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Coppersmith—Rivlin type inequalities
and the order of vanishing of polynomials at 1

by

TAaMAs ERDELYI (College Station, TX)

1. Introduction. In [B-99] and [B-13] we examined a number of prob-
lems concerning polynomials with coefficients restricted in various ways. We
are particularly interested in how small such polynomials can be on the in-
terval [0, 1]. For example, we proved that there are absolute constants ¢; > 0
and co > 0 such that

exp(—c1v/n) < o;%lerirn{;?[%ﬁ] \Q(af)\} < exp(—c2v/n)
for every n > 2, where JF,, denotes the set of all polynomials of degree at
most n with coefficients from {—1,0,1}.

Littlewood considered minimization problems of this variety on the unit
disk. His most famous, now solved, conjecture was that the L; norm of an
element f € F,, on the unit circle grows at least as fast as clog N, where N
is the number of non-zero coefficients in f and ¢ > 0 is an absolute constant.

When the coefficients are required to be integers, the questions have a
Diophantine nature and have been studied from a variety of points of view.
See [A-90], [B-98], [B-95], [F-80], [O-93].

One key to the analysis is a study of the related problem of giving an
upper bound for the multiplicity of the zero these restricted polynomials
can have at 1. In [B-99] and [B-13] we answer this latter question precisely
for the class of polynomials of the form

n
Q)= aja?, ol <1,a;€C j=1,....n
j=0

with fixed |ag| # 0.
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Variants of these questions have attracted considerable study, though
rarely have precise answers been possible to give. See in particular [A-79],
[B-32], [B-87], [E-50], [Sch-33], [Sz-34]. Indeed, the classical, much stud-
ied, and presumably very difficult problem of Prouhet, Tarry, and Escott
rephrases as a question of this variety. (Precisely: what is the maximal van-
ishing at 1 of a polynomial with integer coefficients with {; norm 2n? It is
conjectured to be n.) See [H-82], [B-94b], or [B-02].

Forn € N, L > 0, and p > 1 we define the following numbers. Let
kp(n, L) be the largest possible value of k for which there is a polynomial
Q@ # 0 of the form

Q@) =Y a. Jaol = L(Y )" ajec
j=0 J=1

such that (z — 1)* divides Q(z). For n € N and L > 0 let soo(n, L) be the
largest possible value of &k for which there is a polynomial @) # 0 of the form

n
— e ) .
Q(z) = Zaﬂf ;o laol = ngljagn laj|, a; €C,
7=0
such that (z—1)* divides Q(z). In [B-99] we proved that there is an absolute
constant c3 > 0 such that

min{é\/(n(l —logL) — l,n} < Koo(n, L) < min{cgy/n(1 —log L),n}

for every n € N and L € (0,1]. However, we were far from being able to
establish the right result in the case of L > 1. In [B-13] we proved the
right order of magnitude of ko (n, L) and ka(n, L) in the case of L > 1.
Our results in [B-99] and [B-13] sharpen and generalize results of Schur
[Sch-33|, Amoroso [A-90], Bombieri and Vaaler [B-87], and Hua [H-82] who
gave versions for polynomials with integer coefficients. Our results in [B-99)
have turned out to be related to a number of recent papers from a wide

range of research areas. See [A-02], [B-98], [B-95], [B-96], [B-97al, [B-97h],
[B-97c], [B-00], [B-07], [B-08a], [B-13], [B-08b], [B-94a], [B-94b], [Bu-99,
[C-02], [C-13], [C-10], [D-99], [D-01], [D-14], [D-03], [E-08a], [E-08b], [E-15],
[F-00], [G-05], [K-04], [M-69], [M-03], [N-94], [O-93], [P-99], [P-13], [R-04],
[R-07], [S-99], [T-07], [T-84], for example. More results on the zeros of poly-

nomials with Littlewood type coefficient constraints may be found in [E-02D].
Markov and Bernstein type inequalities under Erdds type coefficient con-
straints are surveyed in [E-02a].

