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A note on small gaps between primes
in arithmetic progressions

by

DENiz A. KapTAN (Budapest)

1. Introduction. A long standing problem concerning the distribu-
tion of prime numbers is the prime k-tuples conjecture. We call a set H =
{hi,...,ht} an admissible k-tuple if the h; do not cover all residue classes
modulo p for any prime p. The prime k-tuples conjecture then states that
there are infinitely many integers n such that all of the numbers n + h;,
i = 1,...,k, are simultaneously prime. Recently, there have been break-
through developments towards proving this conjecture. First Zhang [§], re-
fining a method of Goldston, Pintz and Yildirim [3], proved that for k large
enough, the sets n + H contain two primes infinitely often, thus settling
the bounded gaps conjecture. Then Maynard [5] and Tao (unpublished) in-
dependently devised another modification of the Goldston—Pintz—Yildirim
method which could detect m primes in k-tuples for any m, provided k is
large enough.

In this paper we present an implementation of the Maynard—Tao method
to yield a corresponding result concerning primes in an arithmetic progres-
sion, with a bound that is uniform in the modulus of the progression. The
proof goes along the same lines, after tweaking the set-up to pick out only
the primes in the arithmetic progression under consideration. The key in-
gredient will be a Bombieri-Vinogradov type theorem that is tailored to the
case at hand; see Section

The author would like to thank Roger Baker and Liangyi Zhao for calling
his attention to a result of theirs [1] which precedes the present work and is
of a similar nature. The similarities and differences between the two works
will be briefly discussed at the end of the paper.
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2. Notation and setup. Throughout, the letters ¢ and C will denote
constants which need not be the same at every instance. When we need to
track constants, we employ subscripts or superscripts.

The method requires that we restrict ourselves to arithmetic progressions
in which primes are reasonably well-distributed, i.e. progressions to moduli
whose associated Dirichlet L-functions do not vanish too close to s = 1.

For the imaginary part + of a zero of an L-function, we shall denote
||+ 1 by 7 for the sake of brevity. We first recall some basic facts concerning
zero-free regions of L-functions [2, §14]. There is a constant ¢y (the bounds
cited below are known in fact for different constants, but we take ¢y to be
the minimum of those to simplify notation) such that an L-function L(s, x)
to the modulus ¢ has no zero § + iy in the region
(2.1) B21— 2,

log ¢y
except possibly a single real zero, which can exist for at most one real char-
acter y (mod ¢). We call a modulus to which there is such a primitive char-
acter an exceptional modulus, and the corresponding zero an exceptional
zero. Exceptional moduli are of the form ¢ = 2Yp; ... pm, where v < 3 and
p1 < -+ < pp, are distinct odd primes, whence, by the Prime Number The-
orem, we have p,, > > log p > log q. On the other hand we have, for

P<pm
the real zeros, the unconditional bound
<o
2.2 <l-——
22) v q*/?(log ¢)?

Also, if 1 and 2 are distinct real primitive characters to moduli ¢; and ¢
respectively and the corresponding L-functions have real zeros §; and (o,
then the Landau—Page theorem states that these zeros must satisfy
. Co
(2.3) min(f1, f2) < 1 .
We shall have to confine ourselves to L-functions which do not have a
zero in the region

c*loglog X
log X 7
for a parameter X and given constants ¢* and ¢*. This is a consequence of

(2.2) when ¢ < (log X/(loglog X)?)2. We suppose that X is large enough
in terms of ¢! and ¢* such that

Jd < co VdegX
~ 4c* loglog X’
and argue that there is at most one modulus < exp(2cfy/Tog X) to which

there is a primitive character whose L-function vanishes in the region (2.4)).
By (2.1]), no non-exceptional zeros exist in the region stated, so we only need

(2.4) B>1- 7 < exp(cy/log X)

(2.5)
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to consider real zeros. Suppose there are two such moduli ¢; and g2, with
corresponding real zeros (51 and 2. Then using (2.3) we have

c*loglog X <1_ O _q_ co

log X loggigz = 4cty/log X’
which is impossible by . We denote this possibly existing unique mod-
ulus by ¢op and the greatest prime dividing qo by pg, or set pg = 1 in
case qg does not exist. We note that go > (log X/(loglog X)?)?, whence
po > loglog X.

Our main parameter X is large enough and f(X) is a given increasing
function of X with f(X) < X%/12-59/6 for some positive number ¥ < 1/2.
The modulus M of the arithmetic progression does not exceed f(X) and is
not a multiple of any number in a set Z of exceptions whose size Zy satisfies

(2.6) 1—

0 if f(X) < (log X)¢,
(2.7) Zr=141 if f(X) < exp(cy/log X),

O((loglog X)¢) otherwise.

We denote characters modulo ¢, M, and ¢M by 1, £, and x respectively.
A summation Z; over characters with an asterisk in the superscript denotes
that the summation is over primitive characters only.

Set x = X/M and let W = HpgDop be the product of primes not
exceeding Dy = logloglog X, and in turn set W' = W/(W, PfM) and V =
W'M, where

1 if f(X) < (log X)©,
(2.8) Py = { ( ) ( )
po otherwise.

Furthermore set R = NY/29 for some small positive 6. Let # = {hy, ..., hx}
be an admissible k-tuple with diam(#H) < DoM such that h; = a (mod M),
i=1,...,k, for a given residue class a (mod M) coprime to M. The weights
My ..., are supported on ([, d;, VP) = 1, [[,di < R, and u([[; di)* =
(the last condition implies, of course, that (d;,d;) = 1). We also choose 1
such that (Mvy + h;, W) =1 for i =1,...,k (this is possible because H is
admissible).
With these, we will consider the sum

(29 SPW= Y (prnM+h )( S d)g,

z<n<2z i=1 di|[nM-+h;
n=vp (mod W')
where xp is the characteristic function of the primes. Clearly, the positivity
of S implies that for at least one n € [, 2x) the inner sum is positive, and
this establishes the existence of at least |p + 1| primes among the numbers
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nM+h;,i=1,...,k, but nM lies in [X,2X) and each nM + h; is congruent
to a (mod M) by the condition on H.

