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Spectral properties of weighted composition operators on
the Bloch and Dirichlet spaces

by

TED EKLUND (Abo), MIKAEL LINDSTROM (Abo) and
PAwWEL MLECZKO (Poznan)

Abstract. The spectra of invertible weighted composition operators uC, on the
Bloch and Dirichlet spaces are studied. In the Bloch case we obtain a complete description
of the spectrum when ¢ is a parabolic or elliptic automorphism of the unit disc. In the
case of a hyperbolic automorphism ¢, exact expressions for the spectral radii of invertible
weighted composition operators acting on the Bloch and Dirichlet spaces are derived.

1. Introduction. The space of analytic functions on the open unit disc
D in the complex plane C is denoted by H(D). Every analytic selfmap
@: D — DD of the unit disc induces a composition operator C,f = f o ¢ on
H (D). These operators have been studied for many decades starting from the
papers of Littlewood, Hardy and Riesz in the beginning of the 20th century.
For general information of composition operators on classical spaces of ana-
lytic functions the reader is referred to the excellent monographs by Cowen
and MacCluer [CM] and Shapiro [Sh]. In recent years this well-recognized
theory has received a new stimulus from the more general situation of lin-
ear weighted composition operators uCy,(f) = u - (f o ), where v € H(D).
The main objective when studying the operators uC,, is to relate operator-
theoretic properties of uCy, to function-theoretic properties of the inducing
symbols ¢ and u.

This paper is devoted to the study of spectral properties of invertible
weighted composition operators acting on the Bloch and Dirichlet spaces,
defined in the preliminaries section below. The main references are the pa-
pers [CGP| by Chalendar, Gallardo-Gutiérrez and Partington, and [HLNS|
by Hyvérinen et al. In [HLNS| the spectrum of weighted composition op-
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erators with automorphic symbols ¢ was extensively studied on spaces of
analytic functions satisfying certain general conditions introduced in [HLNS|
Section 2.2|. This class contains for example the weighted Bergman spaces
and Hardy spaces. However, the Bloch and Dirichlet spaces are not in this
class since the bounded analytic functions are not contained in the multi-
pliers of these spaces. A new approach is thus needed, and found partly in
[CGP, Section 3|, where the spectra of invertible weighted composition oper-
ators induced by parabolic and elliptic automorphisms on the Dirichlet space
are completely described and the hyperbolic case is left as an open problem.

The paper is organized as follows. In Section [3] we study the multipliers
of the Bloch space, and obtain results similar to those in [CGPl Section 2].
Section[4]is devoted to the spectral theory of invertible weighted composition
operators uC, acting on the Bloch space. In particular, we give a descrip-
tion of the spectrum when ¢ is a parabolic or elliptic automorphism of D.
In the case of hyperbolic ¢, the spectral radius is computed and we obtain
an inclusion of the spectrum in an annulus. Finally, in Section [5| we im-
prove the estimates in [CGP, Theorem 3.3| of the spectrum of an invertible
weighted composition operator on the Dirichlet space when ¢ is a hyperbolic
automorphism of .

2. Preliminaries. We begin by recalling some Banach spaces of analytic
functions on the unit disc . The Bloch space B is the set of functions f €
H (D) such that sup,cp(1 — |2]2)|f/(2)] < 0o, and is equipped with the norm

I fllz = £(0)] + Sgg(l —12A|f' (=), feB.

The Dirichlet space D consists of functions f € H(D) such that f' € A2
where the Bergman space A? is the set of analytic functions on ID such that

1% = [ 1£(2)P dA(z) < oc,
D

with normalized Lebesgue measure dA(-) on D. The Dirichlet norm is defined
as
1£13 = [FO) + | 1f ()2 dA(z), feD.
D
Other spaces of analytic functions on the unit disc D used in this paper are
the disc algebra A(D), consisting of functions that are moreover continuous
on the closed unit disc, the weighted Banach spaces of analytic functions

H = {f € HD) : | flne = supvs()] f(2)] < oo},
zeD

where 0 < s < oo and vs(z) = (1 — |2[?)* is the standard weight, and the
space H* of bounded analytic functions on D with supremum norm || - ||s.
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The spectrum and spectral radius of an operator T : X — X on a space X
are denoted respectively by ox(T) and rx(T). A good reference for operator
theory in function spaces is the monograph |Z] by Zhu.

