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Hardy-Littlewood—Paley inequalities
and Fourier multipliers on SU(2)

by

RAUAN AKYLZHANOV (London), ERLAN NURSULTANOV (Astana)
and MICHAEL RuzHANSKY (London)

Abstract. We prove noncommutative versions of Hardy-Littlewood and Paley in-
equalities relating a function and its Fourier coefficients on the group SU(2). We use it
to obtain lower bounds for the LP-L? norms of Fourier multipliers on SU(2) for 1 < p <
2 < ¢ < 0. In addition, we give upper bounds of a similar form, analogous to the known
results on the torus, but now in the noncommutative setting of SU(2).

1. Introduction. Let T" be the n-dimensional torus and let 1 < p <
q < 00. A sequence A = { A }rezn of complex numbers is said to be a multi-
plier of trigonometric Fourier series from LP(T™) to LI(T™) if the operator

T @) = 3 MF(k)ee
kezn
is bounded from LP(T") to LI(T™). We denote by m} the set of such mul-
tipliers.

Many problems in harmonic analysis and partial differential equations
can be reduced to the boundedness of multiplier transformations. There
arises a natural question of finding sufficient conditions for A € m}. The
topic of mj multipliers has been extensively researched. Using methods
such as Littlewood—Paley decomposition and Calderéon—Zygmund theory,
it is possible to prove Hérmander—Mihlin type theorems (see e.g. Mihlin
[Mih57, Mih56], Hormander [Hor60], and later works).

Multipliers have been analysed in a variety of different settings (see e.g.
Gaudry [Gau66], Cowling [CowT74], Vretare [Vre74]). The literature on spec-
tral multipliers is too rich to be reviewed here (see e.g. a recent paper
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[CKS11] and references therein). The same is true for multipliers on lo-
cally compact abelian groups (see e.g. [Arh12]), or for Fourier or spectral
multipliers on symmetric spaces (see e.g. [Ank90] or [CGM93], resp.). We
refer to the above and to other papers for further references on the history
of m} multipliers on spaces of different types.

In this paper we are interested in Fourier multipliers on compact Lie
groups, in which case the literature is much more sparse; below, we will
make a more detailed review of the existing results. In this paper we will be
investigating several questions in the model case of Fourier multipliers on
the compact group SU(2). Although we will not explore them in this paper,
there are links between multipliers on SU(2) and those on the Heisenberg
group (see Ricci and Rubin [RR86]).

In general, most of the multiplier theorems imply that A € m) for all
1 < p < oo at once. Stein [Ste70] raised the question of finding more subtle
sufficient conditions for a multiplier to belong to some mb, p # 2, without
implying that it also belongs to all mh, 1 < p < oo. Nursultanov and
Tleukhanova [NTI00] provided conditions on A = {\;}xez to belong to mj
for 1 < p <2 < g < oo. In particular, they established lower and upper
bounds for the norms of A € mg which depend on p and ¢. This provided
a partial answer to Stein’s question. Let us recall their result in the case
n=1:

THEOREM 1.1. Let 1 < p <2< q < oo and let My denote the set of all
finite arithmetic progressions in Z. Then

k
1 1
sup | 3 M| S ITllersse S S0P D A
Qe |Q[1 1 /a—1/p m% ren k1T1/a 1/pmz::1 m

where X!, is a non-increasing rearrangement of Am, and |Q| is the number
of elements in the arithmetic progression Q .

In this paper we study noncommutative versions of this and other re-
lated results. As a model case, we concentrate on Fourier multipliers be-
tween Lebesgue spaces on the group SU(2) of 2 x 2 unitary matrices with
determinant one. Sufficient conditions for Fourier multipliers on SU(2) to be
bounded on LP-spaces have been analysed by Coifman-Weiss [CWT71b| and
Coifman—de Guzman [CdGT1] (see also Chapter 5 in Coifman and Weiss’
book [CWT1a]), and are given in terms of the Clebsch-Gordan coefficients
of representations of SU(2). A more general perspective was provided in
[RW13] where conditions on Fourier multipliers to be bounded on LP were
obtained for general compact Lie groups, and Mihlin—-Hoérmander theorems
on general compact Lie groups have been established in [RW15].

Results about spectral multipliers are better known, for functions of
the Laplacian (N. Weiss [Wei72] or Coifman and Weiss [CWT4]), or of the
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sub-Laplacian on SU(2) (Cowling and Sikora [CS01]). However, following
[CWT1bl [CWTla, RW13, RW15], here we are rather interested in Fourier
multipliers.

In this paper we obtain lower and upper estimates for the norms of
Fourier multipliers acting between LP and L9 spaces on SU(2). These esti-
mates explicitly depend on the parameters p and ¢. Thus, this paper can
be regarded as a contribution to Stein’s question in the noncommutative
setting of SU( ) At the same time we provide a noncommutative analogue

of Theorem 1.1} Briefly, let A be the Fourier multiplier on SU(2) given by
Af(l) = aa() (1)  for oa(l) € CEHDXCHD e 1Ny,

where we refer to Section [2 for definitions and notation related to Fourier
analysis on SU(2). For such operators, in Theorem for1<p<2<qg< oo,
we give two lower bounds, one of which is

1 1

(1.1) l:ggo @l 1) 3+ 1 Troal < Al ersu)»asu):-

A related upper bound

(1.2) | All r(sU(2))—LasU2)) S sup 8( Z (20+1)
s>0 ZG%NO
lloa(@llop>s

2) 1/p—1/q

will be given in Theorem

The proof of the lower bound is based on the new inequalities describing
the relationship between the “size” of a function and the “size” of its Fourier
transform. These inequalities can be viewed as a noncommutative SU(2)-
version of the Hardy—Littlewood inequalities [HL27]. To explain this briefly,
we recall that Hardy and Littlewood [HL27] showed that for 1 < p <2 and

fe LP(T),
(1.3) S @+ m)P | fm)P < K| 1w (ry»
meZ

and argued that this is a suitable extension of the Plancherel identity to
LP-spaces. Referring to Section [T] and to Theorem [2.1] for more details, our
analogue for this is the inequality

(14) D @+ D+ 1P < el fIfsuey  L<p<2
ZG%NO

which for p = 2 gives the ordinary Plancherel identity on SU(2) (see ([2.1)).
We refer to Theorem [2.2]for this statement and to Corollary 2.3 for its dual.
For p > 2, necessary conditions for a function to belong to LP are usually
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harder to obtain. In Theorem [2.§ we give such a result for 2 < p < oo:

(1.5) Z (20 + 1)p_2< sup

o TN < el
1€1N, ke 3Mo
2 k>l 2 <p<oo.