3. Results. Our main theorem is the following.

THEOREM 1. Let k be a given integer, ¥ < 1/2, and f(X) < X°/12-59/6
an increasing function of X. Further, let S be the set of all piecewise dif-
ferentiable functions R¥ — R supported on Ry = {(z1,...,z}) € [0,1]%
Zle x; < 1}, and define

Sk I(F)

3.1 My, = sup ,
where
1 1
(3.2) L(F)=\--\F(tr,... . te)?dts ... dty,
0 0
1 1 1
33)  JMF :S S(SFtl,..., dt ) dty .. . dby1 dtyy diy,.
0 0

If X is large enough, then for all M < f(X) except multiples of num-
bers in a set of size Zy, all residue classes a (mod M) coprime to M,
and all admissible k-tuples H = {hy,...,hx} such that h; = a (mod M),
i=1,...,k, there is a multiple nM of M with nM € [X,2X] such that at
least T, = [9M} /2] of the numbers nM + h;, i = 1,...,k, are primes.

We can instantiate this to some concrete cases to deduce certain facts.
We denote by p, the nth prime that is congruent to a (mod M). First note
that if f(X) < exp(cy/log X) for some ¢, we can apply the theorem with 9 as
close to 1/2 as we like, and the set of exceptions will be empty or a singleton
according as f(X) < (log X)¢ for some C or not. In either case, taking
k = 105 suffices to produce two primes, by Proposition 4.3 of Maynard
[5], and if we use the refinement M54 > 4.002 from the Polymath Project
[7, Theorem 23], then an admissible 54-tuple, which exists with diameter
270 [7, Theorem 17], is sufficient. To produce r primes with arbitrary r, we
use the bound My, > log k+O(1) [7, Theorem 23] to see that a [e*"+¢]-tuple
suffices. From any admissible tuple {h;}; we can obtain a tuple {Mh; + a};
whose members are all congruent to a (mod M), with diameter dilated by M.
Using the admissible tuple {Mpﬂ(k)ﬂ +a,..., Mpraypr + a} of diameter
< Mklogk when r is large, we have the following theorems.

THEOREM 2. Let C' be a given positive constant. If X is sufficiently
large, then for all M < (log X)¢ and all a with (a, M) = 1, there is a
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pl, € |X,2X] such that
(3.9) Ph1 — Py < 270M.

THEOREM 3. Let ¢ be a given positive constant. If X is sufficiently large,
then for all M < exp(cy/log X) except multiples of a single number, and all
a with (a, M) =1, there is a p), € [X,2X] such that

(3.5) Pr1 — D < 270M.

THEOREM 4. Let r be a positive integer and C be a given positive con-
stant. If X is sufficiently large, then for all M < (log X)© and all a with
(a, M) =1, there is a pl, € [X,2X] such that

(3.6) Dy — Dy L 1" M.

THEOREM 5. Let r be a positive integer and ¢ be a given positive con-
stant. If X is sufficiently large, then for all M < exp(cy/log X) except mul-
tiples of a single number, and all a with (a, M) = 1, there is a p, € [X,2X]
such that

(3.7) Dy — Dy L 1" M.

When M is allowed to grow as large as a power of X, our tuple lengths
have to grow and our bounds get much weaker. Suppose M < X%/12-7 for
some positive 7. In that case Theorem (1| applies with ¥ = 67/5, so that to
find r + 1 primes we need k such that

M,
(3.8) 31 M
5
We again use the fact that
(3.9) My, > logk + O(1)

when k is sufficiently large to see that if k& > Ce®/CG" for some absolute
constant C, (3.8) is satisfied. We take k = [Ce®/(37)], take the admissible
tuple {Mpr(x)4+1 + @ -, Mpr(k)+r + a} of diameter Mklogk, and obtain

THEOREM 6. Let n be given with 0 < n < 5/12, and let r be a positive
integer. If X is sufficiently large, then for all M < X5/12=1 except multiples
of numbers in a set of size < (log X), and all a with (a, M) = 1, there is
a pl, € [X,2X] such that

(3.10) P — Py < %ef’r/ Bm) pg,

In order to prove Theorem |1} we write

(3.11) S = Sy — pSy,
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where

312) si= > (X A dk>2,

r<n<2zx dilnM+h;
n=vp (mod W)

k
(3.13) Sy = Z sim)

:Z 3 Xp(nM+hm)< > )\dl,...7dk)27

z<n<2z di|lnM+h;
n=vg (mod W)

so that we can estimate S(®) by using the following proposition.

PROPOSITION 1. Let k be a given integer and let X be a parameter
that is large enough. Let Mg, . q, be defined in terms of a fived piecewise
differentiable function F by

(3.14) A - (ﬁ (d.)d) > p(IT Ti)2F<log T logrk>
. dl,...,dk P ,LL 1 (] W H;C:l SO(TZ) log R, ey 10g R
di|r; Vi
(ri,V)=1Vi
whenever (Hle di,VPs) =1, and let \q, ... q, = 0 otherwise. Moreover, let

F be supported on Ry, = {(x1,...,x1) € [0,1] : Zle x; < 1}. Then

k o k
(3.15)  Si=(1+ 0(1))¢(VPVJ”2V);;1)§ B (),
kX (1o k+1 K
(316) Sy =(1+0(1) @(VVI?”V) Pi()ill fg]?( Zl T (F),

provided I,(F) # 0 and J,gm)(F) # 0 for each m, where I,(F) and J,gm) (F)
are given by (3.2)) and (3.3)) respectively.

