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Commutators with fractional integral operators
by

IrRINA HOLMES (Atlanta, GA),
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Abstract. We investigate weighted norm inequalities for the commutator of a frac-
tional integral operator and multiplication by a function. In particular, we show that, for
A € Apqand a/n+1/q = 1/p, the norm ||[b, I] : LP(uP) — LI(A?)]| is equivalent to the
norm of b in the weighted BMO space BMO(v), where v = uA™". This work extends some
of the results on this topic existing in the literature, and continues a line of investigation
which was initiated by Bloom in 1985 and was recently developed further by the first
author, Lacey, and Wick.

1. Introduction and statement of main results. Recall the classical
fractional integral operator, or Riesz potential, on R™: let 0 < o < n be
fixed and, for a Schwartz function f define the fractional integral operator
(or Riesz potential) I, by

f()

SENCAC 2SN/
jz — yra Y

Inf(x) =

R

These operators have been studied since 1949, when they were introduced by
Marcel Riesz, and have since found many applications in analysis—such as
Sobolev embedding theorems and PDEs. Also recall the Calderén—Zygmund
operators:

Tf):= | K(x,9)f(y)dy, = ¢suppf,
i
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where the kernel satisfies the standard size and smoothness estimates:
C
K(x < —
| ( ’y)|_|w—y|”’
|h|°

for all |x —y| > 2|h| > 0 and a fixed ¢ € (0, 1].

To contrast the two, note for example that fractional integral operators
are positive, which in many cases makes them easier to work with (as one
example of this, it is almost trivial to dominate the fractional integral oper-
ators by sparse operators, though this is not important to us in the present
setting). On the other hand, the fractional integral operators do not com-
mute with dilations and therefore can never boundedly map LP(dz) to itself.
Additionally, the kernel of the fractional integral operator does not satisfy
the standard estimates above. Therefore, the theory of fractional integral op-
erators is not just a subset of the theory of Calderén—Zygmund operators.
Because of this, results which are known for Calderén—Zygmund operators
also need to be proved for the fractional integral operators.

In this paper we will characterize the triples (b, u, A), where b is a func-
tion and p and A are Ap, weights (to be defined shortly), such that the
commutator [b, I,] is bounded from LP(u?) to L9(A?). Commutators with
Riesz potentials were first studied in |[Chanl|.

Our characterization will be in terms of the norm of b in a certain
weighted BMO space, built from the weights p and A. This is an adap-
tation to the fractional integral setting of a viewpoint introduced by Bloom
[B] in 1985, and recently investigated by the first author, Lacey and Wick
[HLW1, HLW?2]. Specifically, Bloom characterized ||[b, H] : LP () — LP(MN)]|,
where H is the Hilbert transform and p, A are A, weights, in terms of
[blleMO(v), where BMO(v) is the weighted BMO space associated with
the weight v := p'/PA~1/P. Recall that the Hilbert transform is the one-
dimensional prototype for Calderén—Zygmund operators, a role played by
the Riesz transforms in R".

A modern dyadic proof of Bloom’s result was recently given in [HLW1],
and the techniques developed were then used to extend the result to all
Calderén—Zygmund operators in [HLW2]. In particular, it was proved that
(1.1) I[b, T : LP(n) = LP(N)[| < c[[bllpmo )
for all A, weights p1, A, and all Calderén-Zygmund operators 1" on R", for
some constant ¢ depending on n, T, u, A and p. Specializing to the Riesz
transforms, a lower bound was also proved. The center of the proof of
was the Hytonen Representation Theorem, which allows one to recover T'
from averaging over some dyadic operators, called dyadic shifts. Then the
upper bound reduced to these dyadic operators.



Commutators with fractional integral operators 281

We take a similar approach in this paper, where the role of the dyadic
shifts will be played by the dyadic version of the fractional integral operator
1, given by

(1.2) I2f:=>"1Q1"(f)qle.

QeD

Our main result is:

THEOREM 1.1. Suppose that a/n + 1/q = 1/p and p, A\ € Apq. Let
v:=pu\"t. Then

11b; L] = LP(p?) = LAAY) || = [[bllBmow)-

It is important to observe that we require that each weight belong to
a certain A, class and this will imply that guA™! is an Ay weight and,
in particular, an A, weight. Standard properties of these weight classes
will be used throughout the paper, without tracking dependencies on the
particular weight characteristics. The liberal use of these properties indicates
the subtleties involved in the general two-weight setting. For an excellent
account of this and other topics related to fractional integral operators,
see [Cx].

