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Operator positivity and analytic models of
commuting tuples of operators

by

MONOJIT BHATTACHARJEE and JAYDEB SARKAR (Bangalore)

Abstract. We study analytic models of operators of class C.o with natural positivity
assumptions. In particular, we prove that for an m-hypercontraction 7' € C.y on a Hilbert
space H, there exist Hilbert spaces £ and &. and a partially isometric multiplier 8 €
M(H?(E), A% (E.)) such that

H~Qy=A2(E)OOH?(E) and T = Po,M.|o,,
where A2, (£.) is the £.-valued weighted Bergman space and H?(€) is the £-valued Hardy
space over the unit disc D. We then proceed to study analytic models for doubly commuting
n-tuples of operators and investigate their applications to joint shift co-invariant subspaces
of reproducing kernel Hilbert spaces over the polydisc. In particular, we completely analyze
doubly commuting quotient modules of a large class of reproducing kernel Hilbert modules,
in the sense of Arazy and Englis, over the unit polydisc D".

Notation.
N Set of all natural numbers including 0.
n Natural number n > 2.

N {k=(ki,....,kn):kieNji=1,...,n}.

z (21,...,2n) € C™.

2k zfl e ghn

T n-tuple of commuting operators (71,...,T},).
TF  TM .. Tk

D™  Open unit polydisc {z : |z| < 1}.

For a closed subspace S of a Hilbert space H, we denote by Ps the
orthogonal projection of H onto S. We shall denote the space of all bounded
linear operators on H by B(H).
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1. Introduction. The Sz.-Nagy and Foiasg analytic model theory for
contractions on Hilbert spaces is a powerful tool for studying operators on
Hilbert spaces and holomorphic function spaces on the open unit disc D
in C. It says that if T is a contraction (that is, I — TT* > 0) on a Hilbert
space and in C, class (that is, 7" — 0 as [ — oo in the strong operator
topology) then 7™ is unitarily equivalent to the restriction of the backward
shift M7 on a vector-valued Hardy space to an M?-invariant subspace. More
precisely, there exists a coefficient Hilbert space & and an M}-invariant
closed subspace Q of the &,-valued Hardy space H?(&,) such that

T =~ PoM.|o.

Moreover, there exists a Hilbert space £ and a B(&, £,)-valued inner multi-
plier 07 € Hpe 8*)(]]])), also known as the characteristic function of T (see

[NE]), such that
Q = H*(&,)/0rH?(E).

On the other hand, in [Ag] J. Agler introduced and studied hypercon-
traction operators from the operator positivity point of view. He showed
that the vector-valued Hardy space in the dilation space of a contraction can
be replaced by a vector-valued weighted Bergman space if the contractivity
assumption on the operator is replaced by weighted Bergman-type positivity.
Later, Miiller and Vasilescu [MV], Curto and Vasilescu [CV], Ambrozie and
Timotin [AT02,/AT03], Arazy, Englis and Miiller [AEM] and Arazy and Englis
[AE] extended these ideas to a more general class of operators. This viewpoint
has proved to be extremely fruitful in studying commuting tuples of operators.

The purpose of this paper is to explore how one might do analytic model
theory for a general class of operators and commuting tuples of operators.
In particular, we associate a partially isometric multiplier with every oper-
ator satisfying a weighted Bergman-type positivity condition (see Theorem
. Another basic result in this direction is the following analytic model:
Let T = (11,...,T,) be a doubly commuting tuple of pure operators on a
Hilbert space H (that is, T; € C.o, T;T; = T;T; and T,T; = T;T, for all
i,j=1,...,n,and 1 < p < ¢ < n). Then (T7,...,T) is joint unitarily
equivalent to the restriction of (M7 ,..., M} ) to a joint invariant subspace
of a vector-valued weighted Bergman space over D™ if and only if T satisfies
(joint) weighted Bergman-type positivity. Moreover, in this case, the ortho-
complement of the co-invariant subspace of the weighted Bergman space is
of “Beurling-Lax-Halmos” type (see Theorem [4.5).

Although our method works for more general cases (see Section 6), for
simplicity we restrict our discussion to hypercontractions (see Section 2).