Proof of Theorem[1. Let S; and M}, be as in Theorem [I} Then for any
0 > 0, we can find FO € Sk such that Z (m)(Fo) > (Mg — 0)I(EFp).
With this Fy, by (3.11)) and Proposition I we have

(VPf)’“X(Iog R)* (log R (m)
= (Fp) I (F{ 1
VP logNZJ 0) = pI(Fo) + o(1)

V(
> (Vszff (I)OgR) Ik(F)(<g_5>< My, —6) — P+0(1))-

If p = 9My/2 — ¢, then with § sufficiently small, we have S > 0 for all
large enough X, implying that at least |p + 1] of the nM + h; are prime.
Since |[p + 1| = [¥M}/2] for ¢ small enough, we obtain our result. m

Sl —




Small gaps between primes in arithmetic progressions 357

4. A Bombieri—Vinogradov type theorem. Recall that a summa-
tion Z; over characters with an asterisk in the superscript denotes that the
sum runs over primitive characters only. We quote here a zero-density result
[4, Theorem 10.4 and the following Remark] which we will need in our proof.

THEOREM 7. Let m be given and N(1 —0,T,x) be the number of zeros
B +ivy of L(s,x) in the region 1 —§ < 3, |y| < T. Set

(4.1) N1-6m,QT)= > Z > N@1-6,T,¢%).
( q<)Q 111) (mod q) & (modm)
q,m

Then for § < 1/2 and any € > 0 we have
(42) N1 -6m,Q,T) < ((mQT)* + (mQ’T)"’)(logmQT)"

for some constant A, where

(4.3) o(5) = min(li(s, 2335>

We estimate the number of the moduli we will have to exclude in the
following proposition.

PROPOSITION 2. Let ¢* and c¢* be given constants. There is a set Z
of exceptions with |Z| < (log X) such that if X is large enough, then
for any M < f(X) that is not a multiple of any number in Z and all
q < exp(cfy/Ilog X) with (q, Mpy) = 1, the L-functions L(s,v€), where v
(mod q) is primitive and & is any character modulo M, have no zeros in
the region 1 — c*loglog X/log X < B <1, |y| < exp(cfy/Iog X). The set Z
can have elements < exp(cﬁ\/log X) only if qo exists, in which case those
elements are all multiples of pg.

Proof. Suppose M is a modulus such that for some character £ (mod M)
and a primitive character ¢» modulo ¢, L(s,%&) has a zero in the region
indicated. Then ¢ must be induced by a character of the form &*, where
€* (mod m) is a primitive character modulo m | M. We estimate the number
of such m. Let

(44) Z= {m < f(X) : there exist ¢ < exp(cfy/log X) and x (mod mq)

with (¢, mpp) = 1 and x primitive such that L(5 + iy, x) =0

c*loglog X }

for some § > 1 — Tog X

be the set of exceptions whose size we wish to bound. We divide the ranges
1<m < f(X),1<q<exp(cfy/logX), and 7 < exp(cfy/log X) into dyadic
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segments [My/2, My) [Qu/2,Q,) and [T,,/2,T,) respectively. Then

*log log X
) 42X Y ¥ ¥ a(i- Sty

Ay m<My  q<Qu  x (modgm)
(g;mpo)=1

Using Theorem m with m = 1 and M@, in place of @) shows the above is

(4.6) < Z (MEQ%LTV)IQC* loglogX/(5logX)(10g Q,usz)C < (logX)C,
A,V

where C and the implicit constant depend on ¢* and ¢f. Now suppose that X
is large enough to satisfy . If m € Z with m < exp(cfy/log X), so that
mq < exp(2¢fy/Tog X), then by the discussion in Sectlon L(s, x) = 0 with
primitive x (mod mgq) implies mq = qo, and since pg 1 ¢ we have py | m. m

REMARK 1. If f(X) < exp(cy/log X) for some constant ¢, then choosing
¢! to be such a constant one sees that Z can be taken to be at most a
singleton.

REMARK 2. We see that asymptotically almost all moduli remain after
exceptions, because the excluded moduli number at most < f(X)/loglog X,
since pg > loglog X.

Using Proposition 2, we prove the following
THEOREM 8. Let A be a given positive number. Then there exists a pos-

itive number B such that for all M < f(X) except multiples of numbers in
a set of size Zy, we have

Y(X) X A
4.7 max X:qM, a) — < log X))~ %,
1) 1/22 (a,qM)=1 v(XiaM,a) p(gM) sO(M)( 2 X)
q§;6/5(logX)_B
(q,Mpo)=1

where the implicit constants depend on A.

Proof. Let ¢* be a constant to be specified later in terms of A, and pick ¢*
arbitrarily (or, in case f(X) < exp(cy/log X) for some ¢, pick ¢! according
to Remark 1), so that Proposition [2| furnishes us with a set Z of size Z;.
Then if M is not a multiple of any number in Z, ¢ < exp(cﬁ\/log X) and
(¢, Mpo) =1, then no L(s,1p€§) with ¢ primitive has a zero in the region g >
1—c*loglog X /log X, 7 <exp(ciy/Iog X ). We write 2= X/2M~6/5(1og X)—B
for brevity. We have

(4.8) vXigMa) = o 3 X)Xy
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and
(49 W(X,x0) - (X)) < D Aln) < (logqM)(log X),
(n:;}/[))(>1

so it suffices to consider, within acceptable error,

(1.10) > me | As S sl

= ean=1 |eleM) (ot M)
(g, Mpo)=1 XFX0

Since (M, q) = 1, we can factorize x as ¥§, where ¢ and £ are characters to
the moduli ¢ and M respectively (there is no danger of confusing 1 (n) with

