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On the Bishop—Phelps—Bollobas theorem for operators and
numerical radius

by

SuN KwaNG KiM (Suwon), HAN Ju LEE (Seoul) and
MIGUEL MARTIN (Granada)

Abstract. We study the Bishop—Phelps—Bollobds property for numerical radius (for
short, BPBp-nu) of operators on ¢1-sums and £s-sums of Banach spaces. More precisely,
we introduce a property of Banach spaces, which we call strongly lush. We find that if X
is strongly lush and X @1 Y has the weak BPBp-nu, then (X,Y’) has the Bishop—Phelps—
Bollobés property (BPBp). On the other hand, if Y is strongly lush and X @ Y has the
weak BPBp-nu, then (X,Y’) has the BPBp. Examples of strongly lush spaces are C'(K)
spaces, L1(u) spaces, and finite-codimensional subspaces of C|0, 1].

1. Introduction. Let X be a (real or complex) Banach space and X*
be its dual space. The unit sphere of X will be denoted by Sx and the
closed unit ball by Bx. We write £(X) for the space of all bounded linear
operators on X. The numerical radius of T € L(X) is defined by

o(T) = sup{le”(Tx)] : (z,27) € II(X)},

where II(X) := {(z,2*) € Sx x Sx+ : a*(xz) = 1}. It is clear that v is
a seminorm on L£(X) with v(T) < ||T|| for every T € L(X). We refer the
reader to the classical monographs [10, [11] for background. An operator
T € L(X) attains its numerical radius if there exists (xo, z() € I (X) such
that v(T') = |z§(T'zo)|. A lot of attention has been paid to the study of the
denseness of numerical radius attaining operators [II, 3|, 6], 8, 14} 15 16, 27].

Motivated by the work [4] of M. Acosta, R. Aron, D. Garcia and
M. Maestre on the Bishop—Phelps—Bollobés property for operators, A. Guirao
and O. Kozhushkina [19] introduced the notion of Bishop—Phelps—Bollobés
property for numerical radius, which is a quantitative way to study the
denseness of numerical radius attaining operators.
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DeFINITION 1.1 ([22]). A Banach space X is said to have the weak
Bishop—Phelps—Bollobds property for numerical radius (for short, weak
BPBp-nu) if for every 0 < € < 1, there exists n(e) > 0 such that whenever
T € L(X) and (x,z*) € II(X) satisfy v(T) = 1 and |z*(Tz)| > 1 — n(e),
there exist S € £(X) and (y,y*) € II(X) such that

v(9) =y (Sy)l, IT=SlI<e  lz—yll<e "=y <e.

A pair (X,Y) of Banach spaces is said to have the Bishop—Phelps—
Bollobas property for numerical radius (for short, BPBP-nu) if together with
all requirements of Definition also v(S) = |y*(Sy)| = 1. From the def-
initions, it is clear that the BPBp-nu implies the weak BPBp-nu, while in
[22] some conditions are given ensuring that the converse also holds.

Let X, Y be Banach spaces and denote by £(X,Y’) the Banach space of
all bounded linear operators from X to Y. We recall that T € £(X,Y) is
said to be norm attaining if there is x € Bx such that ||T'|| = ||Tz||. A pair
(X,Y) is said to have the Bishop—Phelps—Bollobds property for operators (for
short, BPBp) [4] if, given € > 0, there exists n(e) > 0 such that whenever
T e L£(X,Y) with ||T']| =1 and = € Sx satisfy | Tz| > 1 — n(e), there exist
S e L(X,Y) with ||S|| =1 and y € Sx such that