Here is a brief description of the paper. In Section 2 we set up nota-
tion, recall some basic notions from the theory of hypercontractions and
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construct an analytic structure on the model space. Our main tool here
is the Agler dilation theorem for hypercontractions [Ag] combined with a
Beurling-Lax—Halmos type representation of shift invariant subspaces of an-
alytic reproducing kernel Hilbert spaces ([BB], [S15]). In Section 3 we discuss
a dilation theory for a class of doubly commuting operator tuples satisfying
a weighted Bergman-type positivity condition. In Section 4 we formulate a
version of Sz.-Nagy and Foiag analytic model for doubly commuting tuple
of hypercontractions. In Section 5, we analyze doubly commuting quotient
modules of scalar valued weighted Bergman spaces. Finally, in Section 6 we
study K-contractive tuples of operators in the spirit of Arazy and Englis [AE].

2. Functional models for hypercontractions. The main purpose of
this section is to develop an analytic functional model for hypercontractions
on Hilbert spaces.

We first recall the definition of weighted Bergman spaces and review the
construction of dilation maps for hypercontractions. We refer the reader to
Agler’s paper [Ag| for more details.

The weighted Bergman kernel on the open unit disc D with weight a > 0
is, by definition, the kernel function

By(z,w)=(1—zw)™* (z,w € D).

For each o > 0, we let A2 denote the weighted Bergman space corresponding
to the kernel B,. For any Hilbert space &, the £-valued weighted Bergman
space A2(€) with reproducing kernel (z,w) € D x D + B,(z,w)Ig can be
canonically identified with the Hilbert space tensor product A2 ® €. In order
to simplify notation, we often identify A2 ®& with A2 (&). It also follows that
{Bo(-,w)n:w € D,n € £} is a total set in A2(£) and (f, Ba(-w)n) a2 () =
(f(w),n)e where f € A2(£), w € D and 1 € £. Moreover, it is easy to see
that the shift operator M, on A% (&), a > 1, is a C.p-contraction, where

(M.f)(w) = wf(w) (f € AZ(E), w e D).

In the following discussion, we shall mostly use weighted Bergman spaces
with integer weights. Let us point out an important special case: A% = H?,
the Hardy space over D.

For a multi-index m = (m1,...,m;,) € N” we denote the corresponding
weighted Bergman space on D" by A2,. The weighted Bergman kernel on
D™ with weight m is, by definition, the reproducing kernel function

n n
B (z,w) = [ [ Bm,(2i,wi) = [[(1 = zwi)) ™  (2,w € D").
=1 =1

For each w € D", we denote by By, (-, w) the kernel function at w, where
(Bun-,w))(2) = Br(zw) (= € D).
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Convention: Let p(z,w) = >, cnnapgzPw? be a polynomial in
{z1,..., 2} and {w1,...,w,}. For a commuting tuple of bounded linear
operators T' = (11, ...,T},) on a Hilbert space H (that is, T;T; = T;T; for all
i,7 = 1,...,n) we denote by p(z,w)(T,T") the corresponding hereditary
functional calculus in the sense of Agler [Ag]:

(2.1) p(z,w)(T,T") = Z apgTPT™,
P,geN”
where T® = TF' ... Tk and T*% = T7% ... T for all k = (k... k)
e N™.
DEFINITION 2.1. A bounded linear operator 1" on H is said to be B,,-
contractive (or a Bp,-contraction) if T is of C.y class and

B (z,w)(T,T*) :( ( )kak> (T,T™)
=0

:i ( )T’“T*’“>0

=0
We also recall that T € B(H) is a hypercontraction of order m [Ag| if

Bp_l(z,w)(T,T*) >0 foralll<p<m.

Now let T" be a Bj,-contraction on H. Since T' € Cly, it follows from [Ag]
Lemma 2.11] that

By (z,w)(T,T*) >0 (1<p<m),
that is, T'is a hypercontraction of order m. In other words, these two notions
coincide for C'j class operators, and hence we will restrict our considerations
to B,,-contractions.

