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Diameter 2 properties and convexity
by

TROND ARNOLD ABRAHAMSEN (Kristiansand), PETR HAJEK (Praha),
Orav NYGAARD (Kristiansand), JARNO TALPONEN (Joensuu) and
STANIMIR TROYANSKI (Murcia and Sofia)

Abstract. We present an equivalent midpoint locally uniformly rotund (MLUR)
renorming of C[0, 1] with the diameter 2 property (D2P), i.e. every non-empty relatively
weakly open subset of the unit ball has diameter 2. An example of an MLUR space with
the D2P and with convex combinations of slices of arbitrarily small diameter is also given.

1. Introduction. Let X be a (real) Banach space. We say that X (or
its norm || - ||) is midpoint locally uniformly rotund (MLUR) (resp. weakly
midpoint locally uniformly rotund (weakly MLUR)) if every z in the unit
sphere Sx of X is a strongly extreme point (resp. strongly extreme point in
the weak topology), i.e. for every sequence (x,) in X, we have z,, — 0 in
norm (resp. z, — 0 weakly) whenever ||z + z,| — 1.

Let z* € Sx+ and € > 0. By a slice of the unit ball Bx of X we mean a
set, of the form

S(x*,e) :={x € Bx : 2"(z) > 1—¢}.

Over the last 15 years quite much has been discovered concerning Banach
spaces with various kinds of diameter 2 properties (see e.g. [18], [1], [9], [10],
[3], [4] to mention but a few).

DEFINITION 1.1. A Banach space X has

(a) the local diameter 2 property (LD2P) if every slice of Bx has diam-
eter 2;

(b) the diameter 2 property (D2P) if every non-empty relatively weakly
open subset of Bx has diameter 2;
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(c) the strong diameter 2 property (SD2P) if every finite convex combi-
nation of slices of Bx has diameter 2.

By [7, Lemma IL.1, p. 26] (c) implies (b), and of course (b) implies (a).
None of the reverse implications holds (see [3, Theorem 2.4] and [9, Theo-
rem 1] or [2, Theorem 3.2]). However, note Proposition [1.3|below which is an
immediate consequence of Choquet’s lemma (see [6, Lemma 3.69, p. 111]).

LEMMA 1.2 (Choquet). Let C be a compact convex set in a locally convex
space X. Then for every x € ext(C), the extreme points in C, the slices of
C containing x form a neighbourhood base of x in the relative topology of C.

ProrosiTioN 1.3. If X is weakly MLUR then the LD2P implies the
D2P.

Proof. Simply recall that the points in Bx which are strongly extreme
in the weak topology are exactly the extreme points which continue to be
extreme in Bx+« (see [§]), and then use Lemma[l.2lon By« given the weak*
topology. =

It is not evident that weakly MLUR spaces with the LD2P exist, but
indeed they do. The quotient C(T)/A, where C(T) is the space of continuous
functions on the complex unit circle T and where A is the disc algebra, is
such an example (see the next paragraph for references). Another example
can be constructed as follows: Let @ be a function on ¢y, the space of real
valued sequences which converge to 0, defined by &(z,,) = > oo, 22" Define
then a norm on ¢y by |z| = inf{A > 0: &(x/A) < 1} for every = € ¢yg. Then
the space (co, |- |) can be shown to be weakly MLUR and to have the LD2P
(see the Appendix for details).

The two examples mentioned motivate the following question which we
will address in this paper: How rotund can a Banach space be and still
have diameter 2 properties? In [I1, Remarks 4), p. 286] it is pointed out
that C(T)/A is M-embedded and that its dual norm is smooth (see also
[17] and [I2] p. 167]). Recall that X is M-embedded provided we can write
X*** = X* @1 X+ where X+ C X*** is the annihilator of X (a good source
for the theory of M-embedded spaces is the book [12]). It is well known that
M-embedded spaces have the SD2P [I], and so C(T)/A actually furnishes
an example of a weakly MLUR space with the SD2P. One can also prove
that the space (cg, |- |) mentioned above has the same properties (see the
Appendix). For still more examples see [20].

