g2 and add the results to obtain

(35)  (Fe(ug,)— Felug,),e(ug,) —e(ug,))o < | (91— g2)(|ugy. | — [ug,.|) da.
I3

Therefore using (2.8) we deduce from (3.5) that

dgo
lug, = ugsllv < —=llgr = g2ll2(r)-

Hence applying (3.4), we get

do
1R (0 (ug,)) = Blow (uge))lz2(rs) < erM—=llgr = g2ll 2
and furthermore using (2.8), (2.12) and (3.2), one obtains

1(91) = #(g2)ll2(r) = Nl ugy =) Row (g, )| = 1i|tigr )R (tgy)| || 213
- H( ‘ung‘ (‘“927’))|R‘7V(ug1)‘
+ pu([tugor]) (|Row (ugy)| = [Row (ugy) )| 2
d? d
< Luer= 2 (M /m+ D] filli /e + (deM/m) | fall wryya) + mocrM 2
x [lg1 — g2ll2(ry)-

Thus if (3.1) holds, the mapping ¥ is a contraction. It admits a unique fixed
point g, and ug« is a unique solution to inequality (2.13). m

Next denote ug« = u.

REMARK 3.4. As u, € W for all g € L% (I3), it follows that u € W.

4. Finite element approximation. In this section we study the fi-
nite element approximation of the variational problem P;. Suppose {2 is a
polygonal domain in R? and let V}, C V be a finite element subspace where
h — 04. We define a nonempty closed convex set K} by

Ky ={vy, € Vi v, <0 ae. on I3},

We note that K;, C K and formulate a discrete problem:
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PrROBLEM P;,. Find up € K NW such that
(4.1)  (Fe(un),e(vn —upn))qQ + j(un, va) — j(un, up)
> (f,un —un)y Vo € Kp,.

It is clear that under the assumptions of Theorem 3.1 and condition
(3.1), Problem P} has a unique solution uy, € Kp.
Now we shall establish the following Cea-type inequality.

THEOREM 4.1. Assume (2.9)-(2.12) and (3.1) hold. Then there exists a
constant ¢ > 0 independent of h such that

: 1/2 1/2
(42) lu—wnlly < e inf (llw—onllv +llu = onlly™ + lle = onll g2y a)-

Proof. Using (2.9)(c) we have

m||u —up||¥ < (Au — Aup,u —up)y.
On the other hand, for any v, € K} we have
(Au—Aup, u—up)y < (Au—Aup, u—uvp)v+(Au, v, —up)v — (Aup, v, —up) v,
hence
(43)  mij— sl

< (Au — Aup,u —vp)v + (Au,vp — up)y — (Aup, vp — up)y.
We now use (2.13) with v = uy, and (4.1) to find that
(4.4)  (Au,vp —up)v — (Aup,vp —up)y < (Au,vp — u)y
+ 7 (uns vn) = j(un, un) + j(u, un) = j(u, u) + (f,w —vp)v.

From (4.3) and (4.4) we obtain

mllu —up||? < Ay + Ag + Az + Ay,

where
Ay = (Au — Aup,u — vp)v,
Az = (Au,vp — u)v + j(u,vp) — j(u,u) = (f,vp — )y,
As = j(u,up) — j(up, up) + j(up, w) — j(u,u),
Ay = j(up,vn) — j(u,vp) + jlu,u) — jlup,w).
Now we estimate each term A;, i =1,...,4. First,
(4.5) [A1] < Mlju = up|lv([u = vallv-

The second term As can be estimated as follows. We have
Ay = | Pe(u)e(vn —u)de + | pllur )| Roy ()| ([one| — url) da
n I3

- (favh - U)V‘
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Using the properties of R and p, we get

(4.6) [Az| < ([Fe(u)lq + [[flv)llu = vallv
+ /"LOHRUV(U)HLz(F:;)Hu - Uh||(L2(F3>>d'

In the same way we estimate the term As as
(4.7)  |As| <
[Lyucrdy(M/m + V|| fillnfeq + (daM/m)| fall gryye) + nocrMda)]
2
X [lu = uply-

