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A Katznelson—Tzafriri type theorem for
Cesaro bounded operators

by

LuciANO ABADIAS (Zaragoza)

Abstract. We extend the well-known Katznelson—Tzafriri theorem, originally stated
for power-bounded operators, to the case of Cesaro bounded operators of any order o > 0.
For this purpose, we use a functional calculus between a new class of fractional Wiener
algebras and the algebra of bounded linear operators, defined for operators with the cor-
responding Cesaro boundedness. Finally, we apply the main theorem to get ergodicity
results for the Cesaro means of bounded operators.

1. Introduction. Let A(T) be the convolution Wiener algebra formed
by all continuous periodic functions f(t) = Y>>0 a(n)e™, for t € [0, 27),
with the norm ||| 4¢1y := Y_,2 _ la(n)|. This algebra is regular. We denote
by A4(T) the convolution closed subalgebra of A(T) where the functions
satisfy a(n) = 0 for n < 0. Note that A(T) and ¢(Z) are isometrically
isomorphic. The same holds for A, (T) and ¢*(Np), where Ny = N U {0}.
In the above, the sequence (a(n)),ez corresponds to the Fourier coefficients

of §, that is

~ 1% 4
a(n) =(n) = | f(t)e~it at.
0

Let E be a closed subset of T and f € A(T). We recall that § is of spectral
synthesis with respect to E if for every e > 0 there exists f. € A(T) such that
[f — fell a¢r) < € with fe = 0 in a neighborhood of E. The above definition is
valid in any regular Banach algebra. For more details see [Kl, Chapter VIII,
Section 7]. Since sup;c(g o) [f(1)| < [[fl|a(r), if f is of spectral synthesis with
respect to E, then § vanishes on F.
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Let X be a complex Banach space and B(X) the Banach algebra of all
bounded linear operators on X. An operator T' € B(X) is power-bounded if
sup,,>ol|T"|| < oco. In 1986, Y. Katznelson and L. Tzafriri proved that if T’
is a power-bounded operator on X and f € A, (T) is of spectral synthesis in
A(T) with respect to o(7') N'T, then

Tim [[T6(7)]| =0,

where o(T) denotes the spectrum of T' and 6 : *(Ng) — B(X) is the func-
tional calculus given by

0(f) =Y _ fiT!, wzeX, fel'(No)
7=0

(see [KT, Theorem 5]). Moreover, for T" € B(X) power-bounded, we have
limy, oo|| T =T+ || = 0 if and only if o(T)NT C {1} (see [KT, Theorem 1]).

Léka [L1] proved that for T" power-bounded in a Hilbert space H, the
result of [KT, Theorem 5] still holds if f € A, (T) just vanishes on the
peripheral spectrum. For contractions on H this had been proved in [ESZ2].
When the Fourier coefficients of f satisfy >, 4[§(j)| < oo, the same holds
in any Banach space [AOR]. If T is (C,1)-bounded and o(T) N T = {1},
but T is not power-bounded, then ||T" — T"*!|| need not converge to zero.
The first counter-examples were given in [TZ]. There is a counter-example
in a Hilbert space with o(T) = {1} in [L2].

A similar result for Cp-semigroups was proved simultaneously in [ESZ1]
and [V2]. The result states that if (7'(t))i>0 C B(X) is a bounded Cp-
semigroup generated by A, and f € L'(R.) is of spectral synthesis in L' (R)
with respect to ic(A) N R, then

Jim IT(HO ()] =0,

where © : L}(R;) — B(X) is the Hille functional calculus given by
[e.e]
O = | i (e, =X, feLi(R,)
0
In |[CT, Theorem 5.5], there is a nice proof of this result, which has inspired
the proof of the main theorem of this paper (Theorem [3.4)).

In [GMM], the authors give a similar theorem for a-times integrated
semigroups: Let o > 0, let (Tn(t))t>0 C B(X) be an a-times integrated
semigroup generated by A such that sup,.qt™%||Ta(t)|| < oo, and let f €
735@) (%) be of spectral synthesis in 7(®(|t|*) (both are Sobolev subalgebras
of LY(R) and L!(R) respectively which have been studied in detail in [GM])
with respect to ic(A) N R. Then

lim 7| T, (¢)@a(f) || = O,

t—o00
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where 6, : TJga) (t*) — B(X) is the bounded algebra homomorphism defined
by

e}
Oa(Dz == | W) Tu(t)z, € X, fe T (),
0
and W¢f is the Weyl fractional derivative of order « of f.
Let @« > 0 and T' € B(X). We denote 7 (n) := T™ for n € Ny. The Cesaro
sum of order a > 0 of T is the family of operators (A™*7 (n))nen, C B(X)
defined by