The unit ball of an M-embedded space (even any proper M-ideal) cannot,
however, contain strongly extreme points [12 Sect. I1.4], so no MLUR
M-embedded space exists. Still, one can ask if there exists an MLUR space
with the LD2P (= D2P in this case). Until now, no such example has been
known. But, in Section [2| of this paper we construct an equivalent MLUR
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renorming X of C[0, 1] such that for every slice S of Bx and every z € SNSx
there exists y € S at distance from z as close to 2 as we want, i.e. X has thelocal
diameter 2 property + (LD2P+). In particular this renorming has the LD2P
and thus the D2P as it is MLUR. Using this renorming we also construct in
Section 2 an example of an ML UR space which has the D2P, the LD2P+, and
has convex combinations of slices with arbitrarily small diameter. Section [3]
contains a list of open questions together with some comments.

The notation and conventions we use are standard and follow [14]. When
considered necessary, notation and concepts are explained as the text pro-
ceeds.

2. MLUR renormings of C[0,1] with the D2P. Let D = (D,,)>,
be a base of neighbourhoods in [0, 1] (by this we will always mean a base for
the usual topology on [0, 1]). For each = € C0,1] set ||z||, = supyep, |z(d)]

and note that each || - ||, defines a seminorm on C10, 1]. Now define a norm

on C10, 1] by
> /
lzlp = (3 2" l2)
n=1

By compactness there exists b > 0 such that b||z|| < ||z||p < ||7]c0, SO

the norm || - || p is equivalent to the max-norm || - ||« on C[0, 1]. The idea to
introduce this norm goes back to [16].
Let

Xp = (C[0,1], - lIp)-

PROPOSITION 2.1. For any base D = (D,,)°; of neighbourhoods in [0, 1]
the space Xp is MLUR.

Proof. Let « and (yx)72; in C]0,1] be such that limy_, ||z £ yi|lp =
||z|| p. We will show that ||yx||p — 0 to establish that || - ||p is MLUR. By a
convexity argument (see e.g. [5, Fact I1.2.3]) we have

(2.1) lim ||z £ yglln = |2lln, n=1,2,....
k—ro0

Let € > 0. We will first make three simple observations:

e By uniform continuity of z, we can find § = d(¢) > 0 such that the
oscillation over an interval A, sup; ;¢ 4(z(t) —z(s)), is less than € when-
ever A C [0, 1] is of length less than J.

e With the 0 above, since (D,,)?2; is a base for the topology on the com-
pact space [0, 1], there is a finite subset M C N such that (J,,c5; Dm
covers [0, 1] and the length of any D,,, m € M, is less than §.

e With M and § as above, having in mind which is of course true
for each m € M, we can find K € N such that ||z £ yg|/m < ||z||m + ¢

whenever £k > K and m € M. a
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We are now ready to finish the proof. Let ¢y € [0,1]. We will show that
lyk(to)| < 2e for k > K. Choose oy, € {—1,1} such that
| (t0) + oryr(to)| = [x(to)| + [y (to)]-

Since U,,cpr Dm covers [0,1], there is m’ € M such that tg € Dy,. Now
recall that the lengths of all the D,,’s are < §, so that the oscillation of x
over D, is less than €. We get

lyk(to)| = |z(to) + oryk(to)| — |=(to)]

< sup |z(t) + oryr(t)] — |2 (to)|
teD,

|12 + okyllm: = ([[2]lm —€)
< lzllm + & = 2llm + & = 2¢,

IN

provided k > K. u

We will now show that Xp has a rather strong form of the LD2P, to be
called LD2P+:

DEFINITION 2.2. A Banach space X has the local diameter 2 property +
(LD2P+) if for every € > 0, every slice S of By, and every € SN Sy there
exists y € S such that ||z —y| > 2 —e.

PROPOSITION 2.3. For any base D = (Dy,); of neighbourhoods in [0, 1]
the space Xp has the LD2P+.

Proof. We know that the dual of Xp is isomorphic to rcal0, 1], the space
of regular and countably additive Borel measures on [0, 1]. Let A € rcal0, 1]
be the Lebesgue measure. By Lebesgue’s decomposition theorem, any mea-
sure m € rcal0, 1] can be decomposed as m = pu + v, where p is absolutely
continuous with respect to A, and v and A are mutually singular.

Now, let m € SXE’ g > 0, and denote by S the slice

{wEBXD: S rdm > 1—5}.
[0,1]
Let z € S and 6 > 0 with 1 — ||z]|p < d < € and find N € N such that

N
(Z 2‘”]|x||i)1/2 >1-0>1—¢.

n=1
By continuity there exist open intervals E,, = (ry,t,) C Dy, 1 < n < N,
such that

e E;NE; =0 for every i # j,
o (ZnNzl 27"|z(en)[?)/? > 1 — & whenever e, € E,.

