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FUNCTIONAL CENTRAL LIMIT THEOREMS FOR SEEDS
IN A LINEAR BIRTH AND GROWTH MODEL

Abstract. A problem of heredity of mixing properties (a-mixing, S-mixing
and p-mixing) from a stationary point process on R x R} to a sequence of some
of its points called ‘seeds’ is considered. Next, using the mixing properties,
several versions of functional central limit theorems for the distances between
seeds and the process of the number of seeds are obtained.

1. Introduction. The problem considered in the paper has a practical
motivation and it can be illustrated in the following way. The points (for
example drops of rain) land in a random fashion on the interval [0, L], which
is ‘uncovered’ (dry) initially, and a point (seed) landing on an uncovered
(dry) section starts to spill over into the interval in a uniform rate in both
directions. To this phenomenon, called in Quine & Szczotka 2000 (later re-
ferred to as Q-S) a linear birth and growth model, two problems are related.
The first one is to characterize the number N (L) of seeds on [0, L], and the
second one is to characterize the asymptotic of the distribution of the time to
complete coverage of the interval [0, L] as L — oo. In this paper we consider
the first problem. The above set-up may have applications in a number of
diverse fields.

The analysis of the problem is facilitated by considering the points as
a bivariate point process = in (—oo,00) x [0,00), with the vertical axis
representing arrival times and the horizontal axis representing location on
the line. Points in = whose positions represent arrivals to the uncovered part
of the line are the “seeds” and the other points of = are “thinned”. The way
of thinning can be described as follows. With each point of the process = on
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R x R4 two branches (half-lines) are associated and they go upwards with
slopes (rates) +1 and —1, respectively. This gives a set of zigzag functions
on the upper half-plane. Take the minimum of all zigzag functions. Then the
bottom vertices of that zigzag function are called the seeds of the process =.

The problems formulated above were considered by many authors; the
references can be found in Quine & Robinson (1990), Holst et al. (1996)
and Q-S. Except for Q-S, in all other papers it was assumed that the point
process = on R xRy or on R x R‘i is a Poisson point process. We start from
the assumption that = on R x R is only stationary. This requires a different
approach to the problem. Here we use the approach from Section 2 of Q-S,
where for the stationary point process = a stationary simple marked point
process {(X;, t;),7 € Z} was defined (for definition a stationary simple marked
point process see Brandt et al. (1990)). Theorem 2.1 of Q-S shows that the
process of seeds of = is the same as the process of seeds of {(X;,t;), i € Z}
obtained in the same way as above for =. The seeds process of {(X;, t;), i € Z}
is denoted by {(X7,t¥),i € Z}. Let {(X;,1;), i € Z} and {(X},1}), i € Z}

be the Palm versions of {(X;,t;), ¢ € Z} and {(X},t}),i € Z}, respectively.

177

This means that the distributions of {(X;,#;), i € Z} and {(X},1¥), i € Z}
are the conditional distributions of {(Xj,t;), i € Z} given Xy = 0 and of
{(X7,t),i € Z} given X = 0, respectively. Hence {(@;,%;), 4 € Z} and
{(az,t;),i € Z} are stationary sequences, where ; := ;11 — X; and
uy o= )N(;“H — XZ*, i € Z. From now on, to study stochastic properties of
the process of seeds we start from {(X;,%;), i € Z} and from the stationary
sequence {(7;,t;), 4 € Z}, but for simplicity we drop the hats over X;, t;
and u;.

To study the properties of the process of seeds we first investigate heredity
of mixing properties (a-mixing, S-mixing and p-mixing) from the stationary
sequence {(uj,t;),i € Z} to the sequences {(u},t}),i € Z} and {(a},t}),
i € Z}, where

uf = Xy — X and @ = Xf, - X[, i€
(Theorems 2.1-2.5). Next we use the mixing conditions to give several ver-
sions of the functional central limit theorem (FCLT) for {u}}, {@}} and also
for the process of seeds (Theorems 3.1-3.6).

The problem of heredity of a-mixing was also considered in Q-S and
FCLT for {a}} was obtained in Theorem 6.1 there by using Theorem 1.7 of
Peligrad (1986, p. 202) for stationary a-mixing sequences of random vari-
ables. Here, we use the method from Q-S with some modifications, giving a
better rate of convergence to zero of the a-mixing function (compare The-
orem here with Theorem 5.1 of Q-S). That in turn allows us to get a
stronger version of Theorem 6.1 of Q-S (FCLT for {@}} in the a-mixing

case), which we formulate in Theorem
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FCLT for {a},i > 1} in the p-mixing case is obtained here in Theorem
3.6} It is based on our conditions for p-mixing of {@}} (Theorems 2.5))
and on Herrndorf’s (1984) version of FCLT for p-mixing sequences.

From now on, doubly infinite sequences, for example {a;, —0o < i < 0o},
where the a; have an arbitrary nature, are written just as {a;}. Therefore
we write {(X;,t;)} instead of {(X;,t;),7 € Z}.

2. Heredity of mixing conditions

2.1. General notation for mixing. In this subsection we recall defini-
tions and notation for a-mixing, S-mixing and p-mixing. All the definitions
can be found in Bradley (1986).

Let (£2, F, P) be a probability space and A and B be some subsigma fields
of F. The dependencies o, 5 and p between o-fields A and B are defined as
follows:

a(A,B) =sup |P(AB) — P(A)P(B)|,

A,B
1 1

B(A,B) = P A P IJZZ:IPAB P(4:)P(By)],

o(A. B) = sup [PAB) — P(AIP(B))

b PV2(A)P2(B)

where the supremum is taken over all A € A, B € B for the a- and p-
dependencies, and over all partitions {A;1,..., A;} and {By,..., B} of {2,
where A; € A and B; € B, for the S-dependency. Here P'/2(D) = (P(D))'/?
for any event D.

