STUDIA MATHEMATICA 233 (1) (2016)

Weighted embedding theorems for radial Besov and
Triebel-Lizorkin spaces

by

PaBLO L. DE NApPOLI, IRENE DRELICHMAN and
NICOLAS SAINTIER (Buenos Aires)

Abstract. We study the continuity and compactness of embeddings for radial Besov
and Triebel-Lizorkin spaces with weights in the Muckenhoupt class A... The main tool is
a discretization in terms of an almost orthogonal wavelet expansion adapted to the radial
situation.

1. Introduction. Weighted embedding theorems for smooth function
spaces have beeen studied by many authors, mainly because they are a fun-
damental tool in the variational analysis of some nonlinear partial differential
equations, for instance of degenerate or singular elliptic equations. It is there-
fore natural to study embedding results in the framework of Triebel-Lizorkin
and Besov spaces, since these include many of the classical function spaces.
In the unweighted case, a fundamental result in this context is the embed-
ding theorem of Jawerth [15] and Franke [I0], which generalizes the classical
Sobolev embedding theorem.

Weighted Besov and Triebel-Lizorkin spaces have also been studied by
many authors under different assumptions on the weights (see e.g. [2, [3]
17, 19, 18, 20% 29]). Embeddings of Besov and Triebel-Lizorkin spaces with
Muckenhoupt’s A, weights were studied by Haroske and Skrzypczak [12]
13| 14] and Meyries and Veraar [24] (see also 23] for earlier work by the
same authors in the case of power weights).

On the other hand, it is well known, since the pioneering works of Ni
[25] and Strauss [33], that many embedding results can be improved when
one considers subspaces of radial functions. More precisely, by restricting
ourselves to the subspace of radial functions, we can recover, for instance,
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compactness properties of embeddings that are in general non-compact due
to the action of some non-compact group of transformations such as the
group of translations in R™ (see, e.g., [22]). Notice that compact embeddings
are a fundamental feature for the success of variational methods in PDE. In
the case of weighted embedding theorems one can also obtain a wider range
of exponents for the admissible power weights in the radial situation (see
e.g. [9]).

In the case of unweighted radial subspaces of Besov and Triebel-Lizorkin
spaces, Sickel and Skrzypczak [30, BI] and Sickel, Skrzypczak and Vybiral [32]
obtained compactness of the related embeddings and an extension of Strauss’
radial lemma. Quantitative information in terms of entropy numbers for the
embeddings was obtained by Kiihn, Leopold, Sickel and Skrzypczak [21]. In
those papers, the main tool is an atomic decomposition adapted to the radial
situation.

Early results on embeddings for weighted radial Besov and Triebel-
Lizorkin spaces can be found in Triebel’s book [35], Section 6.5.2], where the
weights considered are of the special forms wq () = (14 |z|?)*/? with o € R,
and w’(z) = el”” with |z > 1 and 0 < 8 <1 (see also references therein).
However, to the authors’ knowledge, results on weighted radial Besov and
Triebel-Lizorkin spaces for other important classes of weights, such as power
weights or, more generally, Muckenhoupt weights, were still missing in the
literature. The first two authors recently showed in [6] that the approach
used by Meyries and Veraar [23] to obtain embedding theorems with power
weights can be improved to obtain a better range of admissible exponents in
the radial case.

In this work we consider embedding theorems for radial subspaces of
Besov and Triebel-Lizorkin spaces with general A., weights. It is important
to stress that in the latter case the functions considered are radially sym-
metric, but the weights can be arbitrary. In the Triebel-Lizorkin case, we
follow an argument by Meyries and Veraar [24] to derive the embeddings
from the Besov case, but this time restrict ourselves not only to radially
symmetric functions but also to radially symmetric Ao, weights (see the dis-
cussion in Section . In both cases we obtain improved sufficient conditions
for the continuity and compactness of the embeddings as compared with the
non-radial case.