ISyll=1, IT-Sl<e fz-yll<e

It is shown in [I9] that the real or complex spaces ¢y and ¢; have the
BPBp-nu. The result on ¢; has been extended to the real space L;i(R) by
J. Falcé [18]. For the result on ¢y, A. Avilés, A. J. Guirao and J. Rodriguez
[7] gave sufficient conditions on a compact space K for the real space C(K)
to have the BPBp-nu, which, in particular, include all metrizable compact
spaces. In [22] the BPBp-nu is studied for more general spaces. For instance,
it is shown that finite-dimensional spaces and general L;(u) spaces have the
BPBp-nu. It is also shown that L,(x) has the BPBp-nu for every measure p
when 1 < p < 00, p # 2. It has been shown very recently [23] that every real
Hilbert space has the BPBp-nu. As for negative results, it is shown in [22]
that every separable infinite-dimensional Banach space can be equivalently
renormed to fail the BPBp-nu, even though for reflexive spaces (actually for
spaces with the Radon—-Nikodym property [6]) the set of numerical radius
attaining operators is always dense. To get this result, it is shown in [22] that
there is a relation between the BPBp-nu and the Bishop—Phelps—Bollobas
property for operators. More precisely, if L1 (u) @1 Y has the BPBp-nu, then
(L1(p),Y) has the BPBp [22 Theorem 15].

In this paper, we generalize this fact as follows. Let X,Y be Banach
spaces. If X is strongly lush (see the definition below) and X @; Y has
the weak BPBp-nu, then (X,Y’) has the BPBp. On the other hand, if Y
is strongly lush and X @, Y has the weak BPBp-nu, then (X,Y) has
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the BPBp. It is also shown that none of the converses of these results holds.
More precisely, there exist strongly lush spaces X and Y such that (X,Y)
has the BPBp, but the set of numerical radius attaining operators is dense
in neither £(X &1 Y) nor L(X & Y).

We need some notation. Given a subset F' of a Banach space X, we
denote the absolutely closed convex hull of F' by aconv(F'). For C C X*,
aconv” (C) denotes the absolutely weak-* closed convex hull of C. We write
NA(X) to denote the subset of those elements in X* which attain their norm.
Note that this set is dense by the classical Bishop—Phelps theorem [9]. Given
x* € NA(X)NSx+, we write F'(z*) to denote the (non-empty) face generated
by x*, i.e. F(z*) = {x € Bx : 2*(x) = 1}.

DEFINITION 1.2. We say that a Banach space X is strongly lush if there
is a subset C of Sx+ such that By~ = aconv® (C) and By = aconv(F(x*))
for every z* € C.

This definition appeared, without name, in some papers, including [21],
Corollary 4.5] or |24, Proposition 2.1]. There are many examples of spaces
with this property, the easiest ones being the almost-CL-spaces [20, §2].
We recall that a Banach space is an almost-CL-space if its unit ball is the
absolutely closed convex hull of every maximal face. Li(u) spaces and their
isometric preduals (in particular, C'(K) spaces), the disk algebra etc. are
examples of almost-CL-spaces (see [17, 211, 26] and references therein for
background).

Moreover, separable lush spaces are strongly lush. We recall that a Ba-
nach space X is lush [13] if given x,y € Sx and € > 0, there is y* € Sx~
such that Rey*(y) > 1 — ¢ and the distance from z to

aconv({z € Bx : Rey*(z) > 1 —¢})

is less than . We refer to [12], 13} 21], 24] and references therein for back-
ground. Almost-CL-spaces are lush, but the converse is not true [I3]. As com-
mented before, separable lush spaces are strongly lush ([21, Corollary 4.5]
for the real case, [24, Proposition 2.1] for the complex case). This implies, in
particular, that finite-codimensional subspaces of C10, 1] are strongly lush.

Let us also mention that there is a reformulation of strong lushness in
terms of extreme points of the bidual ball: A Banach space X is strongly lush
if and only if there exists a subset C' C Sx+ with By: = aconv® (C) such
that |z**(2*)| = 1 for every z* € C and every extreme point z** of Bx««.
Indeed, Milman’s theorem shows that the necessity holds. The converse is
shown by [5, Corollary 3.5].

2. The results. Let us present first the result for ¢;-sums, which gen-
eralizes [22, Theorem 15].



144 S. K. Kim et al.

THEOREM 2.1. Let X and Y be Banach spaces and suppose that X is
strongly lush. If X ©1Y has the weak BPBp-nu, then (X,Y) has the BPBp.

