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Amenability properties of Figa-Talamanca—Herz algebras on
inverse semigroups

by

HASAN POURMAHMOOD-AGHABABA (Tabriz and Tehran)

Abstract. This paper continues the joint work with A. R. Medghalchi (2012) and
the author’s recent work (2015). For an inverse semigroup S, it is shown that A,(S) has a
bounded approximate identity if and only if I'(S) is amenable (a generalization of Leptin’s
theorem) and that A(S), the Fourier algebra of S, is operator amenable if and only if I*(.S)
is amenable (a generalization of Ruan’s theorem).

1. Introduction. A discrete semigroup S is called an inverse semigroup
if for each s € S there is a unique element s* € S such that ss*s = s and
s*ss* = s*. An element e € S is called an idempotent if €2 = e = e*. The set
of idempotents is denoted by E(S5).

In [MP], we extended the Figa-Talamanca-Herz algebras A,(G) intro-
duced by Herz [Her] (on locally compact groups G) to algebras A,(S) on
inverse semigroups. Then we studied pseudomeasures and pseudofunctions
on inverse semigroups in [Pou|. Here we continue this work, investigating
some properties of A,(S) such as amenability-like properties and existence
of a bounded approximate identity. Indeed, after giving some preliminaries in
Section 2, we obtain generalizations of Leptin’s theorem and Ruan’s theorem
in Section 3. The Leptin theorem asserts that for a locally compact group G,
the Figa-Talamanca-Herz algebra A,(G) has a bounded approximate iden-
tity if and only if G is amenable; by Johnson’s theorem, this is equivalent to
the amenability of L!(G). Also, the celebrated theorem of Ruan states that
the operator amenability of the Fourier algebra A(G) is equivalent to the
amenability of G’ and hence to the amenability of the group algebra L'(G).
We extend these two theorems to (discrete) inverse semigroups. Indeed, we
show that A,(S) has a bounded approximate identity if and only if the semi-
group algebra [!(S9) is amenable if and only if A(S) is operator amenable.
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The amenability of A,(S) is also characterized in the sense of amenability
of Figa-Talamanca—Herz algebras of maximal subgroups of S. Furthermore,
we show that the character space of A,(.S) is equal to S (extension of [MP)
Theorem 6.3]).

2. Preliminaries. Let S be an inverse semigroup and let [*(.S) denote
its semigroup algebra. We also consider the restricted semigroup algebra
IL(S) = (11(9),e,~), defined in [AM]. We recall that for f € [}(S) the
functions f and f are elements of [}(S) defined by f(s) = f(s*) and f(s) =
f(s*). Also the action e on [}(S) is given by

(Dad)e(Xwa) = X abida (Y ad. Y ndiells)).
s€S tesS

s,teS, tt*=s*s ses teS

It is proved in [AM] that I1(S) is a Banach x-algebra with approximate
identity.

The linear span of {d; : ¢t € S} is denoted by F(S). In fact, F'(S) consists
of all finite support functions in I*(S). Also F(S), denotes the space of
non-negative functions in F'(5).

Let S be an inverse semigroup and let p,q € (1,00) be such that 1/p +
1/q = 1. The Figa-Talamanca—Herz algebra of S, introduced in [MP], is
denoted by Ap(S). It consists of those u € ¢o(S) such that there are se-

quences (fn)nZy € IP(S) and (gn)p2y € 19(S) with 32, [[fallpllgnlly < oo
and u= 3% " f, ® gy. The norm of u € A,(S) is

lulla, = in {3 Ifllpllgalls 0 =3 fue3u}-
n=1 n=1

By [MP} Theorem 3.6], (A,(S), || -[|a,) is a Banach algebra under pointwise
multiplication. The space A(S) := Ay(.S) is called the Fourier algebra of S.