In turn, this gives a noncommutative analogue to the known similar result
on the circle (which we recall in Theorem [2.7). Similar to ([L.1]), the averaged
trace appears also in —it is the usual trace divided by the number of
diagonal elements in the matrix.

Hoérmander [Hor60] proved a Paley-type inequality for the Fourier trans-
form on R™ . In this paper we obtain an analogue of this inequality on SU(2).

The results on the group SU(2) are usually quite important since, in
view of the resolved Poincaré conjecture, they provide information about
corresponding transformations on general closed simply-connected three-
dimensional manifolds (see [RT10] for a more detailed outline of such rela-
tions). In our context, they give explicit versions of known results on the
circle T or on the torus T™, in the simplest noncommutative setting of SU(2).

At the same time, we note that some results of this paper can be extended
to Fourier multipliers on general compact Lie groups. However, such analysis
requires a more abstract approach, and will appear elsewhere.

The paper is organised as follows. In Section [2] we fix the notation for the
representation theory of SU(2) and formulate estimates relating functions
to their Fourier coefficients: the SU(2)-version of the Hardy—Littlewood and
Paley inequalities and further extensions. In Section [3| we formulate and
prove lower bounds for the operator norms of Fourier multipliers, and in
Section [4] we establish upper bounds. Our proofs are based on the inequalities
from Section [2] In Section [5] we complete the proofs of the results presented
in the previous sections.

We shall use the symbol C' to denote various positive constants, and C), 4
for constants which may depend only on p and q. We shall write = < y for
the relation |z| < Cly|, and write x 2y if x Sy and y < .

2. Hardy—Littlewood and Paley inequalities on SU(2). The aim
of this section is to discuss necessary conditions and sufficient conditions for
the LP(SU(2))-integrability of a function by means of its Fourier coefficients.
The main results of this section are Theorems[2.2] [2.4)and 2.8] They provide
a noncommutative version of known results of this type on the circle T. The
proofs of most of the results of this section are given in Section

First, let us fix the notation concerning representations of the compact
Lie group SU(2). There are different types of notation in the literature for
the relevant objects; we follow the notation of Vilenkin [Vil68], as well as
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that in [RTT0, RT13]. Let us identify z = (21, 20) € C'*2, and let C[zy, 23]
be the space of two-variable polynomials f: C?> — C. Consider mappings

t':8U(2) = GL(V),  (#(u)f)(2) = f(zu),
where [ € %NO is called the quantum number, Ng = NU{0}, and where V] is
the (2] + 1)-dimensional subspace of C[z1, z2] consisting of the homogeneous
polynomials of order 2/ € Ny, i.e.

={reCla,zl: f(21,20) Z%le%l “Aailo c cf:

The unitary dual of SU(2) is
SU(2) =~ ¢ € Hom(SU(2), U(2l +1)): 1 € 1Ny},

where U(d) C (CdXd is the unitary matrix group, and the matrix components
tl € C*(SU(2)) can be written as products of exponentials and Legendre-
Jacobi functions (see Vilenkin [Vil68]). It is also customary to let the indices
m,n range from —[ to [, equi-spaced with step one. We define the Fourier
transform on SU(2) by

Fy= | fat(u)” du,

SU(2)

with the inverse Fourier transform (Fourier series) given by

Flu)y= " 20+ 1) Tr (1)t (u).

le3No

The Peter—Weyl theorem on SU(2) implies, in particular, that this pair of
transforms are inverse to each other and that the Plancherel identity

le3No

holds true for all f € L2(SU(2)). Here || f(1)||2s = Tr f(1)f(1)* denotes the
Hilbert—Schmidt norm of matrices. For more details on the Fourier transform
on SU(2) and on arbitrary compact Lie groups, and for subsequent Fourier
and operator analysis, we refer to [RT10].

There are different ways to compare the “sizes” of f and f Apart from
the Plancherel identity , there are other important relations, such as
the Hausdorff-Young or the Riesz—Fischer theorems. However, such esti-
mates usually require the change of the exponent p in LP-measurements
of f and f Our first results deal with comparing f and f in the same
scale of LP-measurements. Let us indicate the background of this problem.
Hardy and Littlewood [HL27, Theorems 10 and 11] proved the following
generalisation of the Plancherel identity.
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THEOREM 2.1 (Hardy—Littlewood [HL27]).
(1) Let 1 <p<2. If feLP(T), then

(2.2) o+ m)P 2 m)P < Kpll 17y,
meZ
where K, is a constant which depends only on p.

(2) Let 2 < p < 0. If {f(m)}mez is a sequence of complexr numbers
such that

(2.3) (1 m)PRF(m)P < oo,
mEZL
then there is a function f € LP(T) with Fourier coefficients f(m),

and
118 ey < K 37 (1 ]2 Flm) .
meEZ

Hewitt and Ross [HR74] generalised this theorem to all compact abelian
groups. Now, we give an analogue of Theorem in the noncommutative
setting of the compact group SU(2).

THEOREM 2.2. If 1 <p <2 and f € LP(SU(2)), then
(2.4) > @D O < ol F I su)
le3No
We can write this in the form more resembling the Plancherel identity:
(25) 3@ DE DT < el s
le3No
providing a link to both (2.2) and (2.1]). By duality, we obtain

COROLLARY 2.3. If 2 < p < 00 and Yjc1y, (21 + 1)52/2=4) (1) || < oo,
then f € LP(SU(2)) and
(2.6) 110 sue) < Z (20 + 1)°P2 74 £ (1) B
1€3Ng

For p = 2, both statements reduce to the Plancherel identity (2.1).
Hormander [Hor60] proved a Paley-type inequality for the Fourier trans-
form on RY. We now give an analogue of this inequality on SU(2).

