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ON THE CONVERGENCE OF SECANT-LIKE ALGORITHMS
WITH APPLICATIONS TO GENERALIZED FRACTIONAL
CALCULUS

Abstract. We present local and semilocal convergence results for secant-
like algorithms in order to approximate a locally unique solution of a non-
linear equation in a Banach space setting. In the last part of the study we
present some choices of the operators involved in fractional calculus where
the operators satisfy the convergence conditions.

1. Introduction. In this study we are concerned with the problem of
approximating a locally unique solution x* of the nonlinear equation

(1.1) F(z) =0,

where F' is a continuous operator defined on a subset D of a Banach space
X with values in a Banach space Y.

A lot of problems in computational sciences and other disciplines can be
brought into a form like using mathematical modelling [7), 1T}, [I5]. The
solutions of such equations can be found in closed form only in special cases.
That is why most solution methods for these equations are iterative. Iterative
methods are usually studied based on semilocal and local convergence. The
semilocal convergence analysis is, based on the information around the initial
point, to give hypotheses ensuring the convergence of the iterative algorithm;
while the local convergence analysis is, based on the information around a
solution, to find estimates of the radii of convergence balls as well as error
bounds on the distances involved.
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We introduce the secant-type method defined for n =0,1,2,... by
(1.2) Tpg1 = T — A(F) (Tp, 1) L F (),

where z_1,z¢9 € D are initial points and A(F)(z,y) € L(X,Y), the space
of bounded linear operators from X into Y. There is a plethora of local as
well as semilocal convergence theorems for method provided that the
operator A is an approximation to the Fréchet derivative F’ [1, 2, 5-15]. In
the present study we do not assume that the operator A is related to F”.
This way we expand the applicability of the iterative algorithm . Notice
that many well known methods are special cases of method (1.2)).

NEWTON’S METHOD: Choose A(F)(x,x) = F'(x) for each z € D.

SECANT METHOD: Choose A(F)(z,y) = [z,y; F], where [z, y; F] denotes
a divided difference of order one [7), 1T, 14].

The so-called Newton-like algorithms and many other methods are spe-
cial cases of method .

The paper is organized as follows. The semilocal as well as local conver-
gence analysis of method is given in Section 2. Some applications to
fractional calculus are given in Section 3.

2. Convergence analysis. We present the main semilocal convergence

result for method ([1.2)).

THEOREM 2.1. Let F': D C X — Y be a continuous operator and let
A(F)(z,y) € L(X,Y). Suppose that there exist x_1,x90 € D, n >0, p > 1,
and a function ¢ : [0,00)%? — [0,00) continuous and nondecreasing (in each
variable separately) such that for all x,y,z € D,

(2.1) A(F)(z,y)" € L(Y, X),
(2.2) max{||z_1 — zol|, | A(F)(zo, 1) " F(x0)||} < n,
(2.3)  JAF)(z,9) H(F(2) - Fly) — A(F)(y,2)(z — y)) ||
< oIz =yl ly — z)llz — ylP*,
(2.4) q:=pmmn’ <1
and
(2.5) Ul(zo,7) C D,
where
(2.6) = %.

Then the sequence {zn} generated by method (1.2)) is well defined, remains
in U(xo,r) for alln =0,1,2,... and converges to some x* € U(xg,r) such
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that
2.7 et — 2al < @(lon = znotlls -1 = Zn—al) |2 — zp—a||PT
< Q||$n - xn—l”
and
n
(2.8) 2y — 27| < %

Proof. The iterate x; is well defined by method (1.2) for n = 0 and

(2.1). By (2.2) and (2.6) we also have ||z1 — zol| = | A(F) (w0, z—1) " F (o)
U H)