Moreover, as A and v are mutually singular, there exist s,, € F,, with
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o v({sp}) =0 for every n =1,..., N, and thus m({s,}) = 0 for every
n=1,...,N.

For n € (0,¢), by regularity of m, we can shrink each interval E,, around s,
if necessary so that

e b 'S im(E,)| < nand for E ="_| E,, S[Ovl]\Exdm —n>1-—c¢
(see the beginning of Section [2| for the definition of b).

Now, define a continuous function y on [0, 1] by letting, forn =1,..., N,
y(rn) = x(rn), y(sn) = —x(sn), y(tn) = x(ty,), linear on (ry,, s,) and (s,, t,),
and otherwise equal to x. Then y € Xp with supyep |y(d)| < supgep, [2(d)]
and y(d) = x(d) for every d € [0,1] \ E. Therefore ||y|lp < [z|lp < 1.
Moreover,

Sydm: S ydm+§ydm

[0,1] [0,1\E E
N
> xdm—Zb‘l\m(En)\> S xdm—n>1-—g¢,
0,1\E n=1 0,1\E

and

N N\ 1/2
o=yl > (327w - yll2)
n=1

> (ZNj 2 |2(5n) — y(sn)|2>1/2: Q(ZN: 2_”|z(sn)|2>1/2 S22 m
n=1

n=1
From Propositions and [1.3] we obtain the following result.

THEOREM 2.4. For any base D = (D)2, of neighbourhoods in [0, 1]
the space Xp is MLUR and has the D2P and the LD2P+.

In [I0] dual characterizations of the diameter 2 properties in Definition
[1.T] were obtained. To formulate these, we need to introduce some concepts.

DEFINITION 2.5. For a Banach space X we say that (the norm on) X is

e [ocally octahedral if for every € > 0 and every z € Sx there exists
y € Sx such that ||z £y| > 2 —¢;

e octahedral if for every ¢ > 0 and every finite set (z;)"_; C Sx there
exists y € Sx such that ||z; +y|| > 2 — ¢ for every 1 <i < n.

For a Banach space X, x € Sx, and € > 0, by a weak*-slice of Bx+ we
mean a set of the form

S(z,e) :=={2" € Bx+ : 2"(z) > 1 —¢}.
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DEFINITION 2.6. A dual Banach space X* has

o the weak*-local diameter 2 property (weak*-LD2P) if every weak*-slice
of Bx+ has diameter 2;

e the weak*-strong diameter 2 property (weak*-SD2P) if every finite con-
vex combination of weak*-slices of Bx+ has diameter 2;

o the weak™-local diameter 2 property + (weak*-LD2P+) if for every
€ > 0, every weak*-slice S of Bx+, and every * € SN Sx+ there exists
y* € S such that ||z* —y*|| > 2 —e.

THEOREM 2.7 ([10, Theorems 3.1, 3.3, and 3.5]). For a Banach space X
we have

(a) X is locally octahedral < X* has the weak*-LD2P.
(b) X is octahedral < X* has the weak*-SD2P.

From [I3, Theorem 1.5], a Banach space X has the LD2P+ if and only if
every rank one, norm one projection P on X satisfies ||I — P|| =2 (I is the
identity operator on X ). Using this formulation of the LD2P+ and a similar
argument to the proof of [15, Lemma 2.1] one can also prove that a Banach
space has the LD2P+ if and only if its dual has the weak*-LD2P+. From
this and Theorems and we then see that for any base D = (D,)5
of neighbourhoods in [0, 1] the space Xp is locally octahedral. However, Xp
is never octahedral. To see this, we will use the following lemma.

LEMMA 2.8. Let u and v be continuous functions on the unit interval.
Suppose ||u||n = ||v||n for every n € N. Then

lu(t)] = |v(t)| for every t € [0,1].
Proof. Let € > 0, and choose § > 0 such that
(2.2) lu(s) —u(s")| <e and |u(s') —v(s")| <e

whenever |s' — s”| < §. Fix t € [0,1]. There exists n € N such that ¢ belongs
to Dy, and diam(Dy,) < é. Now find ¢, ¢ in D,, such that |[ull, — |[u(t')|| < e
and ||[v]ln — [v(t")]| < e. Then |[u(t')] — [v(t")|| < 2, and thus by (2.2)) we
have [[u(t)| — [v(t)|| < 4e. =

PROPOSITION 2.9. For any base D = (Dy,)5; of neighbourhoods in [0, 1]
the space Xp fails to be octahedral.