Proof. Suppose that X &1 Y has the weak BPBp-nu with a function n;
we will show that (X,Y’) has the BPBp with the function € 77( -). Fix
O<e<landleté=c¢/(e+2).Let T € L(X,Y) with ||T] = 1anda;0 € Sx
satisfying ||Txo|| > 1 — n(€). We pick y§ € Sy~ such that

yo(Two)| = [ Txoll > 1 —n(é).
We consider the extension T of T from X @Y to X &1 Y given by
T(z,y)=(0,Tz) ((z,y) € X Y).
We claim that o(T) = ||T|| = 1. Indeed, v(T) < ||T|| = |T|| = 1. On the
other hand,
o(T) = sup{|(«*,y") T (2, y)| - max{||z*[|, ly*[} = 1, ]| + |yl = 1,
o*(z) +y"(y) = 1}
= sup{|(z",y")T(2,y)| : (z",y") € Bx+ x By, |lz| + HyH =1,
o*(z) = llzll, y* () = Iyl }
> sup{|(z*,y*)T(z,0)| : z € Sx, z* € Sx=, 2*(z) =1, y* € Sy*}
= sup{|y*(Tz)| : y* € Sy, v € Sx} = ||T].
Now, pick any z§ € Sx+ with z§(x¢) = 1 and observe that
((z0,0), (zg,9p)) € I(X &1Y)
and .
(0, 40)T (0, 0)| = lyo(T'xo)| = [[Tzo > 1 —n(é).
Since X @1 Y has the weak BPBp-nu with the function 7, there exist
(.1‘1,:1/1) S SX691Y7 (x’{,yf) € Sx*@ooy* and S’ € ﬁ(X D1 Y) satisfying
ai(z) +yi(y) =1, o(S) = (21, 91)S" (21,51
and
18" =Tl <& o —woll + llnall <&,  max{|la] — 5|, lly7 — v} <e
So |v(S") — 1] < & and |||8’|| — 1| < & Hence

1| < |55 -5 +1s -7
||S’|| |v S -1  _ _ (1+8&¢ .
< -
w(S") +e< 11—z +ée=¢
Write S = S’ /v(S") and observe that
v(S) =1=|(a},y)S(x1, )], [S-T| <e.

It follows that z7(x1) = ||z1] and v (y1) = ||y1]|-
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We claim that y; = 0. Otherwise,
o) - Cmnl - foComan)] <=
[yl [yl [yl
If 1 # 0, then
1= [(2,91)S (@1, 1))

~( x1 & 1
S 95*7?/* S<7 0) x*vy* S<07 ) ’ Y1
( 1 1) Hxln ( 1 1) ||y1” || ”

< lzall +ellyall < llzall + [lyall = 1,

[l ]] +

a contradiction. The case x1 = 0 is even easier. .
_ By the claim, we have zi(x1) = [[z1]] = 1. Next, write S(z,y) =
(S1(z,y), S2(x,y)) and define S; € L(X, X) and S € L(X,Y) by
Siz = S51(x,0), Sox=Sy(z,0) (zeX).
Observe that

1= v(8) = (2}, 481, 0)] = 27 (S121) + ¥] (So)|
< ISvztll + 1821 ]| < sup{lSiz] + S22 : = € By}
= sup{|z*(S12)| + |y*(Sex)| : ® € Bx, 2" € C, y* € Sy}
= sup{|z*(S1z) + y*(S2z)| : © € Bx, z* € C, y* € Sy+}

A

where we have used the fact that aconv” (C) = Bx+. For z* € C, we have
Bx = aconv(F(x*)) and the function x — |z*(S1x) + y*(Sex)| is convex, so
we may continue the previous chain of inequalities as follows:
= sup{|z*(S1z) + y*(Sa2z)| : " € C, x € F(z"), y* € Sy~}
= sup{|(z*,y*)S(z,0)| : 2* € C, z € F(z*), y* € Sy=}
< sup{|(«*,y*)S(2,y)| : ((z,9), (¢*,y")) € H(X ®1Y)} = v(5) = 1.
We conclude that
sup{[|S1z|| + [|S2z]| : z € Bx} = [|S1z1]| + || S21 ]
= |21(S171) + 97 (S231)| = 1,
and it follows in particular that there exists w € Sk such that
[S121]| = weT(S121) and  [[Sea1 | = wyi(S2x1).
We now claim that Saz1 # 0. Indeed, for all z € Sk,
e> || =T > |Suz + [|S2x — T
So ||S1]] € e and ||So — T|| < e. If Sex; = 0, then
L= |IS1z1]| + [[S221]] = [[S1za ] < (51 <&,

a contradiction.
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Finally, define R € £(X,Y) by