When dealing with composition operators it is customary to denote the
nth iterate of a selfmap ¢ of D by ¢,, that is,

(pn :: (po DY 0(10
—_———
n times

with g representing the identity map, and it is easy to check that

(uCy)" f(2) = w(z)u(p(2)) - ulpn-1(2)) f(en(2)), [f€ H(D), z€D.

This can also be stated as (uCy)"™ = u(,)Cy,, Where u(g) := 1 and

n—1

Uy = Huocpj € HD), neN.

j=0
It turns out that the spectral analysis of invertible weighted composition
operators uC,, strongly depends on the type of the (necessarily) automorphic
symbol ¢. Recall that a nontrivial automorphism ¢ of D is called elliptic if
it has a unique fixed point in D, parabolic if ¢ has a Denjoy—Wolff fixed
point a in 9D with ¢'(a) = 1, and hyperbolic if ¢ has a Denjoy—Wolff fixed
point a € ID with 0 < ¢'(a) < 1 (called an attractive fized point) and a
repulsive fived point b € D with ¢'(b) = 1/¢'(a) (see [CM, Section 2.3]).
When computing the spectrum, we will make use of the formula

(2.1) Tim (1 [ea(0))"" = '(a),

which is valid for parabolic and hyperbolic automorphisms ¢ of D with
Denjoy—Wolff point a (see [CM, pp. 251-252]).

3. Multiplier spaces. In this section we consider the multiplier spaces
MX):={ue HD): M, : X — X is bounded} C X,
M(X,p) :={uec HD) :uC, : X — X is bounded} C X,

where X is either the Bloch space B or the Dirichlet space D, and the multi-
plication operator is defined in the obvious way: M, f = uf. The main results
of this section are Theorem [3.2] where we characterize those ¢ for which
M(B,p) = B, and Theorem [3.3] where we show that M(B,¢) = M(B)
whenever ¢ is a finite Blaschke product. The Dirichlet space versions of
those results are given in [CGPl Theorems 2.2-2.3|.

The multiplier space M(D) was characterized by Stegenga [St] as the set
of functions u € H* such that the multiplication operator M, : D — A? is
bounded (|u'(2)|?dA(z) being a Carleson measure for D). For the Bloch space
it is known from [OZ] that a weighted composition operator uCy : B — B is



98 T. Eklund et al.

bounded if and only if the following two conditions hold:

2\1,,/ e
(3.1) 2161]11?;(1 = [2[) [’ (2)] logw < 0,
(3.2) sup Bl 2" lu(2)¢'(2)] < oo
z2€D 1- ’@(2)’2

From this it follows that u € M(B) if and only if
(3.3) sup(1 — |z*)|u/(2)] logL < 00,

zeD 1- |Z|2
(3.4) ue H™.

Condition (3.3]) can also be related to a multiplication operator in a similar
fashion to the Dirichlet case:

LEMMA 3.1. If the function u : D — C is analytic, then the multiplication
operator My : B — Hg? is bounded if and only if condition (3.3)) holds.

Proof. If condition (3.3)) holds then
M llp—mze = sup ||Myflluge = sup sup(l —[2[*)|u'(2) f(2)]

Il flls=1 [ flls=12z€D
e
< swp sup(1— =)/ (2)[al /s log -
Iflls=1 =€D — 2|
2 /
= asup(l — |z|7)|u'(2)]|log ———— < oo,
ZE]D( 27w (2)] e

where we have used the fact that every Bloch function f satisfies

|f(2)]
3.5 sup ————— < «
(35) S0 fog e < llle

for some positive constant « independent of f.
Conversely, if the operator M, : B — Hp’ is bounded then there is a
constant ¢ > 0 such that for every f € B,

1M (Dllazs < ellfls.

Applying this to the Bloch functions f,(z) := log % for a € D, we obtain
(1= 2)lu(2)]] 1og

for all z,a € D, since || f4||g < 2 for every a € D. Now choose a = z and take

the supremum over z € D to get (3.3). =

THEOREM 3.2. Let ¢ be an analytic selfmap of D. Then M(B, p) = B if
and only if

(1) flelloo <1 and
(2) » e M(B).

