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Remarks on the blow-up criterion for the MHD system
involving horizontal components or their horizontal gradients

ZUJIN ZHANG and XIAN YANG (Ganzhou)

Abstract. We study the Cauchy problem for the MHD system, and provide two
regularity conditions involving horizontal components (or their gradients) in Besov spaces.
This improves previous results.

1. Introduction. In this paper, we consider the following three-dimen-
sional (3D) magnetohydrodynamic (MHD) equations:

(u; + (u-V)u — (b-V)b— Au+ V7 =0,
b+ (u-V)b—(b-V)u— Ab =0,

(1.1) V-u=0,

V-b=0,

u(0) = ug, b(0) = by,

where u = (u1, ug,us) is the fluid velocity field, b = (b, be, b3) is the mag-
netic field, 7 is a scalar pressure, and wug, by are the prescribed initial data
satisfying V - ug = V - bg = 0 in the distributional sense. Physically, (|1.1))
governs the dynamics of the velocity and magnetic fields in electrically con-
ducting fluids, such as plasmas, liquid metals, and salt water. Moreover,
1 reflects the conservation of momentum, 2 is the induction equa-
tion, and 3 specifies the conservation of mass.

Besides its physical applications, the MHD system is also mathe-
matically significant. Duvaut and Lions [5] constructed a global weak solu-
tion to for initial data with finite energy. However, the issue of regu-
larity and uniqueness of such a given weak solution remains a challenging
open problem in mathematical fluid dynamics. Many sufficient conditions
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(see e.g. [2, 3, [, [8, 9] [1T], 13, 12, 17, 22| 23] 25| 24, 28], 29] and the references
therein) were derived to guarantee the regularity of the weak solution. Some
of them add conditions on the velocity field only (see [3] 8 28] for example),
while some others rely on some components of the velocity and magnetic
fields (or their gradients).

In this paper, we are concerned with the regularity conditions in terms
of horizontal components (or their gradients). In this respect, Ji-Lee [9]
showed that if

2 3
up € LP(0,T; LYR?), ~+°=1,3<q< o0,
q

(1.2) 12’ 3
b, € L'(0,T; L*(R?), =+==1,3<s<o0,
r s
then the solution is smooth on (0, T"). Here and in what follows, uj, = (u1,us2)
and by, = (b1, ba) are the horizontal components of u and b respectively.
Very recently, Jia [10] established the following regularity criterion:

2 3 3

Vauy € LP(0,T; LUR?)), =+==2,-<q< o0,
(1.3) o ;
Vb, € L'(0,T; L*(R3)), =+ =2, 5 <s< oo,
T S

where V}, is the horizontal gradient operator.

The motivation of this paper is to refine and from the Lebesgue
spaces to more general Besov spaces. In fact, some improvements involving
BMO spaces, multiplier spaces and Morrey—Campanato spaces have been
developed in [11 [7, 26].

Now, our main result reads:

THEOREM 1.1. Let (ug,bg) € H3(R3) with V -ug = V - by = 0, and
T > 0. Assume that (u,b) is a weak solution pair of the MHD system
with initial data (ug,bg) on (0,T). If

(1.4) up, by € L*(0,T; BY, o (RY)),
or
(1.5) Viup, Viby € LI(O,T; Bgo,oo(R3))7

then the solution can be smoothly extended beyond T'.

REMARK. Due to the embedding relations L*°(R3) C BMO(R3) C
Bgom(R?*), this indeed improves and (L.3).

The proof of Theorem under conditions and will be pro-
vided in Sections [3] and [ respectively. Before doing that, in Section [2| we
introduce BMO spaces and Besov spaces, and establish some bilinear esti-
mates in Hardy spaces.
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2. Preliminaries. In this section, we introduce some function spaces
which will be frequently used later.

The Hardy space H!(R3) is the space of locally integrable functions f
which satisfy

(2.1) 171 = [supléu 71, < oo

where ¢.(x) = e "¢(x/¢) for a fixed ¢ € CF°(B(0,1)) with ¢(x) > 0 and
{o(y)dy = 1. It is well-known that this definition does not depend on the
choice of ¢ (see [6]).