Proof. Choose two different non-negative norm 1 functions u and v
in Xp. Assume there exists a sequence (y;)7>; C Sx such that

(2.3) lim [|[u+ykllp=2 and lim |v+yk||p =2.
k—o0 k—o0
Using (2.3) and [0, Fact 11.2.3] we find that for every n € N,

lulln = Yim [[yxlln = v
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Now we get a contradiction from Lemma [2.8] as u and v are non-negative
and different. =

The final part of this section will be devoted to showing that there exists
a Banach space which is MLUR, has the D2P, the LD2P+, but has convex
combinations of slices with arbitrarily small diameter. First we will show
that for any given 6 > 0 there exists a base D = (D,,)22; of neighbourhoods
in [0, 1] for which Bx,, contains convex combinations of slices with diameter
< §. For this we will use the following lemma.

Let ¢t € [0,1]. Set J(t) ={n € N:t € Dp} and w(t) = 3 ,c 542"

LEMMA 2.10. Let D = (D,)>2, be a base of neighbourhoods in [0, 1],
t € [0,1], and & the point measure in X3, If D, N {t} = 0 for every
n ¢ J(t), then

1
ollp = —=.
Il =
where || - ||5, is the norm in X7,.
Proof. Let x € Xp with norm 1. Then
oo
L= 27"zln = D 27e(®)f = w(t)lé(x).
n=1 neJ(t)

Thus [|6]|7, < 1/4/w(t). Moreover, by the assumptions it is always possible
to find for i € J(t) an open set which contains ¢ and does not intersect D;.
Thus we can always find an z; € Sx,, which takes its maximum value at ¢
and is zero on D;. It follows that for any ¢ > 0 we can find € Sx,, which
takes its maximum value at t and 3, o ;) 27"||z||2 < e. From the inequality

L=llz|lp= ) 27"+ ) 27"zl

neJ(t) ngJ(t)
< Y 2a(t) +e
neJ(t)

we get 6;(x)? > (1 — &) /w(t). Thus we conclude that [|5]%, = 1/y/w(t). =

Let (g,,)02, (with €1 small!) be a strictly decreasing sequence of positive

real numbers converging fast to 0. For each i € N let us define a base of
neighbourhoods (D; )22 in [0, 1]: Let ¢ = 1 and

D11 =1[0,2"" +¢1), Dia= (27" —eg1]
We call this the first level. For the second level, set
D13 =1[0,2"%+¢3), Dig= (272 —¢4,2-27% 4 cy),
Dis=(2-22—-¢653-2"%4¢5), Dig=(3-27%—¢1]
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Continue in this fashion to obtain the base (D;,)52, consisting of open
intervals in [0,1]. Finally, let D; = (D; )52, be the base of [0,1] consisting
of the intervals in (Dj,)5 ; starting from level i. For ¢ € [0,1] and i € N,
set Ji(t) ={neN:teD;,}.

We will prove that for ¢ > 2 the space Xp, fails to have the SD2P. In
fact, we will prove the following;:

PROPOSITION 2.11. For each i > 2 let Xp, be the space C[0,1] with the
norm || - ||p,. Then for every € > 0 there exist finite convexr combinations of
slices of Bx,, with diameter at most 2v/1 + £/1.

Proof. First suppose i = 2, choose t; = 0, to = 1, and note that Ja(t1) N
Jo(ta) = 0, {t1} N Da,, = 0 for every n & Ja(t1), and {ta} N Da,, = O for
every n & Ja(t2). Set M = sup{[|z||o : © € Bx,, } < oc. Since for any a > 0
we can find $ > 0 such that

Y2 el <a and > 27yl3, <a
ngJa(t1) ngJa(t2)

whenever x € S(6, /|0t |,, 8) and y € S(dt, /|61, 1, B), we can find 5 > 0
such that

n € n €
S oraMlalea <SS 2 Myl <

nQJQ(tl) nQJQ(tQ)
_ 9 _ £
> 27l < 2 > 27yl < -
ngJ2(t1) ngJa2(t2)

whenever x € S(6, /(|01 [|p,,n) and y € S(6t, /|0t |, m)- Now, if we write
h= %:L’ + %y and use the fact that Jao(t1) N Ja(t2) = 0, we get

[e.9]

2%||hllD, = Z 27"z +yl3,

< Z *(lz]13, + 2l l2n 20 5n)
neJa(t1)
+ > 27(I=l3, + 2lzlznllyllzn + 1913,0)
nGJz(tQ)
+ Y 2(el3, + 2llzllznllylen 2n)
TL€J2(t1)UJ2(t2)

<2(1+2¢/7)+3c/7T<2+e¢.