THEOREM 2.4. Let 1 < p < 2. Suppose {o(l)}jc1y, s a sequence of
2
complex matrices o (1) € CRHDXCHY gych that
(2.7) K, :=sups Z (21 +1)2

>0
’ le1Ng
lo@llop=s
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Then

(2.8) > @+ D)PEPYD| F)|lEs e (D127 < Ko™ PN su)
13Ny

It will be useful to recall the spaces (7 (SU( )) on the discrete unitary dual
SU( ). For general compact Lie groups these spaces have been introduced
and studied in [RT10, Section 10.3]. In the particular case of SU(2), for a
sequence of complex matrices o(l) € CHDXH+D) they can be defined by
the finiteness of the norms

_ 1/p
29) N0l = ( 30 @+ 1P o) 1<p< o,

le3No
and
(2.10) 1] e 55 = S0P 20+ 17200 .

ZE%NO

Among other things, it was shown in [RT10, Section 10.3] that these spaces

are interpolation spaces, they satisfy the duality property and, with o = f,
the Hausdorff-Young inequality holds:

/ ’_ ~ ’ l/p’ o~
1) (3 @+ @I = 1) o)
leiN
2 Sfllrsuy, 1<p<2

Further, we recall a result on interpolation of weighted spaces from
[BL76]:

THEOREM 2.5 (Interpolation of weighted spaces). Let dug(x) =
wo(x)dp(z), dpi(x) = wi(x)du(x), and write LP(w) = LP(wdp) for the
weight w. Suppose that 0 < pg,p1 < oo. Then

(L7 (wo), L (w1))o,p = L (w),
where 0 <0 <1,1/p=(1-0)/po+6/p1, and w = wg(lfe)/powfe/m.
From this we obtain:

COROLLARY 2.6. Let 1 < p < b < p < oco. If {o(D}ie1n, satisfies
2
condition (2.7)) with constant K, then

212) (3 @+ ) FO sl )

leinN e
2 S (K)o fll o sua))-

This reduces to (2.11)) when b = p’ and to (2.8) when b =p



8 R. Akylzhanov et al.

Proof. We consider a sublinear operator A which takes a function f to
its Fourier transform f(I) divided by v21 + 1, i.e.

f Af = {(FONVTF D,
where
FOy = | ft(u) due cBH*CEFD e 1N,
SU(2)

The statement follows from Theorem if we regard the left-hand sides
of inequalities (2.8) and (2.11)) as an ||Af||zr-norm in a weighted sequence
space over Ny with the weights given by wo(l) = (20 + 1)2Ha(l)Hg;p and
wi(l) = (21 +1)%, 1 € iNg. u

Coming back to the Hardy—Littlewood Theorem [2.I] we see that the con-
vergence of the series ([2.3]) is a sufficient condition for f to belong to LP(T),
for p > 2. However, this condition is not necessary. Hence, the question arises
of finding necessary conditions for f to belong to LP, or in other words, of
finding lower estimates for || f||z» in terms of the series of the form (2.3).

Such a result on LP(T) was obtained by Nursultanov and can be stated as
follows.

THEOREM 2.7 ([Nur98a]). If 2 <p < oo and f € LP(T), then
P
(2.13) ka 2(sup Tl Zf D < ClIf o

ec M
where M is the set of all ﬁmte arithmetic progressions in 7.

We now present a (noncommutative) version of this result on the group
SU(2).

THEOREM 2.8. If 2 < p < oo and f € LP(SU(2)), then
p
(2.14) Z (2l + 1)P2< sup % | Tr f(k )\) < c||f||’£p(SU(2)).

keiNg
leiN 2
€20 E>1

For completeness, we give a simple argument for Corollary

Proof of Corollary[2-3 The application of the duality of L? spaces yields

Iflzesuey = swp | | f(@)g(e)da
geL?  'SU(2)
gl pr

Using Plancherel’s identity , we get
| f@g@@)de= " (21+1)Tx FOF0)"

SU(2) ZE%NO
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It is easy to see that

20+ 1= (21 + 1)5/2_4/17"!‘5/2—4/])”

~ ~

Tr f(OgD)| < (1 (D usllg (D) [lus-

Using these inequalities, and applying the Holder inequality, for any g € ¥
with ||g||;,» = 1 we have

’ 3 @+ 1) T f()5(0)

ZE%NO
< 30 DY) s (2 + DY 50 s
€3Ny
_ -~ 1/]7 NN ’ 1/[3’
< (D @+ P FOIE) (D @ P G0l
le3No 1e3No
A 1/p
< (3 @+ F0lEs) gl
ZG%NO

where we have used Theorem [2.2]in the last line. Thus, we have just proved
that

] r@e@de] < | ST @1 T Fge)”

SU(2) 1€4Ng

N 1/
< (3 @+ 0lEs) ol

ZE%NO

Taking the supremum over all g € L? (SU(2)), we get (2.6). This proves
Corollary 2.3 =

3. Lower bounds for Fourier multipliers on SU(2). Let A be a
continuous linear operator from C*°(SU(2)) to D’(SU(2)). Here we are con-
cerned with left-invariant operators, which means that Ao 1, = 7,0 A for
the left-translation 7,f(z) = f(g~'z). Using the Schwartz kernel theorem
and the Fourier inversion formula one can prove that every left-invariant
continuous operator A can be written as a Fourier multiplier,

Af() = oa)F0),
with symbol o4(l) € CEHD*EHD) Tt follows from the Fourier inversion
formula that we can write this also as

(3.1) Af(u) = > (2 +1) Trt'(u)oal) f(0),

ZE%NO
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where
oa(l) = t(e)* Atl(e) = At'(e),

where e is the identity matrix in SU(2), and (At!),, = A(t! ) is defined
componentwise for —I < m, k < [. We refer to operators in these equivalent
forms as (noncommutative) Fourier multipliers. The class of these operators
on SU(2) and their LP-boundedness were investigated in [CW71bl [CWT1a],
and on general compact Lie groups in [RW13|. In particular, these authors
proved Hormander—Mihlin type multiplier theorems in those settings, giving
sufficient condition for the LP-boundedness in terms of symbols. These con-
ditions guarantee that the operator is of weak type (1, 1), which, combined
with a simple L?-boundedness statement, implies the boundedness on LP
for all 1 < p < o0.