The above measures of dependency allow us to define the corresponding
measures of dependency between random variables in a sequence. Namely,
let {Z;,i € Z} = {Z;} be asequence of r.v.’s on (§2, F, P) and F;" the o-field
generated by the random variables Z; with £k <7 <m, —oco <k <m < o0,
written F}" = 0{Z;, k < i < m}. Furthermore let

a(n) = Supa(‘/—-'ﬁoov ‘Fl?in)v 5(”) = Supﬂ( —oo"/_"](c)in%

kEZ kEZ

p(n) := sup p(}“foo, Fisn)-
keZ

If {Z;,i € Z} is a stationary sequence of r.v.’s then
a(n) = a(Fg, Fi¥) = a(F5, F3°),

and similar relations hold for - and p-mixing. The sequence {Z;} is called
a-mizing, f-mixing or p-mizing if a(n) — 0, B(n) — 0 or p(n) — 0, respec-
tively.
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2.2. Mixing properties for a point process. There are at least two
approaches to defining a mixing property for a stationary point process on
R x Ry. Consider a stationary point process on R. Let {n;, i € Z} = {n;}
be a sequence of points in the intervals [i,7 + 1), ¢ € Z, respectively, of the
point process, and {u;, i € Z} = {u;} the lengths of the intervals between
the ith and (7 + 1)th points of the point process. Then the point process is
said to be a-mizing in the first sense if the sequence {n;} is a-mixing, and
a-mixing in the second sense if {u;} is a-mixing. In a similar way we can
define two approaches to S-mixing and p-mixing of a point process on R, but
we omit it here. It is obvious that if the random variables 7; are pairwise
independent, then the u; need not be, and vice versa. However, below we show
that if the sequence {u;} is a-mixing, then so is {n;} (with a different mixing
function). This enables a comparison between the approaches to FCLT for
the process of seeds presented in Chiu & Quine (1999), and in Q-S and
here.

LEMMA 2.1. If the stationary sequence {u;} is a-mizing with mizing
function a, = {ay(n)} then the stationary sequence {n;} is a-mizing with
mizing function oy = {ay(n)}, where

ay(n) < au(kn) +4P(CY),
with Cp, = {Z?zl uj < n} and n/k, — 2Eu,.

Proof. By definition we have oy (n) = supy g |P(AB)—P(A)P(B)|, where
the supremum is taken over all A € o({n;,7 < 0}) and B € o({n;,i > n}).
Notice that

|P(AB) — P(A)P(B)| < |P(ABC,) — P(A)P(BC,)| +2P(C;,).
But for any n there exists a Borel set B, in o(R>) such that
BNCy={{uj, j >k} € By} NCp =B, NCy,

where B,, = {H{uj, j > kn} € Bn} Furthermore, any A € o(n;,i < 0) belongs
to o(u,7 < 0). Hence

[P(ABCy) — P(A)P(BCy)| = |P P(AB,C,) — P(A)P(E 5
= |P(AB,) — P(AB, CC) P(A)P(By
<|P(AB,) — P(A)P(B,)| +2P(C;) <

This finishes the proof. »

nCn) A
) + P(A)P(B,Cy)|
ay(ky) + 2P(Cy).

In the next section we will understand that the stationary point process
= on R x R4 is a-mixing, 8-mixing or p-mixing if the marked point process
U = {(X;,t;), i € Z} is a-mixing, S-mixing or p-mixing in the second sense,
i.e. the sequence {(u;,t;)} is mixing in the appropriate sense, where {u; =
Xi+1 — X} is stationary.
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2.3. Heredity of mixing conditions from {(u;,%;)} to {(u;,t;,si)}

2.3.1. General notation. In this subsection we introduce general notation
which will be used to prove heredity of the mixing conditions from the input
process {(u;,t;)} to the output process {(u;,t;, s;)}, where s; = 1 if the ith
point (Xj,¢;) is the seed, and s; = 0 otherwise. First we recall from Q-S
the algorithm of getting the seeds. It can be decomposed into two steps. In
the first step we remove all points which are covered by left branches, i.e.
with each point (Xj;,¢;) is associated I; = 0 if (Xj,t;) is covered by a left
branch, and I; = 1 otherwise. After that operation the first output process
{(ui, ti,1;)} is obtained, where

ll—H(X +t; < min(X; —|—t])) for i € Z,
7>

and I(A) denotes the indicator of the event A, i.e. [(A)(w) =1if w € A and
= 0 otherwise. In the second step all points covered by a right branch are
removed, which transforms the sequence {(u;,t;,1;)} into the second output
process {(u;,t;,1;,r;)} with

T, = ]I(XZ —1; > max(Xj — tj)).

1<t
Finally let s; = Tili,i € 7.
Now we introduce notation for some o-fields:

B(—oo,n) = o((us, ti), i < n), B(n,o0) = o((ug,t;), i >n),
Bl(—oco,n) = o((us, ts, 1;), i < n), Bl(n,o0) = o((us, ts, 1;), i > n),
B"(—oco,n) = o((uj, ti, li,r5), i <n), B'(n,o00)=0o((u,tili,ri), i >n).

Notice that B!(n,c0) = B(n,c0) and B"(—oc0, —n) = B!(—o00, —n).
Furthermore B'(—00,0) is generated by the events A N H where A €
B(—00,0) and
Hi={ly, =1Ll =1,y =1, by, = 0, Ly, = 0}
with b, < kp_1 <---<kg<0and myg <myg—1 <---<mq <0.

Similarly, B"(0,00) is generated by the sets AH" where A € BY(0,00)
and

H ={rp, =11, =1,....m, =1, 7 =0,...,7p, =0}

with 0 < ko < k1 <--- <kp_1 <kpand 0 <my <mg < - < my.
Denoting Y; = X; +t;, Y” = X; — t; and using the definitions of /; and
r; we get

(2.1) H= ﬂ{yk <]1££Y}HH{Y > inf Y}

1=0 i=1

P
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p

(2.2) H" = m{Yk > sup YT} ﬁ{Yr < sup YT}

1=0 UAS =1 J<m

For 0 < ¢ < 1 and integer n we define events H,, and H] by

P q
= . > i ;
o= (V¥ <, ot 0 (1Y 2, BE Y
1= 1=
P q
H) = ﬂ{Y[ sup YT} ﬂ{Y,; < sup Yf}
i=0 ‘ —nc<j<k; i=1 ‘ —nc<j<m;

Furthermore let

Gn::{ inf Y;= inf Y}

0<j<oo 0<j<nc

Gnr ::{ sup YT— sup Y’"}

—o00<j<0 —nc<j<0
Then
(2.3) HG, = H,G,,
(2.4) H'Gpy = H G,

Of course H,, € B(—oc,nc) and Hy, € B!(—ne, ).
Let G, and G, , denote the complements of G}, and G, ., respectively.