For our proof, instead of using the atomic decomposition for radial sub-
spaces of Sickel and Skrzypczak [30], we shall closely follow the approach
used by Haroske and Skrzypczak [12) 13| in the non-radial case, which is
based on a discretization in terms of wavelet bases. To this end, we need
a wavelet decomposition adapted to the radial situation, which we obtain
by adapting arguments used by Epperson and Frazier [9] in the unweighted
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radial case. We remark that this is not a wavelet decomposition in the tra-
ditional sense, since the wavelets are localized near certain annuli instead
of cubes. Hence, they have the advantage of being better adapted to the
radial situation but have no translation structure and, more importantly,
since they are not actual bases but rather frames, they do not characterize
the (weighted) Besov and Triebel-Lizorkin spaces. In other words, they are
useful to obtain sufficient conditions for the continuity and compactness of
the embeddings, but cannot be used to prove sharpness of the conditions
obtained. Unfortunately, as far we know, there are no known orthogonal
wavelet decompositions for radial functions except in dimension three (see,
e.g., |28, 4]).

The rest of the paper is as follows. In Section 2 we recall some definitions
and known properties of Besov and Triebel-Lizorkin spaces. Section 3 is
devoted to the construction of the wavelet bases and the representation of
the weighted radial Besov and Triebel-Lizorkin spaces in terms of sequence
spaces (Theorems and . In Section 4 we prove our main theorem
(Theorem on sufficient conditions for the continuity and compactness
of the embeddings for weighted radial Besov spaces and use it to analyze
some important special examples. Finally, in Section 5 we obtain sufficient
conditions for the continuity and compactness of the embeddings for Triebel-
Lizorkin spaces with radial A, weights (Theorem and an example in
this case.

2. Weighted Besov and Triebel-Lizorkin spaces. First we recall
some necessary definitions. Classical references on Besov and Triebel-Lizorkin
spaces are [26, [34]. For weighted versions see [3] 29].

DEFINITION 2.1 (Construction of the Littlewood-Paley partition). Let
v € Z(R™) be such that its Fourier transform ¢ satisfies

@) os@@si cer, @o={, LI,
Let 8o = @, ¢1(§) = 9(£/2) — ©(£), and
Pu(e) = 1278 = (271) — p(271Te), EERM u> 1.
Then
0<@u() <1, @u)=1 if5-2¢71 < ¢ <2t
supp @, C {2“_1 < ¢l <320y

Let @ be the set of all sequences (¢,,),>0 constructed in the above way from
a function ¢ that satisfies ([2.1).
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For ¢ as in the definition and f € .#/(R"™) one sets

Suf = pux f=F[Bufl,
which belongs to C*°(R") N."(R"). Since >_ ~,Pu(§) = 1 for all £ € R",
we have 3 -, Suf = f in the sense of distributions.
Given a weight w, that is, a non-negative locally integrable function
on R™, and a real number p € [1, o0], we denote by LP(R", w) the weighted
Lebesgue space of those measurable functions f : R” — R such that

LI gy = 1F1Pw(a) da < oo
Rn
if 1 <p <oo, and |[flLecrnw) = [|f]| Lo @n)-
Let us recall that, for 1 < p < oo, the Muckenhoupt class A, is the class
of weights w for which the maximal Hardy—Littlewood operator is bounded
from LP(R™,w) to itself, and that it can be characterized by the condition

(a4 () <

for all balls B C R", where the constant C' depends on w but is indepen-
dent of B. On the other hand, we write w € A; if Mw(z) < Cw(zx) ae.,
and we set As = [, Ap. We refer to [LI] for a detailed account of these
weights.

Given p,q € [1,00], s € R and a weight w € A, following [2] we
can define the weighted Besov and Triebel-Lizorkin spaces B, ,(R",w) and
Fy,(R" w) in the following way.

DEFINITION 2.2. The (inhomogeneous) Besov space B, ,(R™, w) is de-
fined as the space of all f € .%/(R™) for which

s 1/q
103 ) = (20 2718 1 pqan ) - < 00
n>0

with the usual modifications for ¢ = oo

DEFINITION 2.3. Assume that p < oo. The (inhomogeneous) Triebel-
Lizorkin space Fj (R",w) is defined as the space of all f € #/(R") for

which
HfHF;,q(R",w) = H (Z 2qus|SMf|q) 1/q‘

>0

< 090,
Lr(R™,w)

with the usual modifications for ¢ = oo

REMARK 2.1. (1) It can be proved that these definitions do not depend
on the choice of ¢ in (2.1) (see e.g. [3]).
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(2) The corresponding homogeneous spaces denoted by Bf,’q(R”, w) and
Fs «(R™, w) are defined in a similar way with the sum running over Z with ap-
proprlate modifications of the partition of unity. Observe that || f|| B, (R™w)
= 0 if and only if supp f = {0}, i.e., f is a polynomial. For this reason it is
common practise to consider 1nstead the quotient spaces B;q( ,w)/P and
F;liq (R™,w)/P where P is the space of polynomials.