The dual of H!(R?) is BMO(R?), the space of functions of bounded mean
oscillation (see [19, Chapter 4]), with the seminorm

1
(2.2) IfllBvo = sup = | [f = f5]dz < oo,
B |Bl 3

where the supremum is taken over all balls B in R?, and fp = |B|~! 5 fly)dy
is the mean value of f over B (one can replace fp by any costant cp, which
does not affect the definition). Furthermore, we have

(2.3) ‘ | F(@)g(z) dz| < C||fllBymollgl7
RS

whenever the right-hand side is bounded (see [19, pp. 142-143]).
We need the following bilinear estimates in Hardy spaces.

LEMMA 2.1. Suppose f € WHP(R3) and g € WHI(R3) with 1 < p,q < oo
and 1/p+1/q=1. Then V(fg) is in H'(R3). Furthermore,

(2.4) IVl < CIVFlizeligllze + CllA e 1Vl Le,
where C' is independent of f and g.

Proof. We will borrow some ideas from [20]. By a density argument, we
may assume that f,g € C§°(R3). Denote

1 1
fB(:z;a) = m S f(y) dy, 9B(z,e) = m S 9(y) dy.
B(z,e) B(z)
Then for any 1 < k < 3,
(25) |¢€ * Bk(fg)(a:)] = ‘ S (Z)E(x - y)ak(fg - fB(:v,e)gB(:r,s)) dy‘

B(z,e)

=| | 00ulw =9 = Fpe)9 + F50.0)(9 — 9500.0)) ]
B(z,e)
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C
ng S |f fst| ‘g‘dij* S ‘fst| ‘g nge)‘dy
B(x,e) B(w,e)
=1+ J
By the Holder and Sobolev inequalities,
C s 1/s _s S;1
n<( V1= foealay) " (§ lolTTdy)
B(z,e) B(z,)
<5(§ vaEsay) T (O lelFTay)
B(I,é) B(.Z’,é)
where we choose s so that
38 s
l<s<oo, 1< — <q.

<p,
s+3 b s—1
By the definition of the Hardy-Littlewood maximal function (see [19, p. 13]),

1
Mv(z) =sup 7—— v(y)|dy, v € L} (R?),
( ) E>]8 |B(.’L‘,€)|BS ‘ (y)| Yy l ( )
(z,8)
we may dominate [; further as
s+3 s—1
1 3s 3s 1 s s
< 0( v ) o177 ay)
|B(x,¢)] ) |B(x,¢)| )
B(z.e) B(z.e)

543 8 _(,5—1
CIM( F[=5)] 5 - [M(|g|=T)] 5.
Thanks to the Hardy-Littlewood maximal theorem (see [19] p. 13]),

g
o
R 571

< cHM(ny\s%)HLS;(SW M (|g]=T))|

Lq(s 1)

(26) [Tz < OV 5 1 - (M (lg]=7)]

< ol v aen [lgl 7

sl)

< CHVfIILpllglqu-

We are now ready to estimate J. By the Holder and Sobolev inequalities
with
3t t
l<t<oo, 1<——<yq, —— <p,

we obtain

C
< ;4|fB(z,e)\ : S |9 — 9B(ze)| dy
B(z,)

C
<z S |fldy - S |9 — 9B(z,e)| dy
B(z,e) B(z,e)
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C o T 1/t
<(§ 17T dy) () 19— 9nen dy)
B(z,e) B(z,e)
c o = 3t T
<5(§ inmray) T () Vel ay) T
B(z,e) B(z,e)
Then, we may argue as (2.6|) to conclude that
(2.7) 1l < Cllf e IVgl L.