The defect operator and the defect space of a B,,-contraction T' € B(H)
are defined by

(2.2) Dpnr = (B! (z,w)(T,T*)"?, Dy = 180 Dy,
respectively. Set

(2.3) By (2, T)=(Iyy — zT*)™™ (2 €D)

and

(2 f)(2) = D2 Bon(2, T f = DIy — 2T*) ™ (f € H, 2 € D).
Then vy, 7 : H — A%(Dm,T) is a bounded linear operator with
V7T = M vp 1
and

V(B (5, w)n) = Bm(waT)*Dm,Tn = (Iy — wT)_mDm,Tn
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for all w € D and 1 € Dy, 7. This and the definition of v, r imply
(2.4)
(Vm, 7V, 7 (B (-, w)n))(2) = Diny12 B (2, T) B (0, T)" Dinrn - (2 € D)

for all w € D and n € Dy, 7. Furthermore, since 1" is a B,,-contraction,
U1 i an isometry and hence a dilation of T' (see Agler [Ag]).

THEOREM 2.2 (Agler). Let T € B(H) be a By,-contraction. Then T =
PoM,|g for some M} -invariant closed subspace Q of A% (Dy,1).

We shall now introduce the notion of multipliers on weighted Bergman
spaces. Let mq, mo be natural numbers and £;,& be Hilbert spaces. An
operator-valued holomorphic map 0 : D— B(&1, &) is said to be a multiplier
from A2, (&) to AZ, (&) if 0f € A2, (&) for all f € A2 (€). We denote
by M(AZ, (€1), AZ,,(£2)) the set of all multipliers from A2, (€;) to A2 (&,).
We also use My, for § € M(A2, (&), A%, (&)), to denote the multiplication
operator

Mf =0f (f € A, (&)

A multiplier § € M(AZ, (€1),A2,,(£2)) is said to be partially isometric
if My is a partially isometric operator from A2, (&1) to A2, (&).

Before proceeding, let us for completeness recall a Beurling—Lax—Halmos
type theorem for weighted Bergman shifts (see [BB] and [S15, Theorem 2.3])
upon which much of our discussion in this paper will rest.

THEOREM 2.3. Let S be a closed subspace of A2,(.). Then S is M,-
invariant if and only if there exists a Hilbert space € and a partially isometric
multiplier € M(A2(E), A2 (E,)) such that S = 0A3(E).

We are now ready to present a functional model for B,,-contractions.

THEOREM 2.4. Let T € B(H) be a By,-contraction. Then there exists a
Hilbert space € and a partially isometric multiplier 0 € M(A3(E), A2 (Dp.1))
such that

T = Pg,M:|gy,
where Qp = A2 (D7) © 0A2(E).

Proof. First, by Theorem we realize T as T' = PoM,|g. Therefore,
it remains to prove the existence of a partially isometric multiplier 6 such
that Q = A2 (D, 1) © 0A3(E).

Since Q@ = ranv,,r is M}-invariant, (ran'vm;p)J- is an M, -invariant
closed subspace of A% (D, r). Thus, applying Theorem to (ran v, 1)+,
we obtain a coefficient Hilbert space £ and a partially isometric multiplier
0 € M(A3(E), A2 (Dy,1)) such that

(ran 'vm;p)l = 0A3(E),
that is, @ = A2 (D, 1) © 0A2(E). m
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The following observation was pointed out to us by R. G. Douglas: Let
T € B(H) be a By,-contraction. Then by Theorem we have

H%(E) X2 A2(Dpr) 5 H — 0,
where m = v}, o (recall that A2(E) = H*(E)). Note that since MyM
M_.My, S := ker My is an M,-invariant subspace of H2(£). Then by the
Beurling-Lax—Halmos theorem there exists a Hilbert space &, and an inner
(or isometric) multiplier ¢ € Hile, £) (D) such that S = H?(&,). Conse-
quently, we have a natural chain complex of Hilbert spaces

0= H2(E) 2% m2(g) My 42 /(D) T H - 0.

3. Dilations of commuting hypercontractions. In this section, we
prove that a doubly commuting tuple of hypercontractions can be dilated to
the tuple of shift operators on a suitable weighted Bergman space over D™
(see [AEM, [AT02, [AT03], [AE]). We begin with a definition.

DEFINITION 3.1. A commuting tuple of operators T' = (11,...,T},) on
H is said to be By,-contractive if T; is a B,,,-contraction, ¢ = 1,...,n, and

Bl (z,w)(T, T <HB (21, w; ) (T, T*) > 0.