(3) If w = 1, we write By (R") instead of By  (R",w) and F; (R")
instead of F; (R"™, w).

The orthogonal group O(n) acts on . (R™) by O(n) x Z(R™) 3 (o, ¢) —
op € L(R") with oé(x) := ¢(c~'z). Then for any f,¢ € #(R") and
o € O(n) we have (0.f,¢)r2 = (f,071¢)2. We thus define an action of
O(n) on .(R™) by O(n) x ' (R"™) 3 (o, f) — o.f € ' (R™) with

(2.2) (0.f,0) .= (f,o1¢) for any ¢ € .Z(R").
This motivates our next definition:

DEFINITION 2.4. We say that a tempered distribution f € ./(R") is
radial if o.f = f for any o € O(n) where o.f is defined by ([2.2]).

The Besov and Triebel-Lizorkin spaces of radial distributions will be de-
noted by RB; ,(R",w) and RF; (R",w), respectively. The following embed-
dings between these spaces are elementary and follow from the corresponding
non-radial situation (see [2, Theorem 2.6]).

THEOREM 2.1. Let w € Ay
(1) Forall 1< ¢ < g2 <0 and s € R one has

RB;m(Rn w) < RB;qz(Rn w), pE [1700]5
RFthh(Rn )%Rqug( n’w)v peE [1700]-

(2) For all q1,q2 € [1,00], s € R and € > 0 one has
RBy S (R", w) < RBy ,,(R",w), p € [1,00];

p,q1 P,q2

RFSTE(R",w) < RFS,_ (R™, w), p€[l,00].

p.a1 P2
(3) Forall g€ [1,00], s € R and p € [1,00) one has

RB: —+ RFS (R",w) <> RB

p,min{p,q} (Rn? w) p,max{p,q} (an w)

We now state a weighted version due to [2] of the continuity of the Peetre
maximal function originally defined in [27].
Let a > 0 and {¢,},>0 be a sequence of functions in .#(R™) such that

supp ¢, C {2/7° < €] < 20Fe},
DG, (€)] < Cp27#el forall p >0, a € N, ¢ € R™.
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This holds e.g. if @(5) = $1(2*“§). For a given A\ > 0 the Peetre maximal
functions of f € '(R"™) are

(23) (@) = i) = sup eI =Y)

Bpi = I gz eR™, p>0.
pein (14 20Jy])> =

THEOREM 2.2 (|2 Section 5]). Let ro = inf{r : w € A,}.

(1) If A > max{nro/p,n/q} then

ea) |(Seegs@r) "

n>0

Ly (R™,w)
< Clfllrs @rawy for all f € 7' (R").
(ii) If X > nro/p then

S * 1/q n
(D165 Ny a]?) < CUS g iy Jor all f€.7"(R™).

n>0

3. Construction of radial wavelets for weighted Besov and Trie-
bel-Lizorkin spaces. In this section we develop a suitable wavelet decom-
position adapted to the weighted radial situation. Our starting point is the
construction of radial wavelets of Epperson and Frazier [9].

Let &,¥, p, 1 € #(R™) be radial functions such that
supp @, supp¥ C {[¢] <1}, @], 1Z(&)] = >0 if [¢] < 5/6,
supp 3,9 C {1/4 < [¢| <1}, |8l [¢] = e >0 if 3/10 < [¢] < 5/6,

and

SEOTE)+ Y Gul@)u(€) =1 for & #0.

p>1
where ¢, () = 2" (2 x) and 9, (z) = 2*"(2*x). We then define a family

(Yuk) >0, k>1 of functions by

( 9(u(n—2)+1)
jzrzl,kJ3+1 (jlz,k:)wn—l

1/2
) ou*dog-pj, . for p>1,
Puk =

9 1/2
] j D x dog-u; for =0,
(]ZRJ3+1(]V,k)wn_1> 27 H vk 1

where doy denotes the (unnormalized) surface Lebesgue measure on the
sphere of radius ¢ in R™, w,,_1 the surface of the unit sphere, and

0<j1/,1 <j1/,2<"'
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denote the positive zeros of the Bessel function J, with v = (n — 2)/2.
We define the functions (¢u1),>0,k>1 in a similar way. Then the Epperson—
Frazier wavelet expansion for a radial distribution f € ./(R") is given by

f = Z Z<f’ @u,k>wu,k~

pn20k>1

Epperson and Frazier were able to characterize the membership of f
in (unweighted) Besov or Triebel-Lizorkin spaces in terms of the wavelet
coefficients (f, ¢, k). Our purpose in this section is to show that analogous
results hold for the weighted version of these spaces when the weight belongs
to the Ay class.