¥(X;q,a), nor with ¥(X,x)), so that (4.10]) is

(4.11) D, mex Y. W X,wﬁ)‘-
<2 1 ) 4 (mot)
(¢:Mpo)=1 & (mod M)
pEFx0

We replace each character v with the primitive character ¥* inducing it.
This leads to an error of

(4.12) >

2. 2 Am)

q<n QD((] zp(modq) n<X
(q,Mpo) ¢ (mod M) (n,q)>1
X1/2 i )
< Wexp(—c Vlog X)(log X)*,

and this is acceptable. Using the explicit formula for ¥ (X, x) in the form

XP
(4.13) VX =— Y T 40X 2(og X)),
o jexiz PX
Bx>1/2

we are left to bound

1 X Buyre

R DY I VD VD> poel
q< & (mod M) 1 (mod q) [vgxe |<x1/2
(q,Mpo)=1 ﬁw*§>1/2

We rearrange the sum according to the moduli of the primitive characters
1* that occur, hence after relabelling the dummy variables so that ¢ is now
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the modulus of ¥*, we have

—(1-Bye¢)
N D D YD DD DI D
g<2 £ (mod M) 1 (mod q) |y, |[<X1/2 Prpe k<2/q wirg
(q,MPO) 5w5>1/2 (k,Mpo)=1
X(logX)2 X —(1=Bye)
L ——F—— _—
=i D VR VISD DD D

q<£? & (mod M) 1 (mod q) || <X1/2
(¢:Mpo)= 5w§>1/2

We divide the ranges for ¢ and 7 into dyadic segments, and the range for g
into segments of length (log X)~! as follows:

(416) q € [Qu/2a Q#)? ﬁ € [TV/27TV)a 1- 6 € [5)\ - (logX)_lv 5)\)7
where 2 < Q, =2 <202, 2<T, =2 < 2X1/2 and (logX)~! < §y =
A(log X)_1 < 1/2. So our expression is

X (log X)? N*(1 =6\, M,Qu, T,

V) -4
(4.17) < sup X7,
(P(M) (A, u,v) Q,uTz/

where

(418) N*(1-60, M. QuT)= Y. > Y NO1-6,T, 6.

Qu/2<q<Qpu ¢ (mod g) £ (mod M)
(qupO):]-

Thus we need to show, for all triples (\, i, ), dropping the subscripts for
economy of notation, the upper bound

(4.19) N*(1—06,M,Q,T) < QT X°(log X)~475.
To this end we use Theorem [7] which for our ranges of Q and T yields
(4.20) N*(1—8,M,R,T) < (MQT)? + (MQ*T)*9%)(log X)¢'
where C' is an absolute constant.
Since for 0 < 6§ < 1/2 we have
(MQT)*
QT

the contribution of the first term on the right hand side of (4.20)) is accept-
able if 6 > 2/15, say. So we only need to show

(4.21) (log X)" < M (log X)¢",

2\ ¢(8)6 /
(4.22) (‘MQQTT) < X‘S(logX)_(A"‘C +5)
for 0 < § <1/2, and

26
(4.23) (Mgg )~ < x (log X)~(A+C"+5)

for 0 < < 2/15.
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If 1/4 < § <1/2, we have ¢(0) = 3/(1+6). Here 66/(1 +0) — 1 < 24,
30/(14+6)—1<0and35/(1+0) <120/5, so

&
(MQQT)3§/(1+5) - (MQ2)35/(1+5) - /12005 x1/2 2
QT Q M6/5(log X)B
< Xﬁ(logX)—Q(;B < Xﬁ(logX)—(A+C/+5)

(4.24)

for B>2(A+C'+5).
If 2/15 < § < 1/4, we have ¢(d) = 3/(2 — 36). Here also 36/(2 — 36) <
12/58, 0 < 65/(2 — 36) — 1 < 46/5 and 36/(2 — 36) — 1 < 0, so

21\ 38/(2—368 21\358/(2—38 1/2 46/5
(MQET)P/E3D (MQHP/CT) sy (XY
QT Q M6/5(log X )B
< M365/25X25/5(10gX)—453/5’

(4.25)

and this is < X°(log X))~ if M <« X°/12 and B > B(A+ C' +5).
Now suppose § < 2/15. Then 65/(2—39)—1 < —1/2 and 36/(2—30) < 26,
hence

(MQQT)35/(2—35)

(4.26) oT < M¥(QT)"1/2,
as well as
(4.27) ng)% < MP(QT)™Y? = ().
Now if M < X%/12 and QT > exp(cfy/log X), then
(4.28) (x) < M exp (—i@) < X°(log X )~(A+C+5),

Otherwise, if QT <exp(cfy/Iog X ), we use the fact that § > ¢* loglog X /log X
by our assumption on M, and so

AN *
(4.29) (¥) < (K) < exp (—éloglog X) < (log X))~ (A+C"+5),

provided ¢* > 5(A+C'+5). =

REMARK. Note that when M indeed reaches X°/!2, the sum is vacuous
and the theorem is trivial. We will apply it with M < X?/12-59/6 for some
positive ¥ to get the “level of distribution” 4.

For the shorter range M < (log X)“, we can simply use the classical
Bombieri-Vinogradov theorem (see, for instance, |2, §28]) with A + C in
place of A, and gain a factor of ¢(M) without any further modifications.



362 D. A. Kaptan

THEOREM 9. Let A be a given positive number and let M < (log X)¢
be an integer. Then there is a positive number B such that

¢(‘() X —A

(4.30) max |Y(X;qM,a) — < (log X)™*,
a = M M
P Dy pla)| < G00)

(¢, M)=1

where the implicit constant depends on A and C'.