We denote the (joint-)defect operator and defect space of a By,-contraction
T as

Dot = (Bl (z,w)(T, T*))? and Dy, = tan Dy, 1,
respectively.

For the rest of the paper we shall be dealing with a fized natural number
n > 2, and a multi-indez m = (my,...,my) €EN*, m; > 1, j=1,...,n
Let T be a doubly commuting B,,-contractive tuple on ‘H. Then

LBy, (2,w)(T3,T5)) = (B (2, w)(13, T7))T;
for all ¢ # j. This also implies that
(Byny (2 wi) (T3, 7)) (Byh (25, w)) (T3, T7))
= (B, (2, wi ) (T3, T))) (Bry, (20 wi) (T3, T7)).
The above observations yield the following:

LEMMA 3.2. Let T be an n-tuple of doubly commuting operators on H
and suppose each T; is a By, -contraction, i = 1,...,n. Then Dy, 1; is a
T;-reducing subspace of H and

Eij,Tj = Dm]‘,Tjj—‘ia ij,Tiji,Ti = Dmi,Tiij,Tjﬂ
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for all i # j. Moreover, T is a Bp,-contraction and
n
Dmr = H Din; 13-
=1

Now, we shall construct, by induction, a dilation map for a doubly com-
muting B,-contractive tuple T on H.

In what follows, for j € {2,...,n}, mj denotes the j-tuple (mi,...,m;)
in N7 and Ty the doubly commuting Bum,-contraction (Tt,...,T;) on H.
For each j € {2,...,n}, one checks easily that Dy,;_, ;_, is a Tj-reducing
closed subspace of H and

-1

Dr. = Dr | Dr. = Dm. T,
T]\ij_lyTj_l Tj | Dm;_ym5_q° TJ|ij_1,Tj_1 m;,Tj>

where Dy, v = Dy 1y - Now we set Vi := vy, 1t H — A?m (Dyn, 1) and
define

‘/2 : A%nl ® Dm17T1 = A%nl (DmlyTl) — A%nl ® A%nQ ® Dm2»T2 = Aznz (Dm2:T2)
by

Vo= IA%Ll ® Ymy,Dolp,, 7>

where v o Dy 1y — A%@Q ® Dima. 1, is the dilation of Th|p €
my,41

B(Dp, 1,)- It follows that, for all l € N, h € Dy, 1, and 21, 22 € D,

(Va(2'h) (21, 22) = 21 (Vs 15 1) (22).
Continuing, one can define bounded linear operators {Vj}?:2 by

m2,T2|p m1,T1

VJ' = IAEnj_l ® vmj,TjIDTj_l : Agnj_l(,ij—LTj—l) — Agnj (Dm;ijj)?
where
(3.1)
k ki— k ki_
(Vi(z" - ij—llh))(zh ) =2 ij—ll (vmj7Tj\Dm h)(25)

i—1Tj-1
forall h € Dy, ;45 {71,---,2;} CDand j =2,...,n. Consequently, we
have the following sequence of maps:

Vi vz V- Vi
0—H —1> A?m (Dml,Tl) —2> Aznz (sz,Tz) —3) cee — A,Qn('DmyT)
Let us denote by Vr the composition of {V;}7_;:
(3.2) Vr =V,o0---0Vh0V] :H%A%@(ij).
Then V € B(H, A2,(Dp,. 1)) is an isometric dilation of T

THEOREM 3.3. Let T be a doubly commuting By, -contractive tuple on H.
Then V is an isometry and

(Vrh)(z) = (H Dmi,TiBmi(zi,Ti))h (heH, z D).
=1
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Moreover, VpT; = M Vr,i=1,...,n, and for z,w € D" and n € Dy T,

n

((VTV;‘)(Bm(aw)n))(z) = Hsz,TzBmz(thl)Bmz (w'i?n)*Dmi,Tin'
i=1

Proof. Clearly V{*Vi = I3, and for each j = 2,...,n, we have

(V13 Do, ) Vi, 1 Do, =I2, e

lT _1 mT)’