(&

1-— @Z‘ < H]wu'(fa)||H5i> < c|lfalls < 2¢
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Proof. Assume first that (1) and (2) hold and choose u € B. Then

e
sup(L — |2]%) | (2)|log ———— < [Ju]lzlog -~ < o0,
=€ 1—p(2)? 1= lell3

so (3.1) holds. We also have

1 - "ZP /
sup u(2)#'(2)]
zeb 1= [e(2)?

1 o[ e |u(2)]
< g (P s = ) (s 1g||>
which is finite because u is a Bloch function (see (3.5)) and ¢ € M(B)
(replace u with ¢ in (3.3))). Thus also holds, and so u € M(B, ),
which shows that M(B, ¢) = B (the inclusion M (B, ¢) C B being trivial).

Conversely, assume that M(B, ¢) = B, so that uCy, : B — B is bounded
for every uw € B. This ensures that if f € B then (f o ) -u € B for every
u € B, which means that the multiplication operator My., : B — B is well
defined and hence bounded by the Closed Graph Theorem. Thus C,f =
fop e M(B) C H*®, so that the composition operator Cy, : B — H* is
well defined and bounded.

To reach a contradiction assume that ||¢||cc = 1. Choose f € B\ H* such
that || f||g = 1. Since f is unbounded there is a sequence {w;,}5°; C D with
|wn| — 17 such that |f(w,)| > n for every n € N. Since ||¢]lc = 1, there
is a sequence {z,}7>; C D such that |¢(z,)| = |wy| for n large enough, say
n > ng. Now choose a sequence {0, }52,,, so that w, = e (z,) and define
fu(2) == f(e2). Then ||fullz = ||flz = 1 for every n, but |Cypfn(2,)| =
|fnle(zn))| = [f(wn)] > n so that ||C,fnllce > n. This contradicts the
boundedness of Cy, : B — H*, so we must have [|¢[/- < 1.

It remains to show that ¢ € M(B). The boundedness of uCy, : B — B
for every u € B and imply that

sup(1 — [£*)u(2)!(2)] < o0

zeD
for every u € B. The operator M, : B — H,Y is hence well defined and
bounded. According to Lemma this is equivalent to

e
sup(1 — |z2)|¢' ()| log ——— < oo,
sup(1 22 (2) log 1~ T

so ¢ € M(B) and the proof is complete. =
THEOREM 3.3. Assume that ¢ is a finite Blaschke product. Then M(B, @)
= M(B).

Proof. If uw € M(B) then M, : B — B is bounded and hence uC, =
M,C, : B — B is bounded, so that u € M(B, ¢) and M(B) C M(B, ).



100 T. Eklund et al.

Conversely, assume that v € M(B, ), so that uCy, : B — B is bounded
and u € B. Since ¢ is a finite Blaschke product, from [Ml Lemma 1] we
deduce that N

1—Jp(2)? 1+ Jwyl
— < =K
1—122 — Z

for every z € D, where N is the degree of the Blaschke product and {w; }é\le
are the zeros of ¢. Hence

e
sup(1 — |z]) v/ (2)|log ————
265( |2|%)w'(2)] CE

< sup(1 — [2[*) [/ (2)| log +log K - ||lulls < oo,
zeD

¢
1—o(2)?
which is (3.3). It remains to show that u € H, so let S be the finite
supremum in (3.2)). For every z € D for which ¢'(z) # 0 we have

1—Je(x)? 1
e A G N A G

Since ¢ is a finite Blaschke product, ¢’ is analytic in an open neighborhood
of the closed unit disc, is nonzero on |z| = 1 and has only a finite number
of zeros elsewhere. This implies that we can choose § > 0 so that mg :=
ming<|, <1 |¢'(2)| > 0, which shows that v is bounded by SK/ms on § <
|z] < 1 and hence bounded on D. Thus u € M(B), so that M(B, ¢) C M(B),
and hence M(B, ) = M(B). n

In the next sections we will study the spectrum of invertible weighted
composition operators on the Bloch and Dirichlet spaces. The invertibility
of weighted composition operators has been characterized on various spaces
of functions by many authors: see for example [Bl |Gl [HLNS]. The following
result is a consequence of [B, Corollary 2.3].