The paper is organized as follows. In Section 2, we will give the requi-
site background material and definitions. Note, however, that most of the
material not relating strictly to fractional integral operators (such as the
Haar system, A, weights, and weighted BMO) is standard and was also
needed in [HLW2|] where it is discussed in more detail. In Section 3 we will
briefly discuss how the fractional integral operator can be recovered as an
average of dyadic operators. In Section 4 we will prove ||[b, I,] : LP(pP) —
LI\ < [|bllemo(y)> and in Section 5 we will prove the reverse inequality:
IBllssoe S b Ta : L7(u?) — LI

2. Background and notation

2.1. The Haar system. Let D be a dyadic grid on R™ and let @) € D.
For every € € {0,1}", let h¢ be the usual Haar function defined on Q. For

convenience, we write e = 1if e = (1,...,1). Note that, in this case, Shég =1.
Otherwise, if € # 1, then Shzz = 0. Moreover, recall that {ha}er, 1 forms

an orthonormal basis for L?(R"). For a function f, a cube Q € D and € # 1,
we denote

~

F(Q €)= (f,hg),

where (-, -) is the usual inner product in L?(R").

2.2. A, classes and weighted BMO. Let w be a weight on R", that
is, a locally integrable, almost everywhere positive function. For a subset
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@ C R™ we denote

w(Q) = Swd:p and (w)g = M
Given 1 < p < 00, a weight w is said to belong to the Muckenhoupt A, class
provided that
1—p’

[w] 4, = sup (w)g(w )g_l < 00,

Q

where p’ denotes the Holder conjugate of p, and the supremum is over all
cubes @@ C R™. Moreover, w € A, if and only if wl? e A, and, in this

case, [wl_p']Ap, = [w]’jp_l. Furthermore, if 1 < p < ¢ < oo, then A, C A,
with [w]a, < [w]a, for all w € Ap.
For a dyadic lattice D, recall the dyadic square function:

Soff= 3 QoS
PED,e#1

Another property of A, weights which will be useful for us is the following
well-known weighted Littlewood—Paley Theorem:
THEOREM 2.1. Let w € Ay. Then
15D : LP(w) — LP(w)|| ~ c(n, p, [w]a,)-

For a weight w on R", the weighted BMO space BMO(w) is defined to
be the space of all locally integrable functions b that satisfy

1
(2.1) 1bllBMO(w) = sup ——=¢ | [b — (b)q| dz < o,
(w) 0 w(Q)ég Q
where the supremum is over all cubes @ in R”. For a general weight, the
definition of the BMO norm is highly dependent on its L' average. But,
if the weight is A, one is free to replace the L'-norm by larger averages.
Namely, for w € A, define

1 AN
2.2 b / = ———\ b= (b)olP du’
22 bl sgp<w(@§2| (ot du')

where w’ denotes the conjugate weight w!™?". Then
(2.3) IbllBMo(w) < Ibllgnor () < C (s P, [w]a) 1Bl BMO(w) -

The proof is similar to the proof in the unweighted case. In particular,
the first inequality is a straightforward application of Holder’s inequality,
and the second inequality follows from a suitable John—Nirenberg property
(which requires a suitable Calderén—Zygmund decomposition). The details
are in [MW2].
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For a dyadic grid D on R", we define the dyadic versions of the norms
above by taking supremum over Q € D instead of over all cubes Q) in R",
and denote these spaces by BMOp(w) and BMO%/(w). Clearly BMO(w) C
BMOp(w) for any choice of D, and the equivalence in also holds for
the dyadic versions of these spaces.

A fact which will be crucial to our proof is the following:

LEMMA 2.2. Ifw € Ag, then

(2.4) (0, )| S (16l Brv02 () 1SDP L1 (1)

This comes from a duality relationship between dyadic weighted BMO
spaces and dyadic weighted Hardy spaces. For a more detailed discussion
and a proof of this fact, see [HLW2, Section 2.6]. We remark here that
Lemma was also fundamental for the proof of the upper bound
in [HLCW?2], essentially for the following reason: if y, A are A, weights, then
v = p'/PA=1/P is an Ay weight. Thus the duality statement above applied
to v eventually yields, through Hoélder’s inequality, some bounds in terms
of LP(1) and LP (X\) norms. This is also the strategy we will adapt to the
fractional integral case, which makes use of A, , classes instead. We discuss
these next.