—1Tj—1

from which we nnrnedlately deduce VJ*VJ =1Ia (D, and finally

ViV = Iy. Now by (1)), we have a
Vrh =V, ---Vao(Vih) =V, - - - V3(Va Dy, 1, B,y (21, T1) )
= Vi, - - V3(Diy 1 Bmo (22, T2) Dpny 1y By (21, Th) )
= Vi, - - V3(Dmy 1y Ding 15 By (21, 11) By (22, T2) h)
for all h € H. Continuing, we have

mg— 1T 1),

(Vrh)(z Hnml 7. Bm, (zi, T))h  (h € H, z € D).
i=1
A direct computation (or see [AEM]| or [CV]) now readily implies the inter-
twining property of Vr and

VT( HBml wz; z ml,Tn (w € Dn7 ne Dm,T)7

which in turn yields the last assertion of the theorem. m

The above theorem is a doubly commuting version and a particular case
of [CV] Theorem 3.16] by Curto and Vasilescu and [AEM| Corollary 16]
by Ambrozie, Englis and Miiller (see also [BNS]). However, the present
approach is based on the idea of “simple tensor products of one-variable
dilation maps”. Moreover, our construction of an explicit dilation map is
especially useful in analytic model theory (see Section .

Recall that a pair of commuting tuples T' = (T1,...,T,) on H and
S = (S1,...,5,) on K are said to be jointly unitarily equivalent, denoted
by T =2 S, if there exists a unitary map U : H — K such that UT; =
S;U, 1 =1,...,n. The following dilation result is an easy consequence of
Theorem [3.3]

THEOREM 3.4. Let T be a doubly commuting By, -contractive tuple on H.
Then there exists a joint (M}, ..., M )-invariant closed subspace Q C
A}, (Dp,, ;) such that

(Tlv cen 7Tn) = (PQle‘Q7 R PQMZn’Q)'

Proof. Let Q = ran Vi, where Vi is the dilation map of T" as in Theorem

Then Q is a joint (M} ,..., M} )-invariant subspace of AZ (H) and
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Ur :=Vp:H — Q is a unitary map. Moreover,
UrTj = VrTy = M, Vp = MZ VpVpVr = (M7 |o)Vr = (M, |o)Ur
for all j =1,...,n. Hence

UTTj = PQMZJ.‘QUT (j =1,... ,n). n

4. Analytic model. We begin with the following lemma, the relevance
of which to our purpose will become apparent in connection with the analytic
model of doubly commuting tuples of operators.

LEMMA 4.1. Let T be a doubly commuting Bn,-contractive tuple on H
and 1 < j < n. Then A2, (Dm,1) C Apy(Dm;1;) and A, (D) is a reduc-
ing subspace for

n

<® IA%n,-) 0y Umj,TjU:nj,Tj S B(A':Zn(ij7Tj))-
i=1

Proof. The first statement follows from the inclusion Dy C Dy, 13-

For the second, it is enough to prove that X;(Bpm,(-,w)n) € A2, (DmT)
where w € D", n € Dy, 7 and

] = <®IA2 ) ®vmm T; mJ7T].
1#]

To this end, for each z;,w; € D, we compute

ij»Tijj (Zj’iz‘_’j)ij (w]’ mg: (H ‘Dmu 7,)

:ij,Tijj('zjvz-_’]) mj wj? (Hsz, z)
Z#J
= ij, (H Dm“ z) m; z]7T])ij(wj71—jj)*D72nj,Tj
Z#J

(HDmu z> m; ZJ’E)ij(wJ’E)*Dznjva‘

In particular,

(ij,Tijj(zj,Tj)ij (wj, T5)* D, 1) Pma € Dma (25, w; € D).
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If weD" n=][["y Dmn,,h € D1 and h € H, then (2.4) gives

n
(H Bmk (Zk7 wk)) (DmJ,T]Bm] (2]7 T])Bm] (wj7 Tj)*Dm],Tjn) EA')QWL(D’ITL7T) L]
k=1
k#j
Therefore, Rj € B(A2,(Dm.1)), 5 =1,...,n, where

R - (®IA2 )® Um]» J mg )|A$nj(Dm,T)'
z#]
By (2.4) we have in particular, for w € D", n € Dy, and j =1,...,n,

(4.1)  Rj(Bm(-,w)n)

n
i=1
i
CLAaM. {Ry,..., Ry} is a family of commuting orthogonal projections.