THEOREM 3.4. Assume that X is either the Bloch space B or the Dirich-
let space D, and let uCy, : X — X be a bounded weighted composition operator
on X. Then uCy, is invertible on X if and only if u € M(X), u is bounded
away from zero on D and ¢ is an automorphism of D. In that case the inverse
operator of uCy, : X — X is also a weighted composition operator, given by

(uCy) "t = —

Uo Y-

u(z)| < §

Vet

4. Spectra on the Bloch space. In this section we study the spectra
of invertible weighted composition operators on the Bloch space. The inves-
tigation is divided into three cases, to cover parabolic, hyperbolic and elliptic
automorphisms. Our approach is based on the papers [CGP| and [HLNS],
but some new ideas are needed. The following lemma will be useful.
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LEMMA 4.1. If ¢ is an automorphism of D, then rg(Cy,) = 1.

Proof. By [X| Corollary 2| and [MV], Lemma 6| we have the following
estimate of the norm of the iterated composition operator for any automor-
phism ¢ of D and n € N:

(M) 1< Cplses <1+ L log L1220 ;ggg; 1+ o(¢(0), 0,
where
1+’2_?
o(z,w) = B log 1- Zw‘
1—zw

is the hyperbolic distance on . If ¢(0) = 0 then obviously r5(C,) = 1. If on
the other hand o(¢(0),0) # 0, then we obtain the following estimate from

(4.1) for every n € N:
n 1 o(0(0),0
1< Cpnllf7 5 < [(1+ 0(p(0), 0)n) awwrom | 22010)
and since limgo0(1 4 2)!/% = 1 we conclude that r8(Cp) =1. m

4.1. The parabolic case. We begin by describing the spectrum of in-
vertible weighted composition operators uC,, on the Bloch space induced by
parabolic automorphisms ¢. For the proof we need the following result.

LEMMA 4.2. Suppose that ¢ is a parabolic automorphism of D with the
unique fized point a € 0D, and assume that u € A(D) is bounded away from
zero on . Then

. 1/n _
Tim (g |47 = fu(a)].
Proof. See the proof of [HLNS, Lemma 4.2]. =

THEOREM 4.3. Suppose the weighted composition operator uCy: B — B
1s invertible on the Bloch space and assume that the automorphism ¢ is
parabolic, with the unique fized point a € OD. If u € A(D), then

o5(uCy) = {A € C:|A| = [u(a)]}.

Proof. We begin by showing that the spectrum is contained in the given
circle of radius |u(a)|. According to Theorem u belongs to M(B) and is
bounded away from zero on D, which implies that u(a) # 0. Since rB(C@) =1
by Lemmaand (uCy)" = u)Cp, = My, )C@n by Theorem we only

need to focus on the operator norm of My, B — B:
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[Mu,, B8 = sup |luw) - fls

Iflls<1
< sup sup (1 — [2%)|uf, (2)f(2)| + sup sup (1 — |2*)|upm)(2) f'(2)]
Ifllz<1 z€D IflB<1 2€D
+ sup |u(,(0)£(0)]
Ifllz<1
2 - U(n)(z) /
= sup sup (1 —|z|%) ———— - (uo ;) (2)|]f(2)]
Iflz<1 z€D pucw(z)
+ sup sup (1 — [2*)|ugm (2) f(z)| + sup [ug,(0)£(0)]
Ifllz<1 z€D lflls<1
n—1
< U(n) 1_ 2 / . /‘ 2
< : sup sup (1 — [z|%)|u'(¢;(2))] @5 (2)] | f(2)] + 2|lum) |l
lwo gl i<t zeD
n—1

U(n) 2 1
sup sup (1 — |@;(2)|°)|u' (@i (2)) f(2)] + 2||wm) oo
wo g, oo||fH3S12€]D( |05 (2)[9) ' (95(2)) f (2)| + 2wl

[l
3 <.
P M
= O

u'rL
W sup sup (1~ =) uf(2) (5 ()] + 2 o
j=0 14 © ¥illoo [If]l5<1 2€D

L[]

where we have used the fact that
1 —Jp(2))?
’ _
|90(Z)|_ 1_’2’2
if ¢ is an automorphism of D, and introduced the function 1 := ¢! to
simplify notation. Note that v is also a parabolic automorphism with fixed
point a, and ¥; = (¢~ 1); = =, - ~!. Furthermore,
Slelp(l = [z (2) f (5 ()] = | M (f 0 95) || e
z
< ”M HBHH‘”HC%HB%BHJEH&

where the norm || My |[p—mge is finite since u € M(B), as discussed in

Lemma Now using inequality (4.1]) and the fact that u is bounded away
from zero on D, we obtain