2.3. A, , classes. Throughout this section, «, n, p, ¢ are fixed and
satisfy 1/p — 1/q = a/n. We recall first the fractional maximal operator,

M,f = SgP|Q|a/n<|f|>QﬂQ’

with the supremum being over all cubes (). This was first introduced in
[MWT], where it was used to prove weighted inequalities for I, a result
analogous to the classical result [CF] of Coifman and Fefferman, relating
the Hardy-Littlewood maximal operator and singular integrals. We will be
working with the dyadic version of this operator, M, defined for a dyadic
grid D just as above, but only taking supremum over @) € D.

Also in [MWI] was introduced a generalization of A, classes for the
fractional integral setting: we say that a weight w belongs to the A, , class
provided that .
[w]a,, = Sup (who{w™)g" < oo.

See [Rl RS, [CM2| [CM1], [Cr| for other generalizations.
We will use the following important result concerning A, , weights due
to, for example, Sawyer and Muckenhoupt and Wheeden [S1l, [S2, MWT]:

THEOREM 2.3. Let w be a weight. Then the following are equivalent:

(1) we Apg;
(i) [|M7 : LP(wP) = LY(w?)|| = C(n, a, p, [w]a,,);
(iii) [[IP : LP(wP) — Li(w?)|| ~ C(n, a, p, (w]a,,)
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We now make two observations about A, , weights which will be partic-
ularly useful to us. First, we note that:

(2.5) Ifwe Ay, then w” € A, w? € Ay, w? e Ay, and w? € Ay,

where all weights above have Muckenhoupt characteristics bounded by pow-
ers of [w]4, . To see that wP € A,, first notice w € A, , if and only if
wl € Agy, with [w]a, = [w]a,,, where
@0 :=1+q/p' =q(1 - a/n).

Since the A, classes are increasing and gy < ¢, we see that w? € A,. In turn,
this gives w7 = (w?)'~7 ¢ Ay . The other two statements in follow
in a similar fashion from the fact that w € A, , if and only if w™! € Ay -

Second, suppose that u, A € 4, , and let v := pA~L. Since pP, NP € Ap,
Holder’s inequality implies v € Ay (with [V}, < [4P]4,[N]4,), a fact which
will be used in proving the upper bound. Moreover, we claim that for any
cube @,

(2.6) 1P (Q)YPAT Q)M < u(Q)|Q™,

a fact which will be useful in proving the lower bound. To see this, note first
that

) g g <1 and (AT YT NG <1,

which simply come from p” € A, and \? € A,. Since p’ > ¢/, Holder implies

1 o 1/ql ]. o/ //, 1- /// 1/(1/
(g doman) < (g (D)™ (1) ™)
Q Q Q

< 1 s 1/
=\ M_p dl‘) ;
Ql}

and hence (u~9") é?/ 7 < <u‘p/>g Y, Combining these estimates gives
' 1/q' 1 1 1 1
W) "N NG S —— g i S e < s < We
(w71 Qng” ™ g  pagt T e

The last two inequalities are applications of Holder’s inequality and the fact
that v=! = u~!\. This proves (2.6)).

3. Averaging over dyadic fractional integral operators. In this
section, we show that I, can be recovered from by averaging over dyadic
lattices. The proof here is modified (and abridged) from the proof in [PTV],
but it is possible to modify any of the proofs in, for example, [P, [H [L]. For
the sake of clarity, we only give the proof for the one-dimensional case.
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Given an interval [a, b) (it is not too important that the interval be closed
on the left and open on the right) of length r, we can create a dyadic lattice
D, in a standard way. In particular, D, , is the dyadic lattice on R with
intervals of length r27%, k € Z, and the point a is not in the interior of any of
the intervals in D, ;.. For example, Dy ; is the standard dyadic lattice on R.
For a given lattice D, ,, we let ij?r denote the intervals in D, , with length

727F. In this section we slightly abuse notation and let h} = |T|~1/21;.
Define

B, f@) = 3 [T Ry ().

IeD) ..