We consider the annuli A, , u > 0, k > 1, defined by

Alhk = {CC cR": 2_Mj1/,k—l < |ac] < 2_/{]',/,]{} with ju,O = O,
and denote by x, 1 := |Au7k|_1/2XAu,k its L2-normalized characteristic func-
tion. Given p,q € [1,00], s € R and a weight w € A we let by (w) and
> q(w) be the spaces of sequences A := (A, %),k of complex numbers such

that ,
1/q
Mg = (| 202 kb, ) <00
p>0 k>1 w)
and
i =[S S 0) ], e <
(>0 k>1 w

respectively, with the usual modifications if ¢ = co
Our first result is the following:

THEOREM 3.1. Let p,q € [1,00] and w € A, Then the operators

S RES(R™ w) 3 f = ((f,0uk)uk € fpq(w)
and
T:fy,w) 3 A=) > Ntk € RE; (R™, w)
>0 k>1
are bounded, and the composition T o S is the identity on RFIf,q(]R",w). In
particular, |f]lnrs ) = 1S 5z, -
REMARK 3.1. The same type of result holds for homogeneous spaces

with the usual modification, namely, with sum over u € Z and with & and
¥ suppressed.

Proof of Theorem . The case w = 1 corresponds to [9, Theorems 2.1
and 2.2|. Since the proof in the general case is a modification of those results,
we just sketch it, indicating where changes are needed. These mainly concern



54 P. L. De Napoli et al.

the continuity of the Peetre maximal function and of the Hardy—Littlewood
maximal function for sequences of functions.

Concerning the continuity of S, as in the proof of [9, Theorem 2.1] we
have, for any p > 0 and A > 0,

D @M k) Xk ()T < CA2% ook f ()7 ace.
k>1

where 7, is the Peetre maximal function as defined in (2.3) for A > 0.
According to Theorem [2.2] we obtain, taking )\ large enough,

IS5, < | (2o s @) |

pu=>0

For the continuity of T', fix A € f; ,(w) and let f =3 0> ko1 Apstpk-
Then for any n € (0,1] such that p/n,q/n > 1 we see as in [9] that

£l R () = H(Z<2”S’<P# * f\)q)l/q‘

n>0
<0(S ((Se ) ")
n=0 k>1

where M is the Hardy—Littlewood maximal function. According to [I, The-
orem 3.1] or [I6, Theorem 1], the vector-valued maximal function between
weighted spaces

M La(ﬁ/g,w) > (fH)M — (MfM)M S La(fg,w)
is continuous when the weight w belongs to the A, class with 1 < «, 8 < oc.

Here L*(¢%) denotes the space of sequences of locally integrable functions
(fu)u such that

a/p
1)l Te o) = S (Z ]f“|ﬁ) wdr < oo.
m

Rn

< S .
LR ) Cllfllrrs , (w)

LP(R™,w)

1/n

Le/n(R? w)’

Since w € A,, taking 1 small enough to have p/n > rg :=inf {r : w € A,}
we find that w € A, /,. It follows that M : LP/M(Ly ) w) — Lp/"(ﬁq/n,w) is
continuous. We thus obtain

g o0 < (3 (@ sbns) )|

p>0  k>1

q/n

Since for given y the annuli A, , k > 1, are essentially disjoint, we obtain

e, < O (2 @ b)) | = Ol o o

p>0 k>1

The analogous statement for weighted Besov spaces reads as follows:
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THEOREM 3.2. Let p,q € [1,00] and w € A. Then the operators
S RB;,q(Rnaw) > f = (<f7 (P,u,k>)u,k € b;q(w)

and

T:b5,(w) 3 A0 > Y Ntk € RBS(R™, w)

p>0 k>1

are bounded, and the composition T oS is the identity on RB; ,(R",w). In
particular, ||f”RBS ~ ||S(f )Hbgq(w)- The same result also holds for the
homogeneous verszon of these spaces.