)

[ M,
U0 P

IIM 18 r52 | Cu; 1858 + 2l () lloo

(14 2(¥(0),0)5) + 2w (m)llos

-1
<M || mge Z
=0

’LLOC,OJ

< {HMMHBW?

in +2]n(1 + 0(1(0), 0)1) 1t -
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Applying this to the spectral radius and using Lemmas [£.1] and [4.2] gives
. 1
r5(uCy) = lim [|(uC,)"l|g% s < limsup || M, 1" 575(C,)
n—o0 1

= |u(a)l

1 1/n \n 1/n 1/n
—| 2] (1 o((0),00m) gl

Since
1
-1 _
(’LLCLP) = u07s0710807
by Theorem where ¢! is a parabolic automorphism with unique fixed
point a, the above result also shows that

rB((4C) ) < | | = )
Now if A € op(uC,), then we also have A\~1 € 03((uC )~ 1) It follows that
Al < 75(uCly) < |u(a)| and [A]7F < rp((uCy)™") < [u(a)|™!, so [A] = [u(a)].
Thus
(4.2) o5(uCy) C{A e C:|A| = [u(a)|},
and obviously rg(uCy,) = |u(a)|.

In order to prove the reverse inclusion in , let A be a complex number

of modulus |\| = |u(a)| = r(uC,). As in the proof of [HLNS|, Theorem 4.3
it is then enough, by the Spectral Mapping Theorem, to show that

rg(A —uCy) > 2rg(uCly),

which is done as follows. The sequence {z,}5°, defined by z, = ¢,(0) is
interpolating for H since ¢ is a parabolic automorphism (see the comment
preceding [HLNS| Theorem 4.3]), so by the Open Mapping Theorem there
is a constant ¢ > 0 and a sequence {f,}>2, C H* such that for all n € N
we have || fn|lco < ¢ and

1 if k=n,

43 ot ={ g e

Note that B C H;° for every s > 0, since if f € B then by (3.5)),

1,

e
£ llmze < all fllssup(l = |2[*)* log ——— < oc.
zeD 1- |Z‘

Choose some s > 0 and let
e

¢s = asup(l — |z*)* log ———,
S SR S
so that || f|lge < cs||fllg for every f € B. The interpolating sequence

Vg
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{fn}>2 satisfies || fnllg < || fnlloo < ¢ for all n € N, which gives

(A — UCw)%HB—ﬂS > C_IH()‘ - ucsa)annHB
> (cc) A = uC, ) full
> (005)71(1 - ’Zn|2)8‘[()‘ - uap)znfn] (2n)]

for all n € N. Furthermore,

_ 2n _ & (20N 2n _ k
(A= uCp)*" ful(zn) = > e A [(=uCy)" fu](2n)
k=0
2n

- <2;L>)\2nk(—l)kU(k)(Zn)fn(@k(Zn))

= () 0 )

by (4.3), so

18— w5 > (e (2”)|A| gy (za) (1 — [2a]?)°

n

™ (2 ) zn>|<wﬁ;f)|2>s<1—|%<zn>|2>s

e () 225 — a0y

> e () \wm 21— [pan(0))°,

where the function

u(z)
w(z) :=
&= ey
introduced in the proof of [HLNS| Theorem 4.3] satisfies
Uy (2)
Winy(2) = .
W= GGy

In the same proof it was also shown that

o Ju(a)[
Tim_wg (20)[Y2) = m — u(a)?,
and mentioned that lim, oo (%) 1/@n)

the limit (2.1)), we see that

= 2. Using the parabolic version of
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. on11/(2
re(A = uC,) = lim [|(A — uC,)>" |45

. — o [ 21 1/ @n) n s/(2n
> tim (ee) ™ (%) T 2L )V 1~ i (0

= 2\|"2|u(a)|"? = 2|u(a)| = 2r5(uC,).

Since rg(A —uCy) > 2rp(uCly,), from the proof of [HLNS, Theorem 4.3| we
get —\ € o5(uCy,), which shows that

o5(uCp) 2 {-A € C: Al = [u(a)[} = {A € C: [A] = [u(a)[},

and the proof is complete.