With r and z fixed, we can parameterize the dyadic grids by the set (—r, 0]
and we can give this set the probability measure da/r. For a fixed z € R,
we want to compute

0
da
E(]P(()a,r)f(m)) = S P(()a,r)f(x) 7
Let 7.f(x) := f(xz 4+ t) be the translation operator and note that P,_;7 =
7¢P,. From this it easily follows that IEIP’(()a 0Tt = Tt]P(()a ") That is, IE]P’(()G r) is
given by convolution. Let

EF), \f(z) = Fo, + f(2).
0

a,r 18 convolution with the

We want to compute Fp,. First, note that P
function (r*/7)1[_, 2, /2. Therefore,

FO,’I" * f(m) = EP(()a,r)f(x)
z4r/2

re dt
= EP{, 5. f () S S f(S)j]Lr/Q,r/Q(t —s)ds .
z—r/2R
Using Fubini, we see that
x+r/2
re dt r© x
Fo(z) = S 7]1[—r/2,r/2](t) = 7]1[—r/2,r/2] (z) <1 ~ |7 )
xz—r/2

(07

,
= —F .
~ Foa(o/r)
Now, fix an r € [1,2) and define
Fr = Z FO,Z"T-
neZ

The grids D* ..k € Z, can be unioned to form a dyadic lattice (here a

a,r’

is fixed). Call r the calibre of the dyadic lattice. Convolution with F, is
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averaging over all the dyadic lattices D, , with fixed calibre r, that is,
F.x f =EPp, . f.

2

1 Fr(x)%. Now, we

Finally, we need to average over r € [1,2). Set F(z) := |
want to compute F'(z). We have

X

p

1
° x\ p* T x P
= | o (5) 5= § v (3) (1- 7)) G

Now, if z > 0, making the change of variable ¢t = 2:/p, we see that

z T d o
)= | Foaly) g = cal /s
0

Doing a similar computation for when = < 0, we see that F'(x) = co/|z|! ™%

4. Upper bound. The decomposition in Section 3 means that the up-
per bound in Theorem follows from the following, where the implied
constants are independent of the dyadic lattice:

LEMMA 4.1. Suppose that a/n+ 1/q = 1/p and p,\ € Ap,. Let v :=
pA"t. Then

1[0, 22] = LP(?) = LIAY)| < blleaio)-

Proof. We show that [b, IP] can be decomposed as the sum of four op-
erators which will be fairly easy to bound. First note that for € # 1,

Phy= Y \Pya/”hﬁQ(P)np:( 3 |P|a/”1p)hggzcayQ|a/"hgg.

PeD: PCQ PeD: PCQ
Similarly,
1
g =(1+e)lQ "o +lQl > IR
RED: QSR

Using these computations we obtain

calP N Q"R if P#Q,
ID( ﬁgth): or if P=@Q and € #n,

anl o/n 1
(1+ca)|Q ﬁ""ZR;Q‘R’ / ‘%{' if P=Q and e = 1.
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Thus
cahy(P)RB(1QI™ — |P|*/™) if P C Q,
[h5, IR = |Q|a/n|ca| Yrog BRI if P=Qand e =1,
“ o fQC P,

or if @ = P and € # 1.

Expressing b and f in terms of their Haar coefficients, we obtain

b ID1f= > ZbPe N[, IZ1hg.

P,QeD e,n#1
Hence
(4.1) b, I21f = caTif — eIV f — OOV f — Do,
where

o= 3 B(Q,e(f)elQY g,

QED, e#1
o= ST b(Q,6)f(Q,¢ )IQI“/”,Q‘
QeD, e;él
Tif = ( F@mnhp )IQIC“/”> b
PeD, e;ﬂ Q2P
PED, e#1 Q2P

We will show that all of these operators are bounded LP(u?) — LI(\9).
Below, all implied constants are allowed to depend on n, a, p, [u]4,,, and
[Al4,,- Also all inner products below are taken with respect to dx, and
therefore it is enough to show

(Tf 9| S Nbllesow) 11 Loy g1l o r-ary

for each of the four operators above (this is because the dual of LI(A\?) with
respect to the unweighted inner product is Lq/()\*q/)). The idea, which is
taken from [HLWI, [HLW?2], is to write the bilinear form (7'f,g) as (b, @)
and then show that [|Sp®||11(,) is controlled by |[f|l1e(w)llgll Lo (x-a); by
the weighted H'-BMO duality, this is enough to prove the claim.

