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On the unstable directions and Lyapunov exponents of
Anosov endomorphisms

by

Fernando Micena (Maceid) and Ali Tahzibi (Sao Carlos)

Abstract. Unlike in the invertible setting, Anosov endomorphisms may have in-
finitely many unstable directions. Here we prove, under the transitivity assumption, that
an Anosov endomorphism of a closed manifold M is either special (that is, every x € M
has only one unstable direction), or for a typical point in M there are infinitely many un-
stable directions. Another result is the semi-rigidity of the unstable Lyapunov exponent of
a O codimension one Anosov endomorphism that is C'-close to a linear endomorphism
of T for (n > 2).

1. Introduction. In the 1970s, the works [§] and [6] generalized the
notion of Anosov diffeomorphism to non-invertible maps, introducing the
notion of Anosov endomorphism. Let M be a closed C°° manifold.

DEFINITION 1.1 ([8]). Let f : M — M be a C! local diffeomorphism.
We say that f is an Anosov endomorphism if there are constants C, A > 1
such that for every f-orbit (x,)nez there is a splitting

T.,,M =FE; © E;, Vicl,

which is preserved by D f, and for all n > 0 we have
|Df™(z;) - v|| > C7IN|v||  forall ve E and i € Z,
[Df"(z) - vl| <CX"|lv]|  forallv e E; and i€ Z.

Anosov endomorphisms can be defined in an equivalent way [0]:

DEFINITION 1.2 ([6]). A C* local diffeomorphism f : M — M is called
an Anosov endomorphism if Df contracts uniformly a continuous sub-

bundle E¥ C T'M into itself, and the action of Df on TM/E? is uniformly
expanding.
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Sakai [L0] proved that, in fact, Definitions and are equivalent.

A contrast between Anosov diffeomorphisms and Anosov endomorphisms
is the non-structural stability of the latter. Indeed, C'-close to any linear
Anosov endomorphism A of the torus, Przytycki [8] constructed an Anosov
endomorphism which has infinitely many unstable directions for some or-
bit, and consequently A is not structurally stable. However, it is curious
to observe that topological entropy is locally constant among Anosov endo-
morphisms. Indeed, take the lift of an Anosov endomorphism to the inverse
limit space (see preliminaries for the definition). At the level of the inverse
limit space, two nearby Anosov endomorphisms are conjugate [§], [2], and
lifting to the inverse limit space does not change entropy.

Two endomorphisms (permitting singularities) f1, fa are C'-inverse limit
conjugate if there exists a homeomorphism h : M fr — M72 such that ho f1
fa 0 h where f; are the lifts of f; to the orbit space (see preliminaries).

Denote by p the natural projection p : M — M, where M is the uni-
versal covering. Note that an unstable direction E%( y) projects onto an

unstable direction of T, M, = = p(y), following Definition that is,
Dp(y) - (E}(y)) = E*(Z), where T = p(O(y)).

ProprosITION 1.3 ([6]). A local diffeomorphism f is an Anosov endo-
morphism of M if and only if the lift f : M — M is an Anosov diffeomor-
phism of M, the universal cover of M.

An advantage to work with the latter definition is that in M we can
construct invariant foliations .7-"? and ]-"%‘.

Given an Anosov endomorphism and an f-orbit & = (x,),cz We denote
by E*(z) the unstable bundle subspace of Ty, (M) corresponding to the or-
bit (zp)nez. In [8] there are examples of Anosov endomorphisms such that
EY(z) # E"(y) with xo = yo, but (z5)n # (Yn)n- In fact, it is possible that
xo € M has uncountably many unstable directions [8]. An Anosov endo-
morphism for which E%(Z) just depends on z( (a unique unstable direction
for each point) is called a special Anosov endomorphism. A linear Anosov
endomorphism of the torus is an example of a special Anosov endomorphism.

A natural question is whether it is possible to find an example of a (non-
special) Anosov endomorphism such that each € M has a finite number
of unstable directions. It is also interesting to understand the structure of
points with infinitely many unstable directions. For transitive Anosov endo-
morphisms we prove the following dichotomy:

THEOREM 1.4. Let f : M — M be a transitive Anosov endomorphism.
Then either

(1) f is a special Anosov endomorphism, or
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(2) there exists a residual subset R C M such that every x € R has
infinitely many unstable directions.

Observe that when M is the torus T", n > 2, all Anosov endomorphisms
of T™ are transitive (see [1]).

Analysing the unstable Lyapunov exponents of an Anosov endomor-
phism, similarly to [7] we can prove the following result for conservative
systems (preserving a probability measure equivalent to Lebesgue measure).