<n<r,sox € U(xg,r) and z2 is well defined (by . Using (2.3)) and
(2.4) we get
|22 — 1] = [[A(F) (21, 20) " [F(21) — F(20) — A(F) (2o, 2-1)(x1 — z0)]
< @(ller = o], lzo — z—1l) |1 — zo|P* < gl|s — ol
which shows (2.7)) for n = 1. Then

|22 — zol| < [|z2 — 21| + [l21 — 20|l < gllz1 — 0| + [|21 — 20|

l—q2
- (1 _ <
(4 g — ol < T2

n<r,

so w3 € U(xzg,r) and x3 is well defined. -
Assuming ||zg+1 — 2kl < ¢ller — xp—1]] and xg41 € U(xo,r) for k =
1,...,n we get
[Zkt+2 — T |
= [[A(F) (@hr1, 20) 7 [Flapr1) = Flag) — AF) (g, 2p-1) (@1 — )] |
< @lznsr — zall, llzk — zp1l)llzper — 2P
< @z = zoll, lwo — 21 [Dllwr — zollPllersr — 2rll < gllwnsr — zil]
and
[@p12 — @oll < |kt2 — Tl + @1 — @il + - + o1 — 2o
< (@ D)o — 2o
1— qk+2
< e —woll < =
l—q l—q
which completes the induction for (2.7)) and shows zj4o € U(zo, 7). We also
have, for m > 0,
|Zntm = Zall < | Tntm = Tagm—t|l + -+ [|[Tng1 — 4|
< (@™ g D) ||z — 2|

1—
0"l = ol

m

<



194 G. A. Anastassiou and I. K. Argyros

It follows that {x,} is a Cauchy sequence in the Banach space X and as such
it converges to some z* € U(zq,7). By letting m — oo, we obtain (2.8)). m

Stronger hypotheses are needed to show that z* is a solution of F'(z) = 0.

PROPOSITION 2.2. Let F': D C X — Y be a continuous operator and let
A(F)(z,y) € L(X,Y). Suppose that there exist x_1,20 € D, n >0, p > 1,
p >0, and a function @1 : [0,00)% — [0,00) continuous and nondecreasing
such that for oll x,y € D,

A(F)(z,y) " € LY, X),  AF) (2,97 ] < gy
(2.9) max{||z—1 — zol, [ A(F)(z0, 2-1) " F(zo) |} <,
(2.10)  [[F(z) = F(y) = A(F)(y,2)(z = )

e1(llz =yl llz — yl)
S HZ - pr-‘rl,
1
q = e1(n,mnf <1
and

77 . n

U(xzg,m1) €D, where r = .
Il—q

Then, the conclusions of Theorem for the sequence {x,} hold with o1,
q1, r1 replacing @, q, r, respectively. Moreover, x* is a solution of F(x) = 0.

Proof. Notice that

HA(F)(xnaxn—l)_l[F(xn)_F(xn—l)_A(F)(xn—laxn—2)(xn_xn—1)] H
< ||A(F)(a:n,xn_1)71H [ F(20) = F(zn-1) — A(F)(@n-1, Tn—2)(Tn — Tn-1) |
< @1(llzn —zp-1l]; [2n-1—2n-2) |20 _fljn—lnp—H < q1llzn —zn-1||-
Therefore, the proof of Theorem [2.1] can apply. Then, in view of the estimate
[E (@)l = | F(2n) = F(zn-1) = A(F)(Zn-1, 2n-2)(@n — 2n-1)
< e1([lzn — zn-1l))

o
we deduce by letting n — oo that F(z*) =0. m

||$n - wn—lup—H < QIHxn - xn—1”>

Concerning the uniqueness of the solution 2* we have the following result:

PROPOSITION 2.3. Under the hypotheses of Proposition [2.2], suppose
moreover that there exists po : [0,00)? — [0,00) continuous and nonde-
creasing such that

(211) [|F(z)—F () A(F)(z ) (=) < P27 ‘”“"ﬂ’ by =), s

and
(2.12) wa(r1,n+r)r) < 1.
Then x* is the only solution of F(z) =0 in U(xg,71).
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Proof. The existence of a solution z* € U(zg,r1) has been established

in Proposition Let y* € U(xg,r1) with F(y*) = 0. Then

ni1 =yl = llon — y* = A(F) (@, 2p-1) " F(zn)|
= [[A(F) (@n, 2n—1) T [AF) (@, 2n1) (2 — y) = Fan) + Fy)
< JAF) (@, 20) HHIE () = Fan) = AXF) (@0, 2n-1) (" — 2a)]|
Tn — Yl [|2n—1 — ¥*