For a general (non-invariant) operator A, its matrix symbol o 4(u, ) will
also depend on w. Such quantization has been consistently developed
in [RT10] and [RT13]. We note that the LP-boundedness results in [RW13]
also cover such non-invariant operators.

For a noncommutative Fourier multiplier A we will write A € M} (SU(2))
if A extends to a bounded operator from LP(SU(2)) to L7(SU(2)). We in-
troduce a norm || - || on M;/(SU(2)) by setting

HAHM;; = || All Lo

Thus, we are concerned with the question of what assumptions on the symbol
o4 guarantee that A € My. The sufficient conditions on o4 for A € M)
were investigated in [RW13]. The aim of this section is to give a necessary
condition on 4 for A € M, for 1 <p <2< q< cc.

Suppose that 1 < p <2 < ¢ < co and that A: LP(SU(2)) — L%(SU(2)) is
a Fourier multiplier. The Plancherel identity implies that the operator
Ais bounded from L?(SU(2)) to L2(SU(2)) if and only if sup; ||o4(1)]]op < 0.
Various other function spaces on the unitary dual have been discussed in
[RT10]. Following Stein, we search for more subtle conditions on the sym-
bols of noncommutative Fourier multipliers ensuring their LP-L9 bound-
edness, and we now prove a lower estimate which depends explicitly on p
and q.

THEOREM 3.1. Let 1 < p <2 < q < oo and let A be a left-invariant
operator on SU(2) such that A € M;}(SU(2)). Then

minne{*l,...ﬂ*l} loa()nnl

<
Troa)l  _
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One can see a similarity between (3.2), (3.3]) and (1.1) as
1 1
34 s T D<A .
(3.4) ZE?N)Q (20 + 1)1/1,,“/,1 2+ 1| roa(l)] Sl ”LP(SU(2))—>L<1(SU(2))
We also note that estimates (3.2) and (3.3) cannot be immediately com-
pared because the trace in (3.3) depends on the signs of the diagonal entries
of o4(l).

Proof of Theorem|3.1, In [GT80] it was proven that for any [ € $Ng there

exists a basis for # € SU(2) and a diagonal matrix coefficient ¢, (i.e. for
some —! < n <) such that

1
(204 1)V/r-
Now, we use this result to establish a lower bound for the norm of A €

M{(SU(2)). Fix ly € 1Ny and the corresponding diagonal element ¢[9,. We
consider f,(g) whose matrix-valued Fourier coefficient

(3.6) fio () = diag(0,....,1,0,...)d},

has only one non-zero diagonal coefficient 1 at the nth diagonal entry. Then
by the Fourier inversion formula, fi,(g) = (2l + 1)t2,(g). By definition,

12 e 1n, (20 + 1) Trtl(U)UA(l)f(l)||LL1(SU(2))
| £l zr(sU(2))

I 11wy (2 + D) Trt (w)oa(l) fio (D] agsu)
| fioll Lr(sU(2))

>~

(3.5) [t Lo (sUC2))

| Allp—ra = sup
#0

Invoking (3.6]), we get

(2o + 1) Tr 0 (g)oa(lo) fio (D) | a(sua))
| fioll Lr(sU(2)) '

Setting h(g) := (2ly + 1) Trtlo (g)aA(lo)E(lg), we have /Ii(l) = 0 for | # lo,
and h(lo) = 04(lo) fi,(lo). Consequently,

[AllLe—ra 2

1 R 0, [ >y,
sup |Tr h(k)| = { 1 ;
- wl 1<1<1
k%?yo 2k +1 o +1 o4 (lo)nn] 0

Using this, Theorem and ({3.5]), we obtain

(e (5 leaton) )

> =1
HAHLP—J/Q ~ (2l0 4 1)1—1/p ’
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where [y is an arbitrary fixed half-integer. Direct calculation now shows that

(S 125 loaton) )

=1
(2o + 1)1-1/p
1 (S0, (21 + 1)172)1/a
= ’UA(ZO)nn‘ -1/
20 +1 (2lp + 1)1-1/p
L sl 20 DY Joalo)anl
== g nn = 7 .
2 + 1 ANV I T (200 + 1)

Taking the infimum over all n € {—ly,—lp+ 1,...,lp — 1,lp} and then the
supremum over all half-integers, we obtain

mingeq g +1} ’UA(l)nn‘
A > g ne{-1L...,
e >ze lEI%lIN)O (20 + 1)V/P'+1/a

This proves ({3.2]).
Now, we will prove estimate (3.3)). Fix [y € %NO and consider f,(u) :=

(2l + 1)xz, (u), where xq,(u) = Trt(u) is the character of the representa-
tion t. Then, in particular,

=~ Iyip1, 1=lo,
3.7 N =
3.7) R ={ Y

where 511 € CH1)x(2H1) jg the identity matrix. Using the Weyl character
formula, we can write

, (et 0
Xio (u) = Z e® where w=wv"! < 0 6_#)11.
k=—lo
The value of x;,(u) does not depend on v since characters are central. Fur-
ther, the application of the Weyl integral formula yields

Il fiollLr(su(2)) = (2o + D)[Ix10 [l Lr(sU(2))

1/p
210—|—1< ‘Z ’kt‘ 2sin’ ¢t ) .

0 k=—Ig
It is clear that
lo 2lp+1
i(=lo—1)t Z ei(k+lg+1)t‘ _ Z eikt‘.
k=—lo k=1

Applying [Nur98al, Corollary 4] to the Dirichlet kernel Do, 41 () := Zzlii_l ekt
we get

(3:8) Xt |l e sU@) S 1D2tg41ll o (0,2 == (20 + 1)1 7VP.
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Just as before,

1> ie1n, (20 + 1) Tr t'(w)oa(l) fro Dl Lasu2))
| fioll Lr(sU(2)) '

I AllLr—ra >

From (3.7)), we obtain

(20 + 1) Tr ¢ (g)o a(lo) || La(su(2y)
| fiollLr(sU(2))

Setting h(g) := (2lp + 1) Trt!o(g)o a(lp), we have ﬁ(l) = 0 for [ # ly, and
h(lo) = oa(lp). Consequently,

[AllLr—ra Z

07 > lo,
sup |Tr h(k)| = 1

Using this and Theorem we get

(i(m +1)772 (2101+ . | T aA(lo)!>q> v

=1
(2lp + 1)(2lp + 1)1-1/p ’

where [y is an arbitrary fixed half-integer. Direct calculation shows that

(S (g meaon))

