ACTA ARITHMETICA
172.3 (2016)

Heights, regulators and Schinzel’s determinant inequality
by

SHABNAM AKHTARI (Eugene, OR) and JEFFREY D. VAALER (Austin, TX)

1. Introduction. Let k be an algebraic number field, £* its multi-
plicative group of nonzero elements, and h : k* — [0,00) the absolute,
logarithmic, Weil height. If o belongs to k™ and ( is a root of unity in k*,
then the identity h(Ca) = h(«) is well known. It follows that h is constant
on cosets in the quotient group

G, = k™ /Tor(k™).

Therefore the height is well defined as a map h : Gy — [0, ).

Let S be a finite set of places of k such that S contains all the archi-
medean places. Then

Os ={y€k:|yly <1 for all places v ¢ S}
is the ring of S-integers in k, and
(1.1) ¢ ={y € k™ |y, =1 for all places v ¢ S}
is the multiplicative group of S-units in the ring Og. We write
(1.2) Tor(Og) = Tor(k™)

for the torsion subgroup of O, which is also the torsion subgroup of the
multiplicative group k*. As is well known, ((1.2)) is a finite, cyclic group of
even order, and

(1.3) $Ug(k) = 0% /Tor(0%) C Gr

is a free abelian group of finite rank r, where |S| =17 + 1.
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In this paper we establish simple inequalities between the S-regulator
Regg(k) and products of the form

T

[T : Qln(ay)),

j=1
where aq, ..., a, are multiplicatively independent elements in {g(k).
THEOREM 1.1. Assume that Og has positive rank r, and let oy, . .., o, be
multiplicatively independent elements in the free group g (k). If A C g (k)
18 the multiplicative subgroup generated by o, ..., «,, then
(1.4) Regg (k) [ts (k) : A < T]([k : Qlh(ay)).

j=1

A special case of occurs when S is the collection of all archimedean
places of k. We write Oy for the ring of algebraic integers in k, and O}
for the multiplicative group of units in Og. If k£ is not QQ, and k is not an
imaginary quadratic extension of Q, then the quotient group

U(k) = OF /Tor(O}) C Gy,

is a free abelian group of positive rank r, where r 4+ 1 is the number of
archimedean places of k. It is known from work of Remak [22], [23], and
Zimmert [28] that the regulator Reg(k) is bounded from below by an ab-
solute constant. Further, Friedman [I2] has shown that Reg(k) takes its
minimum value at the unique number field kg having degree 6 over QQ, and
having discriminant equal to —10051. Thus by Friedman’s result we have

(1.5) 0.2052... = Reg(ko) < Reg(k)

for all algebraic number fields k. Combining (1.4) and (1.5) leads to the
following explicit lower bound.

COROLLARY 1.1. Assume that k is not Q, and k is not an imaginary
quadratic extension of Q, so that (k) has positive rank r. Let o, ..., o, be
multiplicatively independent elements in (k). If A C U(k) is the subgroup
generated by o, ..., q;, then
(1.6) (0.2052...)[th(k) : U] < H([k: : Qlh(ay)).

J=1

Let k be an algebraic number field such that O} has positive rank r. The
inequality (|1.6) implies that each collection ay,...,«a;, of multiplicatively
independent units must contain a unit, say a1, that satisfies

(1.7) (0.2052...) < [k : Q).
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A result of this sort was proposed by Bertrand [5, comment (iii), p. 210],
who observed that it would follow from an unproved hypothesis related to
Lehmer’s problem.

In a well known paper Lehmer [16] asked, in the language and notation
developed here, whether there exists a positive constant cg such that

(1.8) co < [k : QlA(v)

for all v in £* which are not in Tor(k*). If v # 0 is not a unit, then it is
easy to show that

log2 < [k : QJh(7).

Hence is of interest for nontorsion elements v in O, or equivalently,
for a nontrivial coset representative v in (k). The inequality provides
a solution to a form of Lehmer’s problem on average. Further information
about Lehmer’s problem is given in 6 Section 1.6.15] and in [25].

In Section 3 we give an analogous upper bound for the relative regulator
associated to an extension [/k of algebraic number fields.

We will show that the inequality is sharp up to a constant that
depends only on the rank r of the group g (k), but not on the underly-
ing field k. Related results have been proved by Brindza [7], Bugeaud and
Gyéry [8], Hajdu [14], and Matveev [I8], [I9]. More general inequalities that
apply to arbitrary finitely generated subgroups of @X were obtained in [26),
Theorems 1 and 2]. The inequality below is sharper but less general,
as it applies only to subgroups of a group of S-units having maximum rank.