THEOREM 1.5. Let A : T" — T", n > 2, be a linear Anosov endomor-
phism with dim By = 1. Then there is a Cl-open set U, containing A, such
that for every C', a > 0, conservative Anosov endomorphism f € U, we
have \§(x) < X*(A) for m-almost every x € T", where m is the Lebesgue
measure of T™.

REMARK 1.6. To prove Theorem|[I.5] the neighbourhood ¢ can be chosen
very small, such that every f € U has its lift conjugate to A in R™. Then

we can consider a priori that also dim }L =

2. General preliminaries. In this section we present some classical
results on Anosov endomorphisms that will be important for the rest of this
work.

2.1. The inverse limit space. Let (X, d) be a compact metric space
and f: X — X a continuous map. We define a new compact metric space,
called the inverse limit space for f or the natural extension of f, by

Xf = {(xn)nEZ S HX’ : X; =X Vi € Z and f(.%’l) = Tij+1 Vi € Z}
1€EZ
In this text we denote X/ by X. Also we denote by Z the element (zy,),cz
of X. We introduce a metric d in X by setting

T~ o~ d(xlayl)
d(z,9) = Z Tl
i€z

It is easy to see that ()NC, J) is a compact metric space. Let 7 : X — X be the
projection on the zero coordinate, that is, if & = (z,)nez, then 7(Z) = xo.
One can verify that 7 is continuous.

DEFINITION 2.1. A prehistory of x is a sequence of type
T_=(..,x_9,0_1,00 =)
such that f(z_;) =x_iy1,1=1,2,.
Denote by X7 or X_ the space of all the prehistories with xy € X. The

space (X_, d) is also compact and the distance between two prehistories of
the same point zg € X is > ooq da (2, y—i) /2"
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In the Anosov endomorphism context, E*(Z) depends only on Z_, and
this is why in this work we often deal only with prehistories.

2.2. Some nice properties of Anosov endomorphisms. The set of
C' Anosov endomorphisms is open, like that of Anosov diffeomorphisms.
However, structural stability in the usual sense does not hold for Anosov
endomorphisms (see the correct context for structural stability of Anosov
endomorphisms in Berger-Rovella [2]).

THEOREM 2.2 (Przytycki [8], Mané-Pugh [0]). The set of Anosov endo-
morphisms of a manifold M is an open set in the C' topology.

THEOREM 2.3 ([8]). Let f : M — M be an Anosov endomorphism. Then
the map & — E“(Z) is continuous.

DEFINITION 2.4. Let f: M — M be an Anosov endomorphism, Denote
by £§(2) := Us. n(3)=s £"(@) the union of all unstable directions at .

Considering Definitions [I.2] and [I.I] a natural question arises: What is
the relation between £} (z) and Uyep—1( Dp(E (y))?

Observe that Ef(z) is not necessarlly Ur )=z PP(¥) - (Ef“v(y)) Indeed,

the latter is a countable union and the former may be uncountable (see [g]).
PROPOSITION 2.5. Let f: M — M be an Anosov endomorphism. Then

Ef@) = |J Dp(y) - (B4y)).

p(y)=z

Proof. First of all, £¢(z) is a closed subset of the u-dimensional grass-
mannian of T, M. This is an immediate corollary of Theorem [2.3] Clearly

Un(y)=e DP(y) - (E%(y)) C £} (@), 5

U Do) (E%(y)) € &F (@)

n(y)=x
Now for the opposite inclusion, let E“( ) be an unstable direction at x € M.
We want to prove that E*(Z) € U, )=, Dp(y) - (E%( Y)).
We claim that given any finite prehlstory (T _kye oy T2, X1, = X0),

there is a finite piece of an f-orbit, (y_g, ... ,?k(y,k)), which projects onto
(T_ky...,x_9,x_1,x), that is,

W(ij—k) = T—k+j, ] € {L?k}

Indeed, choose any y_;, € M such that p(y—x) = r_. As po f=fop,
the piece of the orbit of y_j under f projects onto (z_g,...,z_92,2_1,2).
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Now for each k consider O(y_), the full orbit of y_; under f. It is clear
that p(O(y_x)) converges to & in M/. Recall that

u Wl
(2.1) E*(p(O(y—+))) = Dp(E*(f" (y-r)))-
By continuity [§], we have
E*(m(O(y-r))) = E*(2),
and using we obtain
W u(
Dp(E*(f"(y-x))) = E*(Z),
which completes the proof. =
The next lemma is useful for the rest of this paper.