Forn € N, L > 0, and ¢ > 1 we define the following numbers. Let
tq(n, L) be the smallest value of k for which there is a polynomial of de-
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gree k with complex coefficients such that
1 /— 1/q
- N
Q)| > £ @1 QuI7)
]:

For n € Nand L > 0 let poo(n, L) be the smallest value of k for which there
is a polynomial of degree k with complex coefficients such that

1 .
QO > 7 max |Q()]-
It is a simple consequence of Holder’s inequality (see Lemma 3.6) that
Kp(na L) < MII(”? L)

whenever n € N, L > 0,1 <p,g<oo,and 1/p+1/q=1.

In this paper we find the the size of x,(n, L) and p,(n, L) for all n € N,
L >0,and 1 < p,q < oo. The result about pe(n, L) is due to Coppersmith
and Rivlin [C-92a], but our proof presented here is completely different and
much shorter even in that special case. Our results in [B-99] may be viewed
as finding the size of keo(n, L) and pi(n, L) for all n € N and L € (0,1].
Our results in [B-13] in turn may be viewed as finding the size of koo (n, L),
wi(n, L), ka(n, L), and pa(n, L) for all n € N and L > 0.

2. New results. We extend some of our main results in [B-13] to the
case L > 1.

THEOREM 2.1. Let p € (1,00] and ¢ € [1,00) satisfy 1/p+ 1/q = 1.
There are absolute constants c1,cy > 0 such that

\/ﬁ(clL)_Q/2 — 1< kp(n, L) < pg(n, L) < \/77(6211)_‘1/2 +2
for every n € N and L > 1/2, and

csmin {\/n(—log L),n} < rp(n, L) < pig(n, L)
< ¢gmin {/n(—logL),n} +4

for every n € N and L € (0,1/2]. Here ¢y :=1/53, ¢o := 40, c3:=2/7, and
cq := 13 are appropriate choices.

THEOREM 2.2. There are absolute constants ci,co > 0 such that
civ/n(1— L) =1 < ki(n, L) < proo(n, L) < ea/n(1 — L) + 1
for every n € N and L € (1/2,1], and
3 min{\/m,n} < k1(n, L) < poo(n, L)
< qmin{W,n} +4
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for every n € N and L € (0,1/2]. Note that k1(n,L) = poec(n,L) = 0 for
everyn € N and L > 1. Here ¢1 :=1/5, co :=1, ¢3:=2/7, and ¢4 := 13 are
appropriate choices.

3. Lemmas. In this section we list our lemmas needed in the proofs of
Theorems 2.1 and 2.2. These lemmas are proved in Section 4. Let P, be the
set of all polynomials of degree at most n with real coefficients. Let P5 be
the set of all polynomials of degree at most n with complex coefficients.

LEMMA 3.1. Let p € (1,00). For any 1 < M there are polynomials P,
of the form

= , 3M
Pn($) = Zaj’n.xj’ aj’n S R, ao,n Z ? + O(M),
7=0

B - 1/p 1
(Z |aj,n|f’) < 16MYP,
j=1

such that P, has at least L\/n/MJ zeros at 1.

LEMMA 3.2. Let p,q € (1,00) satisfy 1/p+1/q=1. For any L > 1/48

there are polynomials P, of the form
n

n
Pn(x') = Zaj,nwja Qjn € R, ao,n > L+ O(L), Z ‘aj,n‘p < 17
j=0 j=1
such that P, has at least L\/ﬁ(cL)_Q/QJ zeros at 1 with ¢ := 16%.
LEMMA 3.3. Let p € [1,00). For any L € (0,1/17) there are polynomials
P, of the form

n n
P,(x) = Zaj,nxj, ajn €R, ag, =L, Z lajnlP <1,
=0 =1

such that P, has at least %min{\/n(l —log L),n} zeros at 1.

LEMMA 3.4. For any L € (0,1) there are polynomials P, # 0 of the
form

n n
Po(z) =) ajut’,  ajn €R aon > LY lajal,
§=0 j=1
such that P, has at least 2\/(n —1)(1 — L) zeros at 1.
The observation below is well known, easy to prove, and recorded in
several papers. See [B-99|, for example.
LEMMA 3.5. Let P # 0 be a polynomial of the form P(x) =>"_, ajx’.
Then (x — 1)k divides P if and only if Z?:o a;Q(j) = 0 for all polynomials
QeP_,.
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Our next lemma is a simple consequence of Holder’s inequality.

LEMMA 3.6. Let 1 <p,q<ocand 1/p+1/q=1. Then for every n € N

and L > 0, we have
kp(n, L) < pg(n, L).