THEOREM 1.2. Assume that O has positive rank r, and let A C g (k)
be a subgroup of rank r. Then there exist multiplicatively independent ele-
ments B, ..., B in A such that

-
27 (r!)3
(1.9) [1(k: Qlns)) <
j=1
We note that if r = 2 then ([1.4)) and ([1.9)) imply that the multiplicatively
independent elements (31 and (2 contained in 2 C $lg(k) satisfy

Regg(k)[tls (F) - 2A] < ([k = QA(B1))([k : QA(F2)) < %Regs(k)[ils(k‘) 2.

It follows that 8; and ({2 form a basis for the group 2. More generally, by
using a well known lemma proved by Mahler [I7] and Weyl [27] (see also
[9, Chapter V, Lemma 8]), we obtain the following bound on the product of
the heights of a basis for 2 C Hg(k).

COROLLARY 1.2. Assume that OF has positive rank r, and let A C g (k)
be a subgroup of rank r. Then there exists a basis ¥1,...,7v, for the free
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group 2 such that

" T 4
t10) [0k Qny) < 53 Ress(Bls ) s 2]

j=1

Bounds for S-regulators play an important role in the effective theory of
Diophantine equations (see, for example, [8] and the references given there).

In this article we use the height A on specific free groups, such as G, and
(k). The use of the height on free groups is discussed in [1].

2. Preliminary results. At each place v of k we write k, for the com-
pletion of k at v, so that k, is a local field. We select two absolute values
|| Il and | |, from the place v. The absolute value || ||, extends the usual
archimedean or nonarchimedean absolute value on the subfield Q. Then | |,
must be a power of || ||,, and we set

(2.1) o =1 118/,

where d, = [k, : Q] is the local degree of the extension, and d = [k : Q]
is the global degree. With these normalizations the height of an algebraic
number « # 0 that belongs to k is given by

1
(2.2) h(a) = Zlog+ laly, = 5 Z‘log laly),

where log™ z = max(0,logz) for > 0. Each sum in (2.2) is over the set
of all places v of k, and the equality between the two sums follows from
the product formula. Then h(a) depends on « # 0, but not on the number
field k that contains ae. We have already noted that the height is well defined
as a map

h:G.— [0,00).

Elementary properties of the height show that (a,3) + h(aB™!) defines
a metric on the group Gy.

Let n1,...,n, be multiplicatively independent elements in $lg(k) that
form a basis for g(k) as a free abelian group of rank r. Then let

M = (dylog ”77ij)

denote the (r+1) x r real matrix where v € S indexes rows and j = 1,...,7
indexes columns. At each place v in S we write

(2.3) M® = (d,log |n;]l»)

for the r x r submatrix of M obtained by removing the row indexed by 7.
Then the S-regulator of Og (or of Ug(k)) is the positive number

(2.4) Regg(k) = |det M@,
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which is independent of the choice of ¥ in S. Using an inequality proved by
A. Schinzel [24] that bounds the determinant of a real matrix, we will prove
that

T
(2.5) Regs(k) < [J(Ik : Qlh(ny))-
j=1
If the better known inequality of Hadamard is used to estimate the determi-
nant that defines the S-regulator on the right of , we obtain an upper
bound that is larger than by a factor of 2.

Assume more generally that aq, ..., «, are multiplicatively independent
elements in 4Ug(k), but not necessarily a basis for the free group Ug(k). It
follows that there exists an r x r nonsingular matrix B = (b;;) with entries
in Z such that

(2.6) log Jlejllv = Y bijlog il
=1

for each place v in S and each j = 1,...,r. Alternatively, (2.6) can be
written as the matrix identity

(2.7) (dy10g | 1,) = (do log ;1) B.

If

(2.8) A= (a,...,0p) CUg(k)

is the multiplicative subgroup generated by asq, ..., a,, we find that
(2.9) [Us(k) : A} = |det B|.

This will lead to the more general inequality (|1.4)).

3. Relative regulators. Throughout this section we suppose that k
and [ are algebraic number fields with £ C [. We write (k) for the rank of
the unit group O, and similarly for 7(1). Then k has r(k) + 1 archimedean
places, and [ has r(l) + 1 archimedean places. In general (k) < r(l), and
we recall (see [21, Proposition 3.20]) that (k) = r(l) if and only if [ is a
CM-field, and k is the maximal totally real subfield of [.