We would like to express these results in a unified fashion. To that end,
given an increasing function f(X) of X such that f(X) < X°/12-59/6 with
¥ > 0, we introduce the following notation:

(4.31) e = { 1/2 if f(X) < exp(CyIog X),
Y otherwise.
With this we have

THEOREM 10. Let A be a given positive number and f(X) an increasing
function of X satisfying f(X) < X with C < 5/12. Then for all M <
F(X) except multiples of numbers in a set of size at most Zy, and all § > 0,
we have

Y(X) X A
4.32 max X;qM, a) — < log X))~ .
(4.32) 2;_5 (a,gM)=1 id ) p(gM) w(M)( 2 X)
q<X*t
(g, M Py)=1

Now we are in a position to prove our main proposition.

5. Proof of Proposition This section consists of lemmata that
establish Proposition [1} They follow the corresponding results in [5] mutatis
mutandis. In [5], the parameter W features in a dual role: first in that the
weights Ag, . 4, are supported for ([[d;, W) = 1, and second in the “W-
trick”, i.e.in restricting n to n = 1y (mod W). In our case we have V Py in
the first role and W’ in the second.

LEMMA 1. Let
k

(5.1) v = ([Ler)et)) 3 AHde
1 Q5

i=1 dy,e.dy,

and let Ymax = SUp,, 4 |Yry,...m.|- Then

X Y2 oo 202 (V Pp)RX (log X)*
(5.2) S == Lt +0< ax '
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Proof. We start by rearranging the sum on the right hand side of (3.12))
to obtain

(53) 51: Z /\dl,...,dk>‘e1,---,6k Z L.

d1,...,dg r<n<2z
€1,sEk n=vo (mod W’)
[di,ei“nM-i-hi
Now when W’ [dy,e1], ..., [dg, ex] are pairwise coprime, the inner sum is over

a single residue class modulo ¢ = W'[],[d;, e;] by the Chinese Remainder
Theorem; otherwise it is empty, in the case p| (W', [d;, e;]) because of the
condition (W', My + h;) = 1, and in the case p|([d;, ei], [d;, €5]) because
it being non-empty would imply p|h; — hj, but h; — h; = fM for some
f < Dy since h; and h; lie in the same residue class modulo M, and p t M
and p cannot be a prime less than Dg by the support of A. Since f <
Dy by the diameter of H, we deduce that there is no contribution when
([div ei]v [dj7 6]']) > 1.
Thus the inner sum is /g + O(1), and we have

X A Aeq.e /
(54)  Si=% > %m( > Pt Aersnl )
di,ody, [Ti1[dis el di,e.dy,

€1,.--,€k €1,.-,€k
where >’ denotes the coprimality restrictions. The error term is plainly
2
(5.5) < Aﬁmx(z Tk(d)) < 22 R(log X)2*,
d<R

where Apax = SUDg, . d, Ady ... - To deal with the main term, we use the
identity

1 1
(5.6) ;. ei] = der Z o(ui)

ui|di,e;

and rewrite it as

X : " Ndyd A
(5.7) v > (Hg&(ui)> S A Reneth
ULyt 1=1 di,...,dg Hi:l d;e;
€1,.-,€k
w;|d;,eq Vi

By the support of A\, we may drop the requirement that W’ is coprime
to [d;,e;]. Also by the support of A, terms with (d;,d;) > 1 for i # j
have no contribution. Thus our restrictions boil down to (d;,e;) = 1 for
1 # j. We may remove this requirement by multiplying our expression with



364 D. A. Kaptan

s |dise; 1(si,5) for all i, j. Then our main term becomes

(5.8)
k
X Ay, di Aen, ..,
v 2 (o) > (II sewp) 3o “tgpipe
UL,eeyU 1=1 81,258k—1,k  1<4,j<k di,...,dg =1 "1
i#j €1,..,€k
u;|di,e; Vi

s;,5ldi,e; Vigj

We may restrict s; ; to be coprime to u;, uj, s;, and s ; for all a # 7 and
b # j since these have no contribution by the support of A\. We denote
the summation with these restrictions by >_*. We introduce the change of
variable

k

Ady,...d
(5.9) T | OEE) I =
i=1 dy,...,dy, Hi:l di
ri|d; Vi
Thus Yy, is supported on r = [[,7; < R, (r,VPf) = 1 and p(r)? = 1.
This change is invertible and we have
(5 10) Z Yryyoore >‘d1,--~,dk
: ; = — .
Tl The Hizl @(ﬁ) Hi:l M(di)di

Hence any choice of y;, ., with the above-mentioned support will yield a
choice of Ag, . 4,. We note here that Maynard’s estimate of Apax in terms
of Ymax = SUDy, e Yreserk holds verbatim and we have

(5.11) Amax < Ymax (log X)*.
So our error term ([5.5)) is O(y2,,. R?(log X )**). Using our change of variables
we obtain

k

(5.12) slzg > (ng(ui)) Z* ( I1 u(sm))

ULyl =1 $1,25--58k—1,6  1<4,5<k

i#]

k
pu(ai) p(bs) 5 2 ik
VIRV RS log X
X (E (p(al)gp(bl) yalv“'uakyblv"'zbk + O(ymaxR ( og ) )7

where a; = u; []; .; s and bj = u; [],,; si;. Since there is no contribution
when a; or b; are not squarefree, we may rewrite yi(a;) as f1(u;) [ 1,25 11(s5,),
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and similarly for ¢(a;), ,u(b-) and ¢(bj). This gives us

M Ui M Sij )
(5.13) 12 Z < > Z < : >ya1, HakYbi,.. by

LU =1 1,258k, k—1 ~1<4,j<k QO( "7)
()

+ O(yhax R (log X )*F).