The next lemma is [K-09, Lemma 3.4].
LEmMMA 3.7. For A,M > 0, there exists a polynomial G such that

F = G? € Py, with
m < T VAVM +2
such that F(0) = M and
|F(z)] < min{M,z~?}, 2 (0,A].
We also need Lemma 5.7 from [B-99], which may be stated as follows.

LEMMA 3.8. Let n and R be positive integers with 1 < R < \/n. Then
there exists a polynomial F € P, with

9 44
m§4\/ﬁ+§R\/ﬁ+R+4§ 71?~z\/ﬁ+4
such that
F)=F(2)=--- :F(RQ) =0
and

[F(0)] > exp(R?)(|F(R? + 1)| + | F(R?* +2)| + - + | F(n)])

> expl ) (31 G)P)

j=1
We will use Lemmas 3.6 and 3.7 to prove the following two:

LEMMA 3.9. Let q € [1,00). For every n € N, q € [1,00), and K > 0,
there are polynomials F' € Py, satisfying

o) > K (S 1FG))
j=1

and
<{ﬁ(4OK)q/2+2, 0< K <2,

13min{\/nlogK,n} +4, K >2.
LEMMA 3.10. For every n € N and K > 1, there are polynomials F € Py,

satisfying

[F(0)] > K max [F(j)|
je{l,...,n}

and

< Vvn(K —1)/2+1, 1<K <2,
m
o 13min{\/nlogK,n} +4, K >2.



276 T. Erdélyi

4. Proofs of the lemmas

Proof of Lemma 3.1. Modifying the construction on p. 138 of [B-95] for
z € (0,00) we define Hy(z) :=1 and

m+1 2 t
Hy,(x) = (=1) Z(m') / xmdt —, m=2,3,...,
2mi r(t—2) szo (t—34%)

where the simple closed contour I" surrounds the zeros of the denominator
of the integrand. Observe that we have added the factor ¢ — 2 to the de-
nominator and the factor (—1)"%12 to achieve our goals. (It is left to the
reader to see what role this modification plays in our proof.) Then H,, is a
polynomial of degree m? with a zero at 1 with multiplicity at least m + 1.
(This can be seen easily by repeated differentiation and then evaluation of
the above contour integral by expanding the contour to infinity.)

Also, by the residue theorem,

m
(4.1) Hp(z)= 1+dmx2+ch7mxk2, m=23,...,
k=1
where
(_1)m+12(m!)2 B 4 (—1)k+1(m!)2

Ckm = - )
m (/<:2—2)H;”:O7#k (k%2 —j2) k2 —2 (m—k)l(m+k)!
(_1)m+12(m!)2
[T2 (2 -35%)
It follows that each cg y, is real and
4
(4.2) |C]€,m| < m, k=1,....,m,
and a simple calculation shows that
(4.3) |dn]| <8, m=2,3,....

(No effort has been made to optimize the bound in (4.3).)

Let Sy be the collection of all odd square free integers in [1, M]. Let
m = L\/n/MJ. If m = 0 then there is nothing to prove. So we may assume
that m > 1. It is well known that

dm =

3M
|Sm| > 7 +o(M),
where |A| denotes the number of elements in a finite set A. This follows from
the fact that if S}, is the collection of all square free integers in [1, M], then
. 6 M
ISyl = Py + o(M)

(see [H-38, pp. 267-268], for example), by observing that the number of odd
square free integers in [1, M] is not less than the number of even square
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free integers in [1, M| (if a is an even square free integer then a/2 is an odd
square free integer). We define

x) = Z H,, (7).
JESM
Then P, is of the form

n
x):Zaj,nx], ajn €R,j=0,1,...,n

We have s
apgn = |S?<w| > ? +O(M)

First assume that m = 1. Then

n
D lajal? = 2[Su| < 2M,
j=1
and as P,, has one zero at 1, the lemma follows. Now assume that m > 2. We
have ju # lv whenever 5,1 € Syr, 7 # 1, and u,v € {1222, ... ,m?} U {2}.
Combining this with (4.1)—(4.3), we obtain

> lajnl? S\SM\(SPJFZ (|k2_2’> ) < ’SM’<8P+Z|]€2_2|)
=1 k=1 k=1

=M (8P + 8°) < 16" M.
Observe that each term in P, has a zero at 1 with multiplicity at least
m+1> L\/n/MJ, and hence so does P,. n

Proof of Lemma 3.2. The statement follows from Lemma 3.1 by choosing
1 < M so that

L= S -t = 3 _ppe
167T 1672

16 oz < L-m
Proof of Lemma 3.3. Let L € (0,1/17]. We define

. —log L B
k.—mm{{logl?J,n} and m = |\/n/k|.