Proof of the claim. Since vy, 1; is an isometry, we deduce from the
definition of R; that R; = R} = R2 1 < j < mn, that is, {R;}]_; is a
family of orthogonal prOJectlons Now let p,g=1,...,n,p#*q, we D" and

7 € D, 1. Using (4.1), we obtain
RyRq(Bm (-, w)n)

=Ry <H B, (2, wi)(qu,Tquq (2¢» Tq)qu (wg, Tq)*qu,an))
=1
i#£q

= H me Zi, 'wz mp,Tp Bmp (Zp7 Tp)Bmp (wp7 Tp)*Dmp,Tp)

Z#pq
' (quququ (Zq7 Tq)qu (qu Tq)*qu,an)

n
= H Bmi(zivwi)(Dmprqu,Tqup(zp?Tp)qu(szq)
i=1
i;p,q . N
‘Bmp(mep) qu(wanq) Dmp,Tpoq,Tq)U
= Rqu(Bm('7 w)n).
Therefore R,R, = R,R, for all p,q =1,...,n, proving the claim.

We now investigate the product H?Zl R;. For computational simplicity,
assume that, for each ¢ = 1,...,n,

fi(z,w) := By, (2,T;) B, (w, T;)*  (z,w € D).
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For each w € D" and 1 € Dy, 1, we have

(f[&)(Bm HR (R1Bum (-, w)n)
j=1

J?ﬂ
= H Rj (H Bmi('? wi)Dml,Tlfl('7 wl)Dm1,T177)
7=1 =1
A A
H (H ( )wi)DmLTleg,Tzfl('uwl)fz(')w2)Dm1,T1DWL2,T2n)'
]: _

G#L, z;ﬁl 2

Contlnumg, we have
n n
(T #5) (Bun(sw)n) = [T D i wi) Do,
j=1 i=1

n
=1

and hence Theorem yields VpVy =[], R;. Summing up, we obtain:

THEOREM 4.2. LetT be a doubly commuting By, -contractive tuple on H.
Then {R;}!'_, is a family of commuting orthogonal projections and

n
VeVg = [ R
i=1
We need to introduce one more piece of notation. For m € N" and
j=1...,n,set
’ﬁlj = (ml, ceesMy—1, 1 s 4150 vy mn).
jth
In particular,
2 2 2 2 2
Amj:Am1®"'®A L OH " ®A

m+1

2
'®Amn

Now let T be a doubly commuting B,,-contractive tuple on H, and let
1 < j <n. Then

ran R; = ((® A2 ) ® ran (Vi 13V, 1 ) ((® A2 ) ®A2 m,T))
i 2

(@)=

i=1
i#]
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where Q; = ran(vmj7ij:nj7Tj) N Afnj (D). But ran(vmj,Tj'v:lj’Tj) is an
M?-invariant subspace of A?nj (D, 1), hence Q; is an M -invariant closed
subspace of A?nj (D, T). By Theorem there exists an auxiliary Hilbert
space & and a partially isometric multiplier ; € M(A3(E;), A,2nj (D))
such that

Rj = Lz, (D7) — Mo, Mo,

where

n
(4.2) M@j = <® IA?,%) X ng .
7
Notice that ©; € M(A%zj (&), A%, (D, 1)) is a partially isometric multiplier
and
0;(z) = 0;(z) (z€D").
Together with Theorem this yields the following:

THEOREM 4.3. Let T be a doubly commuting By, -contractive tuple on H.
Then there exist Hilbert spaces & and partially isometric multipliers 0y €

M(AF(Ek), A2, (D)), k=1,...,n, such that
foralli,j,k=1,...,n. Moreover

n
VeV = [ [Tz, ) — Mo, MB,).
i=1
In order to formulate our functional model for B,,-contractive tuples, we
need to recall the following result concerning commuting orthogonal projec-
tions (cf. [S14, Lemma 1.5]):

LEMMA 4.4. Let {P;}}_, be a collection of commuting orthogonal pro-
jections on a Hilbert space H. Then L := Y . ranP; is closed and the
orthogonal projection of H onto L is given by P =1 —[[,(I — ;).

We are now ready to present the main theorem of this section.