The estimates for the two paraproducts are almost identical, and we only
OLO) Pirst with

¢:= Y (NalQ"9(Q.e)hd,

QED,e#1

give the proof for H
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we have
(50 Fg) = (b, ).
Then
(Sp2)* = > [Nl 9@, ) |Q| < (Maf)*(Spg)*.
QED,e#1
Therefore,

15DPl 1wy < 1Mol LouallSpgl o oy S 1 lLege) 191l Lo (x-aty

where the last inequality follows from Theorem [2.3| for the fractlonal max-
imal function, and from Theorem [2.1{ and the fact that A\=7 € Ay for the

dyadic square function. The proof for I7, IE()CLO’l)
the details.

Now let us look at T;. As above, we have (T f, g) = (b, ®) with

o= Y gPa( Y FQuELPIQI K,

PeD, e#1 Q2P n#l

is very similar, and we omit

Then

(sp22 < > Gl 2 <‘f‘>Q‘Q’a/n> 1P|

PED, e#1 Q2P n#1
< (I21f)*(Spg)*.
From Theorems [2.3] and 2.1}, it follows that
D
1Sp®Pl 21wy < Mo [l Lauay 15Dl ot (r=ary S (11| 2o ) 191 .t (p=a)-
The estimates for Ty are similar and we omit the details. =
5. Lower bound. In this section, we prove the lower bound in Theorem

which follows immediately from the lemma below. In particular, we will
show the following:

LEMMA 5.1. For all cubes Q,

J o) — ()qldz S I[b, Ta] : LP(u?) — LI,

Q)

Proof. The proof follows the lines of the proof in [Chaf]. We first make
some reductions. As with unweighted BMO, we can replace the (b)g with
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any constant. Indeed,

L Ib(a) — (b

S Q)
v(@Q) )5

S

Q

b(z) — Cql dz + (Q )!CQ (0)ql

|b(z) — Cg| dz.

Second, let P be the cube with [(P) = 4I(Q), where [(Q) is the side length
of @, and with the same “bottom left corner” as ). By the doubling property
of Ay weights, we have v(P) ~ v(Q), and therefore it is enough to prove

1
—— | b(z) = Colda S ||[b, 1o] : LP(uP) — LI(N9)]|.
v(P)
Q
Finally, let Pr be the “upper right half” of P. Below, we will use Cg = (b) p,.
Now, for z € Q and y € Pg,

oyl VAR 1 eyl _ P 1
2f]P|1/” —2y/n|P|Y/r 8 2y/n|P|Y/n = 2y/n|P|Y/n — 2
The point is that there is a function, K (x), that is smooth on [—1,1]™, has a
smooth periodic extension to R", and is equal to |z|"~® for 1/8 < |z| < 1/2.

Therefore, for x € Q and y € Pg,

e =yl " _ Ty
2y/n |PM/n 2y/n|P|tm )

Important for us is the fact that K has a Fourier expansion with summable
coeflicients.
We are now ready to prove the main estimate. First, we denote o(z) =
sgn(b(z) — (b) p,). Then
1
) 16(2) = {hraldo = 5 ) | (b(x) = b())o (@) Lo (@) Lrn (y) dy d
Q RR

I (L) e@)lelo) e ) dyds

= xr— n—o 1/n
PRl & (%) 2yl Pt
_ b(x) — b(y) x —
~ |P|~o/m —K o(z)1o(z)1p, (y) dy dz.
ey sy )7L

”

Observe that the integral above is positive, so the “~” is not a problem.

Expanding K in its Fourier series yields

n
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and inserting this into the integral, we continue:
b(x) —b , n n
Py o) ) ]a(sxz y|n(fi)a(w>em/6“"” e uleIPI" gy do
k Q Pr

= P ag | hie(@)[b, o) fi(2) da,

kR
where hi(z) = J(x)eikm/dpwn]lp(ar) and fr(y) = e*iky/dp‘l/nﬂp}%(y). We
control the integral by

| hia) b, Ll i) dar < [[b 2] = ZPG2) = LOOD) il oy okl o o
: = [ o]+ LP() = L) | (PR) A (P)
<[, Ta] : LP(uP) = LI [P (P)/PA= (P) /7.
By , this is dominated by
106, o] : LP(u?) = LI |P|*/"v(P).
This completes the proof. m
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