Observe that k,m > 1. Let P, := LHZ;’; € Pp, where H,,, € P,,2 is defined
by (4.1). Then

This can be done when

n
a:):Zaj,na:], ajn €R,j=0,1,...,n

has at least

m>k \/n/ = \ﬁ min{+/n(—log L), n}

ﬁ
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zeros at 1, where 2/log 17 < 7/2. Clearly, ag,, = P,,(0) = L, and using the
notation in (4.1) again, we can deduce that

n n p m kp
> lainl” < 27 ( lagal ) < L2 (1 [dual + D lexm])
j=1 j=1

k=1
<ILPA+848)P = P17 < [PL7P =1
if m > 2, and

n n
p
S lagal” < L2(3 lagal)" < L2 < 17177 <1
s =1

ifm=1 =

Proof of Lemma 3.4. Let

{121_}—§J+1 and m::{ n—lJ'

r

When m < 1 we have |(1/9)/n(1 — L)| =0, so there is nothing to prove.
Now assume that m > 2. Let P, € P, be defined by P,(z) := Hp(z"),
where H,, € P,,2 is as in (4.1). Let Q,, € P,, be defined by

/p dt+/ Po(t) di.

Then, using the notation in (4.1) again, we have

2r+1 rk2+1

d UL dmx " o
=-1- " - m U Shm®
@nl@) 2 + 1 Hrkz2+1+x+ 2 + 1 +; k2 + 1

Writing
n
a:):Zajjna:j, ajn €R, j=0,1,...,n

and recalling (4.2) and (4.3), we have
12
8 8 1

m
>1 >l — 21—
[@0n] = 2r+1 221 |k2 — 4 rk2+1) 2r+1 7 r

inl <14+ <1l4—.
2l <1t EIONE ST

k:l

and

Combining these two formulas, we obtain
lao.n| 1-12/r S 1-(1-L)/1+1L)

Z?zl |Clj,n| 1+12/r =14+ (1-L)/1+ L) = L.
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Also Qp has at least m+1 > [\/(n—1)/r| +1 > £\/(n — 1)(1 — L) zeros
at 1. m

Proof of Lemma 3.6. We assume that p,q € (1,00); in the cases p = 1,
q = o0 and p = o0, ¢ = 1 the result can be proved similarly with straight-
forward modifications. Let m := p4(n, L). Let @ be a polynomial of degree
m with complex coefficients such that

. ié@w)” :

Now let P be a polynomial of the form

n

° . 1/p
:L‘):Zajw], |ao| 2L<Z|aj|p> , a; €C.
j=0

j=1
It follows from Holder’s inequality that

> aau)| < (Liar) " (X0 < “liieo) = meol

Then 3% a;Q(j) # 0, and hence Lemma 3.5 implies that (z — 1)™*+! does
not divide P. We conclude that k,(n, L) < m = u4(n,L). n

Proof of Lemma 3.9. Note that p4(n, K) < n for all n € Nand L > 0,
as is justified by H € P, defined by H(z) :=[[}_, (v — j).
CASE 1: 0 < K < n~'/4. The choice F = 1 gives the lemma.

CASE 2: n~ Y4 < K < 2. Let F be the polynomial given in Lemma 3.7
with A :=n and M := (4K)??. Then

Z\F WS 3 M YD < M e
]<M 1/2 j>M1/2 q
< (1422 Ypma1/2,
SO
- 1/q
(Do IFG)T) ™ < an' =G0 — KU (0),

and the degree m of F satisfies
m < mNnVM+2 < my/n(4K)? +2 < /n (40K)9/? + 2.

CASE 3: 2 < K < exp(n —2y/n). Let R:= |\/logK| + 1, and let F be
the polynomial given in Lemma 3.8 with this R. Then

|>KZ|F ]>K(Z\F )l/q



280 T. Erdélyi

and the degree m of I satisfies

44
m < 7R\/ﬁ+4 <13y/nlog K + 4.