LEMMA 2.2. If {(u;,t;)} is stationary and ergodic then

(2.5) P(Gp) < P<i u; < t1>, P(Gny) < P(i u—j < to),
=1 j=1

which gives
(2.6) P(Gy), P(Gpy) =0 asn— oco.
Proof. Notice that

Gn:{ inf Y; < inf Y} {1an< inf Y}

0<j<o0o 0<j<nc j>nc 0<j<nc

C {ch < Yl} = {Zu] < tl},
j=1
which by stationarity of {(u;,t;)} gives the first inequality in (2.5)). Similarly,
Gnﬂn:{ sup Y/ > sup Y/ } { sup Y] > sup YT}
—o00<j<0 —nc<j<0 j<—nc —nec<j<0
C {X_nc_l > Y71}7
which by stationarity of {(u;,t;)} gives the second inequality of (2.5)).

The second assertion of the lemma follows immediately from (2.5) and
ergodicity of {(u;,t;)}. m
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2.3.2. Heredity of a-mizing and B-mizing from {(u;, t;)} to {(us, ti, li,ri)}
THEOREM 2.1.

(1) If {(us, t;)} is a-mizing with mizing function a = {a(n)}, then
{(ui, ti, 1;)} is a-mizing with mizing function oy = {ay(n)} such that

ai(n) < a(n(l —c)) +4P(G,).

(i) If {(ui, i, )} is a-mizing with mizing function o = {ay(n)}, then
{(ug, ti, 1, m3)} is a-mizing with mizing function o = {a,(n)} such
that _

ar(n) < og(n(l —c)) +4P(Gp ).
Proof. Notice that
ai(n) = sup |P(AHB)— P(AH)P(B)|,
AH,B

where the supremum is taken over all A € B(—00,0), B € Bl(n,00) =
B(n,00) and all H of the form (2.I). But
|P(AHB) — P(AH)P(B)|

<|P(AHG,B) — P(AHG,)P(B)| + |P(AHG,B) — P(AHG,)P(B)|

< |P(AH,G,B) — P(AH,G,)P(B)| + 2P(G,)

<|P(AH,B) — P(AH,)P(B)|

+|P(AH,G,B) — P(AH,G,)P(B)| + 2P(G,)

< a(n(l—c)) +4P(Gy).

In the third inequality we have used (2.3)). This finishes the proof of (i).
The proof of (ii) is similar, with H, H,,G,, replaced by H", H],, G,

respectively and A € B'(0,00). Namely, we have

ar(n) = sup |P(AHB)— P(AH")P(B))
AH".B

where the supremum is taken over all A € B'(0,00),B € B"(—o00,—n) =
B!(—o0,—n) and all H" of the form (2.2). m

Here we can see that {oy(n)} and {a,(n)} tend to zero faster than {a(n)}
and {a"(n)}, respectively, defined in Q-S.

THEOREM 2.2.

(i) If {(us,t;)} is B-mizing with mizing function B8 = {B(n)}, then
{(ug, t;,1;)} is B-mizing with mizing function By = {B;(n)} such that
Bi(n) < B(n(1 =€) + 4P (Gn).
(ii) If {(ui,ti, i)} is B-mizing with mizing function B; = {B;(n)}, then
{(ui, ti, liy i)} is B-mizing with mizing function B, = {B,(n)} such
that

ﬁr(n) < 5l(n(1 - C)) + 4P(Gn,r)'
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Proof. By definition of B—mixing we have

Bi(n) = sup ZZ]P A;HBj) — P(A;H)P(B;)|
Ai,H,B; =1 j=1
where the supremum is taken over all partitions {A;,1 <i < I} and {Bj,1 <
J < J} of £2, where A; € B(—00,0), B € B(n,00) and H has the form (2.1).

Notice that
I J

> > |P(AiHB;)) — P(A;H)P(B;)|

i=1 j=1

g |P(A;HGyB;) — P(A;HG,)P(B;)|

||M~
M- <

1

I J
Z Z |P(A;HG,B;) — P(A;HG,)P(B,)|

1 J
<> |P(A:H\GnBy) — P(A;H,Gr)P(B;)| + 2P(Gy)
zjl ]jl
<, > |P(AiH,B;) — P(AiH,)P(B))|
T ) ]
ZZ Bj) — P(A;H,Gn)P(Bj)| + 2P(Gy)

< B(n(1 - ) + 4P(Go).
This finishes the proof of (i).
The proof of (ii) is similar with H, H,, G, replaced by H",H], G,
respectively. Namely, we have

B.(n) = sup ZZ |P(A;H"B;) — P(A;H")P(B;)|,
ApH",Bj 77 5
where the supremum is taken over all partitions {A4;,1 <4 < I} and {Bj,1 <
j < J} of 2, where A; € B(0,00), Bj € B'(—o00,—n) = B(—o00,—n) and
all H" are of the form (2.2)). =
2.3.3. Heredity of p-mixing from {(u;, t;)} to {(us, ti, i)}
THEOREM 2.3.