By [MP Proposition 3.2], for each 1 < p < oo, F(S) is a dense subset of
A,(S). For each D C S we define

Ap(D) ={ulp : u e Ap(9)},
with the induced quotient norm, i.e.,
lalplla,p) = inf{[lv]a, : v € Ap(S), vIp =ulp} (< ulla,)-

In other words,

[albliayw) = inf {3 [fulllgnll s w =3 fu o on D}.
n=1 n=1

Clearly A, (D) is a Banach algebra under pointwise multiplication.
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We remark that for f € 19(S), g € P(S) and u € S, by [MP, (3.3) and
(3.4)], we have

21 feglw= Y flg)= Y [f(s)g(s*w).
tesS, tt*=u*u SES, ss*=uu*

For an inverse semigroup S, a linear functional m € [*°(S5)* is called an

invariant mean if (1,m) = ||m|| = 1 and m(lsf) = m(f) for all f € [°°(S)
and s € S, where 1 denotes the constant unit function on S and [5f(¢) =
f(st) for all ¢ € S. The semigroup S is termed amenable if there exists an
invariant mean on [°°(S).

Let A be a Banach algebra and X a Banach A-bimodule. Then X*, the
Banach space dual of X, is also a Banach A-bimodule. A derivation from A
into X is a bounded linear map satisfying

D(ab) =a-D(b)+ D(a)-b (a,be A).

For z € X we denote by ad, the derivation adz(a) = a-x — x - a for
all a € A, which is called an inner derivation. We denote by Z'(A, X) the
space of all derivations from A into X and by B!(4, X) the space of all inner
derivations from A into X. The first cohomology group of A with coefficients
in X, denoted by H'(A, X), is the quotient space Z'(A, X)/B'(A, X).

A Banach algebra A is amenable if H'(A, X*) = {0} for every Banach
A-bimodule X, and contractible if H'(A, X) = {0} for each Banach A-bi-
module X.

For two Banach spaces X and Y we denote by X ® Y their projective
tensor product and by ||-||x its projective norm. We let B(X) be the space of
all bounded operators on X. Throughout, we use “=” to denote isometric
isomorphism of Banach spaces, algebras, modules, etc. while “~” denotes
isomorphism with equivalent norms, but not necessarily isometric.

3. Generalizations of Leptin’s and Ruan’s theorems. Let S be a
semigroup. By [How, Chapter 2|, there is an equivalence relation D on S
defined by sDt if and only if there exists z € S such that

SsU{s} =SzU{z} and tSU{t} =zSU{z}.
If S is an inverse semigroup, then by [Howl Proposition 5.1.2(4)], sDt if and
only if there exists x € S such that
(3.1) s*s=xx* and t't=az"x.
For more details on the relation D see [MP, Section 4].

Now let S be an inverse semigroup and D a D-class of S. For each
e, f € E(D) we set

Dey={seD:ss*"=e,s's=f}, D.= U Der={seD:ss*=e}.
feE(D)
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Our first aim is to show that the existence of a bounded approximate
identity in A,(S) implies finiteness of E(S). We show this via several lem-
mata. In the lemmata we assume that S is an inverse semigroup, D is a

D-class of S and e, ¢, f, f' € E(D).

LEMMA 3.1. IP(De s) ®19(De s)" is a subset of Ap(Deer) if f = f', and
it is {0} otherwise.

Proof. Let h € IP(De y) and g € 19(De 4/). Then

hegu)= > h(s)j(su) = > h(s)g(us).

€S, ss* =uu* SE€D. f,u*s€D, 1, uu*=e
Since
e = (u*s)(u*s)* = u*eu = u* (vu*)u = u*u,
and
f = (u*s)"(u*s) = s*(uu*)s = s*es = s*(s5%)s = s*s = f,
we have
Z h(s)g(u*s) if u € Dee and f = f/,
heg(u) = s€D.,u*s€D

0 otherwise.
Therefore, h® § € Ay(D. ) if f = f' and h e § = 0 otherwise. =

LEMMA 3.2. Ap(Deer) =1P(D.) @ 1%(Dgr)Y, that is,
Ap(Dee) = {3 fuogn fu € (D0, gu € 19(D Z 1 Fallllgnlly < oo}
n=1

Proof. Using Lemma [3.1] we have
(D)o 1"(De) = (P (Dep)o( D (D))
fEE(D) f'eE(D)

= P (P(Dey)oli(Dep)”) € Ap(Deer).

f.f'€E(D)