CaASE 4: K > exp(n —2y/n), n > 9. Then log K > n — 2y/n > n/3 for
all n > 9. Hence the polynomial F' € P, defined by

n

(4.4) F(x):= ][ (@-3)

j=1
shows that
pg(n, K) <n < \/gmin{\/m,n}.
CASE 5: K > 2 and n < 9. Now the polynomial shows
pe(n, K) <n < 4min{\/m,n}. .

Proof of Lemma 3.10. Firstlet 1 < K < 2.Let m = |/n(K —1)/2|+1.
Let T, be the Chebyshev polynomial of degree m defined by

Tn(cost) = cos(mt), teR.

It is well known that |77 (1)| = m? and T!, (z) is increasing on [1, 00), hence
Tm(1 4 z) > 1+ m?x for all z > 0. Now we define F' € P, by

Pla) ::Tm<—2x +n+1>.

n—1 n-1
Then |F(x)| <1 for all z € [1,n], and

) 2 2
F(O)sz<1+ 1>>1+ m1>1+m—zK,
n

n — n —

which finishes the proof in the case of 1 < K < 2. Now let k > 2. Then the
polynomial F' € P, chosen for ¢ = 1, n € N, and K > 2 by Lemma 3.9
gives

- 1/q
FO)| >K F(j)|? > K max |F(j),
F(0), (;\ @) "2 K max |FG)

with

m < 13min{\/nlogK,n} +4. .

5. Proofs of the theorems

Proof of Theorem 2.1. Without loss of generality we may assume that
p € (1,00), as the case p = oo follows by a simple limiting argument (or we
may as well refer to the main result in [B-13]). By Lemma 3.6 we have

Kip(n, L) < pg(n, L)
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for every n € N and L > 0. The lower bounds for ,(n,L) follow from
Lemmas 3.2 and 3.3. The upper bounds for ji4(n, L) follow from Lemma 3.9
with K =L"! =

Proof of Theorem 2.2. By Lemma 3.6 we have
K1 (’I’l, L) < ,uoo(ny L)

for every n € N and L > 0. The lower bounds for x;(n, L) follow from Lem-
mas 3.3 and 3.4. The upper bounds for ps(n, L) follow from Lemma 3.10
with K = L', =

6. Remarks and problems. A question that we have not really con-
sidered in this paper is the following: Are there examples of n, L, and p for
which the values of k,(n, L) are significantly smaller if the coeflicients are
required to be rational (perhaps together with other restrictions)? The same
question may be raised about p,(n, L). As the conditions on the coefficients
of the polynomials in Theorems 2.1 and 2.2 are homogeneous, assuming ra-
tional coefficients and integer coefficients lead to the same results. Three
special classes of interest are

Fp = {Q (Q(z) = zn:ajzj, a; € {-1,0, 1}},
=0
n ‘= {Q : Q(Z) = zn:a’jzjv a; € {_17 1}}7
=0

n = {Q 1 Q(z) = Zajzj, a; € C, |aj| = 1}.
=0

The following three problems arise naturally.

PRrROBLEM 6.1. How many zeros can a polynomial 0 # Q € F, have
at 17

PROBLEM 6.2. How many zeros can a polynomial Q) € L,, have at 17
PROBLEM 6.3. How many zeros can a polynomial Q € K, have at 17

The case p = oo and L = 1 in our Theorem 2.1 shows that every 0 #
Q € Fn, every Q € L,, and every Q € K, can have at most cn'/? zeros
at 1, where ¢ > 0 is an absolute constant. However, one may expect better
results by utilizing the additional pieces of information on their coefficients.

It was observed in [B-99] that for every integer n > 2 there is a Q € F,
having at least c(n/logn)'/? zeros at 1 with an absolute constant ¢ > 0.
This can be shown by a simple pigeon-hole argument. However, as far as we
know, closing the gap between ¢n'/? and ¢(n/logn)'/? in Problem 6.1 is an
open and most likely a very difficult problem.
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As far as Problem 6.2 is concerned, Boyd [B-97c| showed that for n > 3
every () € L, has at most

1 2
(6.1) cllogn)”
loglogn

zeros at 1. This is the best known upper bound in Problem 6.2 even to-
day. Boyd’s proof is very clever and, up to an application of the prime
number theorem, completely elementary. It is reasonable to conjecture that
there is an absolute constant ¢ > 0 such that every Q € £,,, n > 2, has
at most clogn zeros at 1. It is easy to see that for every integer n > 2
there are @), € £, with at least clogn zeros at 1 with an absolute constant
c>0.

