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A NEW REGULARITY CRITERION FOR STRONG
SOLUTIONS TO THE ERICKSEN-LESLIE SYSTEM

Abstract. A regularity criterion for strong solutions of the Ericksen—
Leslie equations is established in terms of both the pressure and orientation
field in homogeneous multiplier spaces.

1. Introduction and main result. In this paper, we are mainly inter-
ested to establish the regularity criteria for the following simplified version
of the Ericksen-Leslie system [14, [15] in R3:

v+ (v-V)v—Av+Vr=-V - (Vu© Vu),
(1.1) o+ (v-Vu — Au = |Vul|?u,

V.-v=0 and |u|=1,
where v = v(z,t) and v = u(x,t) denote the unknown velocity vector field
and the orientation field, while vy, ug with V - vg = 0 in the sense of dis-
tributions are given initial data, and m = m(z,t) is the pressure of the fluid
at the point (x,t) € R? x (0,00). The notation Vu ® Vu denotes the 3 x 3
matrix whose (i, j)th entry is given by d;u - dju (1 <1i,j < 3).

Throughout this paper, we always assume that (v, u) satisfies the follow-

ing boundary and initial conditions:

lim v(z,t) =0, lim wu(z,t) = a,
(1.2) |z|—o0 |z|—o0

v(z,0) = vo(z), wu(x,0)=up(z), forzecR3.
for some constant unit vector a.
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Ericksen—Leslie theory is one of the most successful models for nematic
liquid crystals. It was formulated by Ericksen [2] and Leslie [13], who derived
suitable constitutive equations. Due to its complexity, the earlier attempts
at a mathematical study of the Ericksen—Leslie system were focused on
simplified models, first considered by Lin and Liu [I5] [16].

Very recently, there have been some important advances on . It has
been established that the three-dimensional Ericksen—Leslie system has only
local (strong) solutions [8] [19], and global (strong) solutions were obtained
under some smallness conditions on the initial data [I7]. We also refer the
reader to [5] and the references therein for other related work on this system.

Since there is no general global existence result for strong solutions to
the 3D Ericksen—Leslie system, to understand the possible singularities, it is
of interest to find whether the solution (v(t),u(t)) really loses its regularity
at t =T and to establish some new regularity criteria.

Wen and Ding [19] have established the local existence and uniqueness
of strong solutions to system 7, while the existence of regular so-
lutions is still an open problem; there are many interesting sufficient condi-
tions which guarantee that a given weak solution is smooth. A well-known
condition states that if

ve L0, T;LP), VuwueL"(0,T;L%) with
43 2321 24020 s<psso,
q D r s

then the solution u is actually regular [T, [4, [T1]. A similar condition

rotv =V xv e L90,T; L"), Vue L (0,T;L°) with
14 2 3 2 3 3
( ) 7+*:2, *+7:17 *<p§007 3<S§OO
qg p r s 2
also implies the regularity, as shown by Fan and Guo [4].
As regards (1.3) and (1.4) for p = s = oo, Fan et al. [3] made an im-
provement to

v,Vu e L2(O, T; Bgopo),

or
V xveL0,T;BY ) and Vue L*(0,T;BY ),

where Bgopo is the homogeneous Besov space. On the other hand, Fan and
Li [5] proposed another regularity criterion in terms of the pressure. They
showed that if the pressure 7 satisfies

me LY 0,7, BS ), VueL'(0,T;L°) with

2 3
-1<a<l, —-+-=1 3<s<Loo,
r s
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or

me LY, Ty BS ), Vue L*0,T;BMO) with —1<a<l,
then (v, u) is smooth. Here, BMO is the space of functions of bounded mean
oscillations.

For convenience, we present definitions related to global strong solutions
before stating our main result. Let T' > 0 be a given fixed time.

DEFINITION 1.1. A couple (v, u) is a strong solution to system (L.1)—(1.2)
on R3 x (0,7) if
v, Vu € C([0,T], H'(R®)) N L*(0, T; H*(R?)),
ow € L*(0,T; L*(R%)), dw € L*(0,T; H (R?)),
and (v,u) satisfies a.e. on R? x (0,7), and the initial condition (L.2).

Our main result is the following criterion in terms of the gradient of the
pressure.

THEOREM 1.2. Let (vg, Vug) € HY(R3) be given initial data with div vy
=0 in R and |ug| = 1. Let (v,u) be the unique local strong solution of (1.1)
in [0,T). If V and Vu satisfy Serrin’s type condition

T
2/3 2/(1—r
(15)  §(IVr()lIthio + IVu() ") ds < oo for some 0 <r <1,
0

then the solution (v,u) to the problem (1.1|) remains smooth on [0,T].
REMARK 1.1. This result extends the previous work by Fan and Guo [4].