Proof. The unweighted case w = 1 corresponds to [9, Theorems 5.1
and 5.2|.

For the continuity of S, as in the proof of the previous theorem, we obtain

D21 o)) X () < O f(2)] e

k>1

where ¢, is the Peetre maximal function for a given A > 0. Taking A large
enough and using Theorem [2.2] we get

< 1/q
1SWleg s < € (20 Migny) < Ol s

un>0

For the continuity of T, fix A € by ((w) and let f=73" ~> p1 Au k-
Then, arguing much as in the Triebel-Lizorkin case we see that for any p > 0,

et 0 8 [((Zpars)”|
k>1

v LrP(R™,w)
1/n
:Cyg_lH (é‘)\”k‘nx”k)‘m/n R"w)’

Since w € A, setting as before ro := inf{r : w € A,} and taking n small
enough to have ro < p/n we find that w € A,/,, so the maximal operator

M : LP/"(R™, w) — LP/"(R™ w) is continuous. Then

HM(Z‘)\V]C| XVk)‘LP/n B CHZ‘)\V]“‘ ka
= CH Z A ke Xk

k>1

Lp/1(R™ w)

L (R w)

where we have used the fact that for given v, the annuli A, ; are essentially
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disjoint. We deduce that

1 Wy = D 2l P Lo

u=0
pt1 q
<C Qs H A
<C). D || 22 Pk Lr(R" w)
u>0 v=p—1 k>1
q
1sq = b
< CZQ ‘ Z ’/\u,k’XV,k ’LP(R”,w) CHAH ;,q(w)- ™

u>0 E>1

4. Continuous and compact embeddings of weighted radial Besov
spaces. In this section we use Theorem to obtain sufficient conditions
for the continuity and compactness of embeddings of weighted radial Besov
spaces, and apply these results to some relevant examples.

THEOREM 4.1. Let p1,p2,q1,q2 € [1,00] and wi,ws be Ao-weights.
There is a continuous embedding RB;! , (R™,wi) — RB? (R, wg) pro-

vided that o e
(4.1) {2‘/451_52) {wfl"“} } € Ly
Wik ) kel )
where
wie = Xkl er @ wy)s Wk = Xkl 22 (R w0s)
and

1_(1 1) 1'_(1 1)
P o\p2 m/), ¢ \e a/.

The embedding is compact provided that (4.1) holds and moreover

w2,
lim 2+(s2=51) {‘f} =0 if ¢ =0,
proe Wk ) kelle
wl
Jim BE =00 forall uz0if p' = oo
uk

Proof. By Theorem it suffices to study the embedding of the corre-
sponding sequence spaces

bt (wi) — bs o (w2),

that is, using the notation of [19, Section 3],
Can (21, (wr)) = Ly (27724, (w2)).

Notice that the continuity of this embedding is equivalent to the continuity
of the embedding

E‘h (2u(81_82)€p1 (wl/w2)) - EqQ (Epz)'
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Indeed,
||)\||Zq2(2“825p2(w2)) = ||5\Heq2(gp2) Wlth S\#k = )\“kwik2”32.

We can rewrite this embedding using the notation of [19] as

. - Wk
by, (ﬁugm (w)) — L, (Epz) with /Bu SES 52)> w = (wuk),uka Wyk = T}g .
wk
According to [I9] Theorem 3.1], this embedding is continuous if and only if

B MW el ) € gy

which proves that RB;! , (w1) C RB,?  (ws) if (4.1)) holds.

This embedding is compact if moreover
Jim B (w0 el =0 if g" = oo,

|k1|1m wy =00  forall p>0if p* =o00. m
—00

As an application we now consider the case wi(z) = ||, wa(x) = |z|7?
with 1,7 > —n, so that wy,ws are Ax-weights. In order to simplify the
statement of the following examples we introduce

(4.2) §i=s1— 4 — syt L
Y41 P2
EXAMPLE 4.1. Let p1,p2,q1,q2 € [1,00] and v1,72 > —n. There is a

continuous embedding RB,! . (R™, |z|") — RB;? . (R",|x|7?) provided that

9l 8% 1 : _ 1 2 : *
{A_é>m_nu’”J S = {5Zm L i ¢ =oc,

n 2 n §> L -2 4f ¢* < oo,

N >
P1 p2 Zf P <00, p1 p2

where 6 is as in (4.2)). This embedding is compact provided that moreover
1 1
n_2, (”‘U(-) ifp* =00, 0>— n_n if ¢* = oo.
b1 P2 P2 D1 P11 P2
Proof. Since || ~ k27# for x € Ay, we see that for i = 1,2,