S .
Rx = Sox + wﬁxl(&m) (z € X).
Observe that
* * 1 (S *
i (Ran)| = [y (San) + w0 A2 5,0
(| Saz1 |

=[] (S1z1) + 37 (S2z1)| =1
and ||Rx| < ||Saz|| + ||Siz|| < 1. Therefore, ||R|| = 1 = ||Rz1|| and
[R=T| <|[[Se=T[ + S| <[[S-T| <e.
Notice also that ||z1 — x¢|| < e. This completes the proof. =

As mentioned in the introduction, almost-CL-spaces and separable lush
spaces are strongly lush. Therefore, we have the following corollary.

COROLLARY 2.2. Let X be an almost-CL-space or a separable lush space
and let'Y be a Banach space. If X ®1Y has the weak BPBp-nu, then (X,Y)
has the BPBp.

Concerning f~.-sums, we have the following result in which a condition
has to be imposed on the range space instead of on the domain space.

THEOREM 2.3. Let X and Y be Banach spaces and suppose that Y is
strongly lush. If X @Y has the weak BPBp-nu, then (X,Y") has the BPBp.

Proof. Suppose that X @ Y has the BPBp-nu with a function n; we
will show that (X,Y) has the BPBp with the function & — 7(5%). Fix
0 <e<1landleté =c¢e/(4d4¢). Let T € L(X,Y) with ||T|| = 1 and
xo € Sx satisfying ||T'zg|| > 1 —n(€). Then, by the Bishop—Phelps theorem,
there exists y; € Sy» N NA(Y') such that

lyo(Txo)| = | Tzoll > 1 —n(E).

We pick yo € Sy such that yg(yo) = 1. Now, we consider the extension
T of T from X @o Y to X @ Y defined by T'(z,y) = (0,Tz) for every
(z,y) € X @ Y. Clearly, v(T) < ||T|| = ||T|| = 1 and, on the other hand,

o(T) = sup{|(z*,y")T (x,y)| : (x,y) € Sx x Sy, [l2*[| + [[y*] = 1,
o (z) = |||, y*(v) = lly*|}
>sup{|y*(Tx)|: y* € Sy- "NA(Y), z € Sx} = ||T|| = 1.
So o(T) = [T = 1. As |(0, 48T (0, 30)] = 4§ (Tz0)| > 1—1(E) and X oo Y
has the weak BPBp-nu with the function 7, there exist S’ € L(X G Y),
(x1,9y1) € Sxe.v and (z7,y) € Sx+e,y+ such that
ai(z) +yiy) =1, v(S) = [(=1,91)S" (1, 1)
and
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IT=5"l <& max{|ler—zol, lyo—wull} <e/2,  llzill+lys—vill <e/2.
So [v(S') — 1] < € and |||9'|| — 1| < &. Hence

v(i") ! ' N vag//) 5| s gy < 151 -1!)1();%’)—1! Le
< (1+5~)5+é:€/2

Now, for S = S /v(S") we have
v(8) =1= (1, 91)S (@, m)l, IS -T| <e/2.
Observe that
wi(en) = =il wily) = llyill, Nzl + [yl = 1.
We claim that ] = 0. Otherwise,

H(u I > ”“’yl’ H(H =k ) (@1,91) = <|| in ) (x1,91)

<|IS-T| <e.
Hence, if y] # 0, then
L= |(z1,91)S (w1, 91))

<|(550)8ton )|l + | (0,14 ) St

<ellzill +llvrll < [l1ll + [lyill =1,
a contradiction. The case yj = 0 is similar.
By the claim, we get y7(y1) = |ly1|| = 1. Write T(z,y) = (0,Ta(x,y))
and S(x,y) = (S1(z,y), S2(x,y)) for every (z,y) € X B Y.
We claim that ||Sa| =1 = ||Sa(z1, 41)]|. Indeed,

1=0(8) = [(0,57)S (1, 51)| = |yi (Sa(x1,91))] < [1S2(x1, 1)
< sup{||Sa(x,y)|| : € Bx, y € By}