< 2l [ l#n—1 H)H

1
< @a(ri,n+r)rfllen — 27| < llen — ",

Ty — y*HP+1

so we deduce that lim, . x, = y*. But since lim,_, x,, = 2*, we conclude
that z* = y*. =

Next, we present a local convergence analysis for algorithm (|1.2)).

PROPOSITION 2.4. Let F : D C X — Y be a continuous operator and
let A(F)(y,z) € L(X,Y). Suppose that there exist x* € D, p > 1, and a
function @3 : [0,00)% — [0,00) continuous and nondecreasing such that for
all x,y € D,
F(z*) =0, A(F)(y,2)" '€ L(Y,X),
(2.13)  [JA(F)(y,2) " [F(2) = F(«*) = A(F)(y, 2)(a — z7)]|
< w3y — 2|, & — 2*|)lly — «*|P*,

and

U(z*,r2) C D,
where ro is the smallest positive solution of the equation
h(t) := ps(t,t)tP — 1 =0.

Then the sequence {x,} generated by method (1.2) for x_y,x¢ € U(z*,r9) —
{z*} is well defined, remains in U(x*,r3) for n =0,1,2,... and converges
to x*. Moreover,

lzns1 = 2| < @2(llzn = 2*[|, |2n-1 = 2" ) [lon — 2P < J2g — ™| <72,

Proof. We have h(0) = —1 < 0 and h(t) — oo as t — oo. Then the
intermediate value theorem shows that h has positive zeros. Denote by 19
the smallest such zero. By hypothesis z_1, 20 € U(z*,r2) — {*}. Then

lz1 — 2| = |lzo — 2" — A(F)(zo,z-1) " F (o) |
= [|A(F)(wo, z-1) " [F(2*) = F(0) — A(F)(zo,z-1)(z" — o)
< pa(llzo — @"[|, [lz—1 — " [})l|lwo — 27||P**
< p3(ra, r2)ryllwo — 27| = llzo — 27| <,
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which shows that z; € U(z*,r2) and x5 is well defined. By a simple inductive
argument as in the preceding estimate we get

|21 —2%|| = ||z —2* — A(F) (zg, Tp1) " F ()

< [ AGF) s o1 1) M P @) = F ) = A (g, ) (0" = )|

< pa(ller—a" |, llzp—1 —*||) o —2"[P*!

< p3(ra, ro)rillog—a*|| = ok —a7| < 7o,
which shows limy_, o 2 = 2* and xg1 € U(x*,72). =

REMARK 2.5. (a) Hypothesis specializes to Newton—-Mysovskii-
type if A(F)(z) = F'(x) [0, 11, 14]. However, if F is not Fréchet-differenti-
able, then our results extend the applicability of the iterative algorithm
).

(b) Theorem has a practical value although we do not show that x*
is a solution of the equation F(z) = 0, since this may be shown in another
way.

(c) Hypothesis can be replaced by a stronger one:

[A(E) (y,2) 7 [F(2) = F(2) = A(F)(y, z)(z — 2)]]|

< @3(llz = yll: Iz = 2Dz =yl
3. Applications to g-fractional calculus. Here the background
needed comes from [4].

DEFINITION 3.1. Let > 0, [ar] = n (][] is the ceiling of the number).
Let g € AC([a,b]) (absolutely continuous functions) be strictly increasing.
We assume that (f o g=1)™ o g € Lo ([a,b]), where f : [a,b] — N.