=1

[Allzr e 2

(2[0 + 1)(2[0 —+ 1)171/p
(i (20 4 1)1
(20 + 1)(2lp + 1)1-1/p
1 2lp + 1)1-1/a Troa(l
= ’TI‘O’A(Z()” ( 0 ) 1 = ’ f(lo)J 7o
2lp +1 (2lp + 1)(2lp + 1)1-1/P — (20 + 1)1+1/P'+1/a
Taking the supremum over all half-integers, we get

Troa(l)]
(20 + 1)/

1
= T l
i T oato)

|AllLp—ra = sup

~

ZE%NO

This proves (3.3). =

4. Upper bounds for Fourier multipliers on SU(2). In this section
we give a noncommutative SU(2) analogue of the upper bound for Fourier
multipliers, analogous to the one on the circle T in Theorem |[1.1{ (see also
[Nur98bl, NTi11] for the circle case).
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THEOREM 4.1. If 1 <p <2< q< oo and A is a left-invariant operator
on SU(2), then

1/p—1/q
(4.1) Al Lr(su(2))—La(su(2)) S sup 8( >+ 1)2> :
s>0 ZG%NO
loa(Dllop>s
Proof. Since A is a left-invariant operator, it acts on f via multipication
of f by the symbol o4,

(42) Af () = oa(m)f(m),
where
oa(m) = m(z) " An(x)|s=e-

Let us first assume that p < ¢'. Since ¢ < 2, for f € C*°(SU(2)) the
Hausdorff-Young inequality gives

(43) IS lasve) < 14T 55 = loall gom)

(Y @ aanfol)

—

1eSU(2)

/ / -~ / 1//
< (X @+ a0l Fol)

—

1€SU(2)

The case ¢ < (p’) can be reduced to the case p < ¢ as follows. The
application of Theorem 4.2] below with G = SU(2) and p the Haar measure
on SU(2) yields

(4.4) HAHLP(SU(Q))—>Lq(SU(2)) = HA*HLq’(su(Q))ﬁLp’(SU(Q))-
We have
(4.5) O A* (l) = O’Z(l), le %No,

lary Set 1/r = 1/p—1/q. We observe that with o(#!) := HJA(tl)HQpIng,
l € 5Ng and b = ¢, the assumptions of Corollary are satisfied and we
obtain

wo) (X @0 Reaiplols)

and ﬁA*(l)Hop = |loa(l)|lop- Now, we are in a position to apply Corol-

1eSU(2)
1/r
s(sugs 3 <2Z+1>2> Fleuey, € ZSUQ).
=V est)
o (t)l5p>s

in view of 1/¢' —1/p' =1/p—1/q¢ = 1/r. Thus, for 1 <p < 2<¢g< o0,
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1/r
@7) ||Af||Lq<SU<2>)s<sggs 3 <2Z+1>2) TP

HeSU(2)
lo()155>s

Further, it can be easily checked that

1/r 1/r
sup s 20 +1)2 = 2l+12)
(s & @nt) = X ey
teSu(2) theSu(2)
llo(t)l5p>s lloa(t)]lop>st/"
1/r 1/r
= (sups” 20 +1)? = 2l+12> .
(IR SRRCERD BT (D MRS
thesu(2) tesu(2)
lloa()llop>s lloa()llop>s

This completes the proof of Theorem "
For completeness, we give a short proof of Theorem used above.
THEOREM 4.2. Let (X, u) be a measure space and 1 < p,q < oo. Then
(4-8) ||AHLP(X,M)—>L‘1(X,M) = ||A*||Lq/(X7u)~)Lp/(X,/_L)7
where A*: LY (X, ) — LP (X, ) is the adjoint of A.
Proof. Let f € LN L? and g € LY N L2. By the Holder inequality,

(4.9) [(Af,9) 2l = [(A%g, 2| < 1A%l Lo Lf 1l o
< NA N o S gl por LF 1l o

Thus,

(4.10) JAllzro 20 < 1A% oy o
Analogously,

(4.11) [A N o o < [ Allzo—s Lo

The combination of (4.10) and (4.11)) yields

|AllLr—ra = ||A*”LQ'ALP/’ .

5. Proofs of theorems from Section [2]

Proof of Theorem . Let p give measure ||0(tl)\|gp(2l +1)%, 1 € 1Ny,

to the set consisting of the single point {#'}, ¢! € SU(2), and measure zero
to every set which does not contain any of these points, i.e.

pit'} = o ()52 + 1)°.

We define LP(SU(2),u), 1 < p < oo, as the space of complex (or real)
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sequences @ = {a;};c 1y, such that
2

1/
Lo(ST (Z aal?lor ()12, 20 +1)2) " < oo,

lE No

6.1 ]

We will show that the sublinear operator

1F (#) s
V2 + 1o ()]op

is well-defined and bounded from LP(SU(2)) to LP(S/U\(Q), p) for 1 <p < 2.
In other words, we claim that

F(t)) s P p
62) 147 s~ (7o) Iohe?)

HeSU(2)
S Kc(rz_p)/pr”Lp(SU(Z))»
which would give (2.8) and where we have set
K, :=sups Z (204 1)%

s>0 ———
thesu(2)
llo () llop>s

We will show that A is of strong type (2,2) and of weak type (1,1). For
definition and discussions we refer to Section [6] where we give definitions of
weak type, and we formulate and prove the Marcinkiewicz interpolation the-
orem [6.1} More precisely, with the distribution function v as in Theorem

we show that
Ma| fllz2su))
53 vgian < (FU0

M| fllzysue)

A: LP(SU(2)) > f — Af :{ } - e LP(SU(2), u)
tleSu(2

2
> with norm Ms =1,

(5.4) VS/U\(2)(y; Af) < with norm M; = K.