The norm is a homomorphism of multiplicative groups
Normy, : 1™ — E*.
If v is a place of k, then each element « in [* satisfies

(3.1) [l: kK Zlog ol = log [Normy /i, (a)l,

wlv

where | |, and | |, are normalized as in (2.1)). It follows from (3.1]) that the
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norm restricted to O] is a homomorphism
Normy . : O — Oy,
and the norm restricted to the torsion subgroup in O] is also a homomor-
phism
Normy, : Tor(O;°) — Tor(Oy).

Therefore we get a homomorphism
normyy, = O /Tor(O;) = OF / Tor(O)),
well defined by
normy (o Tor(O;]*)) = Normy . (a) Tor(O;).
To simplify notation we write
F, = Op /Tor(Of) and F, = O;/Tor(O}),

and we write the elements of Fj, and Fj as coset representatives rather than
cosets. Obviously Fj and F; are free abelian groups of rank r(k) and r(1),
respectively.

Following Costa and Friedman [10], we define the subgroup of relative
units in O as

{a € O] : Normy () € Tor(O;)}.

Alternatively, we work in the free group Fj, where the image of the subgroup
of relative units is the kernel of norm, ;. That is, we define the subgroup of
relative units in Fj to be

(3.2) By, = {a € Fy : normy () = 1}.
We also write
Iy = {normy () : v € Fi} C Fj,

for the image of norm ;.. If 8 in Fj represents a coset in Fy, then

normy ;,(8) = A,
Therefore I, C F is a subgroup of rank r(k), and

It follows that Fj/, C Fj is a subgroup of rank 7(I/k) = r(l) — r(k), and we
restrict our attention to extensions {/k such that r(I/k) is positive.

Let m, ..., mr/x) be a collection of multiplicatively independent relative
units that form a basis for the subgroup Ej ;.. At each archimedean place v of
k we select a place W, of [ such that @, | v. Then we define an r(I/k) x r(1/k)
real matrix

(3.4) My, = ([l = Qu]log {7 lw),
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where w is an archimedean place of I, but w # w, for each v|oo, and
j=1,...,r(/k). We write l,, for the completion of [ at the place w, Q,
for the completion of Q at the place w, and we write [l,, : Q] for the local
degree. Of course Q,, is isomorphic to R in the situation considered here.
As in [10], we define the relative regulator of I/k to be the positive number

(35) Reg(El/k,) = |det Ml/k‘

It follows, as in the proof of [10, Theorem 1] (see also [I1]), that the deter-
minant on the right of (3.5)) does not depend on the choice of places w, for
each archimedean place v of k.

THEOREM 3.1. Let k C [ be algebraic number fields such that the group
Ey i, has positive rank r(1/k) = r(l) —r(k). Let e1,...,&,q/k) be a collection
of multiplicatively independent relative units in Ey. If € C Eyjy is the

multiplicative subgroup generated by €1, ..., .k, then
r(l/k)

(3.6) Reg(Ey) By €] < [] (1 Qlh(s).
j=1

The relative regulator can also be expressed as a ratio of the (ordinary)
regulators Reg(k) and Reg(l) by using the basic identity

(3.7) [F : I;1] Reg(k) Reg(Ey ) = Reg(l),

established in [I0, Theorem 1]. A slightly different definition of a relative
regulator was considered by Bergé and Martinet [2]-]4]. We have used the
definition proposed by Costa and Friedman [10], [11], as it leads more nat-
urally to (3.6)). Further lower bounds for the product on the right of
follow from inequalities for the relative regulator obtained by Friedman and
Skoruppa [13].

4. Schinzel’s norm. For a real number z we write
r7 =max{0,r} and 2z~ =max{0, -z},

so that z = 27 — 2~ and |z| = 2t +2~. If x = (x,) is a (column) vector
in RY, we define § : RN — [0,00) by

N N
(4.1) d(x) :max{z x;;,zqr;}.

m=1 n=1

The following inequality was proved by A. Schinzel [24].
THEOREM 4.1. If x1,...,xN are column vectors in RN, then

(4.2) |det(x1---xn)| < 6(x1) -+ d(TN).
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A slightly sharper upper bound was established by C. R. Johnson and
M. Newman [I5]. However, their bound does not lead to a significant im-
provement of the results we obtain here.