Wyt = [0kl 2 ooy ~ [l ™2 (2797 | A7

Moreover |A, ;x| ~ k"~ 127#". Hence
2 n+y
ntv1 n+72 J2 21 1 _ 1
7‘1”? ~ 2“( )kpz +( )(pz 17,

,uk
Then if e.g. p* q* < oo then (4.1) reads

([ *(L_J2
ka P2 DG —5) < oo and 22““1 Gr = ™) < 00,
n
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1 1
(2oL D) (22 )
D2 p1 b2  p1 p1 b2

Recalling the definition of p*, ¢* gives the statement.

i.e.

Concerning compactness, we have

2 *N1/p* 1/p*
2#(8281){2 (“’z;k)p } o 2u<;;—;§—6>{zkp*<£—g+<n—1><,;—;>>} v
w
k

k wk

where the sum on the right hand side is finite. »

REMARK 4.1. (1) It is immediate from the above example that one has
an improvement with respect to the non-radial case [12, Proposition 2.8|.
Indeed, if p* = oo (that is, p1 < p2) we can have 71 /p1 —y2/p2 < 0, in which
case § may be negative as well, while in the non-radial case both values must
be non-negative.

(2) An alternative proof of the continuity part of the above example can
be found in [6, Theorem 12|. For the corresponding non-radial case see [23]
Theorem 1.1].

Our next examples concern weights of purely polynomial growth. Let
|z|* if x| <1 ith a.f >
Wa. g = with a, —n.

P el if o] > 1

EXAMPLE 4.2. Let —00 < 89 < 81 < 00, 0 < p1 <00, 0< pr <00 and

0 < q1,q2 < 0o. Then there is a continuous embedding RBy! . (R™, wa g) —
RB32 . (R™) provided

P2,92
B 1 1 ; _
{plz(n—l)(m—pl) if p*= oo,
B S n T
T if p* < oo,
and one of the following conditions is satisfied:

(5Zmax(p%,(n—1)(1 — L)) if ¢F =00, p* =00,

p2 p1
(5>max(p%,(n—l)(pi2—p%)) if ¢* < oo, p* =00,
§ > max (2, 1) if ¢ =00, p* <oo, & # o,
6> max(p%, 1%) otherwise.

Moreover the embedding RB,! | (R", wq ) — RB2  (R™) is compact pro-
vided that

{pfi><n—1><pg—pi> if = oo,
B
171>

1% if p* < oo,
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and
P2 p1

0> max(p— pﬂ) if p* < oo.

Proof. Consider first the Besov case. We have

w? (n—1)(L—L ) " {k—a/m QHa/PLf | < M
E=B/p1ouB/p1 if k> 2K,

{5 > max(pg, (n—1)(& —2)) if p*=o0,

Then if e.g. p* = 00, ¢* < o0, (4.1)) reads
1

ZQW [(s2—s1)— n(—fa)Jrﬁ](S’up k( )(LfH 7H>q < o0

k<ar
and
%:2%*[(5251) n(h =)+ 2] (:;13 o ><ifﬁ>fﬁ)q* < o0,
which gives the statement. As for compactness, we need
lim £ DGR = 0,

The remaining cases are analogous. m

The generalization to the following two-weighted embeddings is straight-
forward:

EXAMPLE 4.3. Let —00 < 89 < 81 < 00, 0 < p1 <00, 0 < py <00 and
0<q1,q2 <0o. Then there is a continuous embedding RB;! , (R", wq, 5,) —
RB32 . (R™, W, p,) provided

P2,q2
{foi_% >(”_1)(;72—;%) if p* = oo,
T if p7 <00,
and one of the following conditions is satisfied:
b2 max(fh g0 D - )= <o
o> max(p1 — p2 ,(n — 1)(1;—2 — p%))’ if ¢* < 00, p* = o0,
6 2 max(gh — 53, 3%) if q" =00, p" <00, Jr AP =52,
o> max(p1 — %, ]%) otherwise,

where 6 is as in (4.2).