As to Problem 6.3, one may suspect that every @ € KC,,, n > 2, has at
most clogn zeros at 1. However, just to see if Boyd’s bound (6.1) holds
for every Q@ € K, seems quite challenging and beyond reach at the mo-
ment.

References

[A-90] F. Amoroso, Sur le diamétre transfini entier d’un intervalle réel, Ann. Inst.
Fourier (Grenoble) 40 (1990), 885-911.

[A-02] V. V. Andrievskii and H.-P. Blatt, Discrepancy of Signed Measures and Poly-
nomial Approzximation, Springer, New York, 2002.

[A-T79] E. Aparicio Bernardo, New bounds for uniform Diophantine deviation from zero
in [0,1] and [0,1/4], in: Proc. Sixth Conf. of Portuguese and Spanish Mathe-
maticians (Santander, 1979), Part I, Univ. Santander, 1979, 289-291.

[B-98] F. Beaucoup, P. Borwein, D. W. Boyd and C. Pinner, Multiple roots of [—1,1]
power series, J. London Math. Soc. (2) 57 (1998), 135-147.

[B-32] A. Bloch and G. Pélya, On the roots of certain algebraic equations, Proc. London
Math. Soc. 33 (1932), 102-114.

[B-87] E. Bombieri and J. D. Vaaler, Polynomials with low height and prescribed van-
ishing, in: Analytic Number Theory and Diophantine Problems, Birkh&user,
Boston, 1987, 53-73.

[B-02] P. Borwein, Computational Excursions in Analysis and Number Theory, Sprin-
ger, New York, 2002.

[B-95] P. Borwein and T. Erdélyi, Polynomials and Polynomial Inequalities, Springer,
New York, 1995.

[B-96] P. Borwein and T. Erdélyi, The integer Chebyshev problem, Math. Comp. 65
(1996), 661-681.

[B-97a]  P. Borwein and T. Erdélyi, On the zeros of polynomials with restricted coeffi-
cients, Illinois J. Math. 41 (1997), 667-675.

[B-97b]|  P. Borwein and T. Erdélyi, Generalizations of Miintz’s theorem via a Remez-type
inequality for Mintz spaces, J. Amer. Math. Soc. 10 (1997), 327-349.

[B-07] P. Borwein and T. Erdélyi, Lower bounds for the number of zeros of cosine
polynomials in the period: a problem of Littlewood, Acta Arith. 128 (2007),
377-384.


http://dx.doi.org/10.5802/aif.1240
http://dx.doi.org/10.1112/S0024610798005857
http://dx.doi.org/10.1090/S0025-5718-96-00702-8
http://dx.doi.org/10.1090/S0894-0347-97-00225-7
http://dx.doi.org/10.4064/aa128-4-5

[B-08a]

[B-99]
[B-13]
[B-08b)
[B-94a]
[B-94b)]
[B-00]
[B-97¢]

[Bu-99]

[C-02]
[C-13]
[C-92a]
[C-10]
[D-99]
[D-01]
[D-14]
[D-03]

[E-02a]

[E-08a]

[E-02b]

[E-08b)]

[E-15]

Coppersmith—Rivlin type inequalities 283

P. Borwein, T. Erdélyi, R. Ferguson and R. Lockhart, On the zeros of cosine
polynomials: solution to a problem of Littlewood, Ann. of Math. (2) 167 (2008),
1109-1117.

P. Borwein, T. Erdélyi and G. Kés, Littlewood-type problems on [0,1], Proc.
London Math. Soc. 79 (1999), 22-46.

P. Borwein, T. Erdélyi and G. Kés, The multiplicity of the zero at 1 of polyno-
mials with constrained coefficients, Acta Arith. 159 (2013), 387-395.

P. Borwein, T. Erdélyi and F. Littmann, Polynomials with coefficients from a
finite set, Trans. Amer. Math. Soc. 360 (2008), 5145-5154.