If @ and b are nonnegative real numbers then

2max{a,b} = |a+b| + |a — b].
This leads to the identity

N N L | N
(4.3) (5(ac):max{z :J:;Z,Zx;}zi‘z:nn +§Z]3:n]
m=1 n=1 n=1 n=1

It follows easily from (4.3 that @ — d(x) is a continuous, symmetric dis-
tance function, or norm, on RY. Let

(4.4) Ky ={x cRY :§(x) <1}

be the associated unit ball. Then Ky is a compact, convex, symmetric subset
of RN with nonempty interior.

LEMMA 4.1. Let 6 : RN — [0,00) be the continuous distance function
defined by (4.3]), and let Ky be the unit ball defined by (4.4). Then

_ (2N)!
(4.5) VOIN(KN) = (N')g .
Proof. We write J for the (N 4 1) x N matrix
1 0
1| :
J=-1"
210 1
—1 —1

Then it is obvious that J has rank N. Let
Dy={y e R iyo+y1+-- +yy =0}

be the N-dimensional subspace of R¥*+1 spanned by the columns of J. Fur-
ther, let

Byi1={y e R" o lylls = |yol + ya| + -+ + [yn| < 1}

denote the unit ball in RN ! with respect to the || ||;-norm. If  is a (column)
vector in RY, we find that §(x) = || Jz|/1, and therefore

Ky ={x cRY : || Jz|; <1}.
It follows that

(4.6) Voln(En) = | X8y, (Jz) dx = |det U] | xy,,(JUz)dz,
RN RN
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where y — x5y, (y) is the characteristic function of Byy1, and U is an
arbitrary N x N nonsingular real matrix.

We select U so that the columns of JU form an orthonormal basis for Dy .
With this choice we find that

VN F+1(2N)!

(4.7) S XBNH(JUCU) dx = Voly(Dny N By41) = W’

RN

where the second equality follows from a result of Meyer and Pajor [20)

Proposition I1.7]. Because the columns of JU are orthonormal, we get

(4.8) 1y = (JU)T(JU).

For each m =1,...,N + 1 let J(™) be the N x N submatrix of J obtained

by removing the mth row. From (4.8) and the Cauchy—Binet formula,
N+1

1 =det((JU)(JU)) = (det U)? det(JTJ) = (det U)* > (det J™)?
m=1
= (det U)?4~ V(N + 1),

and therefore

2N

N+1

The identity (4.5)) follows by combining (4.6]), (4.7) and (4.9)). =

Next let

(4.9) |det U| =

A:(al aN)

be an N x N nonsingular matrix with columns aq,...,ay. Obviously the
columns of A form a basis for the lattice

(4.10) L={At:£cZV} CRY,
By Schinzel’s inequality,

N
|det A| < H d(an).

n=1
Using the geometry of numbers, we will establish the existence of linearly
independent points £1, ..., £y in £ for which Hff:l d(£,,) is not much larger
than |det A|. An explicit bound on such a product follows immediately from
Minkowski’s theorem on successive minima and our formula for the
volume of Ky.

THEOREM 4.2. Let L C RYN be defined by (4.10)). Then there exist linearly
independent points £1,...,Ln in L such that

(4.11) H 58 QN(N)') det A].
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Proof. Let 0 < A} < -+ < Ay < oo be the successive minima of £
with respect to the convex symmetric set K. Then there exist linearly
independent points £1,...,£€yx in £ such that

5(£,) =X, foreachn=1,... N.
By Minkowski’s theorem on successive minima (see [9, Section VIII.4.3]),
Voln (Kn)A1--- Ay < 2V|det Al
From Lemma [4.1] we get (4.11). m

5. Proof of Theorems and We require the following lemma,
which connects the Schinzel norm (4.1]) with the Weil height.

LEMMA 5.1. Let v be a place of the algebraic number field k, and let
a € k*\{0}. Then

(5.1) max{Zlog+ |y, Zlog_ |a|v} = h(a).
V£ ez
Proof. The product formula implies that

0) = 3" log* fal, = 3oz fal,.
v v
If log [z < 0 then
max{ " log* [al,, Y log™ |al, } = > log*al, = h(a).