= sup{|y*(S2(z,y))| : * € Bx, y € By, y* € C}

ly1ll

where we have used the fact that acomv? (C) = Bx-. For y* € C, the
function y — |y*(S2(x,y))| is convex and By = aconv(F(y*)), so we may
continue the previous chain of inequalities as follows:

= sup{|y*(S2(z,y))| : @ € Bx, y* € C, y € F(y*)}
=sup{|(0,y")S(x,y)| :w € Bx,y" € C,y € F(y")}
< v(g) =1,

which proves the claim.
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As ||lzo|| =1 and ||zo — z1]| < /2, it follows that ||z1]| > 1 —¢/2 (so, in
particular, z1 # 0), and Z; = x1/||z1]| satisfies

H.i’l - x0|| < E.
Next, we claim that ||Sy(Z1,41)|| = 1. Otherwise,
192 (a1, yn)ll < llaall [1S2(@ 1, y)ll + (1 — [lz1]])12(0, ya)|
<l + (1 = flzall) = 1,

a contradiction.
Finally, choose 3 € Sx« with 3(Z;) = 1 and define R € £(X,Y) by

Rz = Sy(z,z3(x)y)  (z € X).
We clearly have ||R|| < ||Sa|| < 1 and
IRz || = [[S2(z1,91)l| = 1.

So it is enough to show that |R—T|| < e. Note that for x € Bx and y € By,

1S2(2, y) = Tx|| = |[Sa(@,y) = To(a,y)|| < 152 = Tl < |IS =T < e/2.
In particular, for all x € By,

|Rx — Tx| = ||Sa(z, za(x)1n) — Tx|| < /2.

This completes the proof. m

As for the ¢1-sum, we obtain the following consequence.

COROLLARY 2.4. LetY be an almost-CL-space or a separable lush space
and let X be a Banach space. If X oo Y has the weak BPBp-nu, then (X,Y)
has the BPBp.

The proofs of Theorems [2.1] and 2.3] can be easily adapted to get analo-
gous results for norm and numerical radius attaining operators:

REMARK 2.5. Let X and Y be Banach spaces.

(a) Suppose that X is strongly lush and the set of numerical radius at-
taining operators is dense in L(X @1Y). Then the set of norm at-
taining operators is dense in L(X,Y).

(b) Suppose that 'Y is strongly lush and that the set of numerical radius
attaining operators is dense in L(X @ Y). Then the set of norm
attaining operators is dense in L(X,Y).

R. Paya [27] showed that there exists a strictly convex space X isomor-
phic to ¢y such that the set of numerical radius attaining operators is not
dense in L(X @ cg). Remark allows us to give a similar example, with
an easy proof.

EXAMPLE 2.6. Let Y be any strictly convex space containing a copy
of ¢g. Then the set of numerical radius attaining operators is not dense
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in L(co ®1Y). Indeed, otherwise Remark implies that the set of norm
attaining operators is dense in L(cp,Y) (since ¢y is an almost-CL-space).
However, this is not the case, as was shown by J. Lindenstrauss [25, Proposi-
tion 4].

As a final remark, we show that none of the converses to Theorem [2.1

and Theorem (or even Corollaries and holds.

REMARK 2.7. There exist almost-CL-spaces X and Y such that (X,Y)
has the BPBp, but the set of numerical radius attaining operators is dense
in neither L(X 1Y) nor L(X ©x Y).

Indeed, J. Johnson and J. Wolfe [20] proved in 1982 that there is a
compact metric space S such that the set of norm attaining operators is
not dense in £(L1[0,1],C(S)). The proof was given for real spaces, but it is
not difficult to check that it is also valid in the complex case. Now, let X
and Y be the complex spaces C(S) and L1]0, 1], respectively. Then X and
Y are almost-CL-spaces, and M. Acosta has recently shown [2] that (X,Y)
has the BPBp. However, the set of numerical radius attaining operators
is dense in neither £(X @®1Y) nor £(X @ Y). Otherwise, Remark
would imply that the set of norm attaining operators is dense in L(Y, X),
which is not the case due to the above mentioned result of J. Johnson and
J. Wolfe.
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