\

Now let u € Ap(De,er) and @ € Ay(D) be such that |p,, = u. Let @ =

2 net1 fn®gn, where (hn) € 1P(D), (gn) € 19(D) and 3272 [[hnllpllgnlly < oo
Since D = .cp(p) De, for each n € N we have hn, = 3 cp(p) fne and
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In = D_ceB(D) Yne: Where hp o € IP(De) and gne € 19(De). Hence

:g:lhn.gn_z:( > hne> ( > gn,e’)

n=1 ecE(D e’€E(D)

00
- Z Z hn,e L gn,e’

e,e’€E(D)n=1
e P PD)el!De) S P Ap(De
e,e! €E(D) e,e’ €E(D)

which means u = u1|p_ , € IP(D.) @ 19(Der)". w

LEMMA 3.3. For each u € Ay(D, ) there is i € Ap(D) such that @t = u
on Deer and =0 on D\ D .

Proof. Let u; € Ap(D) be as in the proof of Lemma Since

ulzzhn.gn: Z Zhne.gne’e @ Ap(Dee)
n=1

e’ €E(D e,/ €E(D)
we obtain
0o
u = U1|De7e/ = Z hn,e L gn,e’ € Ap(De,e’)'
n=1
Let iLne € IP(D) and gne € 19(D) be extensions of hy, e and g to D,
respectively, by assuming h,, e=0on D\ D, and g, =0on D\ D.. Now
set 4 = Zzozlhneogne/ "
LEMMA 3.4. If u € Ap(D) is an extension of u € Ap(De ) with i =0
on D\ Deer, then ||i]|a,p) = lulla,ob, )

Proof. If =3 7" hy ® g, with > 2, ||hnllpllgnllq < oo, then as in the

proof of Lemma [3.3]
ﬁ:Zhn.gn: Z Zhne.gne’e @ A
n=1 e,/ €E(D)n e,e’€E(D)

On the other hand, the condition 11|D\DE . = O implies u = > ﬁn’e o§n7e/.

Now using the inequality > >, HiL Gn.ellg < 500 [1hallpllgnlly we have
liilla, o) mf{Z Il llgaly = @ = Zh “in)
n=1
o

{3 Wl 6= 3 B o}

n=1 n=1
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oo o0
= inf {3 Wnellpllgnellg s =" b @ e}
n=1 n=1

= [ulla,,..)- =
LEMMA 3.5. There is a norm decreasing epimorphism

0 Ap(D) > 1'- P Ap(Dep).

e€E(D)

Proof. For each u € A,(D) define ¢(u) = (ue,e), where uee = ulp,,.
Clearly ¢ is linear. We show that it is onto. Let

u = (Ue) El—@A

ecE(D

Using Lemma let 4. € Ap(D) be an extension of u, on D with 4, = 0
on D\ D¢ and |[te|[a,(p) = [[tella, (D, .)- Set & =D c p(p) te- Since Ay(D)
is a Banach space and

Yo aella,my= D luellay .. = lull < oo,

e€E(D) c€E(D)

the series ZeeE(D) @ converges in A,(D), that is, & € Ap(D). Now it is
clear that p(u) = u.

In order to see that ¢ is norm decreasing, let u € A,(D). For e, e’ € E(D)
let ueer = ulp, . If Gieer € Ap(D) is an extension of ue o with e = 0 on
D\ D, ./, then élearly U= Ze,e’eE(D) TUeer. Now let w = ""° | hy, gy, where
(hn) CIP(D), (gn) C 19(D) and > 77, [|hnllpllgnllq < 0o. Then by Lemma

B.1] we have
U = Z Iy ® gn = Z Z hn@f b gnrelvf

n= 1ee,f€E
= Z ( Z Zhnef.gne f) @ Ap(D
e,/ €E(D) feE(D)n=1 e,/ €E(D)

and

Ue,e! = Z Zhne,f.gne’fv

fEE(D

where hn = 3°0 repp) Pnefs 9n = De rep(p) Inets Pnef € IP(Dey) and
Ine.f € 11(Dep). SO Uee = 3 rep(p) oo L hnef ® dnes and by Holder’s
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inequality,

Z ||Uee||A1p De.e) §

Z thefHP |gnef||f1
e€E(D) €E(D

( S Wt ) (X lgnesld)”

e,fEE(D) e,fEE(D)

ME@ i&Eﬁ ||M8

1Pnllpllgnlla:

i
I

which implies

le)ll = > lucella, .. < lulla, ) =

e€E(D)

LEMMA 3.6. If A,(D) has a bounded approximate identity, then E(D)
is finite.