VAD VAD v

On the other hand, if log |a|z > 0 then
maX{Zlog+ |a|v,210g_ |04|U} = Zlog_ laly = h(a). m
VAV VAV

Proof of Theorem First we combine (| , - and (| . ) to

obtain
(5.2) Regg(k)[Us (k) : A = [k : Q]"[det(log |o]v)],

where v in S\ {0} indexes rows and j = 1,...,r indexes columns in the ma-
trix on the right of (5.2 . We estimate the determinant in (5.2)) by applying

Schinzel’s inequality (4.2)). Using (4.1]) and ( we get

(5.3)  |det(log o], \<Hmax{zlog \a]\U,ZIOg ot }:Hh(aj).
j=1

VAV VED
The inequality (1.4)) follows from and (5.3). m

Proof of Theorem Let m1,...,n, be multiplicatively independent el-
ements that form a basis for g(k) as a free abelian group of rank r. Let ¥
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be a place of k contained in S, and
M@ = (d, log [|n;]].)

the r x r real matrix defined in . By hypothesis, 2 C $lg(k) is a subgroup
of rank 7. Let aq, ..., a, be multiplicatively independent elements in 2 that
form a basis for 2. As in , there exists an r X r nonsingular matrix
B = (bij) with entries in Z such that

T
(5.4) log [lajllo = bij log [|nill
i=1
for each place v in S and each j = 1,...,r. Alternatively, if we define the

r X r real matrix

AW = (d, log|ayl.),

where v € S\ {v} and j = 1,...,r, then (5.4)) is equivalent to the matrix
identity

(5.5) AW = MO B,

We use the nonsingular r x r real matrix A® to define a lattice £*) C R" by
LO) = {(AD¢ . g7}

Then , and imply that

(5.6) Regg(k)[Us(k) : A = |det M®||det B| = |det AP,

which is independent of the choice of v in S, and is also the determinant
of £L®). By Theorem and (5.6), there exist linearly independent vectors
£i,...,£, in L£® such that

(5.7) [[s@) <
j=1

27 (r1)3
(2

- Regs(R)ihs (k) : 2]

As each (column) vector £; belongs to £(*), it has rows indexed by v € S\ {3}
Thus £; can be written as

fj = (dq) Z fij log ”az”v> = (dv log H@Hv)a
i=1

where F' = (f;;) is an r x r nonsingular matrix with entries in Z, and
B, - .., By are multiplicatively independent elements in 2. By Lemma [5.1
(5.8)  6(6;) = max{ Y dylog™ 18], Y dulog™ [16;1l.}
vE£D VED
= b+ Qmax{ 3" log™ 81, > log™ 181l | = [k Ql(B)).
VvED vED

The inequality (1.9) follows from (5.7) and (5.8)). =
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6. Proof of Theorem Let m1,...,M,/k) be a basis for the free
abelian group Ej;. Then there exists a nonsingular r(I/k) x r(I/k) matrix
C = (¢ij) with entries in Z such that

r(1/k)
(6.1) log [lejllw = ) cijlog|Inillu

i=1
at each archimedean place w of I. As in our derivation of (2.7) and ({2.9),
the equations (6.1)) can be written as the matrix equation

(6.2) ([lw : Qu]log [|gj]lw) = ([lw : Qu]log [[7;lw)C

where w is an archimedean place of [, and w indexes the rows of the ma-
trices on both sides of (6.2). Let € be the subgroup of Ej/, generated by

€15+, Ep(i/k)- 1t follows from (6.2)) that

At each archimedean place v of k let @, be a place of [ such that @, | v.

As in (3.4), we write

M, = ([lw : Qu] log [1n;]]w),
for the r(I/k) x r(l/k) matrix where w is an archimedean place of [, but
w # W, for each v|oo, and j =1,...,r({/k). Let

L(€) = (s : Qu]10g 1)

be the analogous r(I/k) x r(l/k) matrix where again w is an archimedean
place of I, but w # w, for each v|oo, and j =1,...,r(l/k). From (6.2)),

(6.4) L(¢) = Ml/kC’
Then we combine and (| . . ) to conclude that
(6.5) Reg(El/k)[El/k : €] = |det L(€)].

To complete the proof we apply Schinzel’s inequality (4.2]) to the deter-
minant on the right of (6.5) . We find that

(6.6) [L:QI"W/P|det L(€)]
r(l/k)

1 1
<] {2\ > tog el 45 3 \1og|ejwy}
Jj=1 WHWy WHDy
l/k
= {Q‘Zlog lejla, | + = Z ‘log|5j\w|}
v]oo w;éfﬁv
(l/k) 1 1 r(l/k)
< H {2Z|10g|€j|ﬂ}v +§ Z ‘log|5j|w|} H h(ej).
Jj=1 v]oo WHADY

Combining (6.5)) and . leads to ( "
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