P. Borwein, T. Erdélyi and J. Zhang, Miintz systems and orthogonal Muintz—
Legendre polynomials, Trans. Amer. Math. Soc. 342 (1994), 523-542.

P. Borwein and C. Ingalls, The Prouhet—Tarry—Escott problem revisited, En-
seign. Math. (2) 40 (1994), 3-27.

P. Borwein and M. J. Mossinghoff, Polynomials with height 1 and prescribed
vanishing at 1, Experiment. Math. 9 (2000), 425-433.

D. W. Boyd, On a problem of Byrnes concerning polynomials with restricted
coefficients, Math. Comp. 66 (1997), 1697-1703.

H. Buhrman, R. Cleve, R. de Wolf and C. Zalka, Bounds for small-error and
zero-error quantum algorithms, in: 40th Annual Sympos. on Foundations of
Computer Science (New York, 1999), IEEE Computer Soc., Los Alamitos, CA,
1999, 358-368.

P. G. Casazza and N. J. Kalton, Roots of complex polynomials and Weyl—
Heisenberg frame sets, Proc. Amer. Math. Soc. 130 (2002), 2313-2318.

J. Cooper and A. Dutle, Greedy Galois games, Amer. Math. Monthly 120 (2013),
441-451.

D. Coppersmith and T. J. Rivlin, The growth of polynomials bounded at equally
spaced points, STAM J. Math. Anal. 23 (1992), 970-983.

E. Croot and D. Hart, h-fold sums from a set with few products, STAM J.
Discrete Math. 24 (2010), 505-519.

A. Dubickas, On the order of vanishing at 1 of a polynomial, Lithuanian Math.
J. 39 (1999), 365-370.

A. Dubickas, Three problems for polynomials of small measure, Acta Arith. 98
(2001), 279-292.

A. Dubickas, Polynomials with multiple roots at 1, Int. J. Number Theory 10
(2014), 391-400.

M. Dudik and L. J. Schulman, Reconstruction from subsequences, J. Combin.
Theory Ser. A 103 (2003), 337-348.

T. Erdélyi, Markov-Bernstein type inequalities for polynomials under Erdds-
type constraints, in: Paul Erdés and His Mathematics I, Bolyai Soc. Math.
Stud. 11, G. Haldsz et al. (eds.), Springer, Berlin, 2002, 219-239.

T. Erdélyi, Extensions of the Bloch—Pdlya theorem on the number of real zeros
of polynomials, J. Théor. Nombres Bordeaux 20 (2008), 281-287.

T. Erdélyi, Polynomials with Littlewood-type coefficient constraints, in: Approx-
imation Theory X: Abstract and Classical Analysis, C. K. Chui et al. (eds.),
Vanderbilt Univ. Press, Nashville, TN, 2002, 153-196.

T. Erdélyi, An improvement of the Erdés—Turdn theorem on the distribution of
zeros of polynomials, C. R. Math. Acad. Sci. Paris 346 (2008), 267-270.

T. Erdélyi, Pseudo-Boolean functions and the multiplicity of the zeros of poly-
nomials, J. Anal. Math. 127 (2015), 91-108.


http://dx.doi.org/10.4007/annals.2008.167.1109
http://dx.doi.org/10.1112/S0024611599011831
http://dx.doi.org/10.4064/aa159-4-7
http://dx.doi.org/10.1090/S0002-9947-08-04605-9
http://dx.doi.org/10.1080/10586458.2000.10504419
http://dx.doi.org/10.1090/S0025-5718-97-00892-2
http://dx.doi.org/10.1090/S0002-9939-02-06352-9
http://dx.doi.org/10.4169/amer.math.monthly.120.05.441
http://dx.doi.org/10.1137/0523054
http://dx.doi.org/10.1137/090756041
http://dx.doi.org/10.1007/BF02465586
http://dx.doi.org/10.4064/aa98-3-5
http://dx.doi.org/10.1142/S1793042113501005
http://dx.doi.org/10.1016/S0097-3165(03)00103-1
http://dx.doi.org/10.5802/jtnb.627
http://dx.doi.org/10.1016/j.crma.2008.01.020
http://dx.doi.org/10.1007/s11854-015-0025-1