We define the left generalized g-fractional derivative of f of order a as
follows:

(DS g @) =

(n—a)

| (g(@) = g™ g () (f o g™ )M (g(t)) dt
for a < x < b, where I is the gamma function.
If « ¢ N, we have D&, f € C([a,b]).

a+;g
We set
Dy f@) = ((fog ™)™ og)(x),
D2+;gf(33) = f(x)a Vo € [CL, b]
If g =id, then

Dng;gf = Dg+;idf = Dfaf,

the usual left Caputo fractional derivative.
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We will use the following g-left fractional generalized Taylor formula
from [4].

THEOREM 3.2. Let g € AC([a,b]) be strictly increasing. Assume that

fog™ € AC™([g(a), g(b)]) (this means (f o g~")""1) € AC([g(a), g(b)])),
where N 3 n = [a], a > 0. Also, assume that (f o g=")™ o g € Loo([a,b]).

Then
n—1 o a1 (k) a
31 S~ fla)= 3 LTI () g(ayy
k=1
ey 00— 00) 7 O D0

for all x€[a,b]. The remainder of (3.1) is a continuous function in x € |a, b).

Here we are going to operate more generally. We consider f € C"([a, b]).
We define the left g-fractional derivative of f of order « as follows:

(Disca o) = s § (0(0) = a(0O)" g () 57) ) o0

for any a <y < x < b;
Dy f(z) = ((fog )™ og)(x),  Va,y € [a,b],

and
DY, f(x) = f(z), V€ ab].

For a > 0, a ¢ N, by convention we set

( y+gf)( ) Vx,ye[a,b],:c<y.
Similarly, we define
1 Y
(D34 () == Toi—a) [ (9(y) —g())" g (0)(f o g~ )™ (g(t)) dt
for any a < x <y < b;
D @) =((fog™H™og)(y), Va,ye€lab],
and
D(a):+gf(y) :f(y)v Vy € [aab]'
For a > 0, a ¢ N, by convention we set

(Do f)y) =0, Vr,y€la,b],y <.
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Assuming (f o g~ ") o g € Loo([a, b)), we get

[(Dgygf)(@)] S g (W)](f o g H) ™ (g(t))] dt
)
< H( F()TL_OS]H“[“ 5(9(@ —g(t))"" g (1) dt
1(f 097" 0 glloo fap) o
= Th—atl) (9(w) — g(a))
1(f 097" 0 glloo () o
< T —atl) (9(b) —g(a))"™®, Vz € [a,b].
Hence
(Datigf)(a) =0
and

(Dy1:9/) ) = (D34 o) (@) =0, Va,y € [a,b].

Thus when o > 0, a ¢ N, both Dy, . f, D¢, f € C([a,b]).
Notice also that

fogte AC™([g(x),g(0)]) and (fog ") og e Lo([x,b]),

and of course g € AC([z,b]), and g is strictly increasing over [z,b] for all
x € [a,b)].

Hence by Theorem [3.2] we obtain

oqg 1k
Fla) o) = 3 2T gy gy
k=1
+ Fla) V(g(@) = g(1)* g (DY, £)(t) dt,  Va € [y,b)],

Y
P 1 0) = 90" G O(DEy (O, V€ 1]
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We also define the following linear operator:

(AL(f)(z,y) =

n—1 ° —1y(k) a 1

5 VS a g ) — g() !+ (D5 @) P forz >,
)
)

1

ol (o1 ) (k) «
> fg—“”(g(y)fg( N (DR £ ) SR — for e <y,

for z,y € [a,b], a>0,n=al.
We may assume that

52) (1 (D)a,2) = (D)l = 117 (@) = 1),

(£ 0 g7 ) (g(@) = (£ 0 g™ (9(v))] < Blg(x) — g(y)l.
for x,y € [a, b], where @ > 0.