Plugging (2.6) and (2.7) into (2.5)), we get (2.4) as desired. =

To introduce the definition of Besov spaces, we need to define the Little-
wood-Paley decomposition. Let S(R?) be the Schwartz class of rapidly de-
creasing functions. For f € S(R?), its Fourier transform Ff = f is defined
as

f©) =\ fla)e ™ du.
R3
Let us choose a non-negative radial function ¢ € S(R?) such that
1 if |¢] <1,
0<@é) <1, ¢¢-= N

<p0 <t w©O={, ;h s
and let
For j € Z, the Littlewood—Paley projection operators S; and A; are, respec-
tively, defined by

Sif=wjxf, Ajf =vjx[.
Observe that A; = S; — S;_1. Also, it is easy to check that if f € L?(R3),
then

Sif -0 asj— —oo; S;f—f asj— oo,

in the L? sense. By telescoping the series, we have the Littlewood-Paley
decomposition

o0
(2.8) f=> Aif
j=—o0
for all f € L?(R?), where the summation is in the L? sense. Notice that
Jj+2 Jj+2
Aif = > Adjf= " dixiyx ],
1=j—2 1=j—2

so from Young’s inequality, it readily follows that
(2.9) 14 fllze < C2HAP=YD|A;f] o,
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where 1 < p < ¢ < oo, and C is an absolute constant independent of f
and j.

Let s € R and p,q € [1,00]. The homogeneous Besov space B;,q(R?’) is
defined by the full dyadic decomposition such as

— {F e Z®): Iflg,, = P IA N YE ol < o).
where Z’(R?) is the dual space of
Z(R3) = {f € S(R®); D*f(0) = 0, Va € N3}
It is well-known that (see [21I] for example) for all s € R,
(2.10) H*(R%) = B3 ,(R?), L®(R*) C BMO(R?) C By, . (R?).

We end this section by collecting some nice structures of the convective
terms of the MHD system (1.1 for later reference (see also [9] [10]).

LEMMA 2.2. For a smooth solution w,b of the MHD system,
211)  V[(w-V)u]- Audz — [[(b- V)u] - Auds

R3 R3
+ {[(w-V)b] - Abdz — [ [(b- V)u] - Abdz
R3 R3
C | |(un, bp)| - |Vi(IV (u, b)%)| da
R3
C \ [(Vnun, Viby)| - [V (u, b)) da.
R3

Proof. The proof follows ideas from [27]. Due to the divergence-free con-
dition V- w4 = V - b = 0 and its consequence

3
Z S {l(6-V)oxb] - Opu+ [(b- V)Oku] - b} du
k=1R3
3

= Z [ (- V)b Ohu)dz=—=>" | (V- b) (kb dpu)dz =0,
k=1R3 k=1R3
we may integrate by parts to get
212)  V[(w-V)u]- Audz - [[(b- V)u]- Auds
R3 R3

3
== |G- V)] - akudx—kzx [(Ob - V)b] - dpudx

k=1R3 k 1R3
3

R
A RLE akbdx+zg [(8xb - V)u) - Oibda.
k=1R3 k=1R3
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Each term on the right-hand side of (2.12)) can be written as

3
+ >\ Outi0,gi0khidx ({f,g,h} C {u,b}).
ij.k=1R3

We classify the terms 0y fj0;9;0kh; (1 <14,j,k < 3) as follows:

(1)ifk =45 =3, 0orj =14=3,ori =k = 3, then we invoke
the divergence-free condition to replace dsfs (resp. dsg3, O3hs) by
—01f1 — 02 f2 (vesp. —01g1 — D292, —01h1 — Oaha);

(2) otherwise, at least two indices belong to {1,2}.

After this operation, we easily deduce (2.11)) by some further integration by
parts. m

3. Proof of Theorem under condition ([1.4]). In this section,
we shall prove Theorem |1.1| under condition ({1.4)).

It is well-known (see [I8] for example) that (1.1]) has a local strong solu-
tion

(u,b) € L=(0, *; H3(R3)) N L?(0, I'*; H4(R?)).