Moreover the embedding RB;! , (R", wq, 5,) = RB2 ) (R, way, 8,), P1, P2

€ (0,00), is compact provided that
{m—@>m—m—w i 9 = oo,

P P2 P2 P1

B B2y m T
P1 p2>P* if p* < oo,
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and one of the following conditions is satisfied:

1 1 : *
6> max(% — 22, (n— 1)(272 - 171)) if p* = o0,
5>max(p—1—% pﬂ) if p* < 0.

5. Continuous and compact embeddings of weighted radial
Triebel-Lizorkin spaces. Our next result concers embeddings for Triebel—
Lizorkin spaces with radial A, weights. We will follow the approach in [24],
which is based on a Gagliardo—Nirenberg type inequality and two lemmas
on products of Muckenhoupt weights that we recall for the reader’s conve-
nience.

ProOPOSITION 5.1 (|23, Proposition 5.1|). Let q,q0,q1 € [1,00] and
0 € (0,1). Let p,po,p1 € (1,00) and —oo < sp < s1 < 00 satisfy
1 1-60 6
= +— and s=(1—10)sy+0s;.
p Po p1

Let further w,wg, wy € Axe be such that w = w(gl_e)p/powfp/pl. Then there
exists a constant C such that for all f € S'(R™) one has

£l , o) <CHfH1 (wo)llfllpl (wi)®

LEMMA 5.1 ([24, Lemma 3.1]). Let 1 <p<ooand wl,wg € Ay. Then
there is g > 0 such that for all €,6 € [0,19) one has wy “w 1+5 €A,

LEMMA 5.2 ([24, Lemma 3.2|). Let wi,ws € As. Then there are ng > 0
and a constant C > 0 such that for all €,6 € (0,m9) and all cubes Q@ C R™
we have

S wiFwit0 de < C|QIF~ 5(8 w dx>_6(s wa dx>1+5.
Q Q Q

Since our functions are supported on annuli instead of cubes, we will
need another auxiliary lemma on the behavior of products of radial Muck-
enhoupt weights over these sets. To this end, we first recall the following
characterization of radial A, weights given by Duoandikoetxea et al. [§]:

LEMMA 5.3 (|8, Theorem 3.2|). Let wq : (0,00) — [0,00]| and wy,(x) =
wo(|z|) for x € R™. Then wy, is in A,(R™) if and only if dpwy is in A,(0, 00),
where Spwo(t) = wo(t/™).

LEMMA 5.4. Let wi,wy € Ax, wi(z) = w1(|z|), we(x) = wa(|z]) for
all x € R™. Then there exists ng > 0 such that for all ¢ € (0,m0) and any
annulus Doy = {z € R" : a < |z| < b} with a,b € Ry,

S wy w%"“gdeC(S wldx>_8<s dex)

Dgy ab ab

1+e
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Proof. Fix p > 1 such that wi,ws € Ay, let 1o be as in Lemma [5.2) and
e € (0,1m9). Taking polar coordinates we obtain

b

—e  1+e€ _ ~—e ~14+e n—1
S wy W, d$—wn—1§w1 Wy T dr

Dab a
bn

dr

~ \—€ ~ \14¢

= Wnp—1 S((Snwl) (5nw2) + Z

a”’L

b b
€ 1+e
S C’wn_l (S (5n'll~J1 d7’> (S (57171)2 d?“) s
where the last bound follows from Lemma and we have used the fact
that 6,71, d,W2 € Ap(0,00) by Lemma Changing variables again, we
obtain the desired bound. =

Now we are ready to prove our result for Triebel-Lizorkin spaces:

THEOREM 5.1. Let 1 < p; < py < 00, $1 > S2, q1,q2 € [1,00] and let
wi,we be radially symmetric Aso-weights. There is a continuous embedding
RF? (R" wy) — RF32  (R™ wsy) provided that

P1,q91 p2,q2
2
(5.1) sup{2“(5182)w’fk} < 00
.ka w[,&k‘
where

1 2
W = Xkl ooy R )y Wor = [Xukll 2oz &5 05) -
The embedding is compact provided that

. w,uk
lim —5= =00  forallp>0,
|k|—o0 w#k
2
w
lim 27 #(1752) gup —’fk =0.
p—r00 koW

Proof. The proof is in two steps: proving the continuity of the embedding
and then the compactness.