(1) Let {(us,t;)} be p-mizing with mizing function p = {p(n)}. Further-
more suppose that

P(AH,)
— = h A —
S%pASSLEL (AHL.G) k° < 0o, where € B(—,0),
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and
esssup P(Cy, | B(n,o0)) =0 asn — oo,

where Cp, = {Xpep1 < infocj<nc Yj}h. Then {(ui,ts, 1)} is p-mizing
with mizing function pp = {p;(n)} where
pi(n) < p(n(1 = ¢))x + (k + 1) esssup P/*(Cy | B(n, 00))
+ (k + 1)PY3(G,).
(i1) Let {(us, t;,l;)} be p-mizing with mizing function py = {p;(n)}. Fur-
thermore suppose that
P(AH;) 2 z
— T =K< h AeB(0
s%pj}g; PAHI G K° < 0o, where € B'(0,00),
and
esssup P(Cp | B/ (=00, —n)) = 0 asn — oo,
where Cpy = {X_pne—1 < inf_pecjco Yf} Then {(ug, t;, li,r5)} is
p-mizing with mizing function p" = {p"(n)} where
p'(n) < pi(n(1 = ¢))k + (k + 1) esssup PY/*(C | B! (—o00, =)
+ (k+ 1) PY2(Gy).
Proof. Notice that

|P(AHB) — P(AH)P(B)|
pl(n) = Sup 1/2 1/2 J
amp  PY2(AH)PY2(B)
where the supremum is taken over all A € B(—00,0), B € B(n,00) and H of

the form ([2.1]). This is because the family of sets AH generates the o-field
B!(—00,0). But

|P(AHB) — P(AH)P(B)|

(2.7)

PU2(AH)PI2(B)
\P(AHGWB) — P(AHG,)P(B)|  |P(AHBG,) — P(AHG,)P(B)|
= PU2(AH)PI2(B) - PI2(AH)PI(B)
= P1/2(AH)P'/2(B) P1/2(AH)PY2(B)
\P(AHGWB) — P(AHG,)P(B)|
PI2(AH)PI2(B)

For the first expression on the right hand side of we have
|P(AH,B) — P(AH,)P(B)| < |P(AH,B) — P(AH,)P(B)|
P1/2(AH)P'Y/2(B) - PY2(AHG,)PY/?(B)
_ |P(AH,B) — P(AH,)P(B)| PY2(AH,)
= PY2(AH,)PY/2(B) PY2(AHG,)

< p(n(l = ¢))s.
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For the second expression on the right hand side of 1 ,
P1/2(AH)P1/2(B)
< B P * PAR PR

PY2(AH,)PY*(G,B) , PY?(AH,)P'*(G,)P(B)
= PU2(AH)P/2(B) PY/2(AH)P'Y/2(B)
1/2 1/2
P1/2G | B(n,)) P(AH P12
() e ()

< (PV*(Cy | B(n,0)) + PY*(Gy) (P( )

1/2
< (PY*(Cy | B(n, o)) + PY*(G (P T G )
< (PV*(C, | B(n,0)) + PY*(G

Finally for the third expression we have
|\P(AHG,B) — P(AHG,,)P(B)|

PY/2(AH)PY/2(B)

P(AHG,B) P(AHG,)P(B)

= PY2(AH)PY/2(B) = PY2(AH)P'/2(B)

<P1/2(AH)P1/2(GnB) PY2(AH)P'/?(G,)P(B)

=~  PY2(AH)PY/2(B) Pl/2(AH)P'/2(B)

< PY2(G, | B(n,)) + PY2(G,) < P'?(C, | B(n,)) + P%(G,).

Combining the above inequalities we get (i); and (ii) can be proved in a
similar way. =

2.4. Heredity of mixing conditions from {(u;,t;)} to {a}}. Let 7;
be the label of the ith seed, v; = 7,11 — 73, X" the position of the ith seed,
Le. X[ = X;,, and ui = X[, — X7, i € Z, the distance between the ith and
(i +1)th seeds Then

Ti+1— 1
u; = X, X =

;'k_ ;+1_ i 7'1+1_ Z Us.
J=Ti
Let {(,1;, li7i 5;)} be the Palm version of {(u;,t;,1;, 7, 5:)}, i.e. the distri-
bution of {(;, t;,l;, 74, 5;) } is the conditional distribution of {(u, t;, l;, r;, i)}
given sy = 1. Then the sequence {(@}, 7))} is stationary, where

~x ok Yk
u; = Xy — Xj.
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Below we formulate a theorem on heredity of mixing properties from
{(ui, ts, 1, 7, 81) ¥ to { (@, 13, 13, 7) }. Case (i) of the theorem is similar to The-
orem 5.2 of Q-S, but {&,(n)} here has a better rate of convergence to zero
than its analog in Q-S. Furthermore the proof below is much simpler than
that in Q-S.

THEOREM 2.4.

(1) If {(us, tiyliy7ri)} s a-mizing with mizing function o, = {ay(n)},
then {(@i, 13, 1;,7)} is o-mizing with mizing function &, = {a,(n)}
such that &(n) = 2a,-(n/2)/P(so = 1).

(ii) If {(ug,ti,li,r)} is B-mizing with mizing function B, = {B,(n)},
then { (@i, 3,13, 7)} is B-mizing with mizing function B, = {B,(n)}
such that B,(n) = 26,(n/2)/P(so = 1).

(i) If {(wi, ti, L, i) } is p-mizing with mizing function p, = {Br(n)} and

sup 5 < 09, sup ————— < 00,
BeD(ns2) P(s0o =1|B) AeD-,, P(so=1]A)

where Dy and D(k) are the o-fields defined in the proof, then

{13, t;,1;,7)} is p-mizing with mizing function p = {p(n)}, where

p(n) =

1 1
2 max su , su .
<BGD£/2> Pi2(sg = 1 B) acp-, PV2(so = 1] A>>

—ny2

Proof. The proof of (i) is similar to the proof of Theorem 5.2 of Q-S, and
the proof of (ii) is similar to that of (i).

(iii) Let Dy denote the o-field generated by {(%;,%;, l;,ﬁ-), i€Z,i <k},
and D(k) the o-field generated by {(@,;,1;,7), i € Z, i > k}. Notice that
5 — supup [PAB) = PAP(B)

k AB  PY2(A)PY/2(B)

_max< . |P(AB) — P(A)P(B)]
= P sup —= = .
k<-nj2 A,B  PY2(A)P'/2(B)

s o PUAB) = PP
D sup —= = ,
k>—n/2AB  PY2(A)PY/2(B)
where the suprema are taken over all A € Dy and B € D(n + k).