Finally, to estimate the last term A4, we use again the properties of R and
1 and to obtain

|Aa| = 15 (un, ) — 3 (un, u) + j(u, u) — 5(u, vp)|
= ) | (u(lur)) | Roy (w)] = p(|unr) | Ro (un)1) (Jur| — yth|)da‘

I
< V|((ur)|Row ()] = punr|) | Row (un)]) (Jur] = [onr])| da
I3
< | uluns))||Roy(w)| = |Row(un)]] - [u—v4| da
I3
+ | (u(ur]) = uluns )| Row ()| - [u— vy| da
I

< pocrd(M + || fllv)llu — unllv v — vnllv
+ 2p0l| Row (W) | L2 (ry) | — nl 22y
and so
(4.8) |A4| < pocrdoM|lu — upllv |lu — v llv
+ 2p0 || Row (W)l 2y lu — vnll 221y ))a-

Now to end the proof we use (3.1), (4.5)—(4.8) and the elementary in-
equality

ab < 6a® + 4—151)2 V8 > 0.
Hence we obtain an inequality of the form (4.2). =
Now to derive an optimal error estimate, we assume in addition that
(4.9) u € (H*(12)),

and use linear elements for the finite element space V},. We need the follow-
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ing standard interpolation error estimates (see [7]):
v = mhullv < chllull(g2(o))
lu — mnullz2rya < B2 ull g2,

where mpu denotes the Vj,-interpolant of the function u. Therefore, using the
regularity (4.9), we deduce from (4.2) the error estimate

lw — uplly < chl/?.

However, following [6] we remark that this type of error estimate is not op-
timal. In order to obtain an optimal error estimate we assume an additional
regularity for the solution.

THEOREM 4.2. Let the hypotheses of Theorem 4.1 hold and, in addition,
suppose that ov € <L2(F3))d. Then there exists a constant ¢ > 0 independent
of h such that

. 1/2
(410)  fu—unlly <e inf (Ju=onlly + o= w73 g0

where ¢ is a positive constant independent of h.

Proof. We see that it suffices to provide an estimate of As. Indeed, using
Green’s formula we have

45| < ] | ov(ons —w)da+ | or.(onr — ur) da‘
I3 I3

+ ’ S p(|ur )| Row (w)|(|vnr| — !uT])da‘
I3

< (llowllz2ry) + llowllrzery)ye + toll Row (W)l 2(ry)) lv = vnllr2ery )

Hence if we take ¢ > oy |[12(ry) + lor |l (z2(ry))e + pollRow (W)l L2(ry) We con-
clude the proof. m

Now to derive an optimal error estimate, we assume in addition that
(4.11) u € (HQ(Q))d, ulp € (H%(I3))".
We again need the following standard interpolation error estimates
|u = mpully < crhllullmz(o))e,
= mnull o (ryyye < eth®|ull gy

Therefore, using the regularity (4.11), we deduce from (4.10) the optimal
error estimate
||u — uth < ch.

Next the finite element system (4.1) can be approximated by a fixed-
point iterative method. Indeed, by choosing the initial guess u?L e KpnNnWw
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we define recursively a sequence (u}) C K}, by

(4.11)  (Fe(up™),e(on —upth))q + jup, o) — jufy, up™)
> (f,op — uZ'H)V Yoy, € Kp,.
We have the following theorem.

THEOREM 4.3. Suppose the assumptions of Theorem 3.1 hold. Then the
iterative method (4.11) converges:

(4.12) lup —uplly =0 asn— oco.

Moreover, there exists a constant k € ]0,1[ such that
(4.13) llupy —upllv < ck™.

Proof. We take v, = uZH in (3.1), then take v, = wy in (4.11), after
adding the resulting inequalities we obtain

(4.14)  (Fe(up) — FE(UZ'H), e(up, — UZ+1)>Q
< j(un, up ) = G (un, un) + (uyyun) = j(up, up ™).
Now by the same arguments used in the proof of Theorem 4.1 we find from

(4.14) that

(4.15)  up ™ — upllv
d2, do
< | Luer = (M/m+ D)l filln/ca + (deM/m)l| f2ll L)) + HocrM =

X |up, = unllv-

Then if we let k denote the quantity in the square brackets, we immediately
conclude that (4.15) implies (4.13) and then (4.12). =
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