THEOREM 4.5. Let T be a doubly commuting By,-contractive tuple

on H. Then there exist Hilbert spaces &, and partial isometric multipliers
O, € M(A}(E), A2, (D)), k=1,...,n, such that

H = Qo =A% (Dmr)/ Y OiA, (£)
=1

and
(Tlv cee 7Tn) = (PQ@M21|Q@7' . 'aPQ@MZn|Q@)7
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where O; is the one-variable multiplier corresponding to 6;, i =1,...,n, as
defined in (4.2)).

Proof We keep the notation of Theorem [4.3] . Set P; := Mg, Mg , i =
1,...,n. By Theorem [£.3] we have

n
IAgn(Dm,T) VoV = IA2 (D, 1) H IA%n(Dm,T) — P).
=1

Now by Lemma [4.4] it follows that

n

(ran V)t = Z ran Mg, = Z @iAzhi (&).

i=1 i=1
Therefore,

Q@ = ran VT = (Z @lA%nl(gZ)) = A2 mT /Z @ A )
i=1
Now using the argument from the proof of Theorem [3.4] one can prove that

(Tlv--an) = (PQ@MZ1|Q97'"’PQeMzn|Q@)' .

In the special case of m = (1,...,1) we recover the functional model for
doubly commuting tuples of pure contractions [BNS|. However, the methods
used here are different from those in [BNS].

5. Quotient modules of A,Qn. We have a particular interest in tuples

of operators (M,,...,M,,) compressed to joint (M} ,..., M} )-invariant

subspaces of reproducing kernel Hilbert spaces over D™. Let Q be a joint
(M; M )-invariant closed subspace of A2, and

JU
CZiZPQMZi‘Q7 i=1,...,n
Then Q is called a doubly commuting quotient module of A2, if
C;C, —-C,C; =0 (1<i<j<n).

First, we compute the defect operator of a given doubly commuting quotient
module 9 of A,Qn:

DmC - 7711(z7w)(CZ7C*) Q(B (Z w)(MZ7M*))‘
On the other hand, it is easy to see that (cf. [CDS|, Theorem 3.3])
Dinpa, = By (2,w) (M, M) = P,

where P is the orthogonal projection of A2, onto the one-dimensional sub-
space of all constant functions. Consequently, m c. = = PoPcl|o, and hence

(5.1) rank Dy, c, < 1.
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THEOREM 5.1. Let Q be a quotient module of A2,. Then the following
conditions are equivalent:
(i) Q is doubly commuting.
(ii) There exist M} -invariant closed subspaces Q; of A%%_, 1=1,...,n,
such that
Q=291 ®-® Qy.
(ili) There exist Hilbert spaces &; and partially isometric multipliers 0; €
./\/l(Al(EZ-),Afni), 1=1,...,n, such that
Q=Qy ®---®Qy,,
where Qp, = Afnj/HjAl(Ej), j=1,...,n.
Proof. Let us begin by observing that the operator C,, i =1,...,n, on
Q=01®--® Q, can be represented as
Ci = Pollny, @@Ly  ©M.@ILy  ©-8lg,)lo

= IQl K- ® IQi—l X PQiMZ|Qi ® IQi+1 - ® IQn'
This yields (ii)=-(i) and (iii)=-(i). The implication (ii)=-(iii) follows from
Theorem and (iii)=-(ii) is trivial. Hence it suffices to show (i)=-(iii).
Assume (i). Then by Theorem there exist Hilbert spaces & and one-
variable partially isometric multipliers ©; € M(A?m (&), 42,(Dm.c.)), i =
1,...,n, such that

(C217 .- ‘7CZn)|Q = (PQ(—)MZ1|Q(—)’ .- '7PQ(—)MZn’Q(-))7
and

Qo = A},(Dm.c.)] > OiAZ, ().
=1

Now by (5.1) we have Dy, ¢, = {0}, or C. To avoid triviallities we assume
that Dy, c, = C. Then

Q> Q0 = A7,/ ) OiA%, (&)
=1

In particular,
n n
Poy = [[(Taz, — Mo, Mp,) = ®(IA$M — My, My,),
i=1 i=1
which implies Q = Qg = Qp, ® - - - ® Qp, and concludes the proof. m