Now we estimate I1 := | f(z) = f(y) — (A1(f))(z,y)(g(x) — g(y))| in two
cases. If x > y then

xT

1= | s § 0t~ 90 DG 1)
- (D) LD
- @ S §(0) G O ((Dgy )0 — (D £)(@) |
< 1 1000 = 90 DDy (0) — (D))
y

We can assume that

(D46 5) (@) = (Dyy o) (@)] < Mlg(t) — g()]
for all t,z,y € [a,b] with >t > y, for some A\; > 0. Then

n< lf(;) §<g<x) — g(1)*"'g (1) (g(x) — g(1)) dt
oM ot M (g(@) = g(y)*
= F(;) §<g<x> — g(t)*g/(t) dt = F(;) —

We have proved that

[f(z) = fy) = (Ar() (2, 9)(9(z) = 9(y))]

A (glx) — gly)>tt

< v b .
< ) P z,y € la,b], x>y
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Now we assume that y > x. Then

I = |f(y) = f(z) = (A1 () (z,9)(g(y) — g(x))]
_ \F(la) J o) — 0 g D5 0

— (Dgsg /)W)

Y

= F(la)‘g (9(y) — g®)* g &) (DS /)() = (DS )W) dt‘
Y

< F(la) V (9(y) = 9(0)* g ()DL, /) (1) = (DS ) (W) dt.

We can assume that

(D340 1)) = (Do ) W)] < A2lg(t) — g(y)]
for all t,y,z € [a,b] with y >t > z, for some Ay > 0. Then

1 < 725 1 6~ 90" o) - a(0) e
RS o i M2 (g(y) —g(x)* T
= Py ) 60 —9@)d 0t = 70 T

We have proved that

[f (@) = f(y) = (Ar() (2, 9)(9(x) — 9(y))]
A2 (g(y) — g(x))**
~ I'(o) a+1
CONCLUSION 3.3. Set A := max(A1,\2). Then

33)  [f(@) = fly) = (A(f) (=, 9)(g9(x) — 9(y))]
A g(@) —g()|*H!
~ I'lo) a+1 ’
Notice that (3.3) is trivially true when x = y.
One may assume that
(3.4) N T(a) < 1.
Now based on (3.2)) and (3.3]), we can apply our numerical methods presented
in Section 2 to solve f(z) = 0.

DEFINITION 3.4. Let o > 0, [a] = n. Let g € AC([a,b]) be strictly
increasing. Assume that (f o g~ 1) o g € Loo([a,b]), where f : [a,b] — R.

, Va,y €la,b], y > .

Y,y € [a,b].
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We define the right generalized g-fractional derivative of f of order « as
follows:

b
(Do () = =\ (g(t) = g(2))" g (O)(f 0 7)™ (g(t)) dt

for = € [a,b].
If a« ¢ N, we have Dff . f € C([a,b]).
We set
Dy_yf(z) = (=1)"((fog~")™ 0 g)(x),
Dy, f(z) = f(z), Vax€la,b].
If g = id, then
Dy yf = Dy_saf = Dy f,
the usual right Caputo fractional derivative.
We will use the following g-right fractional generalized Taylor formula
from [4].

THEOREM 3.5. Let g € AC([a,b]) be strictly increasing. Assume that
fog™t e AC™([g(a),g(b)]), where N > n = [a], a > 0. Also assume that
(fog HMoge Loo([a,b]). Then

T IESNG)
35 f@) - fe) =3 LOIITEOD 0y

k!
k=1

b

V(9(t) = g(2))* g () (Df_ o f)(t) dt

T

L1
I'(a)

for all a < x < b. The remainder of (3.5) is a continuous function in
x € [a,b)].

Here we are going to operate more generally. We consider f € C"([a, b]).
We define the right g-fractional derivative of f of order a as follows:

_1\yn Y
(D5, @) = AL (g(t) — gl =g O 0 g™) P (gl0))

(n—a))

for z € [a,y], where y € [a, b];
(D2 f)(@) = (~1)"(fog )P 0 g)(a), Va,y € [a,b],
(DY o)) = f(z). Vo€

For a > 0, o ¢ N, by convention we set

(Dy_.;f)(x) =0, Va,ye€la,b], z>y.
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Similarly, we define

(Dz—gN)(y) = V(9(t) = gw) 71 (O(f o g )™M (g(1)) dt

for y € [a, z], where = € [a,b], and
(DF_ g F)) = (=D)"(fog H™og)(y), Vaz,y € [a,b],
(De—gN) = f(y), Wy € [a,b].
For a > 0, ¢ N, by convention we set
(DF_gf)y) =0, Vz,y€lab],y>uw
Assuming (f o g1 )™ o g € Loo([a,b]), we get
(£ ©97)™ © glloo )