In the case k > —n/2 we have

|P(AB) = P(A)P(B)| _ |P(AB|so=1) = P(A]so = 1)P(B|s0 = 1)|
Pl/2(A)PV/2(B) P12(A|sg =1)PY2(B|sp = 1)
|[P(AB|sg=1) = P(A[so =1)P(B|so =1)|

PI/Q(A, S — 1)P1/2(B,80 = 1)

ZP(S()ZI)
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_ |P(AB, sy = 1) — P(A, sy = 1)P(B)|

~ PU2(A,s0=1)PY2(B,sy = 1)
P(A|so=1)|P(B,so=1) — P(B)P(so = 1)|

P1/2(A,80 = 1)P1/2(3,80 = 1)
|P(AB, sy =1) — P(A,so =1)P(B)| P'Y?*(B)
P1/2(A, sy = 1)PY/2(B) PY/2(B, sy = 1)
n P(A[so=1)|P(B,so =1) — P(B)P(so = 1)|
P1/2(B)P1/2(sy = 1)

y PY2(B)PY2(sy = 1)
P1/2(B,sg = 1)PY2(A,s9 = 1)

1

< 0n/2) B =7y + P2 P(Als0 = 1)
1 1
X P1/2(sg =1|B) PY/2(A|s9 = 1)
1 1
< p(n/2) P12(sy = 1| B) + p(n/2)PY2(A| sy = 1)P1/2(80 —1|B)

1
0=1|B)
1
<2p(n/2) sup .
BeD(n+k) PY/?(so = 1| B)
In a similar way, in the case k < —n/2 we get

P(AB) - P(A)P(B)] I
peapem) P D P, = 1] A)

Combining the two inequalities we get the assertion of the theorem.

<2p(n/2) P1/2(8

Now we formulate a theorem on heredity of mixing properties from
{(ﬂi, L:i, li, fl)} to {ﬂ’;}
THEOREM 2.5.
(i) If {(ﬂi,fz-,l;-,ﬂ,éi)} is a-mizing with mizing function & = {a(n)},
then {(a},t7)} is a-mizing with the same mizing function.
(i) If {(ﬁi,fi,zi,ﬂ,éi)} is B-mizing with mizing function B = {B(n)},
then {(a},t7)} is B-mizing with the same mizing function.
(i) If {(ﬁi,fi,ji,ﬂ,éi)} is p-mazing with mizing function p = {p(n)},
then {(a},t7)} is p-mizing with the same mizing function.
Proof. The proof in all cases is similar to the proof of Theorem 5.3 in

QS. =

Immediately from the above theorem we get the following corollary.
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COROLLARY 2.1.

(1) Let {(u4,t;)} be stationary and a-mizing with mizing function o =
{a(n)}. Then {(a},t})} is stationary and a-mizing with mizing func-
tion o = {a*(n)}, where
a*(n) = 2a,(n/2)/P(so = 1).
(i1) Let {(u;,t;)} be stationary and S-mizing with mizing function § =
{B(n)}. Then {(a},t;)} is stationary and B-mizing with mizing func-

1771

tion B* = {B*(n)}, where
p*(n) = 28,(n/2)/P(so = 1).
(i) Let {(u;,t;)} be stationary and p-mizing with mizing function p =
{p(n)}. Then {(u},t})} is stationary and p-mizing with mizing func-

1771

tion p* = {p*(n)}, where

p*(n):zmax< !

) P12(so =11 B)’

1
1 PU2(sg = 1| A)

sup
BeD(n/2

sup
AeD_,

3. FCLT for the number of seeds

3.1. Notation and relations. Let us define the following processes:

N(t):#{iZL;_Z:uj St}’ N*(t)z#{iz 1:;_z::u;‘HLX{)“gt}7

i—1 [¢]
{igl:Zﬂjgt}, M) =Y s;, t=0.
=0 =0

Here N(t) is the number of points in (0,t] of the marked point process
{(X;,t;)}, while N*(t) and N*(t) are the numbers of seeds in (0,] of the
processes {(X7,t5)} and {(X},%})}, respectively. M(n) is the number of

seeds among the points (X1,t1),...,(Xn,tn).
Furthermore let us define the processes

N*(t) = #

U*

[n1]

Un(t) = \}ﬁ S (4 - a),
7j=1

] )

> (5 —a1), M,
=1

Jj=

i) = =

n

and

N, (t) = (N(nt) — nt/a)/\/n/a3,

Ny (1)
Ni(t) = (N*(nt) —nt/ar)/Vn/af, Ma(t)

[nt]
Z(U; - al)a
j=1
[nt]

() = \/1% ;(sj _Eso), t>0,

1

n

(t)

(N*(nt) —nt/a1)/V n/a:f,
(M (nt) — ntEsg)/v/n, t>0,

where a = Fu; and a1 = Euj = a/E'so.
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The aim of this section is to give FCLT for the number of seeds, i.e. to

give conditions for the following convergences:

1~. D 1 D 1-.p 1
(3.8) EU;: - W, EU:: - W, EN;: =W, ;N:{ - W,
1
o

1 ~
(3.9) M, 2w, =, 3w,
g

where W is a standard Wiener process, o2 is some finite positive number
and — means weak convergence in the function space D[0,00) with the
Skorokhod J; topology. We will show FCLT for U;;, and to get the other
convergences in we will use relations between convergences of U;; and
N and of U} and U;:. These relations are formulated in the following lemma.

LEMMA 3.1.

(i) The following equivalence holds:

1~ 1 ~
(3.10) [U;EW] = [N;;BH/V].
o o
(i) If {uf,i € Z} is a-mizing then
(3.11) [10231/\/] = [1U;3w] = [1N;2>w].
o o o
(iii) We have
(3.12) {H\LQW] = [1Mn2>)/v].
o o

The equivalence (3.10)) was given in Szczotka (1986, Proposition 2.11)
and also in (6.1) of Q-S. The implication

1~ 1
[U; 5 W] = [U;BW],
o o
under a-mixing of {u}}, was given in Theorem 6.2 of Q-S, and the proof of
the reverse implication is similar to the proof of Theorem 6.2 of Q-S, so it is
omitted here. The second equivalence in ((3.11)) is an obvious consequence of

the first and of (3.10)). The equivalence (3.12)) is obvious.