Thus the set S = 35(61, /1161, 5,,m) + 550,/ 1161, 1I5,n) has diameter at
most 2v/2 + /2.

For an arbitrary i > 2 we can choose i points (t)}_; in [0, 1] such that
Ji(t;) N Ji(tg) = 0 for any j # k and {tx} N D;, = 0 for every n & Ji(ty).
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Using a similar argument to that for ¢ = 2 we deduce that for any € > 0
and k= 1,...,1 there exists a slice S(d, /|0, (|, m) of Bx,, such that the
convex combination

i )
> S0/ 101D, m)
k=1

has diameter at most 2v/i +¢/i. =

THEOREM 2.12. The space {o-@;-, Xp, is MLUR, has the D2P, the
LD2P+, and has convex combinations of slices of arbitrarily small diameter.

Proof. The properties of being MLUR, having the D2P, and having the
LD2P+ are all stable by taking fo-sums (see [I, Theorem 3.2] and [13] Theo-
rem 3.2] for the last two). Thus lo- @, ; Xp, has all these properties, since
each Xp, does.

It remains to prove that the unit ball of fo- ;- ; Xp, has finite convex
combinations of slices with arbitrarily small diameter. To this end let Z =
Xp, ®2Y; where Y; = {5- @k?é Xp,- Let af € Sxx , let S; (xF,6) be a slice
of Bx,, , and let 0 < 4 < n. Now, if (z;,y;) is in the Slice S((x},0),9) of By,
then x}(z;) > 1 — 4, and so ||z;]| > 1 — 4. Thus ||y;|*> < 26 — 52 But this
means that

S((x3,0),6) C S-(x* §) x (26 — 6%)'/2By,.

From this we see that if z € Z] 1 38;(Bz, (z 7 ;,0),0), then we can write

z=x+vy where z¢€ Z fSi,j(BXD_,xfj,d), y € (20 — 52)1/233/1..

i it h
j=1

Now, if the convex combination Z] 1 1S,,(B Xp,+ %7 ;,0) is chosen so that
its diameter is at most 21/7 + n/i , which is possible by Proposition we
get ||z|| < v/i+n/iand y € (26 — 6%)Y/2By,. As ||z|| < ||z|| + ||y|| and i can
be chosen as large as desired and 1 > 0 as small as desired, we are done. m

3. Questions and remarks. Let us end the paper with some questions
suggested by the current work, together with some remarks we think are
relevant:

QUESTION 1. Does there exist an equivalent MLUR norm on cy with the
LD2P?

A Banach space X is said to be weakly uniformly rotund (wUR) if when-
ever (zy) and (yy) are two sequences in Sx with ||z, + y,|| — 2, we have
Tn — Yn — 0 weakly.

QUESTION 2. Does there exist a Banach space with the LD2P and which
is weakly locally uniformly rotund?
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Regarding this question we note that there does exist a Banach space X
which is wUR, but not locally uniformly rotund, and which has the property
that for every e > 0 and every weak*-null sequence (f,) C Sy the diameter
of the slices S(fn,€) tends to 2. Such a Banach space can be constructed as
follows: Let 1 < p; < pa < --- be a sequence such that

(3.1) TTIT: tee(2) = £, (2] < 2

ieN
(operator norms of the formal identity mappings between 2-dimensional ¢,
spaces). Then one can form a Banach sequence space as follows:

X =Ry (RDp, (RDp, (--.)))

where R is considered a 1-dimensional Banach space and the space is normed
by first defining seminorms in finite-dimensional initial parts according to
the above schema and then taking a limit of the seminorms, much as in the
construction of the variable exponent spaces introduced in [19]. We will now
show that this space X has the above mentioned properties.