LEMMA 2.6. Suppose that f : M — M is an Anosov endomorphism such
that there are two different unstable directions Ef(z) and EY(x) at x. Then
the angle Z(D f™(z)(Ef(x)), Df"(x)(EY(x))) goes to zero as n — 0.

Proof. In fact, suppose that dim E* = k, dim E* = n, and E}(z) #
E¥(x) for all x € M. Let {v1,...,v,} and {uy,...,u,} be bases for Ef(x)
and EY(z) respectively. Since Ef(z) # E¥(x), there is u;, say up, such that
B = {uy,v1,...,v,} is a linearly independent set.

Let E := (uj,v1,...,v,) with dim £ = n 4 1 be the subspace generated
by B. Observe that dimE +dimE* =n+k+1>n+k=dim7T, M. This
implies that £ N E* is non-trivial. Let 0 # v, € EN E*. Then

Vg = CU1 + v

for some ¢ # 0 and v € Ej(x) \ {0}.
Considering the following properties of vectors in stable and unstable
bundles:
[Df*(@)vsl| =0, [ Df"(@)url] = o0, [[Df*(z)o] — o0,
it follows that Z([D f™(z)u1], D f™(z)Ej(x)) — 0. In fact the same argument
shows that Z([Df™(z)u;], D f™(z)Ej(x)) — 0 for all u; not in E}(x). Thus

Tim £ (D" () (B} («)), Df"(x) (S (x))) = 0. =

3. Proof of Theorem In the course of the proof we need to analyse
the number of unstable directions as a function of z € M. Let v : M —
N U {oo} be defined as

u(z) = #(&f (z)),
which assigns to each x the“number” of all possible unstable directions in
T.M.
A simple and useful remark is the following:

LEMMA 3.1. u(x) is non-decreasing along the forward orbit of x.



42 F. Micena and A. Tahzibi

Proof. Tt is enough to use the fact that f is a local diffeomorphisms and
D f(x) is injective. However, we emphasize that it is not clear whether u(x)
is constant or not along the orbit. This is because all the prehistory of x is
included in the prehistory of f(z). m

PROPOSITION 3.2. Let f : M — M be a transitive Anosov endomor-
phism. Then either there is x € M such that u(x) = oo, or u is uniformly
bounded on M, in fact, in the latter case, [ is a special Anosov endomor-
phism.

Proof. Suppose that u(x) < oo for all x € M. Define
A =A{x € M |u(x) < k}.

The sets Ay, are closed. Indeed, by continuity (Theorem the set M \ Ay
is open. Now observe that

o
k=1

so by the Baire category theorem, there is kg > 1 such that int Ay, # 0.
Now we claim that

M = Ay,.

To prove this, take any = in M with [ unstable directions, and a small
neighbourhood V. of x such that each point in V, has at least [ unstable
directions. Consider a point with dense orbit in V,, and take an iterate of it
that belongs to Ay,. By Lemma we conclude that [ < kg, which yields
M = Ag,.

Finally, we prove that M = Aj, implying that f is a special Anosov
endomorphism. Suppose that there is € M such that u(x) > 2 and choose
two different unstable directions Ej'(x), E5(x) in T, M. Let o« > 0 be the
angle between Ef'(z) and E¥(x).

Let U, be a small neighbourhood of x such that every y € U, has at least
two unstable directions, say E}(y) and E¥(y), with Z(Ef(y), E¥(y)) > «/2.

Let xg be a point with dense orbit. Let n; be a large number satisfying

i fnl(xO) € Ux,
o Z(Df"(xo) - E,Df"(z0)  F) < /3 for any E, F € £f(xo).

The choice of nj is possible thanks to density of the forward orbit of xy and
Lemma [2.6] By definition of U, the above two properties imply that either
EY(f™(20)) or E3(f™ (20)) is not contained in D f™ (xo) - £} (wo). So, we
obtain

u(f™ (o)) > u(wo) + 1.

By repeating this argument, we to obtain an infinite sequence f"*(zg) such
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that
u(f™ (o)) =2 u(f™(x0)) + 1,
contradicting M = Ay,. =

3.1. Ending the proof of Theorem To complete the proof of
Theorem it remains to show that u(z) = oo for a residual set R C M,
whenever f is not a special Anosov endomorphism. In fact, suppose that
there is © € M such that u(z) = oco. Given k > 0, fix exactly k different
unstable directions at z, and a neighbourhood U of x such that u(y) > k
for every y € UF. Now, since f is transitive, the open set Uy = J;~q [ (UF)
is dense in M. Finally, consider

R:= Uk,

k>1

which is a residual set. By construction, given x € R we have u(z) > k
for every k > 1, which implies u(x) = oo. This completes the proof of
Theorem [1.4

4. Proofof Theorem([1.5] Given an Anosovendomorphism f : T" —T",
by Proposition the lift f : R® — R” is an Anosov diffeomorphism.