3.2. Main results on FCLT. In this subsection we give five versions of
FCLT for the procesess of the number of seeds. Namely, we give five different
sets of conditions under which the convergences in hold. The first set of
conditions appears in Theorem below. It is based on the thinning of the
process {(X;,t;)} by a process {s;}, where a stationary sequence {(u;,s;)}
satisfies two-dimensional FCLT. Here, the thinning process {s;} is general,
the s; assume values 0 or 1, and they are not necessarily related to the s;
defined in Section 2. The second set of conditions appears in Theorem
which gives conditions for to hold in case (ii) of Theorem The
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third and fourth sets of conditions occur in Theorems [3.3] and [3.4] which use
some rates of convergences to zero of the a-mixing function of the sequence
{(uj, t;)}. The fifth set of conditions concerns the case when {u;} is p-mixing
(Theorem [3.6)).

A pair (Wi, Ws) of processes is said to be a two-dimensional Wiener
process if Wy and Ws are standard Wiener processes with covariance

coviWi (t1), Wh(ta)) = 01,2 min(ty,t2).

Convergence to that process is called here two-dimensional FCLT in the
product space D[0,00) x DI[0, 00) with the product Skorokhod .J; topology.

THEOREM 3.1 (FCLT under thinning). Let {(u;,s;)} be stationary.
@) If (Un,U2) B (011, 0Ws), then

D _
(3.13) M, Hall(o’lWl —oaWa o),

where y1(t) = tEsg, 0 < o1, 09 < 0o and (Wi, Ws) is a two-
dimensional Wiener process.

(i) If (Un, Mp) 3 (01 W3, 04Ws), then

(3.14) U, B oWso Y2 — a104Wg 072,
where vo(t) = t/FEsg, t > 0, 0 < 01,03 < 00 and (W3, Wy) is a

two-dimensional Wiener process.

Notice that the process £(t) := o1 Ws(t/Eso) — aioaWa(t/Eso), t > 0,
has independent increments and E¢%(t) = to?, where

0% = (0% — 2010401012 + a303)/Eso.

So, if 02 > 0 and if {u}} is strongly mixing, then by (3.11)) and (3.10) we
get the convergences (3.8)) with this o.
D

The following theorem gives conditions for the assumption (U, M,) =
(01Ws,04Wy) of Theorem [3.1(ii) to hold with s; = I;r;.

THEOREM 3.2 (FCLT for (Up,M,)). Let {(u;,t;),i € Z} be strongly
mizing with mizing function a = {a(n)} and suppose that for some 0 <
d < oo the following inequalities and convergences hold as n — oco:

(3.15) Eu?t? < oo,
(3.16) no(n)®/ 9 — 0,

.17 n(pg: w<0))" " S0 n(p(gu_j <)) S0,

1 " 2 1 2
(3.18) ﬁE(Zaj) = o2 EE(Ejgj) o,

j=1 j=1
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(3.19) :LE(ZH: @) (zn: 5j) = 102012,

J=1 J=1

2
where 0 < 02,05 < 0o and the matriz (:112 (;122) 1s positive definite. Then
2

(3.20) (Un,Mn) 2) (01W1,02W2) and (Un,Mn) 2> (O’1W1,02W2).

The above theorem also gives conditions for Mn, M, B oW to hold, but
these conditions are stronger than those in the following theorem.

THEOREM 3.3 (FCLT for the number of seeds). Let {(u;,t;)} be strongly
mizing with mizing function a« = {a(n)} and suppose that

(3.21) na(n) — 0,

n n
(3.22) nP(Z uj < t1> 0, nP (Z u_; < t0> -0,
j=1 =1

1 ° 2
3.23 —E( _E ) o2, 0<o?< .
( ) - jz_;(s] 50) o o 00
Then
(3.24) My, M, 3 oW,

THEOREM 3.4 (Third set of conditions for FCLT). Let {(u;,t;)} be strong-
ly mixzing with mizing function o = {a(n)} and suppose that for some & > 2
and § > 0 such that € > 2(1+2/9§) the following conditions hold:

(3.25) Eui, Et] < oo,
(3.26) > (a(n)?CH) < oo
n=1

Then o* = var(@}) + 2 poy cov(al,@}) < oo. If 02 > 0 then the conver-
gences in (3.8) hold with this o.

The difference between this theorem and Theorem 6.1 of Q-S is that here
€ > 2+ 4/, while the latter theorem assumes that ¢ > 4 4+ 4/4.

The following theorem gives a weaker condition on the rates of conver-
gence to zero of the mixing function than Theorem but it additionally
assumes a condition on the process {N(t),t > 0}, where N(t) = #{k > 1:
Z?:l uj < t}.

THEOREM 3.5 (Fourth set of conditions for FCLT). Let {(u;,t;)} be
strongly mixing with mizing function o = {a(n)} and suppose that for some
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1/2< A<,

1 2/A
(3.27) limsupE<kN(k)> < 0.
k
Furthermore suppose that for § such that A\ = §/(2 + 9) the following condi-
tions hold:

(3.28) > (e(n) ) < oo,
n=1
(3.29) Bt B30 < oo,

Then the convergences in (3.8)) hold with o* = var(a}) +2 re, cov(af, @),
if it is positive.

THEOREM 3.6 (FCLT for p-mixing). Let the assumptzons of Theorem
. 2.3| be satisfied. Furthermore assume that condition ) holds and o2 =
Var(U*(1)) — 02, 0 < 62 < co. Then holds.

3.3. Auxiliary lemmas. To prove the main results we will use the
following lemmas.

LEMMA 3.2. If {b,,n > 0} is a nonincreasing sequence of nonnegative
numbers with by = 1, then for any 0 <c<1,

(3.30) me] < <1+ >Zb

LEMMA 3.3. If for some 0 < X\ < 1 the following conditions hold:

(3.31) imw < 00,
n=1
sa) Y(P (zu] <t)) <o S(P(Xuszn)) <o
then - - "~
(3.33) i(ar(n)))‘ < 0.
LEMMA 3.4. If for some :c:>1 2,
(3.34) Euf, Bt} < oo,

then for any 0 < A < 1,

(3.35) (P (Z ;< ’51)>A§ KunM2, <P(§ < t0>>A§ Kyn—12.

where K4 (md K5 are some constants not depending on n.
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LEMMA 3.5. If {(u;,t;),1 € Z} is strongly mizing with mizing function
a ={a(n)} and for some § > 2 the following conditions hold:

(3.36) Eult® Bt < oo,
(3.37) Z(a(n))é/(%é) < o0,
n=1
then
(3.38) D (ar(n) ) < oo,
n=1
LEMMA 3.6. If for some 1/2 < X\ < 1, we have Et%/(k)‘) < oo and
1 2/X
(3.39) supE(nEN(n)) < 00,

then for that X the conditions in (3.32) hold.