Set Y = span(e,: n € N) C X and Yy, :=span(e,: n € N, n > k) C X.
It can be seen from arguments in [19] that X and Y are isomorphic to
and c¢g, respectively. Also the tail spaces Y3 become asymptotically isometric
to cp, i.e., for each € > 0 there is k € N such that the tail spaces Y}, j > &,
are 14e-isomorphic to ¢y via a linear mapping which identifies the canonical
unit vector bases of Y; and of co.

The wUR part: Let (zy,), (yn) € By be such that ||z, +yn|y — 2. Denote
by P, the basis projection to the first n coordinates and let Q, = 1 — P,.
Then, according to the definition of the space,

(3:2) (P + ) P+ [Qu(n + ) PP = 2,
so by the triangle inequality

(1P ()l + 1P () )P+ (1Qu )l + 1@ wa) D7) P — 2,

and by the uniform convexity of £, (2) we get

(3.3) [Pr(zn)| = [Pr(yn)] = 0, [|Qu(zn)l| = [|Q1(yn)[| = 0.
By inspecting we obtain | Py (z, — yn)| — 0. By continuing inductively,
using the right-hand side of (3.3)), we see that Py(z, — yn) — 0 for each k.
Recall that Y is isomorphic to cg, thus Y* is isomorphically ¢;. Therefore
Tp — Yn — 0 weakly.

The large slices part: First note that if (f,) C Y™ is a normalized se-
quence then || fn]le, > 1 because || - |lc, < || - |ly. Fix € > 0. Let £ € N be

such that
oo oo
Z ;€L — Z a;e;
i=1 =1
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defines a (1 + £/4)-isomorphism Y}, — ¢p. Note that then
1
m”foQkHel <|feQully <A +e/df oQrlle,, fe€b
Because ( f,,) is weak*-null, we may choose mg € N such that a sufficiently
large part of the mass is supported on the domain of @), more precisely,
1—¢ 1
<
[fm o Qrlle, ~ 1+¢/3

for m € N, m > my.
Set g = fm o Qk/”fm OQth' Then

1+5/3} C{zeco: (fmoQr)(x)>1—¢}.

Note that Tls/leCO NY}, C By,. Therefore the above inclusion implies that

we may pick x,y € {z € By, : fm(2) > 1 — ¢} with

{x €cp: g(x) >

2
I = vlly =l =il > 1575
finishing the proof.

It is known from [3] that there exists a Banach space with the LD2P
which fails the D2P. In fact, it is proved in [3|, Theorem 2.4] that any Banach
space containing a copy of ¢y can be equivalently renormed to have the
LD2P, but with non-empty relatively weakly open subsets of the unit ball
with arbitrarily small diameter.

QUESTION 3. Does there exist a Banach space with the LD2P+ which
fails the D2P?

The LD2P+ can be viewed as a weak version of the Daugavet property.
It is then natural to ask:

QUESTION 4. Does every Banach space with the LD2P+ contain a copy
Of 51 ¢
Appendix. Denote by | - || the canonical sup-norm on /.
PROPOSITION A.1. Let @ : log — [0,00] be the Musielak—Orlicz function
given by
o0
B(xn) =Y a2l
n=1

Give U5 the Luremburg norm
||| = inf{A > 0: ®(x/A) <1} forz € l.
Let
A={z € ly: P(x) < oo}
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Then:

(@) (boos || - |I) is the bidual of (co, || - |)-
(b) The function @ is convex on A. Moreover, if x € A, y € ls, and
Oz +y)+P(x—vy)

(A1) :

= d(x) < o0,

then y = 0.

(c) The space (co, || - ||) is M-embedded.

(d) The dual of (co,|| - ||) is smooth. In particular, (co,|| - ) is weakly
MLUR.

We will need the following result of A. Lima in the proof of the propo-
sition.

THEOREM A.2 ([I2, Theorem 2.2]). Let X be a closed subspace of a
Banach space Y. Then the following are equivalent.

(a) X is an M-ideal in'Y'.
(b) For alle >0, all (x;)}_, C Bx, and all y € By, there exists * € X
such that

ly+xi—x|| <1+e for everyi=1,2,3.

Proof of Proposition[A.]] (a) It is straightforward to show that || - || is
indeed a norm equivalent to || - ||so 0N £.