Proof. If A,(D) has a bounded approximate identity, by Lemma SO
does [1- Dccrp) Ap(De,e). Now it follows from [MP, Lemma 6.4] that E(D)
must be finite. m

THEOREM 3.7. Let S be an inverse semigroup and 1 < p < oo. Then
E(S) is finite provided that A,(S) has a bounded approzimate identity.

Proof. Let {Dy : A € A} be the family of D-classes of S indexed by some
set A. Then by [MP] equation (4.2)],

S) = 1@ A,(Dy),
A€A
where the right hand side is a commutative Banach algebra with compo-
nentwise product. It follows from [MP, Lemma 6.4] that A is finite and
each Ap,(D,) has a bounded approximate identity. Now by Lemma
E(S) = Uyea E(D)) is finite. m

Let G be a group with identity e, and let I be a non-empty set. Then the
Brandt inverse semigroup corresponding to G and I, denoted by M%(G, I),
is the collection of all I x I matrices (g);; with g € G in the (4, j) entry and
zero elsewhere and the I x I zero matrix 0. Multiplication in M°(G, I) is
given by the formula

0 i) =
(9)ij(h)k = {égh) : ifj’ 2 Z

and (g);;" = (¢71);i and 0* = 0. The set of all idempotents is
EMY(G, 1)) = {(e)i : i € I} U{0}.

(g?h 6 G? i7j7k7l e I)?
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The element (e);; will be denoted by E;;. If I has finitely many elements,
say |I| = n, MY(G,n) will be used instead of M°(G, I). We remark that
MO(G, I)\ {0} is a D-class in M°(G, I).

Let S be a semigroup. A principal series of ideals for S is a chain
(3.2) S=81252 28 2 Smi1 =0,

where S1,...,S,, are ideals in S and there is no ideal of S strictly between
S; and Sjy1 for every 1 < j < m.
Later on we will use the following lemma [DN| p. 315].

LEMMA 3.8. Let S be an inverse semigroup with finitely many idem-
potent elements. Then S has a principal series as in . Moreover, for
every k =1,...,m there is a natural number ny and a group Gy such that
Si/Sky1 = MO(Gy,ni). Also, the maximal subgroups of S (up to isomor-
phism) are precisely Gy, for k=1,...,m.

THEOREM 3.9. Let S = M%(G,I) be a Brandt inverse semigroup. Then

(i) Ap(S) has a bounded approzimate identity if and only if I is finite
and G is amenable.

(ii) Ap(S) is amenable if and only if I is finite and A,(G) is amenable.

Proof. (i) If A,(S) has a bounded approximate identity, then in view
of Theorem I is finite. If we set G;; = GE;; for each i,j € I, then
{Gi; :i,j € 1} U {0} is a partition of S. Since the operation in A,(S) is
pointwise, by the open mapping theorem,

Ap(8) = (I €D Ay(Giy)) @1 oo,
1,7€1

and also A,(Gi;) = Ap(G). By [MP, Lemma 6.4], A,(G) has a bounded
approximate identity, and thus, by Leptin’s theorem, G is amenable.

Conversely, if I is finite and G is amenable, then by Leptin’s theorem
A, (Gij) = Ap(G) has a bounded approximate identity, and so does A,(S) ~
(i*- @i,jel Ap(Gij)) &1 Cho.

(ii) Since every amenable Banach algebra has a bounded approximate
identity, this is a direct consequence of part (i) and the fact that A,(S) ~

(I"- D jer Ap(Gij)) ®1 Cop. m

Let A be a Banach algebra with a bounded approximate identity (e,),
and let I be a closed ideal of A. Since [|a + I|4/; < |la|| for each a € A,
(eo + I) becomes a bounded approximate identity for A/I.