Some sufficient conditions for the convergence
1 /= \2
I —E( ) — o2 2
nl_}ngon z;y] o9, 0<o” <oo,
]:

where {y;} is a centered stationary strongly mixing sequence of random
variables, are given by Doukhan—Massart-Rio’s Theorem (see for example
the first assertion of Theorem 1.2 in Merlevede & Peligrad (2000)). We do
not recall it here.

3.4. Proofs of the main results on FCLT
Proof of Theorem[3.1 Define the processes

1 [nt] M (nt)
Ona(t) = —= (> uj — ui), t>0,
(X 2 )
9n72(t) = nt\_frgnt]alE'SQ, t Z 0.
Then
1 M (nt)
(3.40) Un(t) = — (u;‘ —ap)
n o
1
+ %(M(nt) —ntEsg)ar + 0,,1(t) + 05 2(t).

Denote 7y, 3(t) = M(nt)/n and v, 4 = Yn3(t) +1/n, t > 0. Then
(3.41) My(t) = ay ' (Un(t) = Uy (7,3(1))) = ag  (0n,1(2) + bn,2(2))-

Furthermore for any b > 0 we have



Functional central limit theorems 19

1
sSup en,l(t) < sup 7”7\/[(7“5)4_1
0<t<b 0<t<b

< Oggb(U;; (Yna(t) — Up (yna(t)—)) + \/15

at,

ossligb n2{t) < vn

Hence from U} z 09Ws and the continuous mapping theorem (see Theorem

5.1 of Billingsley (1968)), we get 6,1 — Oe and 6,2 = Oe, where e(t) = t,
t>0.

In view of 2M(nt) = 1 Z sj and the law of large numbers we have

Tn,3 2 eFsy and Y4 2 eEso, as n — oo. ThlS together with the conver-

gences of 6, 1 and 8, 2, the representation (3 and the continuous mapping

theorem gives ((3.13)).

To prove (]3.14)) notice that

a1 Fsg.

[nt} Tint] a Tint]
Z(u; —ay) = Z(uj —a) — Fo 2 (s; — Esp), t>0,
J=1 J=1 J=1
where 7, is the label of the nth seed and Z n8j =M.
Denoting v,,5(t) = 7j/n and y5(t) = g€, t > 0, we get

Un*(t) = Un(’Yn,5( )) —a1 My, ('Yn 5( )) t > 0.

This together with sup, [ M, (t) — M,(t)| < 1//n and v, 5 LA 75 in D0, 00)
and the assumed conditions gives (3.14]), finishing the proof of Theorem "

Proof of Theorem . To prove (Uy, M,,) z o1 Wi, 09Ws) we first show

(Un, M,,) LA (01W1,09Ws), which by Lemma (iii) gives (Up, M,,) A

(01 W1, 09Ws), where (Wi, Ws) is a two-dimensional Wiener process with
covariance E(W(t)Wa(s)) = min(t,s)o1 2 for any t,s > 0. But to prove

(Un, Mn) B (01 W1, 09Ws) it is enough to show b1U,, + by M,, z bioiWy +
baoaWs for any constants by and bs. To do so we use three times Corollary 1.1,
Remark 1.1 and Theorem 1.4 of Merlevede & Peligrad (2000): first we apply
them to the sequence {u;}, then to {s;} and finally to {y; = bi@; + ba25s;}.

Since {u;} is strongly mixing with mixing function {«a(n)} satisfying
, and since conditions (3.15) and lE(Zn u;)? — 02,0 < 07 < o0,
are satlsﬁed by case (i) of Corollary 1.1, Remark 1.1 and Theorem 1.4 of
Merlevede & Peligrad (2000) we get U, A o1 W1, which also implies that
{U,} is tight in D[0, 00) with the Skorokhod J; topology.

Now notice that by Theorem the sequence {5;} is strongly mixing
with mixing function a, = {a,(n)}, where a,(n) = a,(n)/Es; = ar(n)/p.
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But by Lemma [2.2] we have

nc(l—c)] [nc
[

(3.42) ap(n) < a(n(l —c)? +4P< Z uj<t1>—|—4P<Zu]<to)
with 0 < ¢ < 1. Hence by- -We get

” 2
nay(n) -0 and nE(;sJ) — 03, 0< 09 < o0.
Hence by case (ii) of Corollary 1.1, Remark 1.1 and Theorem 1.4 in Merlevede
& Peligrad (2000) we get M, B 53W,. This implies that the sequences {M,, }
and {M,} are tight in D|0, c0) with the Skorokhod .J; topology.

By tightness of {U,} and {M,} we get tightness of {(U,, M,,)}. There-
fore it is enough to prove the weak convergence of the finite-dimensional
distributions of (U,, My,) to (61 W1, 09Ws). Since {(u;, s;)} is stationary and
strongly mixing with mixing function {a,(n)}, the sequence of processes
(Un, My,) has asymptotically independent increments (see Billingsley (1968,
p. 157)). Hence it is enough to show that for any numbers b1, by we have
b U, ( )+b2M ( ) —> O’lblwl( ) —i—O‘gb2W2(t). But

[nt]

bi Uy (t) + bo M, (¢ WZ b1 + ba5;),

so the sequence {y; = b1u; + b25;} is a-mixing with mixing function @, =

{@,(n)}. Now for A =6/(2 + 0) implies
[nc(1—c)]
(3.43)  n(ar(n) < n3Ma(n(l — )?)) —|—n3)‘4/\( ( Z uj < t1>>

[nd]

+n3)‘4>‘( (Zu,j §t0>> .