The implication (i)=-(ii) in the previous theorem was obtained in [CDS].
For the Hardy space case H?(D"), that is, for m = (1,...,1), this was
observed in [BNS|] and [S14]. Moreover, as we shall see in the next section,
the same result holds for more general reproducing kernel Hilbert spaces
over D",
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6. 1/K-calculus and K-contractivity. The key concept in our ap-
proach is the natural connections between (i) operator positivity, imple-
mented by the inverse of a positive definite kernel function on D, and a dila-
tion map, again in terms of the kernel function, (ii) tensor product structure
of reproducing kernel Hilbert spaces on D", and (iii) operator positivity, im-
plemented by the product of n positive definite kernel functions on D, of
a doubly commuting n-tuple of operators. Consequently, our considerations
can be applied even for a more general framework (in the sense of Arazy
and Englis [AE]).

Let k be a positive definite kernel function on D and suppose k(z, w) is
holomorphic in z and anti-holomorphic in w, and k(z,w) # 0 for all z,w € D.
Let Ry € O(D,C) be the corresponding reproducing kernel Hilbert space.
Moreover, assume that

(i) C|z] is dense in Ry,
(ii) the multiplication operator M, on Ry is a contraction,
(iii) there exists a sequence {py};2, € C[z,w| of polynomials such that

1

m (z,w e D)

pr(z, w) —

and
Sup [P (M, M) < oo,

We will call such a reproducing kernel Hilbert space a standard reproducing
kernel Hilbert space, or just SRKH for short.

Let Ry be a SRKH and, by (i) above, let {¢;}72, € C[z] be an or-
thonormal basis of R. For any nonnegative operator C' and bounded linear
operator 1" on a Hilbert space H, set

fro(@) =Dy — Y tm(T)CYm(T)".
0<m<k
DEFINITION 6.1. Let Ry be a SRKH and 7" € B(#). Then T is said to
be k-contractive if supy, ||pr(T,T%)|| < oo and
C :=WOT- lim pi(T,T")
k—o0
exists and nonnegative, and
SOT- lim fyc(T) = 0.
k—o00
We are now ready to state the Arazy—Englis dilation result (see [AE
Corollary 3.2]).

THEOREM 6.2. Let Ry be a SRKH and T € B(H) be a k-contraction,
and set D =tanC. Then there exists an M -invariant closed subspace Q of
Ri @ D such that T = PoM,|o.
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In this case, the dilation map V7 is given by (see [AE] (1.5)])
(Vih)(z) =D wn(2) @ CY2un(T)'h - (h € H).
k

Finally, note that the statement of Theorem 1.5 can be generalized to
this framework as follows (see [S15, Theorem 2.3]): Let H be a Hilbert space
and S be a closed subspace of Ry ® H. Then S is M,-invariant if and only
if S = OH?(&) for some Hilbert space £ and a partially isometric multiplier
6 M(H?*(E), Ry @ H).

Consequently, Theorem [2.4] holds for the class of k-contractions.

THEOREM 6.3. Let Ry be a SRKH and T € B(H) be a k-contraction,
and set D = tanC. Then there exists a Hilbert space £ and a partially
isometric multiplier § € M(H?(E), Ry ® D) such that T = Pg,M,|g, where
Qp = (Rr®D) © OH?(E).

Now let Ry,, + = 1,...,n, be n standard reproducing kernel Hilbert
spaces over D, and set

R =Rk, -+ Ry,

Then R is a reproducing kernel Hilbert space (see Tomerlin [To|) and
n
K(z,w) =[] ki(zi,wi)  (z,w€D").
i=1
Let T be a doubly commuting tuple of operators on H and let T; be a
k;-contraction, i = 1,...,n. Set

C; = WOT- lim p; 1(T;, T}),
k—oo

where p; (2, W) = 1/ki(z,w), i = 1,...,n. In a similar way to Lemma [3.1]
one can prove that C;C; = C;C; for all 4,5 = 1,...,n, and

n
CT = H CZ > 0.
i=1
In view of this observation, a doubly commuting tuple T is called K-
contractive if T; is k;-contractive for all ¢ = 1,...,n (see the remark at the
end of Lemma . Consequently, all the results and proofs in this paper
hold verbatim for doubly commuting K-contractive tuples as well.
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