LEMMA 3.10. Let S = M°(G,I) be a Brandt inverse semigroup. Then
A, (S) has a bounded approzimate identity if and only if A,(S)/Cédo has a
bounded approzimate identity.
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Proof. Since S is a Brandt semigroup, it has two D-classes, S\ {0} and {0}.
Therefore, by [MP) equation (4.2)], we have A,(S) = A,(S \ {0}) @1 Cdo.
Hence, if A,(S)/Cdy admits a bounded approximate identity, then so does
Ap(S\{0}) = A,(S)/Cdy. Denote by (eq) the bounded approximate identity
for A,(S '\ {0}). Then it can be easily checked that (e, + dp) is a bounded
approximate identity for A,(S).

The converse is clear as we mentioned before the lemma. m

In the following theorem we characterize the existence of a bounded
approximate identity in A,(S5).

THEOREM 3.11. Let S be an inverse semigroup and 1 < p < co. Then
A,(S) has a bounded approximate identity if and only if E(S) is finite and
each mazimal subgroup of S is amenable.

Proof. Suppose A,(S) has a bounded approximate identity. Then, by
Theorem E(9) is finite. Now by Lemma S has a principal series

(3.3) S=812852 28128 m =0

such that for each k = 1,...,m, we have Sg/Sk11 = M°(Gy,ni) for some
group Gj, and ny, € N. Let (e,) be a bounded approximate identity for A,(.S).
Since multiplication in A,(S) is pointwise, (eq|s, ) forms a bounded approx-
imate identity for A,(Sg) for k = 1,...,m. As Sk/Sk+1 = M°(Gk,ni) has
exactly two D-classes, Sy, \ Sgr1 = MO(Gy,ni) \ {0} and {0}, by [MP]
equation (4.2)] we have A,(Sk) = Ap(Sk+1) ®1 Ap(Sk \ Sk+1). Therefore,
(3.4) Ap(Sk)/Ap(Sk+1) = Ap(Sk \ Sk+1) = Ap(Sk/Sk+1)/Cdo
>~ A, (M°(G,ny))/Cdo.

This means that A, (Sk)/Ap(Sk+1) (and so, by Lemma7 Ap(MO(Gy,ni)))
has a bounded approximate identity for each kK = 1,..., m. Now it follows
from the above discussion and Theorem that each Gy, is amenable.

Conversely, if E/(S) is finite, then S has a principal series as in . Since
(G}, is amenable, by Theorem Ap(MO(G,n)) has a bounded approxi-
mate identity for each k. Therefore, A,(Sk \ Sk+1) = Ap(MO(Gk,nx))/Cdo

has a bounded approximate identity. Now using the isomorphisms A,(Sj) =
Ap(Sk+1) ® Ap(Sk \ Sk41) for k=1,...,m, we obtain

(3~5) AP(S) = éAP(Sk \ Sk+1>v
k=1

which shows that A,(S) has a bounded approximate identity. m

Using the above theorem and [Pat, Theorem A.0.3], we get one of the
main results of this paper:
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COROLLARY 3.12 (A generalization of Leptin’s theorem). Let S be an
inverse semigroup and 1 < p < co. Then A,(S) has a bounded approzimate
identity if and only if I*(S) is amenable.

Another application of Theorem|3.11|gives a characterization of amenabil-
ity of A,(S) which was left open in [MP].

THEOREM 3.13. Let S be an inverse semigroup and 1 < p < co. Then
A, (S) is amenable if and only if E(S) is finite and A,(G) is amenable for

each mazimal subgroup G of S.

Proof. If Ap(S) is amenable then by Theorem |3 - (S is ﬁmte Thus
S has a principal series as in , and hence by (3.4) and

(3.6) EBA 0(G,n1))/T.

It follows from Theoremm and Run, Proposition 2.3.1 and Theorem 2.3.10]
that A,(Gy) is amenable for each k.

Conversely, consider the principal series . According to Theorem
for each k, amenability of A,(Gy) implies amenability of A,(M%(Gy,nk)),
hence of A,(MY(Gg,nk))/Cdy. Now the amenability of A,(S) follows from
the isomorphism (3.6)). =

Let C be the bicyclic semigroup with generators p,q. Then E(C) =
{p"¢" : n € N}. Therefore, A,(C) has no bounded approximate identity
and consequently is not amenable.