By (B16) and (B-17) we get
(3.44) n(ay(n))”® 50 asn — oco.
Since

= j=1 Jj=1
- b%E(Zn: ﬂg> + 2blb2iE(zn: @)( " 7)
= j=1 J=1
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by (3.18) and (3.19) we have

1 /e 2
—E( ) 5 B20? + 2b1b blo2 = o
- jz;y] 1071 + 2b1b20102012 + 0505 = o

and 0 < gz < oo. Hence for the processes Y,,(t) = ﬁ Zgﬂ yj, n > 1, we
have Y,, = W, which implies

[nt]

Sy B bioWi(t) + baoaWa(t)  for all t > 0.

j=1

1

NG
Since the sequence of processes ﬁ ng]l y; has asymptotically independent

increments we get (U, M,,) Lt (01W, 09Ws), which by Lemma gives
(Un, My,) B (01W, 09Ws). This finishes the proof. =

Proof of Theorem . Since s; = ¢;8;, Theorem implies that {s; — p,
i € Z} is a-mixing with mixing function a, = {a;,(n)}. By Theorem [2.1| we
get

[nc(1—c)] [nc]

(3.45) ar(n) < a(n(l —c) +4P( Z uj < t1> —|—4P<Z u_j < to)

Hence by the assumption na(n) — 0 and we get na,(n) — 0. Now
using Theorem 1.4 of Merlevéde & Peligrad (2000), together with Remark
1.1 there, and next applying (3.23]) and (3.30), we get the assertion of the
theorem. m

Proof of Theorem[3.4 By the assumption and Corollary 2.1]the sequence
{u} — a1} is stationary and strongly mixing with mixing function {&(n)}
where a(n) = a,(n)/P(sp = 1). To prove the assertion of the theorem it
is enough to show that the assumptions of Theorem 1.7 of Peligrad (1986,
p. 202) are fulfilled, i.e. E(%})%>T < oo and Z L(a(n))/ ) < 60, Then
o? = var(a}) + 2> po, cov(af, ap) and if 02 > 0, then %Uﬁ 2 . This and
Lemma give the other convergences in (3.8)).

Now, by (|3 and Lemma 5.4 of Q-S we get E(u )2+5 < 00. Finiteness
of 327 (ar(n )) (2”) follows from the assumption and Lemma .

Proof of Theorem[3.5l The proof runs much as the proof of Theorem
with the difference that to get (3.32) we use Lemma[3.6] =

Proof of Theorem[3.6. Using Theorem [2.3] then Lemma 5.4 of Q-S, The-
orem A of Herrndorf (1984) and the equivalences in Lemma we get the
assertion of the theorem. m
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3.5. Proofs of auxiliary lemmas

Proof of Lemma The lemma follows immediately from

Zb[m < Sb[cx] dz < iogobm dz < <1+i> ilbn. .

0
Proof of Lemma[3.3 By Lemma [2.1]in Section 2.3.2,
[nc(1—c)]

(3.46) ay(n) < a(n(l —c) )+4p( Z uj < t1> —|—4P(Zu i< to)

for some 0 < ¢ < 1. But for any 0 < )\ < 1 and any c1, co,c3 > 0 we have

(3.47) (c1 + o+ e3) < 3 max{c}, 3,3} <3N} + 5 +¢3).
This and (3.46|) give
[ne(1—c)]

(o (n))* < 3Ma(n(1 —e)®) + 3)‘4>‘< ( Z uj < tl))

e (p(3, <n)
j=1

Now using Lemma and the other assumptions of Lemma we get the
assertion. m

Below, for brevity we write PA(A) = (P(A))* for any event A and 0 <
A <1

Proof of Lemma[3. Notice that

P(Zuj §t1> < P(tl >na/2)+P(Zuj <t Sna/2).

J=1 Jj=1
Denoting b, : P’\(ZJ Lu; < t1) and using inequality 1' with two
components we get

n n
b, = P (Z uj < tl) < 2PNty > na/2) + 22 P> (Z wj <t1, b < na/2)

j=1 j=1

n
< 22PNty > na/2) + 2 P (Z(uj —a) < —na/2>.
j=1
Now Chebyshev’s inequality yields

by < 2)(2/a) 0~ (Et“ (E‘Z -~ a)

)
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Applying Theorem 1 of Yokoyama (1980) to the second term in the brackets
we get

by < (2/a) 0 ((EF) + Kon™/2(Eluy — a|*)*) < Kyn /2,

where K7 is a constant independent of n.

The second inequality in (3.35]) follows from

P> (z”: u_j < t0> < 22PNty > na/2) + 2P (zn:(u —a) < —na/2)
=1 =1
= 22PA(t; > na/2) + 2 P (Zn:(uj —a) < —na/2>
j=1

and from the proof of the first inequality in (3.35[). m

Proof of Lemma . Let A = %5. Then from the assumption of the

lemma we have Ak/2 = %5(1 +0/2) = 6/2 > 1. Hence by Lemmamwe
get convergence of the series in (3.32)), and by (3.37) we get convergence in

(3.31)), which implies convergence (i3.33)), which is (3.38) for the chosen \. m

Proof of Lemma . Recall that N(t) = #{i > 1 : 22‘:1 uj < t}, so
P(3°%_yuj <t1) = P(N(t1) > n). Hence writing

L= ZP)‘ (Z uj < t1> = Z(nP(N(tl) > n))Anf)‘
n=1 j=1 n=1

and using Holder’s inequality with p = 1/A, ¢ = 1/(1 — \) we get

L= <i(“P(N(t1) > N))Ap) 1p (i n—*‘I)l/q

n=1 n=1
S Y A Syva-n)
= (X PNy =) - (YoM)L
n=1 n=1
The last series is finite because 1/2 < A < 1. Now notice that

E(N(t))* = iENQ(tl)H(n —1<t; <n)

n=1

<Y EN*(n)I(n—1<t <n)
n=1

00 2
= ZE(;N(n)) (n?I(n — 1 < t; <n)).
n=1
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Using Holder’s inequality with p = 1/, ¢ = 1/(1 — X) we get

E(N(t))* < g@(iﬁ(n))%) 1/p (2 P 1 <t < n)>1/q

1-X

< sup (E(iN(n))g/)\>A<i n20=Npn 1<t < n))
" n=1

1. 2/2\ A
< sup <E<N(n)> ) (Et?/(l_’\))l_A.
n n

Hence L is finite, which finishes the proof. m
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