(D5 (@) < (90) = g(a))"

I'ln—a+1)
o g~ (M) ¢
MY ﬁ(n)_ . f!;o,[a,b} (9(b) — g(a))™™™,  Va € [a,0].
That is,
(Dfo)(B) = 0
and

(Dy—g N y) = (DF_yf)(x) =0, Va,y € [a,b].
Thus when o > 0, a ¢ N, both Dy f, Dy f € C([a,b]).

Notice also that f o g~! € AC™([g(a),g(z)]) and (f o g~)™ o g €
Lo ([a,z]), and of course g € AC([a,z]), and g is strictly increasing over
[a, z] for all x € [a,b].

Hence by Theorem [3.5] we obtain
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We also define the following linear operator:
(Az(f))(fv y) =

[e) -1 (k) _ z o
z e RO (g(x) — g(y))F — (Do) () LU for 2 <y,

og—1)(k) _ z !
Z Yer oo (g(y) — g(a))" ! — (D2, () LA = fora >y,
f(”( ) when z =y,

for z,y € [a,b], @ > 0, n = [a].
We may assume that
(3:6)  [(Aa(f)) (&, 2) = (Ao(N))(w,w)| = |f (@) = £ (y)]
< P¥g(x) —g()l, Va,y € [a,b],

where @* > 0.
Again we estimate, first for x < y,

— (@) = Fy) — (o)) (9(2) — 9(3)|
1 K a / o
—]F(Q)Mg(t)—g( (DS F)(E) dt

(oD@ (9(y) — g(z))*

I'a+1)

=
L

We can assume that

[(Dy—£) () = (Dy_, f)(@)| < prlg(t) — g()]

for all t,z,y € [a,b] with y >t > z, for some p; > 0. Then

Yy
Fféiy §C () g (t)(g(t) — g(=)) dt
= T ) 00 - serd W
o (9ly) — g(a))* !

- I'(a) a+1
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We have proved that
[f(z) = fy) — (A2(f))(z,y)(9(z) — 9(y))]

—g(x
< v b .
= Ta) ] x,y € [a,b], x <y

Now assume that z > y. Then

L =|f(y) — f(z) — (A())(z,9)(9(y) — g(z))]
= |f(y) — f(2) + (A2(f) (2, v)(g(z) — g(y))|

Tl V(9(t) = 9()* g (D(D5_ g f)(1) di

(9(z) — g(y))”

V(90 = g () ((De_ g H)(8) = (D5_g ) (v)) dt‘

We can assume that

[(De—igF) () = (Dg_.g /) W)] < p2l9(t) — g(y)|
for all ¢t,y,x € [a,b] with z >t > y, for some py > 0. Then

B < s 600 = )79 () (9(t) — 9(v)) dt
o, a1 P2 (g(x) —g(y)*!
_1“(204)5(9() 9w g (B dt = frs ==

We have proved that

[f(x) = fy) = (A2(f))(2,9)(9(z) = 9(y))]

P2 (g@) —g(y)*"
~ I'(o) a+1

CONCLUSION 3.6. Set p := max(p1, p2). Then

3.7 [f(@) = fly) = (A2()) (2, 9)(9(z) — 9(y))]

plglx) —gly)|**
~ I'(o) a+1 ’

Notice that (3.7) is trivially true when x = y.

,  Vz,y € la,b], z>y.

V,y € [a,b].
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One may assume that
p
3.8 — < L.
Now based on (3.6)) and (3.7)), we can apply our numerical methods presented
in this article to solve f(z) = 0.
In both fractional applications o + 1 > 2, that is, a > 1.

Also some examples for g follow:
g(x) =¢€", z€la,b] CR,
g(x) =sinz,
g(x) =tanz, x€[-7/2+¢e,7/2— €], where ¢ > 0 is small.