Then (5.2) follows from Theorem
Now, to show , using Plancherel’s identity (2.1)), we get

Y vsom (W AS) < IIAfH2

LP(SU(2),0)
1 2
= Z </2l||—5(t\|)HHtsl)Hop> ‘|0(tl)ng(2l—l—1)2
HeSU(2)

= 3 @ DIFE)IES = 171, 55, = I B2sucey

HeSU(2)
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Thus, A is of strong type (2,2) with norm My < 1. Further, we show that
A is of weak type (1,1) with norm M; = C; more precisely, we show that

STT793 F(#) s 1 f1l21su2))
5.5 — e SU©2): [t >y <K, 2B
55 VSU(Z){ ® V20 + 1o (t)][op Ip~ Yy

The left-hand side here is the weighted sum ) Ha(tl)ng(Ql + 1) taken over

— —~

those t' € SU(2) for which ||f(t)|lus/(v2l + 1|jo(t")|op) > y. From the
definition of the Fourier transform it follows that

1F () las < V2U+11f]l 21 sue)-

Therefore, R
< 1 (") |lus - 1 f1l21su2))
V2 1ol —  llo(®)llop
Hence
T F(t") s —= Iflnsue)
th e SU(2): I >ype CtheSU(©Q): 2 Sy
{ . V2U+ 1ot lop @ o ()]lop
for any y > 0. Consequently,
| S £ () s } { Lo I llsuee)
uet €SU(2): >y, <ust eSUQR2): ——=>y .
(¥ 800 ot O o @)ep

Setting v := || f||L1(su(2))/y, we get
(5.6)

7y @)l z
u{tl € SU(2): NESTETIIE > y} < Z o (th)]125(21 + 1),

teSU(2)
llo () llop<v
We claim that
(5.7) > o)+ 1) < Kov.
#eSU(2)
llo (¢ llop<v
In fact,
llo ()13
S oo+’ = Y @+1)? | dr
#eSU(2) #eSU(2) 0
llo (¢ lop<v llo(t")llop<v
We can interchange summation and integration to get
lo ()13 v2
Yoo@@+1) | dr=\dr > (20 +1)2.
1eSTE) 0 0 tesi@)

llo(t))llop<v TH2<]lo(t)]lop<v
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Further, the substitution 7 = s? yields

’U2 v
S dr Z (21+1)2:285d5 Z (20 4+ 1)2
0 tleSTJ\(Q) 0 tleSTJ\(Q)
12<)|o () [|op<v s<[lo(t")[lop<v
v
<2\sds > (+1)>
0 #eSU(2)
s<[lo(t")llop
Since
s Z (20 +1)? <sups Z (20+1)? =K,
HeSUE) P et
s<[|lo(t")[|op s<[lo(t")llop

is finite by the definition of K,, we have

2§sds > @+ 1) S K.

0 eSU(2)
s<[lo(t)]lop

This proves (5.7). We have just proved inequalities (5.3)), (5.4]). Then by the
Marcinkiewicz interpolation theorem (Theorem with p; = 1, pos = 2
and 1/p=1— 60+ 6/2 we obtain

L) s ) : 2\
> [lo(m)llop(20 + 1)
22 VA ol .
= HAfHLp(SU (2),1) 5 K HfHLp(SU
This completes the proof of Theorem [2.4] =

Now we prove the Hardy-Littlewood type inequality given in Theo-
rem [2.2)

Proof of Theorem . Let v give measure 1/(21 + 1)* to the set con-

sisting of the single point [, where [ = 0, 5, 1, 3,2 , and measure zero to

every set which does not contain any of these pomts. We will show that the
sublinear operator

Tf = {2+ 1> () lns hre 1,
is well-defined and bounded from LP(SU(2)) to L?(4Ng,v) for 1 < p < 2,
with
~ 1/p
o 5/2 P —4
1T s = (2 (@ + D2 F @) - 204+ 1)74)
le3No

This will prove Theorem
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We first show that 7' is of strong type (2,2) and weak type (1,1). Using
Plancherel’s identity (2.1]), we get

1712, s5m, = 2o G DPPFOIE = 3 @+ DIFOs
le3No le3No
= 1712, 553, = 113202

Thus, T is of strong type (2, 2).
Further, we will show that T is of weak type (1,1), more precisely,
4 Hf||L1 8U(2)
Y
The left-hand side here is the sum Y 1/(21 + 1)* taken over those [ € 2N for

which (21 + 1)5/2”]?@) llus > y. From the definition of the Fourier transform
it follows that

(5.8) v{l e INg: 20+ 152 F()lus >y} <

1FDllks < V20 + 1 fll1suca)
Therefore,
< 41D FD)lss < 2+ 12| fllpsue)-

Hence

~ 1/3
{1 € INo: (21 +1)*2(|F(1)lss > v} {l € INg: 204+ 1 > (Ilfgﬁ ) }
Ll
for any y > 0. Consequently,
v{l € 3No: (20 + 1)°?|| F(D)lss > y} < u{l € INg: 204+ 1> (Hfzﬁ ) }
Lt

We set w := (y/|]fHL1(SU(2)))1/3. Now, we estimate v{l € Ng: 21+ 1 > w}.
By definition, we have

y 1/3 1
IJZEIN121+1>< > }: —.
{ 20 £z Z;n

In order to estimate this series, we introduce the following lemma.
LEMMA 5.1. Let 8> 1 and w > 0. Then
. _B_
1 -1
(5.9) Z: =<4
B—1wh1’
The proof is rather straightforward. Now, suppose w < 1. Applying this
lemma with § = 4, we get
[e.e]
> s
nt —
n>w

w <1,

w > 1.

Ll
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Since 1 < 1/w?, we obtain
— 1
D i<
n?
n>w

1/3

ol

ol

S
w

<

Recalling that w = (y/|fllz1(su(2)))™/°, we finally obtain

1/3 )
y 1 _4 1 £1l 21 suc2y)
ylelN;2z+1><> }:Z *
{ 20 1£112 123y

n>w

Now, if w > 1, then

I
y

V3 4 fllsue
v lElN:2l+1>< Y > }§<(>>
{ 2 171 57 o

This proves (j5.8)).
By the Marcinkiewicz interpolation theorem [6.1] with p; = 1, pa = 2, we
obtain

T 1/p
< > 21+ 1) 4Hf(l)H§s) =T o557y = ol fllzrsue):

ZE%NO

W\»Jk

1
w3

Ll =

1
ZTTS
n>w

Finally,

This completes the proof of Theorem .