COROLLARY 1.3. Let T > 0. Assume that (vo,Vug) € H'(R3) with
divug = 0 in R? and |ug| = 1. Let (v,u) be the unique local strong solution
of (L.1) 4n [0,T). If V7 and V x u satisfy Serrin’s type condition

T
J(Ivm(s) a0 + k()X ™) ds < o0 for some 0 <7 <1,
0

then the solution (v,u) to the problem (1.1)) remains smooth on [0,T], where
w=V Xu.

REMARK 1.2. Note that
[Vull ;< Clwllk,, [[Vullmo < CllwllBmo
by Calderén—Zygmund estimates.

2. The proof of Theorem In this section, we shall give the proof
of Theorem Let us first recall the definition of the multiplier space.
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DEFINITION 2.1. For 0 < r < 3/2, define X,(R®) as the space of func-
tions f € L2 (R3) such that

£, = sup [lfgllr> < oo,
lgllr <1

where we denote by H"(R?) the completion of C§°(R?) with respect to the

norm [ul| 7, = [[(=A)"2ul| 2.

The multiplier space X, (R3) has the following homogeneity properties:
for all zp € R3 and A > 0,

fetao)x, =IO, IFlx, = %Hf(')llx,«-
Moreover, the following imbedding holds:
L3 (R3) s L¥/m°(R3) s X,.(R?) for 0 <r < 3/2.
It is easy to verify that
vim (-
: || |z

and dive = 0, but v ¢ L7 (R?). Thus X,(R?) with 0 < r < 3/2 is much
wider than the Lebesgue space L3/"(R3). For more detailed properties of
X, (R3), we refer to [12].

REMARK 2.1. Since X,(R?®) with 0 < r < 1 is wider than L%/ (R?), our
result shows that condition still implies that the weak solution
(v,u) is regular on R3 x (0, 7). We also notice that the result of Theorem
is still valid for the direction regularity problem for the 3D Navier—Stokes
equations. Hence it is an improvement of the recent result obtained by Fan
and Ozawa [6].

REMARK 2.2. When =0, we notice that Xo(R?)=BMO(R?) (see [12]).
Hence, Theorem shows that the condition

Vr e L23(0,7;BMO(R?)) and Vu e L?(0,T;BMO(R?))

still implies that the weak solution (v, u) is regular on R? x (0, 7).

0) e X, (R*) for0<r<3/2

We will use the elementary interpolation inequalities (see e.g. [10])

(2.1) 1 f1720 < CllflBnmoll fllza, 1< g < o0,
and
£l e < CUAIR I s O<r <1
To prove Theorem we will use the following result of Giga [7] (see
also [9]).
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PROPOSITION 2.2. Suppose (vg, ug) € LI(R3) x WH4(R3) for some q > 3
and divvg = 0. Then there exist a constant Ty and a unique classical solution

(v,u) € BO([0,Tp); LY(R3) x WH(R?)).

Moreover let ( be the mazimal interval such that (v,u) solves system
. in C L); LY(R3) x WH4(R3)). Then, for any t € (0,Ty),
C C
lo( e > ———= and [[Vu(,t)|Le 2 ———,
(T, —t) 2 (T, —t) 2

with the constant C independent of T, and q.

Proof of Theorem [1.3 To establish blow up criteria for the Ericksen—
Leslie system, following the argument in [5], we derive a priori estimates for
smooth solutions of f. To this end, multiplying both sides of the
first equation of 1 by v, after integration by parts we get

1d

(2.2) 3 q

HUHL2 + HVUHL2 =— S (v-V)u- Audz.
R3

Testing (1.1)2 with —(Au+|Vu|?u), and using the fact that V-v = 0, shows
that

1d 2
(2.3) 5 @HWH%Q + || Au+ [VulPul[;, = | (v V)u- Auda.
R3
Here, we have used the fact that u-u; = 0 and (v - Vu) - u = 0 guaranteed
by |u| = 1. Summing up (2.2) and ({2.3]), we get
1d
2 dt<”UHL2 +(IVul72) + [IVol|72 + [|[Au+ ]Vu\QuHLQ =0.