284

[E-50]
[F-80]
[F-00]
[G-05]
[H-38]

[H-82]
[K-09]

[K-04]
[M-69]
[M-03]
[N-94]
[0-93]
[P-99)]
[P-13]
[R-07]
[R-04]
[Sch-33]

[S-99]

[Sz-34]
[T-07]

[T-84]

T. Erdélyi

P. Erdés and P. Turdn, On the distribution of roots of polynomials, Ann. of
Math. (2) 51 (1950), 105-119.

L. B. O. Ferguson, Approximation by Polynomials with Integral Coefficients,
Amer. Math. Soc., Providence, RI, 1980.

W. Foster and I. Krasikov, An improvement of a Borwein—Erdélyi—-Kds result,
Methods Appl. Anal. 7 (2000), 605-614.

C. S. Gintiirk, Approximation by power series with +1 coefficients, Int. Math.
Res. Notices 2005, no. 26, 1601-1610.

G. H. Hardy and E. M. Wright, An Introduction to the Theory of Numbers,
Clarendon Press, Oxford, 1938.

L. K. Hua, Introduction to Number Theory, Springer, New York, 1982.

G. Kés, P. Ligeti and P. Sziklai, Reconstruction of matrices from submatrices,
Math. Comp. 78 (2009), 1733-1747.

1. Krasikov, Multiplicity of zeros and discrete orthogonal polynomials, Results
Math. 45 (2004), 59-66.

M. Minsky and S. Papert, Perceptrons: An Introduction to Computational Ge-
ometry, MIT Press, Cambridge, MA, 1969.

M. J. Mossinghoff, Polynomials with restricted coefficients and prescribed non-
cyclotomic factors, London Math. Soc. J. Comput. Math. 6 (2003), 314-325.
N. Nisan and M. Szegedy, On the degree of Boolean functions as real polynomi-
als, Comput. Complexity 4 (1994), 301-313.

A. M. Odlyzko and B. Poonen, Zeros of polynomials with 0,1 coefficients, En-
seign. Math. (2) 39 (1993), 317-348.

C. Pinner, Double roots of [—1,1] power series and related matters, Math.
Comp. 68 (1999), 1149-1178.

I. E. Pritsker and A. A. Sola, Expected discrepancy for zeros of random algebraic
polynomials, Proc. Amer. Math. Soc. 142 (2014), 4251-4263.

E. A. Rakhmanov, Bounds for polynomials with a unit discrete norm Ann. of
Math. (2) 165 (2007), 55-88.

F. Rodier, Sur la non-linéarité des fonctions booléennes, Acta Arith. 115 (2004),
1-22.

I. Schur, Untersuchungen tber algebraische Gleichungen, Sitzungsber. Preuss.
Akad. Wiss. Phys.-Math. KI. 1933, 403—428.

1. E. Shparlinski, Finite Fields: Theory and Computation. The Meeting Point of
Number Theory, Computer Science, Coding Theory and Cryptography, Kluwer,
Dordrecht, 1999.

G. Szeg6, Bemerkungen zu einem Satz von E. Schmidt tiber algebraische Glei-
chungen, Sitzungsber. Preuss. Akad. Wiss. Phys.-Math. K1. 1934, 86-98.

V. Totik and P. P. Varju, Polynomials with prescribed zeros and small norm,
Acta Sci. Math. (Szeged) 73 (2007), 593-611.

P. Turdn, On a New Method of Analysis and Its Applications, Wiley, New York,
1984.

Tamas Erdélyi

Department of Mathematics
Texas A&M University

College Station, TX 77843, U.S.A.
E-mail: terdelyi@math.tamu.edu


http://dx.doi.org/10.2307/1969500
http://dx.doi.org/10.1090/S0025-5718-09-02210-8
http://dx.doi.org/10.1007/BF03322997
http://dx.doi.org/10.1007/BF01263419
http://dx.doi.org/10.1090/S0025-5718-99-01042-X
http://dx.doi.org/10.1090/S0002-9939-2014-12147-2
http://dx.doi.org/10.4007/annals.2007.165.55
http://dx.doi.org/10.4064/aa115-1-1

	1 Introduction
	2 New results
	3 Lemmas
	4 Proofs of the lemmas
	5 Proofs of the theorems
	6 Remarks and problems
	References