Proof of Theorem . We first simplify the expression for Tr f(k) By
definition, we have

fey= | f)T*u) du, ke iNo,
SU(2)

where T* is a finite-dimensional representation of SU(2) as in Section
Hence

(5.10) Trf(k) = | f(w)xi(u) du,

where xj(u) = Tr T%(u), k € 3Ny, where we have changed the notation from
t* to T* to avoid confusion with the notation that follows. The characters
Xk (u) are constant on the conjugacy classes of SU(2) and we follow [Vil6§]
to describe these classes explicitly.

It is well known from linear algebra that any unitary unimodular matrix
u can be written in the form v = uléufl, where u; € SU(2) and 0 is the
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diagonal matrix

eit/? 0
(5.11) 5:( . e_z.m),

where A = €/2 and 1 /A= e~ /2 are the eigenvalues of u. Moreover, among
the matrices equivalent to u there is only one other diagonal matrix, namely,
the matrix ¢’ obtained from § by interchanging the diagonal elements.

Hence, classes of conjugate elements in SU(2) are determined by one
parameter t, varying in —27 <t < 27, where ¢ and —t give the same class.
Therefore, we can regard the characters y(u) as functions of one variable ¢,
which ranges from 0 to 2.

The special unitary group SU(2) is isomorphic to the group of unit
quaternions. Hence, the parameter ¢ has a simple geometrical meaning: it is
the angle of rotation which corresponds to the matrix u.

Let us now derive an explicit expression for x(u) as function of ¢. It was
shown e.g. in [RT10] that T*(5) is a diagonal matrix with e ™™ —k <n <k,
on the diagonal.

Let u = uldul_l. Since characters are constant on conjugacy classes, we

get
k

(5.12) Xe(w) = xk(0) = TeTH(@E) = > e

n=—=k
It is natural to express the invariant integral over SU(2) in (5.10) in new
parameters, one of which is ¢.
Since SU(2) is diffeomorphic to the unit sphere S* in R* (see, e.g., [RT10]),
with

SU22) s u= (

1+ 13.32 T3 + 1.934> & o(u) = & = (21, T2, 03, 74) € S3,
—X3+1T4 X1 —1T2
we have
(5.13) | fwxe(u)du= | f(z)xp()dS,
SU(2) S3

where f(z) := f(p 1(z)) and x(z) := xx(¢ (z)). In order to find an
explicit formula for this integral over S3, we consider the parametrisation

x1 = cos(t/2),

o =0,

x3 = 1/sin?(t/2) — v2 - cosh,
x4 = \/sin?(t/2) —v2 -sinh, (t,v,h) € D,

where D = {(t,v,h) € R3: |v] <sin(t/2), 0 < t,h < 27}
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The reader will have no difficulty showing that dS = sin(¢/2) dt dv dh.
Therefore,

| f@)xi(t)dS = | f(h,v, t)xk(t) sin(t/2) dh do dt.
S3 D
Combining this with , we get
Tr f(k) = | £(h,v,t)xk(t) sin(t/2) dhdv dt.
D

Thus, we have expressed the invariant integral over SU(2) in the parameters
t,v, h. An application of Fubini’s theorem yields

| 7(h, v, ) xu(t) sin(t/2) dh dv dt
D

2 sin(t/2) 2
= | xx@®)sint/2)dt | dv | f(h,v,t)dh.
0 —sin(t/2) 0
Combining this with (5.12), we obtain
R 21T k ) sin(t/2) 2T
Trf(k)=\ dt Y e™sin(t/2) | dv | f(hv,t)dh.
0 n=—k — sin(t/2) 0

Interchanging summation and integration yield

R k27 A sin(t/2) 2
Trf(k)= > \e™sin@t/2)dt | dv | f(h,v,t)dh.
n=—k 0 —sin(t/2) 0

By making the change of variables t — 2t, we get

k 7 sint 2
(5.14) Tef(k) =Y {e ™t 2sintdt | dv| f(h,v 2t)dh.
n=—k 0 —sint 0

Let us now apply Theorem in LP(T). To do this we introduce some
notation. Denote
sint 2w
F(t):=2sint | | f(h,v,2t)dhdv, t€(0,m)
—sint 0
We extend F(t) periodically to [0,27), that is, F(z + ) = F(z). Since
f(t,v, h) is integrable, the integrability of F(t) follows immediately from
Fubini’s theorem. Thus F(t) has a Fourier series representation

F(t)~ > F(k)e™,

kEZ
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where the Fourier coefficients are

ﬁ(k):% [ Pt dt.

[0,27]
Let A be the 2k + 1-element arithmetic progression with difference 2 and
initial term —2k, i.e.,
A = {2k, -2k +2,...,2k} = {2k + 2j}3%,
Using this notation and (5.14), we get

(5.15) Tr f(k) = > F(n).
neAy
Define
B ={Ax},.

As B is a subset of the set M of all finite arithmetic progressions, (|5.15|)
yields

(5.16)
su Tr f(k)| < su ‘ su ‘ F(i ‘
kelllzlo 2k + 1| f)l < eeg a eE]\IZf e| Z
2h+1 22041 \e|22l+1 tee le|>21+1 i€e

Denote m := 2I + 1. If [ runs over 3Ng, then m runs over N. Using (5.16)),
we get

(5.17) Z(2l+1)p2( sup 2k+1|Trf( )I>

keiN
leinN 20
€z 2k4+1>20+1
<§mp2<supHEF>.
ecM |€
meN le|>m i€e

Application of (2.13)) yields

R p
(5.18) > mPo 2< sup 1| ‘Z F(i)D < clFlgp 0,20
i€e

ecM
meN |e|>m

Using the Holder inequality, we obtain

T g sint 27
VIF@Pdt < \sintdt | do | [f(h,v,2t)7 dh.
0 0 —sint 0

By making the change of variables ¢ — ¢/2 in the right hand side integral,
we get

T 2 sin(t/2) 2

VIF@Pat < \ sin@/2)dt | dv | [f(h,v, )P dh.

0 0 —sin(t/2) 0
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Thus, we have proved that

(5.19) 1 E N0, < epll fllzesuc)):s
where ¢, depends only on p. Combining (5.16)), (5.17) and (5.19)), we ob-
tain
S w2 s 1/2%+1Te f(R)]) < el fIsueo
meN kG%No
2k+1>m

This completes the proof of Theorem .