4.2. The hyperbolic case. In this subsection we investigate the spec-
trum of a weighted composition operator uCy,: B — B generated by a hy-
perbolic symbol ¢. The results in this case are not complete. We obtain
the spectral radius rg(uC,) and thereby an inclusion of the spectrum in an
annulus, which turns out to coincide with the spectrum under additional
assumptions on u. The main result is given in Theorem

LEMMA 4.4. Suppose that ¢ is a hyperbolic automorphism of D with fized
points a,b € ID, and assume that u € A(D) is bounded away from zero on D.
Then

Tim 11" = masc{u(@)]. [u(b)]}.
Proof. See the proof of [HLNS| Lemma 4.4]. u

THEOREM 4.5. Suppose the weighted composition operator uC,: B — B
is invertible on the Bloch space and assume that the automorphism ¢ is
hyperbolic, with attractive fixed point a € 0D and repulsive fixed point b € OD.
If u e A(D), then rp(uCy,) = max{|u(a)|, |u(b)|} and

o5(uCy) € {A € C: minlu(a)], [u(®)]} < A < max{lu(a)l,[u(B)[}}.

Proof. As in the proof of Theorem [4.3] u belongs to M(B) and is bounded
away from zero on ID, so that u(a), u(b) # 0. Since rp(Cy,) = 1 by Lemma [4.1]
and (uCy,)" = My, Cp,, it is again enough to consider the operator norm
of My, : B — B. Through identical calculations as in the proof of The-
orem observing that ¢ := ¢! is also a hyperbolic automorphism, we
obtain

[Mag oo < I3l

i”m +2]n(1 + 0((0),0)n) [y

and so by Lemmas and [£.4]
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. 1
ra(uC,) = lim ||(uC, )" [ < limsup | M, [ 576(C)

n—o0 1

= max{[u(a)|, [u(b)[}.
On the other hand, ||lu(y)lleo < [[May,,, 3-8 by [ADMV, Lemma 1], so

1 1/n
u” +2] (1 + o(1(0), 0)m) V" g 112

s I < 10 175 = uCe)" (Coo) I
1 1

< || Co) I sl (Co) 1

Letting n tend to infinity and observing that r5(C,-1) = 1 (by Lemma

since p~! € Aut(D)) we see that
max{lu(a)], [u(b)|} < r5(uCly),

and thus

rB(uCyp) = max{lu(a)|, [u(b)[}.
Applying the above result to the inverse operator (uC,)~! = oo 1C’
where ¢! is a hyperbolic automorphism with attractive fixed point b and

repulsive fixed point a, we get
_ _ -1 _ —1
re((uCy) ™) = max{lu(e™"(a))| " [u(e™'(®))| '}
1
- min{Ju(a)], [u(b)[}
Now if A € op(uC,,), then we also have A™! € o((uC,)™1), so that
Al < re(uCy,) = max {|u(a)|, |u(b)|}

and
1

m1n{|u )], Ju( )|}7

AT < rp((uCp) ™) =

which shows that the spectrum is contained in the indicated annulus. =

In the case when |u(a)] = |u(b)| we are able to improve the previous
theorem and give a complete description of the spectrum. However, we have
not been able to compute the spectrum when |u(a)| # |u(b)|. It seems one
has to consider the cases |u(a)| < |u(b)| and |u(a)| > |u(b)| separately (see
for example [HLNS| Theorem 4.9]).

THEOREM 4.6. Suppose the weighted composition operator uCy,: B — B
1s invertible on the Bloch space and assume that the automorphism ¢ is
hyperbolic, with attractive fixed point a € 0D and repulsive fixed point b € OD.
Ifu e A(D) and |u(a)| = |u(b)|, then

o5(uCy) = {A € C:|A| = |u(a)|}.
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Proof. By Theorem [£.5] it suffices to prove that
o3(uCy) 2 {A e C: |\ = |u(a)|},

so let X be a complex number of modulus || = |u(a)| = rg(uCy,). As in the
proof of Theorem [£.3]it is then enough to show that rg(A—uCy) > 2rp(uC,).
This can be done exactly as in that proof since the sequence {z,}5°, C D
defined by z, = ¢,,(0) is interpolating for H> by [CM), Theorem 2.65|. Using
the same notation and performing the same calculations as in the proof of
Theorem we obtain