Let f. : T™ — T™ be the linearization of f, by which we mean the unique
linear endomorphism of the torus, homotopic to f. By [I, Theorem 8.1.1],
the linearization map is hyperbolic.

Although R” is not compact, since f preserves Z", the derivatives of
f are periodic in fundamental compact domains of T". This periodicity
allows us to prove, in the R” setting, results analogous to those for Anosov
diffeomorphisms in the compact case.

LEMMA 4.1. Let f:T" — T" be a C'* Anosov endomorphism. Then
for f : R® — R™ there exist transversally absolutely continuous foliations
]:?“ and ]:? tangent to E% and E% respectively.

Proof. Similar to the compact case [0]. m

DEFINITION 4.2. A foliation W of R"™ is quasi-isometric if there exist
positive constants ) and b such that for all x,y in a common leaf of W we
have

dw (z,y) < Q™ lz —yll +b.

Here dy denotes the Riemannian metric on W and ||z — y|| is the Euclidean
distance.

REMARK 4.3. Observe that if ||z —y|| is large enough, we can take b = 0
in the above definition.
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LEMMA 4.4. Let A be as Theorem[L5| If f is an Anosov endomorphism
sufficiently C'-close to A, then .7-";’“ are quasi-isometric foliations.
This lemma follows directly from a proposition due to Brin [3]:

PRrOPOSITION 4.5. Let W be a k-dimensional foliation on R™. Suppose
that there is an (m — k)-dimensional plane A such that T, W (x) N A = {0}
and ZL(T,W(z),A) > B >0 for every x € R™. Then W is quasi-isometric.

Proof of Lfmma@. Let U be a C'-open set containing A such that for
every f € U, f and A are C'-close in the universal cover R™.
The C'-neighbourhood U is taken such that

(4.1) [Z(E%(x), E})| < o,

(42 LB @), B3| < o

for any = € R"™, where « is a small number less than %A(Ejfl, E?). For the
foliation ]-"% take A := E¥, and for .7-"%, A := EY. Applying Proposition
completes the proof. =

COROLLARY 4.6 (Nice properties). For any Anosov endomorphism f :
T — T™ close to its linearization A, the following properties hold in the
universal covering:

(1) For each k € N and C > 1 there is M such that

—k —k
L _lf == fyll
— M= —<- L2 19 <0
|z =yl > C ~ ||AFa — Aky| — ¢

— X

(2) = E9, 0 € {s,u}, uniformly.

11m —_—
ly—z||—oo ||y — ||
yeFs?(z)

Proof. The proof follows the lines of [4]; we repeat it for completeness.
Let K be a fundamental domain of T? in R? d > 2. On K we have

—k
IF" = A%|| < oo

For T € RY, there are z € K and @i € Z% such that T = x + 7. Since
f« = A, we obtain

I7@) — A* @)l = 7" (x + ) — A"z + )|
= |7 (z) + AF7t — ARz — AFF| < co.
Now, for all x,y € Rd,
1752 = Tryll < | AR — AFy|| + 27" — 4%,
1Ak e — APy < (752 — Fryll + 207" — Ao,
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where

17" = A¥lo = max | 7 () — A%(2)).
zeK

Since A is non-singular, if ||z — y|| — oo, then ||A*z — AFy|| — cc. So
dividing both expressions by ||A*z — A*y| and letting ||z — y|| — oo we
obtain the proof of the first item.

For the second item, we just consider the case of E¥; for £ just take
A~!and (f)~!, and the same proof holds.

Let |0%| = max{|f| : 0 is an eigenvalue of A and 0 < || < 1}. Fix a
small € > 0 and consider § > 0 such that 0 < (1 + 2§)|0°| < 1. If f is
sufficiently C'-close to A, then f is an Anosov diffeomorphism of R¢ with
contracting constant less than (1 + §)|6%].

By hyperbolic splitting, there is kg € N such that if v € R?, k > kg and

| AR < (1 + 26)%[6°"||v],
then
[ma ()] < ellma (o).