If I'* > T, then there is nothing to prove. Otherwise, we need to show that
|V3(u,b)||z2 is uniformly bounded as ¢t , I'*. The standard continuity
argument then shows that the solution can be extended smoothly past 1™,
which contradicts the fact that I'™* is the maximal existence time.
By , there exists a I' < I'* such that
I
(3.1) § lCun bl d <,
r
where 0 < € < 1 is to be determined later on.
Multiplying 1 with w, 2 with b, and integrating in R3, we may
invoke the fact that V-4 =V - b =0 to deduce
5 el B)2 + 9w, B3 = 0.
Integrating in time, we get the fundamental energy estimate
¢
(3-2) (s B)[1 2 (#) + 2§ 1V (w, B)[| 2 () ds < [[(u0, bo)|72 < oo
0
Taking the inner product of (L.1)); with —Aw, (1.1), with —Ab in L?(R3)
respectively, adding the resulting equations together and invoking Lemma
2.2l we obtain
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1 d
(33) 5 IV ) + Al b3
= S (u-V)u]- Audz — S [(b-V)u] - Audz
R3 R3
+ V[(w-v)b] - Abdz — [ [(b- V)u] - Abdz
R3 R3
< C | |(un, bi)| - [Va(IV(w, b)) dz = 1.
R3
By and , the term I may be dominated as
(3.4) I < O||(un, br) [Bmol Va(IV (u, b)) |31

< Cl(un, br)l[Byo |V (w, b)l| 2]V (w, b)| .2
< Cl(wn, br) [Eno |V (w, B) |72 + 511 A(w, b)|7.

Plugging (3.4) into (3.3]), and absorbing the diffusive term, we get
d
(85)  —V(w bl + 1A, b7z < Cll(wn, bi) [Eniol|V (w, b) 72

To transfer the larger BMO norm to the smaller Bgo’oo norm, we invoke the
following logarithmically improved Sobolev inequality of [16]:

(36)  flleno < Cllfllgn , < O+ 1Sl W3(e+ VS 2)]

to obtain

d
(8.7)  —IV(u bl + 1A, B)]7:
< CLU+ [I(wn, bl (e + (V2 (w, 8) 1 2)] 11V (w, B) 7.

Applying the Gronwall inequality, we arrive at

(38) IV (u, b)|72(t) + | [ A(w, b)|72(s) ds < ||V (w, B)|[72(1)
I

exp{C | [+ ll(un, by In(e+ [V (w, b)) 12)] (s) ds .
r

Denoting

y(t) = sup [|V(u,b)|2,
se[t]
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and noticing the monotonicity of y(t), we deduce

t

(39) V(. 0)72() + | [A(u, b)72(5) ds

r
t

<o) - exp{C REERIC7S bh)uggm In(e +y(s))] ds}
r

t
< Cexp[Ole+y(0) - | ll(wn, ba)3, _ds|
o ,00

< Cexp[Cln(e+y(t)) -] < Cle+y(t )]Ce

To get the H3-estimate, we apply V3 to (L.1); 5, multiply the resulting
equations by V3u and V3b respectively, and sum them up to obtain

1d
(3.10) 5 EIIV?’(u, B)[172 + IV (u, b)|12:
— | V(- V)u] - Viude — | V3[(u- V)b]- Vibda
R3 R3
+ | {V¥[(b- V)b VPu + V?[(b- V)u] - V*b} dx
R3
=— | [V, u-V]u-Viuds — | [V?u-V]b-Vibdx
R3 R3
+ {{[V%b-V]b- Viu+ [V b V]u Vbl do = J
R3

([f,9] = fg — gf, and we use the incompressibility condition). To proceed
further, we recall the following commutator estimate due to Kato—Ponce [15]:

(3.11) 114%, flgllze < CUIV Fllzo 4 gllzea + 4% Flzes gllzea)

with 11 1 1 1
S>07 p27p3€(1700)7 —=— 4+ —=—+4+—.
p P P2 b3 D4
Consequently,
(3.12)  J < |[[V3 w- V]ullLasl|VPullps + [[V2, w- Vbl La/s ]| V20| 14
+I[V2, 6 Vb Lass || VPul g1 + | [V?, b - V]ul| /s ]| Vb 14
< CIIV (u,b) | 21V (1, b) o - [ 9%, b) o (by (BIT))
4 7/4
< C[|V (a, B) | 2]V (s, B) | 15[V (., B) | 75
(by the Gagliardo-Nirenberg inequality ||V3f||zs < C||V2fH1/8||V4fH7/8)
< OV (u, )3V (w, )72 + 51IV* (w, b)|| 72
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Plugging (3.12)) into (3.10]), and absorbing the diffusing term, we get
d