0= ™o = (e (20 ) AP ()1 = an 0]

Now since

1/2

; 1/(2n) _ Ju(@)

nh—>120 [ (2n)] T Y(a)s?’
as in [HLNS| Theorem 4.3], this gives

rg(A —uCly)
o\ 1/(20)
> ILm (ccs)l/(2”)< > |>“1/2’W(n)(2n)’1/(2n)(1 _ |¢2n<0)’)s/(2n)
n (o ¢] n

1/2
_ 1/2|u(a)] /
2N

where we have used the limit (2.1) with 0 < ¢'(a) < 1. The inequality
rs(\ — uCy) > 2r5(uC,)¢’ (a)*/?

holds for every s > 0 (see the last part of the proof of Theorem 4.3 so we
may let s — 0 to obtain rg(A — uCy) > 2rp(uCy). =

a)* = 2[u(a)|¢'(a)*? = 2r5(uCy)¢' ()2,

4.3. The elliptic case. We now turn to the spectrum of invertible
weighted composition operators uCy, on the Bloch space when ¢ is an elliptic
automorphism of . The methods of proof here are standard, but some minor
modifications are necessary and we thus present them.

LEMMA 4.7. Ifu € M(B) and 1/u € H*®, then 1/u € M(B).
Proof. The function f(z) := 1/u(z) is bounded by assumption, so we
only need to show that it satisfies condition (3.3):

e
sup(1 — |2[*)| f/(2)|log ———5 = sup(1 — [2[*)
z€D 1- ‘Z| zeJD)

u'(2)
u(z)?

(&
=l sup(l — |2]*)|u/(2)] log ——,
Hoozeg )l (2) o8 T

log

e
1—|[z?

which is finite since u € M(B). »
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THEOREM 4.8. Suppose that the weighted composition operator uCy,
B — B is bounded on the Bloch space and assume that v € A(D) and ¢ is
an elliptic automorphism, with the unique fixed point a € D.

(1) If there is a positive integer j such that ¢;(z) = z for all z € D, then
letting m be the smallest such integer, we have
o5(uCy) = {X € C: A\ = ) (2) for some z € D},
(2) If o # 1d for every n € N, and if uCy,: B — B is invertible, then
o5(uCy) = {A € C:|A| = [u(a)]}.
Proof. The proof of (1) is identical to the proof of [HLNS, Theorem 4.11],

because as noted in [CGP, Section 3.1] we can use the result of Lemma
to prove that

o5(uCy) C {X € C: A™ = () (2) for some z € D}.

The proof of (2) goes as in [HLNS, Theorem 4.14] and it relies on [HLNS|
Lemma 4.13], which is also true for the Bloch space after a minor modifica-
tion in the proof. Namely, one assumes that ¢(z) = pz, where p = e?™ and
6 is irrational, u € A(D) and uC,, is invertible, and proves that 74 (uCy,) =
|u(0)| by methods also valid for the Bloch space, except for the proof of

(4.4) ra(uCy) < hmsup [l (n) |/,

Here A stands for a space satisfying conditions (C1)—(C3) of [HLNS| Sec-
tion 2.2]. However, by the same calculations used to prove Theorem we
get

1
1 Mu 147 5

1 1/n . Un .
< [nMu/HB%Hg? UH +2] (14 g(a6(0), 0)m) " gy 1L,

and hence

1/n

rB(uCy) < 15(C) limsup [ My, |55 < lim sup [|u LA
n—oo

where we have used the fact that r3(C,) = 1 by Lemma Thus (4.4) also
holds for the Bloch space, and we can use the proof of [HLNS| Theorem 4.14]
to obtain (2). m

5. Spectra on the Dirichlet space. The spectra of invertible weighted
composition operators induced by parabolic and elliptic automorphisms on
the Dirichlet space were completely described in [CGP]. In the hyperbolic
case and under essentially the same assumptions as in Theorem below, it
was also shown in [CGP), Theorem 3.3| that rp(uC,) < max{|u(a)l, |u(b)|}/p
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and
op(uCy) € {A € C:min{lu(a)], [u(®)[}p < |A| < max{|u(a)], [u(b)[}/u},
where ¢ is conjugate to the automorphism
_ A+ pz+ (1 —p)
S Cn e gy

for 0 < p < 1. In Theorem we improve this result to obtain an exact
expression for the spectral radius.