Pick k > kg and M sufficiently large, satisfying the first item with C' = 2
and in accordance with Remark .3l
Takey € ]:?(x) and ||z —yl|| > M. Let d° denote the Riemannian distance

on stable leaves of .7-"?. Since .7-"? is quasi-isometric, we get

&(Fre, Ty) < (1 +6)0°)d*(x,y) =
175 — 7yl < (1 + 6D (Q Ylx —yl) =
1A%z — ARy|| < 2((1+ 8)[0°)F(Q |l — wll)-
Finally, for large k£ we have
2Q71 (1 +0)|0°)* < (1 + 28)[0°])".
So,
I (z — )| < ellmsi(@ — ). u

LemMA 4.7 ([7]). Let f : T¢ — T? be an Anosov endomorphism close
to A: T? — T such that dim EY = 1. Then for alln € N and € > 0 there
exists M such that for x,y with y € ]:%(x) and ||z — y|| > M we have

(1—e)e™ iy —z|| < [|A™(2) = A™(y)Il < (1 +e)e™ Ay — ]|,
where A" is the Lyapunov exponent of A corresponding to EY.

Proof. Denote by E' the eigenspace corresponding to A\ and |u| = et
where 11 is the eigenvalue of A in the EY direction.
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Let N € N and choose z,y € F§(z) such that [[z—y|| > M. By Corollary
4.0}, we have
=Y
|z =yl
where v = vgy is a unitary eigenvector of A in the Ej direction and ey is
a correction vector that converges to zero uniformly as M — co. We have

x — x—
AN( TV =N+ ANep = pY Y —uNey + ANeyy.
[z =yl [z =yl

This implies that
lz =yl (™ = M llenml = A1 lear])) < 1AV (@ = y)]|
< llz = yll(lul™ + ™ llearll + 1A learl)).
Since N is fixed, we can choose M > 0 such that
™ llearll + 1A lear | < efpl™,

and the lemma is proved. =

=v+ e,

REMARK 4.8. By the multiplicative ergodic theorem for endomorphisms
[9] the unstable Lyapunov exponent for a typical point is independent of
the unstable direction. We denote by A*(z) = A\“(Z) the unique unstable
Lyapunov exponent of x in our context where dim E* = 1.

THEOREM 4.9 (Theorem|L.5). Let A: T™ — T", n > 2, be a conservative
linear Anosov endomorphism with dim E% = 1. Then there is a C'-open set
U, containing A, such that for every C'T%, a > 0, conservative Anosov
endomorphism f € U, we have X;(:E) < XY for m-almost every x € T",
where m is the Lebesgue measure of T™.

Proof. Suppose for contradiction that there is a positive measure set
Z C T"™ such that for every z € Z we have )\%(:n) > (1 4+ 5¢)\Y for a small
e > 0. Since f is C'*, the unstable foliation F¥ is absolutely continuous.

So, there is a positive measure set B C R™ such that for every x € B,

(4.3) mg(}}‘(x) NnZz)>0,

where m? is the Lebesgue measure of the leaf }'7?‘(:6) Choose ap € B satisfying
and consider an interval [z,y], C .7-'% (p) satisfying my([z,y]. N Z) >0
such that the length of [x,y], is greater than M as required in Lemma
and Corollary We can choose M such that
|4z — Ayll < (1 + )My — =]
and _ _
1f(z) — f@)ll

<l+e.
Az — Ay||
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whenever d“(x,y) > M, where d* denotes the Riemannian distance in un-
stable leaves. The above implies that

17 () = F)ll < (1 +e)?eMi|ly — x|
Inductively, we assume that for n > 1 we have
(4.4) 17" () = F (W)l < (1 + )" e™ |y — ).

Since f expands uniformly in the u direction, we have d“(f" (z), " (y)) > M,
and consequently

IF(F ) = F(F o)l < (L+ o) |A(F"2) = A(F"y)|
< (L4 "e = [Tyl < (1 4e)> el DA,
For each n > 0, let

A, ={x € Z: ||ka(1:) E%(l‘)” > (14 2¢)%eMa for any k > nl.

We have m(Z) > 0 and Z, := A, NZ 1 Z, as 1 + 5e > (1 + 2¢)? for small
e>0.
Define the number ag > 0 so that

my ([, ylu N Z)
m;([m,y]u)

Since Z, N[z, Y]y T Z N [z, y]u, there is ng € N, such that if n > ng, then

= QOLQ.

m;([% Ylu N Zn) = ay - m;([x, Ylu)
with oy, > «g. Thus, for n > ng we have
(4.5) IFe =yl >Q | IDf(2)] dmy(z)
> Q1+ 2¢)*"e™amy ([, yly N Zn)
> apQ%(1 4 2e)2e™ i ||z — y||.
The inequalities (4.4)) and (4.5)) give a contradiction. m
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