(3.13) IV (w. b)[1Z2 < C|IV (w, B)|I72 |V (w, B)|7-

Integrating this over (Tp,t), we find that

IV (w, B) (#)|72
< V2w, b)(To)lI72 + C § 11V (2, B)(7)1[7: ]V (. B) (7) |72 d

To
t
< V3w, b)(T)|[72 + C _sup ||V (u,b)(7)|[}2 | V2 (w,b)(7)]|32 dr
To<t<t To

< IV (u, b)(To) |72 + Cle + y(O)]*" - [e + y(1)]“* (by BI))
< IV (u, b)(To) |72 + Cle +y ().
Thus,
e+y(t) <[V (u,b)(To) |72 + Cle + y()]°.
Choosing € = 1/(10C), we deduce
y(t) < C(| V2 (u, b)(To)|| 2, To, T) < o0,
as desired. The proof of Theorem is thus complete.

4. Proof of Theorem under condition ([1.5)). In this section,
we prove Theorem under condition (|1.5)).
By (3.13]), we only need to show that
IV (u,b)||2(t) <C, VO<t<I™

For this, we invoke (2.11]) to write (3.3)) as
1d
(1) 5 IV b)[3: + Al b2

<C S [(Vhun, Viby)| - [V (u,b)? dv = K.
R3
To estimate K, we invoke the Littlewood—Paley decomposition (2.8]) to write

N
(Vaun, Vabn) = Y A(Vaun, Vabp) + Y Ai(Vaun, Vaby)
I<—N =N

+ Y A(Vaun, Vab),
I>N

where NN is a positive integer to be determined. Substituting this into K, we
obtain
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K<C Z S |Ai(Vhun, Viby)| - |V (u, b)|? dx
I<— NR3

+C Z | 1A(Vhun, Viby)| - [V (u,b)* da
—N R3

+CZ \ [AI(Vhun, Vaby)| - [V (u, b)|* do
>N R3
=K + K> + Ks.

Using the Holder inequality, (2.9) and the Young inequality, we obtain

K1 <C Y 1A (Vnwn, Vibn) | e[|V (w, b) [ 72
I<-N

<C Y 272 AlVhun, Viba) | 2|V (w, B)[7
I<—-N

< 27N2[(Vpun, Vibn) 2 - [V (u, B)|3
< [C27V(|V (. b) | 7)12.
For K5, from the Holder inequality,

N
Ky <C 0 [|A(Vhun, Vaby)l| e[|V (u, b)[|2
I=—N

< ON[[(Vnwn, Vibi)llgo, 1V (2, b)][7-

And finally, by the Holder and Gagliardo—Nirenberg inequalities, (2.9) and
(2.10), K3 can be estimated as

K3 < C Y [|A(Vhun, Vibn)|12 ]V (u, b) |75
I>N

<C> 2P|V (u,b)||z2 - |V (u, )| 2] Alu, b)|| 2
I>N

/ /
<o(Y ) (2 IV b)) - 19 b) e A, b)
I>N I>N

< [C27N|V(u, b)[[72]| Alu, b) | 7.

Combining the bounds of K; (1 < i < 3), and substituting into (4.1]), we are
led to

d
(4.2) 5=V b)Le + 1A, b)[ 72
< [C2N(IV (u, b))% + ON|[(Vhun, Vibn) | o, IV (u,b)]|72

+ 027V V (u, b)[[7] 2 Alu, ) [ 72

(NN
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Now, we choose N as small as possible to satisfy C27V|V(u, b)[|2, < 1/4,
that is,

v o 2mle+C|V(u. b)||2,]
= In2

+ 2,
and we find that implies
(V(u,b)|7:
< O+ C|(Vaun, Vi)l go__Infe + OV (u, b)[|72][|V (u, b)| 7

2
dt
Applying the Gronwall inequality twice, we gather that

T
1V (u, b)||22 () < Cexp{exp [cg |(Fnwn, Vibn)ll g _(s) ds” <
0

for any ¢t € [0, I"*). This completes the proof of Theorem
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