Indeed, the above examples are strictly increasing and absolutely continuous
functions.

REMARK 3.7. (a) Returning to Conclusion we see that Proposi-
tion can be applied if p = a, g(t) = t, F(t) = f(t), A(F)(s,t) =
A1(f)(s,t) and

(5, 1) s —t|P
S,t) = ———7———
! (a+ DI ()
for each s,t € [a, b].

(b) According to Conclusion E we can again use Proposition 2.2 as

in (a) but we must choose A(F)(s,t) = Aa(f)(s,t) and

pls —tF

Pl = o D)

for each s,t € [a, b].

References

[1] S. Amat and S. Busquier, Third-order iterative methods under Kantorovich condi-
tions, J. Math. Anal. Appl. 336 (2007), 243-261.

[2] S. Amat, S. Busquier and S. Plaza, Chaotic dynamics of a third-order Newton-type
method, J. Math. Anal. Appl. 366 (2010), 164-174.

[3] G. Anastassiou, Fractional representation formulae and right fractional inequalities,
Math. Computer Modelling 54 (2011), 3098-3115.

[4] G. Anastassiou, Advanced fractional Taylor’s formulae, J. Comput. Anal. Appl., to
appear (2016).

[6] I K. Argyros, Newton-like methods in partially ordered linear spaces, J. Approx.
Theory Appl. 9 (1993), 1-10.

[6] I. K. Argyros, Results on controlling the residuals of perturbed Newton-like methods
on Banach spaces with a convergence structure, Southwest J. Pure Appl. Math. 1
(1995), 32-38.

[7] I K. Argyros, Convergence and Applications of Newton-Type Iterations, Springer,
New York, 2008.


http://dx.doi.org/10.1016/j.jmaa.2007.02.052
http://dx.doi.org/10.1016/j.jmaa.2010.01.011
http://dx.doi.org/10.1016/j.mcm.2011.07.040

206 G. A. Anastassiou and I. K. Argyros

[8] K. Diethelm, The Analysis of Fractional Differential Equations, Lecture Notes in
Math. 2004, Springer, New York, 2010.

[9] J. A. Ezquerro, J. M. Gutiérrez, M. A. Hernéndez, N. Romero and M. J. Rubio, The
Newton method: From Newton to Kantorovich, Gac. R. Soc. Mat. Esp. 13 (2010),
53-76 (in Spanish).

[10]] J. A. Ezquerro and M. A. Hernandez, Newton-type methods of high order and do-
mains of semilocal and global convergence, Appl. Math. Comput. 214 (2009), 142—
154.

[11] L. V. Kantorovich and G. P. Akilov, Functional Analysis in Normed Spaces, Perg-
amon Press, New York, 1964.

[12] A A Magrenan, Different anomalies in a Jarratt family of iterative root finding
methods, Appl. Math. Comput. 233 (2014), 29-38.

[13] A A. Magrenan, A new tool to study real dynamics: The convergence plane, Appl.
Math. Comput. 248 (2014), 215-224.

[14] F. A. Potra and V. Ptdk, Nondiscrete Induction and Iterative Processes, Pitman
Publ., London, 1984.

[15] P. D. Proinov, New general convergence theory for iterative processes and its appli-
cations to Newton—Kantorovich type theorems, J. Complexity 26 (2010), 3-42.
George A. Anastassiou Toannis K. Argyros
Department of Mathematical Sciences Department of Mathematical Sciences
University of Memphis Cameron University
Memphis, TN 38152, U.S.A. Lawton, OK 73505, U.S.A.

E-mail: ganastss@memphis.edu E-mail: iargyros@cameron.edu


http://dx.doi.org/10.1016/j.amc.2009.03.072
http://dx.doi.org/10.1016/j.amc.2014.01.037
http://dx.doi.org/10.1016/j.amc.2014.09.061
http://dx.doi.org/10.1016/j.jco.2009.05.001

	1 Introduction
	2 Convergence analysis
	3 Applications to g-fractional calculus
	References