There is no contribution from s;; with 1 < s; ; < Dy because of the re-
stricted support of . The contribution when s; ; > Dy is

ymax :uul ”S’LJ MS Kkt
(5.14) < :
SZJ 8

u<R
(u,VPf)=1

Yoaxp(V Pp)F X (log X )*
V(VP;)FDy

Our previous error of y2,. R%(log X)** can be absorbed into this error, and
the terms with s; ; = 1 give us our desired main term. m

LeMMA 2. Let S™ be as defined in (3.13), and let

(5.15) ym, (H/i Ti)g 7“@) Z Adl’ ’d

dy,...,dg
ri|d; Vi
dm=1

<

where g s the totally multiplicative function defined on primes by g(p) =
p—2. Let yﬁnai = sup,, 7,,k|yr17 |- Then for any fired A > 0,

(5.16) S = ——— TR
2 o(V)log Xm;% 15, g(w)

(k) (V Pp)F1X (log X )+~2 Y2 X
+O< V)V P)1Dy ) O<@<M><1ogx>f4>

Proof. We first rearrange the sum to obtain

(5.17) Sém) — Z )‘d1,.--,dk)‘617~--,6k Z xe(nM + hp,).
dyye.dp r<n<2z
€1,+,Ck n=vg (mod W’)
[ds,ei]|[nM+h;
In the inner sum, if W', [dy, e1], ..., [d, ex] are pairwise relatively prime, the

conditions determine n modulo ¢ = W'[],[d;, e;], since (M, [d;,e;]) = 1 by
the support of X. In turn, nM + h,y, is determined modulo ¢M = V [, [d;, e;].
Note that here (¢, Py) = 1. Also, if ([d;, e;],nM + hy,) > 1 with ¢ # m, then
pl|hi — hm| = fM for some p|[d;,e;] and f < Dy by the diameter of H;
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since d; and e; are relatively prime to both M and W by the support of A,
this is not possible. So nM + h,, is relatively prime to the modulus if and
only if d,,, = e;, = 1. Thus we can write

(5.18) > xe(nM 4 hy) = > xe(n)

r<n<2z X4+hm<n<2X+hm
n=vg (mod W’) n=b (mod qgM)
[di,ei“nM-i—hi P
X
= + E(X,¢M) + O(1),
e(V)IL, w([dis e])
where
Px
5.19 E(X,qgM :‘ xp(n —|,
Ci B =] 2 e

n=b (mod ¢M)

Px is the number of primes in [X,2X], and the O(1) term arises from
ignoring the shift by h,, in the sum. Thus the main term becomes

(5.20) PX Z/ W

e
where >’ denotes the constraint that W', [dy,e1], ..., [dg, ex] are pairwise
relatively prime. As before, there is no contribution when (W', [d;, e;]) > 1
or (d;,dj) > 1, and we remove the conditions (d;, e;) = 1 by multiplying our
expression by > sildise; (s4,5). We also use the identity (valid for squarefree
di and 61')
(5.21) 1 = > glw)

| ol el) ~ eld)ele) = &

u;|di,eq

where g is the totally multiplicative function defined on primes by g(p) =
p — 2. The main term then becomes

(5.22)

,Pix Z <ﬁg(uz)) Z < H /,L(SZJ)) Z w

SO(V)M,...,uk i=1 $1,250s8k—1,k 1§;;j§k 7 d, Hi‘P(di)ﬂp(ei)
7 Ui|di,e?{ﬁ

si jldi,ej ViZy
dm=em=1
We again restrict s;; to be coprime to wu;, u;, ;4 and sp; for all a # i
and b # j, and make the change of variable

(5.23) yrl’ o (H,u (ri)g n> Z )\dl’ =X

dy,.. ,dk
rild; Vi
dm=1
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This is invertible, and y,(n??)mk is supported on ([[, 7, VPf) =1, [[; 7 < R,
w([1;7:)? =1 and r,, = 1. Then the main term becomes

(5.24) 7 )uz< pulu ) S (H Msig) ) IR

ugp “i=1 81,2558k —1,k 1<z]<k ’J
i#j
where a; = u; H#j sji and bj = u; H#j s;; for each 1 < j < k. Because
of the restricted support of y, there is no contribution from terms with
(sij, VPf) > 1. So we only need to consider s;; = 1 or s;; > Dg. The
contribution when s; ; > Dy is

(m k—1 o\ k(k—1)—1
(5.25) « S 2 (ymax ( pi(u > ( u(8)> Msm

V)log X 9(s)? 9(si;)?
(u, VPf)
(yin) 20 (V Pp)* =X (log X4~
p(V)(VPs)k~1Dg
The contribution from s; ; = 1 gives us the main term which is
Px (i)
20 AV 2, T ate)
By the prime number theorem, Py = X/log X + O(X/(log X)?), and the
error here contributes

<

(k)2 X p()2\ ! (yhak)%e(V PR 1X (log X)*-3
620 e ( P o) PNVPFT
(u,VPy)=1

which can be absorbed in the error term from (|5.25]).
Now we turn to the contribution of the error terms in ([5.18)), which is

(528) < Z ’)\dh...,dk A61,...,8k|(l?(‘)(7 qM) + 1)
dy,...,dy
€1,-,Ck

From the support of A, we see that we only need to consider squarefree ¢
with ¢ < W'R? and (¢, M Py) = 1. Since for a squarefree integer ¢ there are
at most 73;(g) choices of dy,...,dy,e1,..., e, for which ¢ = W'[],[d;, e],
we see that the error is

(5.29) <X > w(@)’msk(@E(X,qM) + X > p1(0)?7i(a).
q<W'R? q<W'R?