Now, to prove that || - || is a bidual norm on ¢, it suffices to prove that
|| - || is lower semicontinuous on A with respect to the topology on A given
by ¢1 (from here on termed the weak™ topology). To this end, start by noting

that @ is continuous with respect to || - || at every = € ¢y and that for every
x € fo we have
(A.2) &(x) = sup @(Ppx),

n

where P, is the projection of /., onto the first n coordinates. Now, let z € A
and (25)72; C (lsos || - ||), such that zj — = weak*. Then

|Prxy — Ppzlloo =k 0 Vn eN.

Hence
@(Pnfbk) —k @(Pnl') Vn € N.

Taking (A.2) into account we get
limkinf@(:zk) > d(x).

Thus @ is lower semicontinuous at any z € A with respect to the weak*
topology. It follows that the same is true for || - ||.
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(b) Clearly @ is convex on A since the functions f,(t) = t*", n € N, are
convex.

Now, let x = (z,,)72, € A and y = (yn)52; € loo and assume that (A.1])
holds. Then
1 o0 2n o 2n
2[¢(x+y)+¢(x—y)]—¢(x):Z{(x"ij") ;L(-Tn Yn) _xin > 0.

n=1

Since the functions f,(t) = t>*, n € N, are convex, all expressions in the
brackets [ | are non-negative. If y # 0, then there is an n € N such that
yn # 0. Since f,(t) = t>" is strictly convex, we have

(7 + yn)Qn + (zn — yn)zn 2n
2 ~n

> 0,

S8 +y) + Bz — y)] - B(2) >0,

and we are done.

(¢) Set Z = (co,|| - ||). We will prove that Z is M-embedded. To this
end, it suffices to prove that statement (b) in Theorem [A.2] holds for all
(2;)?_; in a norm dense subspace of Z. So, let € > 0, (z;)3_; C Bz, each z
with finite support, and let z** = (2*) € Bz«+. Now find N € N such that
N > max{k € N: k € J}_, supp(z)} and Sonen (Z2F)*" < e. Set z = Pyz**
where Py : Z** — Z** is the projection onto span{e, : n =1,..., N} and
ey is the nth standard unit vector in £o,. Then

(2" + 2z —2) = Z (2;2)2” + Z (zin)™ < 1+e,

nesupp{z;i}5_, n>N

so ||[z** + 2z — z|| <1+ ¢, and thus we are done.
(d) We will now prove that Z* is Gateaux smooth. First we show that

(A.3) D(z)=1

whenever z = (2,)02; € Sz« and z(y) = 1 for some y = (yn)o2, € Sz«.
Assume the contrary, i.e. &(z) < 1. Then |z,| < 1 for n € N. Choose k such
that |zx| # 0 and find t > |2;| with

B(2) + 2% - 22k < 1.
Set u = (up)52, where u,, = 2, for n # k and uy =t - sign(yx). Since
Blu) = D(z) + 2% — 22+ < 1,
we get ||ul| < 1. On the other hand
u(y) — 2(y) = |ylt — yrzr > 0.
So u(y) > z(y) = 1, which contradicts ||u|| < 1= ||y]|.
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Now we are ready to prove that Z* is Gateaux smooth. We will show that
for every y with |ly|| = 1, there is only one supporting functional. Indeed,
let x,z € Sz« be such that

z(y) = 2(y) = 1.
By (A.3) we have &(x) = ®(z) = 1. Since
T+ z T+ 2
1> > =1
2=z 5 W=1L

we get || Z£2|| = 1. Using again, we get @((x + z)/2) = 1. So,
P(z) = P(2) = 2((z + 2)/2),
and thus
P((x+2)/24+ (x—2)/2) +P(x+2)/2 — (x — 2)/2)

2
_ @(m)—;—@(z) :q§<x—;—z>‘

From (A.1]) we now get x = z.

For the particular case, note first that if a dual space X™* is smooth,
then every extreme point x in By is strongly extreme in the weak topology.
Indeed, assume that z = (z7* + 25*)/2 where z7*, 25* € Bx+«. There exists
x* € Sx+ such that

1= ot (@) = 5 (o (") + 2 ().
Thus z7*(z*) = z5*(z*) = 1, and by the smoothness of X* we must have
:L,** — x** = .
1 2

To finish the proof of the particular case, one can use the facts that a
Banach space is strictly convex provided its dual is smooth, and that a point
in the unit ball of a Banach space is a strongly extreme point in the weak
topology if and only if it continues to be an extreme point in the unit ball
of the bidual (see [8, p. 674]). =
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