6. Marcinkiewicz interpolation theorem. In this section we prove
the Marcinkiewicz interpolation theorem for linear mappings between a com-
pact group G and the space of matrix-valued sequences Y that will be re-
alised via

5= {h={h(m)}, g h(r) € Clxi}.

Thus, a linear mapping A: D'(G) — X takes a function to a matrix valued
sequence, i.e.

[ Af = h=A{h(m)} &
where

h(r) € Chxd= 1.
We say that a linear operator A is of strong type (p, q) if for every f € LP(G),
we have Af € ¢4(G,Y) and

1A Loz < M v,

where M is independent of f, and the space £4 (@, X) is defined by the norm

1/p
(6.1) 1Pl a5y == (Z dp(Q/p—1/2)||h(7r)H’I'ZIS)
el
(cf. (2.9)). The least M for which this is satisfied is taken to be the strong
(p, g)-norm of the operator A.
Denote the distribution functions of f and h by uq(t; f) and vg(u; h),
respectively, i.e.

ueG
|f (u)| 2
(6.3) va(ysh) = > a2, y>0.
WE@

[[A(7) lns / v/ >y
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Then
[ha yoe S [ (w)[” du = p S o g (@ f) dz,
|h||@q &) Z d2 <”h |HS) =gq S uqflua(y;h) dy.
0

A linear operator A: D’(G) — X satisfying

M q
(6.4) valy: Af) < (g/ufHLp«n)

is said to be of weak type (p,q); the least value of M in (6.4)) is called the
weak (p,q) norm of A.
Every operation of strong type (p, q) is also of weak type (p, q), since

y(wa(y; AP <N Af |l oy < MU fllee

THEOREM 6.1. Let 1 < p; < p < pa < 00. Suppose that a linear opera-
tor A from D'(G) to X is simultaneously of weak types (p1,p1) and (p2,p2),
with norms My and Mo, respectively, i.e.

M p1
(6.5) e AD < (sl )
M. p2
(6.6) 6w AD < (22l )
Then for any p € (p1,p2) the operator A is of strong type (p,p) and
(6.7 [AS sy < MM sy, 0 <0< 1,

where % =10, 0

Proof. The proof is an adaptation of one in Zygmund [Zyg56] to our
setting. Let f € LP(G). By definition,

v 2 (IAF@les\' _ T o1
68) 1465 =2 4| | pa?lvg(a; Af) do
weé m

0

For a fixed z > 0 we consider the decomposition f = f1 + fo, where
fi = f whenever |f| < z, and f; = 0 otherwise; thus |fa] > z or else
fo = 0. Since f is in LP(G), so are f1 and fo; it follows that fi is in LP*(G)
and fo is in LP2(G). Hence Af; and Afy exist, by hypothesis, and so does
Af = A(f1 + f2). It follows that

(6.9) [fil = min([f],2),  |f] = [/l + [fal.
The inequality

A + f2) () lss < I1Afi(7) lws + [|Afo(m) ws, 7 € G,
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yields
{weG HAf HHS }
a. 1AA @ lss } { I[Af2(m)|lss y}
- iUl ed: = 5.
{ f Vd, 2
Then applying assumptions (6.5)) and . ) to f1 and fo, we obtain
(6.10) valy; Af) < vg (y/2 Af1) +vg(y/2: Af2)

< MPY P A1 gy + MY ol
The right side depends on z and the main idea of the proof is to define z as a
suitable monotone function of ¢, z = z(t), to be determined later. By ,
pa(t; f1) = pa(t; f) for 0 <t <z,
pa(t; f1) =0 for t > z,
pa(t; f2) = pa(t+ 2 f)  fort > 0.

Here, the last equation is a consequence of the fact that wherever fo # 0
we must have |fi| = z, and so the second equation of takes the form

[fl =2+ [f2].
It follows from (6.10]) that the integral in is less than

(611) M Oﬁoy”‘“‘l{ﬁ Ao du)” " ay
0 G

o

/

Fa1g §yr e | ) dy
0

= MU py § e s f) da f dt

0

o)

+ M5 po S yp_prl{oso(x — )P (s f) dx} dt.
0

z

Set z(y) = A/y. Denote by I; and I the last two double integrals. We
change the order of integration in Iy:

(6.12) L = Osotp_pl_l{iupl_l,ug(u; f) du} dt
0 0
Ax
P 1 al(z; f) yP~ prldy dx
oty
_APT

e g o
p b1 0
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Similarly, making the substitution z — z — x and using we see that

o
(6.13) I =Mps | yl’—m—l{
0

(x — z)m_lug(aj; f) da:} dy

o0
= ML?p, S ypfprl{
0

p—p2— 1{

2P g (e + 2 f) d:v} dy

— MP2

Ce—m P O ne—mY

2P (x5 f2) dw} dy

iy

0

= MPp, HS P z; o)y P2 ldy}dx

0O 0

_M§2p2°§{ i a2 g (w; fa)yP P2 1dy}d90
0
|
0

Az 1/5
o0
= MPpy \ 2P (x; fg){ S p—p2—1 dy} dx
Az
AP—D2 o0
_ b2 | £ 1) d
b2 —p 0
AP—P2 o0
< A gy | s )
p2—p 0

Collecting (6.11))—(6.13)) we see that the integral in does not exceed

o APTPL o pe1 ‘ by APTP2 °° p—1 '
(6.14)  M{'py S 2P pa(x; f) de+M3?ps S 2P g (x; fa) de
p=h1 b2—p

Now, using the identity

o0

V2" g (s £ de = | [F )" du = | {76

0 G

and inequalities and (6.14) we get

AP—D1 AP—D2
AfIP < | MY + Mj?
|| f”ep(G) — < 1 plp* 1 2 p2p2

) Ut

Next we set
P1 P2

— P1—P2 p2—P1
A= MM

A simple computation shows that
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p1(p2—p) p2(p1—p)
Mfl AP~P1 — M§2Ap—p2 = M, P2—P1 M, P1—P2
_ 1 1-6 0
=M'My, - = +—.
p n D2

Finally, we have

where

”Angp(@) < vaplzp2M1179M20||f”Lp(G)7

1/p
p1 D2
K = + > . n
D;P1,P2 <p 1 pa—p
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