(¢, MPp)=1 (a,MPy)=1
Now the second term is < A2, W'R?log(W’'R?)?*~!. We use the Cauchy—

Schwarz inequality and the trivial bound FE (X, ¢M) < X/p(gM) to see that
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the first term is

(5.30)
)‘r2nax 2 2 X 1/2 E X M 1/2
< ‘P(M)l/2< <%;R2 1(q) 73x(q) 90(‘1)> ( <§V;R2 (g ) (X, q ))
(quMPf)zl (iMPf):l

The first sum is < X log(W’R?)3*. Now for X large enough, W’ R2 < X9,
so that Theorem|10/applies to show that the second sum is < (log X)~A

for A arbitrarily large. Thus the total contribution is

2
ymaXX
5.31 « — Smaxd
( ) ©(M)(log X )4

(M)

and this completes the proof. m

LEMMA 3. Ifr,, =1, then

r r Qm T r VP )10gX
5.32 (m)  _ Yriye s Pm=—1,0m "mA 15Tk O Ymaxp(V Pr .
6:32) i)y, = 3 epugusets s oML

Proof. We assume that r,, = 1. We substitute (5.10) into (5.23) and

obtain

am

5.33 E ) = 4 T < 'u(dz) ) M'
(5.33)  y (EM(T) ) de 1L o(dy) al;ak 15, o(a)
ré \dzvlz d;la; Vi

Swapping summations over d and a, we have

k
Yai,...,ax w(d;)d;
(5.34) g™ (HM (r)) Y s ShT] |
v QA1 yeeny ag Hl:l (P(a’l) d17-~~7dk i=1 Sp(dz)
rila vi dilai, rild; Vi

m=

The inner sum can be directly computed when a; is squarefree, which is the
only case that matters by the support of y. We have

M(dl)dz . Tz T M (’I”Z‘)T‘i —1
(5.35) di|§idi o(d;) o) B o(d) — o(r) Il_;n 1
_ M(rl)rl H(az/rz) M(ai)ri
p(ri) wlai/ri)  plai)
Hence
k
5.36 (m) r)a(r; Yar,-..ax plai)ri
( ) Yry, i (Z];[llu( )g( )) al;ak Hle(p(ai) Zl;;[n (p(ai)

rila; Vi
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By the support of y, we need only consider a; with (a;, VPf) = 1. This

implies a; = 7 or a; > Dyrj. The total contribution from a; # r; when
j#mis

(5.37) <<ymax<£[19(”)”)< M )

a;>Dor;
p(a u
(X 5) H( )
am<R cp(aj) 1<i<k
(am,VPf)=1 i#jm

k
< Hg(n)m ymax(P(VPf)logR<< Ymaxp(V Py)log X
VP Dy VP Dy '

Thus we find that
(5.38) yﬁ?“

_ H g Ti T Z Yri e P —1,0m, P41, Tk ) ymaxSO(VPf) 1OgX .
rp(r)? ) = VPD,

o(am)
Since the product is 1+ O(Dy '), we have the result.

LEMMA 4. Let yp .. . be given in terms of a piecewise differentiable
function F supported on Ry, = {(x1,...,21) € [0,1]* Z§:1 x; <1} by

log 1 log r.
5.39 =F .
(5.39) s = P (e

whenever r =[], r; is squarefree and satisfies (r,V Ps) = 1. Set

k
oF
(5.40) Froax = sup | F(tre, )|+ Y5 (t )
(t1,...,te)€[0,1]% i=1 i
Then
©(V Py)* X (log R)"
5.41 S = I (F
Lo F2.0(VP)*X (log X)*1loglog X
V(VPf)kDo ’
where
1 1
(5.42) L(F)=\--\F(t1,....te)*dts ... dty.
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Proof. We substitute (5.39) into our expression for S; from Lemma
and obtain

X () log uy log uy, 2
4 = — e
(5 3) Sl % u1ZUk (I[l ul > (IOgR ) ) IOgR
(u,uj)=1Vi#£j
(us,V Pp)=1Vi
+ o Fraxe(V Py)" X (log X)*
V(VPs)kDy '

Now if (u;,u;) > 1 for some i # j and (u;, VPy) = (uj, VPf) = 1, then there
is a prime p| (us, u;) with p { VP, so a fortiori p{ W and p > Dy. Thus
the cost of dropping the condition (u;,u;) =1 is an error of size

(544) max Z Z HM

p>Do  ut,...,up<R =1
p|uz uj
(ui,VPy)=1Vi

F2,.X 1 p(w)*\"
STy Z(p—1)2< Z )

p>Dg u<R Sp(u)
(u,VPy)=1
< Fraxp(VPp)*X (log X)*
V(VPs)*Dg

Thus we are left to evaluate

2

f1(u;) log uq log ug

(5.45) < ) ( )

ulguk Zl—Il uz 10g R log R
(ui,VPf)=1VZ

This differs from the corresponding sum in Maynard’s work only in that we
have a V Py, which does not have as small prime factors, in place of W. Let

1 ifpt VP,
( ) () 0 otherwise.

Then we can use Lemma 6.1 of [5] with k =1,

(5.47) L<1+ Z logp <(YX+X )logp

p|V P p<logR  p|MP;y
p>log R

log M Py

log1 _—
< loglog It + log R

< loglog X,
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and Ay and As suitable constants. The lemma then yields

i Y (I[A)p(ken sy
’ pale o(uy;) logR’" " logR

(uzjﬁypf’)u;lw
SO(VPf)k(IOgR)kI( F) 40 F2.p(VPr)*(log X)* ! loglog X
(V Py k (VPp)*Dy ’

and the proof is complete. n
LEMMA 5. Let ypy .y, F', and Fiax be as in Lemma [i Then
V P;)* X (log R)F+!
5.49 S(m) _ o( f J(m)
(5.49) 2 V(VPp)klogX “F

+ of Praxe(VP) X (log Xt
V(fo)kDQ ’

(F)

where
11
(5.50) J™(F) g | (SF tr, .oty dt ) dty ...ty dtmsr . .. dby.
00
Proof. From Lemma 2l we want to evaluate the sum
(v )
(5.51) =
u1;uk Hle g(ul)
(m)

First we estimate y,, .. r,. Recall y,(fl”)rk is supported on ([[;r;, VPy) = 1,
w(I1; ri)? =1, (ri,7;) =1 when ¢ # j and r,, = 1. Then substituting (5.39)
(m) ), from Lemma we obtain

into our expression for yp, .
2
w(u
(5:52) o =Y (w)
wvp =1 P4
w, VP[], ri)=1
XF(logrl logrm—1 logu logrmi1 logrk>

logR>""7 logR ’'logR’ logR ’~ logR
Lo Fraxp(V Py)log X
VP Dy '
From this it is plain that
(553) ymax < fo max 108 .