LEMMA 5.1 ([MV) Theorem 7|). If ¢ is a uniwvalent selfmap of D, then
rp(Cy) = 1.

THEOREM 5.2. Suppose the weighted composition operator uCy,: D — D
15 tnvertible on the Dirichlet space and assume that the automorphism ¢ is
hyperbolic, with attractive fixed point a € 0D and repulsive fixed point b € OD.
If u e A(D), then rp(uCy,) = max{|u(a)|, |u(b)|} and

op(uCy) € {A € C: minflu(a)|, [u(b)[} < [A| < max{|u(a)], [u(b)[}}.
Proof. The weight u belongs to M(D) and is bounded away from zero

on D by Theorem [3.4} which implies u(a),u(b) # 0. Since rp(C,) = 1 by
Lemma we begin by estimating the operator norm of My, D — D:

HMuWHD—mf” s lugm) - fllp
D

= sup [Jugn (O SO + § It - 1)/ ()P dAz)]
lIfllp<1 D

< sup [Jum@FO)] + (§ (D) + w2 F () PaAR)) ]

Ifllp<1 5

/
luylloo + sup(§ ly(2)7 ) dAG))
Ifllp<t M

s (§h ()P dAR)
Ifllp<1 M

IN

IN

1/2
sup ([ Il () ()P AE)) " + 2l
”fHDSl D

where we have used the subadditivity of the square root function and the
triangle inequality for the L?-norm. Now since

n—1

=Y UGy,

j=0 uo%
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we can continue the above estimation as follows:

su M u o '/Z z i z 1/2
04 >|1M<flpp<ljzo<é) S wo e ()| dace))
2l
< Z sp (§ (s F )2 dA)
“O% s I flp<1 N3
+2”u(n)HOO'

After substituting w = ¢;(z), the above integral takes the form

(§ 1 w) g )2 ddu)) = 134 (F 0085 Lo

D
< | M llp= a2 |Cy,; DDl flI D5

where ¢ := ¢~ " and the norm ||M,/||p_, 42 is finite since u € M(D) (see
the section on multiplier spaces). In [MV] Theorem 7|, Martin and Vukoti¢
proved that

1

|Cy, lp—p < V2(1 + Q(¢(0)70)j)1/2

for every j € N, which combined with the results above gives

)

UO Y;
= MMMHDW 1

Applying this to the spectral radius and using Lemmas [4.4] and [5.1] gives

. 1/n 1/n
rp(uCy) = lim [|(uCy)" I3, < lim sup | My, 18”50 (Cy)

[ Mo,y lD—p < Z HMU’”DHAQ”C%-HDHD + 2[ugmylloo

T 2} n(1+ 0(6(0),0)m) g oo

o0

1 l/n
< i [VEIMllp-ae o] 42] 0 000000 g 1L

= max{[u(a)|, [u(b)]}-
On the other hand, by [ADMV] Lemma 1], we have

HOO

a4 < 1M 1175 = | (wCo)™(Co) Yo"
1 1
< | C) 2" [ (Co ) 1

so letting n tend to infinity and observing that rp(C,-1) = 1 (by Lemma
. since ! € Aut(D)) we see that

max{lu(a)], [u(b)|} < rp(uCly),
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and thus

rp(uCy) = max{|u(a)l, [u(b)[}-
The statement regarding the spectrum op(uCy) can now be justified exactly
as in Theorem [£.5 =

REMARK 5.3. As already noted, we have not been able to compute the
spectrum of invertible weighted composition operators with hyperbolic sym-
bols @, either for the Bloch or the Dirichlet space, except when |u(a)| = |u(b)|
in the Bloch case. However, the following conjecture seems plausible and we
leave it as an open problem:

Suppose that the weighted composition operator uCy,: X — X is invertible
on X, where X is either the Bloch space B or the Dirichlet space D, and
assume that the automorphism ¢ is hyperbolic, with attractive fixed point
a € 0D and repulsive fized point b € ID. If uw € A(D), then

o (uCy) = {A € C : minflu(a)], [u(®)]} < A < max{lu(a)l,|u(B)[}}.
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