For the first part, we follow closely the approach in [24], which we outline
for the reader’s convenience. Note that it suffices to prove the continuity of
the embedding RFJ!  (R",w1) — RF;2  (R" wy) with g2 < min{p1, p2},
since then the general case follows by using Theorem [2.1(1).

Since p; < p2 < oo, there exists 0y € [0,1) such that 1/ps — (1 — 6y/p1)
=0 (in fact, g = 1 — p1/p2). For 6 € (6p, 1), let

1-6
p1
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which clearly tends to zero as § — 1, and let v, ,  be defined by the identities
1 1—-6 0
v = w;y “wy e, — = + -, s2=(1—0)s; + 0t.
P2 p1 r

Then one can check that wy = wgl_e)pz/plvme/r, r € [p2,00) and t < s9 < s7.

Hence, by Proposition

0
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Now, since RB,, , = RF;, and r > pa, by Theorem the embedding
(5.3) 1 lres, ®r0) < ClFllRES2,, 87 w0)
holds provided that
1/r —1/p
(5.4) sup2_“(52_t)( S U) ( S w2> * < .
k,u Auk Auk

But, by Lemma
14+e

ose( o) (1)
uk uk uk
whence, by inserting this bound into and noting that so —t = (s1 —
82)199, & = p%%, and % = %, the desired embedding finally
follows from condition .
Inserting into ([5.2) gives

||f||RF;227q2(]R",w2 C’||f‘| RFsl (Rn w1)||f||RF;2p2(Rn w2)

Since g2 < p9 by the above assumption, we may replace RES2__ on the right

p2.p2
hand side by RF};? ., and divide by || Jc\|(;w_<,2 (R u) to obtain

HfHRF;QQ @ (R w2) = CHfHRF;ll a (R™,w1)°

Notice that, in principle, thisbound holdsin RF;! . (R™, w1)NRF;2 . (R™, wa),
but it can be extended by density to RF,;!  (R™,w1) (see [24, proof of The-
orem 1.2]).

It remains to prove that the embedding is compact. To this end, let

(fx)ken be such that ||kaRF;11 (1) S C'. Then, by the embedding we have

already proved, (fx)ren is also bounded in RE2  (w2) = RB? . (w2) with
g2 < min{py,pa}, and by Theorem 2.1} in RB;2 , (w2). Since, under our
hypotheses, the embedding RB,? , (w2) — RBﬂ (v) is compact by Theo-

rem we infer that fi — f in Bt = Ftﬁr. Then, in view of (5.2]),
1 = Fllrrgg oy wn) < 1 = Fliger oy 1 = Flee, ) = O

which proves our statement. m
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Examples for the same weights considered in the Besov case can be ob-
tained in an analogous manner. We leave the proofs to the reader.

An interesting special case of the inhomogeneous Triebel-Lizorkin spaces
is given by the Bessel potential spaces. In [5] the first two authors proved
the following result (with a more elementary argument).

EXAMPLE 5.1 (|5, Theorems 6.4 and 7.2]). Let 1 < p < 0o, 0 < s <n/p,
p < q < oo and denote
«._bn+c)
T n—sp

Then we have a continuous embedding

H®P(R™) ¢ LY(R™, |z|°dx)

rad

provided that

—8p§c§(n1;(qp) and p<q<p; if sp<n,
_n<c§(n—1);q—p) and p<g<oo if sp=n.
Morevover, the embedding is compact provided that
—sp<c<(n_13;q_p) and p<q<p. if sp<n,
_n<c<(n—1§q—p) and p<g<oo if sp=n.

Proof. To see this result as a special case of the embeddings in Theo-
rem notice that H = RFS, and LY (|z]°) = RE),(|z|°) provided
|z|© € Aq (that is, —n < ¢ < n(g — 1)). Hence, this case corresponds to
wy =1, we = |z|% p1 =p, 1 =2, p2 = ¢, and g2 = 2. Using the computa-
tions in Example we then have

2
Yk _ =101 /a=1/p)+e/ag-nln(1/a=1/p)+e/a).
[

The result follows from this expression and the fact that p} > piffc > —sp. =

A different proof of the previous example for p = 2 was also given in [7]
by the first two authors jointly with R. Durén, where that result was used
to analyze the existence of radial solutions of a weighted elliptic system with
hamiltonian structure in R™.
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