Now we use [5, Lemma 6.1] again, with k = 1,

- k
(5.54) v(p) = { L if pt VP [Tizy i,

0 otherwise,
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lo lo
(5.55) L<l+ Y gp<<< v X )—gp < loglog X,
p‘VH T4 p<log R p\MPfH i p
p>log R

and A, A, suitable constants to obtain

o(r
(5.56) ™ = (log R)¥ VPf <H n’) T s
i=1
L0 Finaxe(V Py)log X
VP Dy ’
where
: logr logr logr logr

557) E™ = \F L i - L e B ) dty.
(5.57) ook S <logR " logR '™ logR 7 logR mn

This is valid if r,,, = 1, and r = Hle r; satisfies (r, VPf) = 1 and pu(r)? =1,
otherwise yffff.),_,rk = 0. Squared, (5.56|) gives

k )2
538 )7 = tog RPET (175" )t
(Frs) 20V Py)?(108 X)?
(T, )

(m)

Using this in the expression for S, from Lemma |2, we have

2

m VP;)?X (log R)? o(ri m
(559 8" = i((v)(f‘)/Pf)(Qlig))( Py <HM (2 ><F’§1"?"’"'f)2

(ri,V Py)=1
(i) =1 Vi
Lo F2..p(VPp)FX (log X)*
V(VP;)FDy ‘

We drop the condition (r;,7;) = 1 as before, this time introducing an error
of size

maxSD(VPf )2X (log R)? (p(p)‘l o(r)? k-1
(560) < (V)(fo 2 IOgX < p)2p4) < Z g(r)r2>

r<R
(r,VPs)=1

F2 (VPP X (log X)*
(V) (V Py)k+1Dg
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Thus we are left to evaluate

)20\ ey 2
(5.61) Z <H W)(Fmrk) .
T1ysTm—1"m+1,--Tk “N=1 ?
(’r’“VPf):l

Again we apply [5, Lemma 6.1] with x = 1 and with

2
p”—3p+1 .
1- fptvp
(5.62) v(p) = B_p_2pt1 PV,
0 otherwise,
(5.63) LK1+ Z 8P loglog X,
p|V Py

and Ay, As suitable constants. The singular series in this case is

(5.64) 6:“)%?)( +O<DO>>

and we obtain

S(m) _ cp(VPf)k+1X(log R)k—i—l (m)
p(V)(VPp)k+llog X %

+ of Fhaxe(V )1 X (log X)*
o(NVP Dy )

(5.65)

()

Now in the main term we have

oVP) 1V p(VPy
(5.66) AVIVE) "V V) VE)

7H p Hp]_)l VHp—l

p\V p\VP pIPf

This last product is either vacuous, or consists of a single factor 1 — py L
which is 14+O((loglog X)~!). Thus we may replace (5.65]), within acceptable
error, with

o(VPr)kX (log R)*+1 Sm)

V(V Py)klog X k
V Pk X (log X
) Faaxp(VPp)" X (log X)* ’
V(V Py)kDy

(5.67) sim =

(F)

where we have replaced 2V P with 1/V in the error term as well. m

6. Discussion. Baker and Zhao also consider primes in arithmetic pro-
gressions, except they prove their result for certain smooth moduli (recall
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that a number is called y-smooth if it has no prime factor exceeding y). The
techniques they employ involve estimating Dirichlet polynomials and ap-
pealing to a zero-free region described in terms of the largest prime and the
squarefree kernel of M to obtain the required Bombieri—Vinogradov type
theorem. Their result |1, Theorem 1] reads as follows (with the notation
adapted where applicable to avoid confusion).

THEOREM (Baker-Zhao). Let n > 0, r > 1, and let M = X% with
0<60<5/12—mn, (a,M)=1. Let
4/(1—260 if0 <2/5—¢,
= {2 g0
40/(9 —200) if 0 >2/5—e.
Suppose that M satisfies

log X 5

ip| M _— X M

wax(p ol M) <o ron ) [Ir<x’,

p|M
with

Ch <4(r + 1)> Csn ( 4(r + 1))
B=—exp|—(5") 0=—"—F~exp|——r "

U K(0) r+log(1/n) K(0)

for suitable absolute positive constants C1 and Cs, and w denotes the possibly
existing unique exceptional modulus to which there is a Dirichlet L-function
with a zero in the region B > c1/log X. There are primes p, < --+ < Dpir
in (X/2, X] with p; = a (mod M) such that

Ptr — Pn < CoMrexp(K(0)r).
Here Cy is a positive absolute constant.

Recalling our Theorem [] i.e.

r 5r
Dnyr — Pn K <> exp()M,
n 3n

one immediately sees that the Baker—Zhao bound is stronger as r grows,
and also has the advantage of describing the moduli for which it holds
(apart from the possibility of being a multiple of the exceptional modulus
if it exists). On the other hand, as per Remark 2 following Proposition
the result of the present work holds for X5/12*7’(1 — ¢/loglog X) moduli
up to X5/12-1 while by Dickman’s theorem (see, for instance, [6, Theo-
rem 7.2]), there are o(X%/12-7) integers with no prime divisors exceeding

exp(m?ggilg{gx) for which the Baker—Zhao result holds. Hence the present

result is valid for a much larger class of arithmetic progressions. With these
considerations the two can be regarded as complementary results concerning
uniform small gaps between primes in arithmetic progressions over a range
of moduli.
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