We remark that if E(S) is finite and each maximal subgroup of S is
almost abelian, then A,(S) is amenable (see [LNR| Remark 2]). For p = 2
we have a better characterization:

COROLLARY 3.14. Let S be an inverse semigroup. Then A(S) is amenable
if and only if E(S) is finite and each maximal subgroup of S is almost
abelian.

Proof. This is immediate by Theorem and [FRl Theorem 2.3]. =

As in [MP], we define the restricted left reqular representation ™ : S —
B(1%(S)) by
Ost if 11" = s*s,
m(=)(@) {0 otherwise.
As usual, setting 7w(ds) = m(s) extends 7 to a representation of the Banach
algebra [1(9), called the left regular representation. Therefore, m : I1(S) —
B(2(S)) is defined by 7(f)(g) = f o g
As in [MP), Definition 2.6], the ultra-weak closure of 7 (11(S)) in B(I?(.59))
is denoted by VN(S). Using [Mur, Theorem 4.2.4], one can easily see that
VN(S) is a weakly closed *-subalgebra of B(I?(S)) containing the identity
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operator, hence a von Neumann algebra by [Mur, Theorem 4.2.5]. We call
VN(S) the von Neumann algebra of S. By [MP, Theorem 3.7], VN(S) is the
dual of A(S) and the duality is given by

(WT) = (f,T(gn)) (u = faeign€A(S), T € VN(S)).
n=1 n=1

Since A(S)* = VN(S) is a von Neumann algebra, A(S) has a canonical
operator space structure and so we can discuss its operator amenability. We
refer the reader to [ER] for a complete account of the theory of operator
spaces.

THEOREM 3.15 (A generalization of Ruan’s theorem). Let S be an in-
verse semigroup. Then A(S) is operator amenable if and only if 1'(S) is
amenable.

Proof. If A(S) is operator amenable, then it has a bounded approximate
identity [ER| Proposition 16.1.1], and so by Theorem [3.11], E(S) is finite and
each maximal subgroup of S is amenable. Therefore, I!(S) is amenable by
[Pat, Theorem A.0.3].

Conversely, let I1(S) be amenable. Then, again by [Patl, Theorem A.0.3],
E(S) is finite and each maximal subgroup of S is amenable. Consider the
principal series for S. Using Ruan’s theorem [ERl Theorem 16.2.1],
we see that A(Gy) is operator amenable for each k. Now the operator space
version of Theorem (ii) together with gives the operator amenability
of A(S). Note that is a complete isometric isomorphism for p = 2. m

In the rest of this section we calculate the character space of A,(S5).

For each s € S, define the evaluation functional ¢, : A,(S) — C, ¢s(u) =
u(s). It is easily seen that ¢y is a character of A,(S) (i.e. a multiplicative
bounded linear functional on A,(.5)). In the following theorem we show that
these are the only characters of A,(S), which can also be considered as a
generalization of [MP, Theorem 6.3].

THEOREM 3.16. Let S be an inverse semigroup and 1 < p < co. Then
Dp,(5) = S, where Py (5) denotes the space of all non-zero characters of
A,(S).

Proof. Let ¢ € @ (). Then there is 0 # u € A,(S) such that p(u) # 0.
Since u = ) _gu(s)ds, there is s € S with ¢(ds) # 0. Take an arbitrary
element t € S with ¢ # s. Since 0;0; = 0, we have ¢(0;)¢(ds) = ¢(d:05) = 0,
which implies ¢(d;) = 0. Therefore, ¢ = ps. =

This theorem shows that the Gelfand transform G : A,(S) — co(5) is
the inclusion map, and so we have:

COROLLARY 3.17. A,(S) is a semisimple Banach algebra.
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Singer and Wermer [SW] have shown that H!'(A4, A) = 0 for any com-
mutative semisimple Banach algebra A. This yields

COROLLARY 3.18. Let S be an inverse semigroup and 1 < p < oo. Then
Hl(Ap(S)7Ap(S)) = 0.
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