Taking the inner product of the second equation of (1.1)); with |v|?v and

integrating by parts yields

1d 1
@4) 7 Zlolde+ [[lIVelll7. + 517
=— S vlv]? div(Vu © Vu) de — S v- Vr|v de
R3 R3
= S V(v|v|?)(Vu © Vu) dx — S v -V |v|? de.
R3 R3

In a similar way, applying the operator V to (1.1))2, taking the inner product
of the result with |Vu|?Vu and integrating by parts yields
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1d 2 1 2
(25) 5 IVl + [IVul IV2ul|| . + S VIVulP 2.

= S V(| Vulu —v - Vu) : |Vul*Vudz
R3

= S (v - Vu — |Vul?u) - div(|Vu>Vu) dz
R3

< O\ (jv| [Vu| + [Vul*)[Vul*|V?ul dx,

R3

where in the last step we have used the initial condition |u| = 1. Summing

and , we get

1d
26) 5 = lolids + 1Vullt) + o 190ll[7. + 1Vl 1v2ul] 5,

1
+ 5 (V1P 72 + V19l 72)
< S V(v[v*)(Vu ® Vu) dx — S v-Vr|v*dz
R3 R3
+C (o] [Vul + [Vul?) |Vul?|V2u| da.
R3

With the use of Young’s inequality, we bound the first terms on the right-

hand side of (22.6):

27) | Vu[*)(Vuo Vu)dz
R3
< C | Vol [ol?|Vul dz < C | [Vl o] (Jo]* + |Vul?)| Vul da
R3 R3
< Cl|[o] [Vol|| 2 || (10 + [Vul?)[Vul]| 5
Il [Vol[[32 + C[ (ol + [Vul) [Vl |2,

Yol 190l|2, + ClIvaul [[lo]? + 1Vul?|

IA

IN

2
H’I‘
Yol 1Vol|[7. + CIvull ([l + [Vul| 35 7|02 + 19ul?||5,

Yol 190l 7. + UVl ol + 19ul] |5,

IN

IN

+ %HV|U!2 + V|Vu|2||i2
HIIVol7e + [1VulV2ull7.) + CIval Y (lolfs + [ Vullfs).

IN

In order to estimate — {30 - V7 |v|? dw, we first establish some estimates

between the pressure and the velocity. Taking the operator div on both sides
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of the second equation of 1 gives
—Am =divdiv(v ® v + Vu © Vu).
Applying L? (1 < g < oo) boundedness of singular integral operators yields
7|z < C(llolF20 + [IVullF20),
IVallze < C(|[[0] Vo] 0 + ([ Ve VZul|| L,)-
Then employing Holder’s inequality, we estimate
|§ o r P da| < § (V7] o do < [ 97| 0% o
R3 R3
< OV ol IVl 2 o]
< (Vgm0 o[£ (V] [72)
< O VrlignollvlLa + 3lllv Vo],
< CIValNiollvlLs + 5 (101vez2 + [IVulv2ulz),
where we have used the estimate
IV7l7s < CllVallsyol V| 2.

Similarly, we estimate the third term on the right-hand side of ({2.6]). Direct
calculations give

28) | (ol [Vul + [Vul?)[Vul*|V?ul dz
R3

< C | [Vul (ol + [Vul) | Vul [VPu] da
R3
< C||IVul [V2ul|| 2| ([0l + [Vul?) V]| .

LIvul [V2ull| 7. + €| (jo? + Vul®)|[Vul| ;.

H19ul V24l |72 + CIIvull: |[lof? + [Vul?[[3,

(Il¥oll2z + [[1Valul|2) + CIVal T (ol 2 + [ Vullg0)-
Substituting f into , and using , we arrive at

sup ([|vf|za + [[Vullzs) < oo,
0<t<T

VANNVAN

IN

by Gronwall’s inequality.

Now, we are in a position to complete the proof of Theorem From
Proposition since vg € HY(R3) N L*(R3) with divwg = 0, and ug €
HY(R3)NWTHA(R3), there is a maximal interval [0, T,) such that there exists
a unique solution (3(x,t),u(x,t)) € BC([0,T,); L*(R3) x WH4(R?)). Since
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(v(z,t),u(x,t)) is a weak solution, by using the uniqueness criterion of Ser-
rin [I8], we have

(v,u) = (v,u) on [0,min{Ty, T}).

By the a priori estimate (2.3) ensured by Theorem and the standard
continuation argument, we see that T' < T provided that

T
F(Iom(s)lIEno + IVu(s) |2 77) ds < 0o for some 0 < r < 1.
0

Hence, we obtain (v,u) € BCO([0, T]; LA(R3) x WHA(R3)) N C=(R3 x [0, T]).
This completes the proof of Theorem .
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