AT (n)x := Z k*(n — )Tz, x€ X, n €Ny,
§=0

and the Cesaro meanof order o >0 of T'is the family of operators (M3 (n))nen,
given by

o 1 —
Mg (n)x = WA T(n)x, xe€X,neN,
where ( )
I'la+n n+a-—1
k“ = —_————t = N
(n) T)I(n+1) < a—1 ) " € Mo,

is the Cesaro kernel of order o«. When the Cesaro mean of order o of T is
uniformly bounded, that is,

sup || M7 (n)]| < oo,
n

the operator 7' is said to be Cesaro bounded of order a or simply (C,«)-
bounded. We extend the Cesaro kernel for o = 0 using that k%(n) :=
lim, o+ k%(n) = dpo for n € Ny, where 6, ; is the Kronecker delta. Then
(C,0)-boundedness is equivalent to power-boundedness, and for v = 1 the
operator T is said to be Cesaro mean bounded (or simply Cesaro bounded).
From [Z], formulas (1.10) and (1.17), p. 77] it can be proved that for 5 > a > 0
we have sup, [MEM)I| < sup, | M (n)| < sup,||T"[; in particular if T is
a power-bounded operator then T is (C,«)-bounded for any o > 0. The
converse is not true in general (see [LSS, Propositions 4.3 and 4.4]). The

Assani matrix
(o )
T —
0 —1
is (C,1)-bounded but it is not power-bounded since

o (0 (1120
0 (1)

(see [Eml, Section 4.7] and [SZ, Remark 2.3]).

), n € Ny
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LEMMA 1.1. Let a > 0. If T is (C,«)-bounded, then it has spectral
radius r(T) < 1.

Proof. This is a straightforward consequence of [SZ, Lemma 2.1] since
T is (C,[a] + 1)-bounded. =

The study of mean ergodic theorems for operators which are not power-
bounded started with [H|. There are many results concerning ergodicity
[DL [EDL [Eml, [SZl [T7Z], [Y] and growth [LSS, [S] of Cesaro sums and of Cesaro

means of order «.

In a recent paper [ALT1], it is proved that the algebraic structure of
the Cesaro sum of order « of a bounded operator is similar to the algebraic
structure of a-times integrated semigroups |[AL™1, Theorem 3.3]. In [AL™1,
Section 2], certain weighted convolution algebras, denoted by 7%(k**!) and
contained in ¢! (Ny), are constructed for any a > 0. Then (C, a)-boundedness
is characterized by the existence of an algebra homomorphism from 7% (k1)
into B(X) J[AL™1, Corollary 3.7].

The outline of this paper is as follows: In Section 2 we use Weyl fractional
differences to construct Banach algebras 7%(|n|®) contained in ¢'(Z) (The-
orem [2.11)). The techniques used are similar to those in [ALT1, Section 2],
and we follow the same steps as in the continuous case [GM], adapting the
proofs. In Section 3 we define fractional Wiener algebras of periodic contin-
uous functions, A (T) and A®(T), which are isometrically isomorphic via
the Fourier transform to 7¢(k“*1) and 7(|n|%), respectively. These algebras
allow us to state the main theorem of this paper (Theorem : Let a > 0,
let T' € B(X) be a (C, a)-bounded operator and let f € A% (T) be of spectral
synthesis in A%(T) with respect to o(7') N'T. Then

Tim [ (n)6a ()| = 0,
where 6, : 7%(k“t1) — B(X) is the bounded algebra homomorphism defined
by

Oo(flz =Y Wef(n)A T (n)z, z€X, fer(Ek*),
n=0
and W¢ f is the Weyl fractional difference of order « of f (see [ALT1, The-

orem 3.5]). Finally, in Section 4 we give two applications of ergodicity for
(C, a)-bounded operators (Theorems and [4.3).

Notation. We denote by ¢!(Z) the set of complex sequences f : Z — C
such that Y 02 |f(n)| < oo, and by ¢y o(Z) the set of complex sequences
with finite support. It is well known that ¢!(Z) is a Banach algebra with the
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usual (commutative and associative) convolution product

(f=g)( Z fn—=7)g n € Z.
j=—00
The above is valid for sequences defined in Ny instead Z, and the corre-
sponding convolution product is

=> fln—3)g(j), neNo.
j=0

Moreover, if f is a sequence defined in Ny, we can see it as a sequence defined
in Z with f(n) =0 for all n < 0.

Throughout the paper, we use the variable constant convention, in which
C denotes a constant which may not be the same from line to line. The
constant is frequently written with subscripts to emphasize that it depends
on some parameters.

2. Fractional differences and convolution Banach algebras. For
a > 0, the Cesaro kernel of order o, (k*(n))nen,, plays a key role in the
main results of this paper. Many of its properties can be found in [Z], Vol. I,
p. 77]. We quote some of them: the semigroup property, k% x kP = koth for
a, 8> 0; for a > 0,

a—1

n
2.1 k< =
(21) ") = Fa
(see [Z, Vol. I, (1.18)]); k* is increasing (as a function of n) for a > 1,
decreasing for 0 < a < 1 and k'(n) = 1 for n € N [Z, Chapter III, Theorem
1.17]; k%(n) < kP(n) for B > a > 0 and n € Ny; finally, for a > 0, there
exists Cy, > 0 such that

(2.2) k®(2n) < Cuk®(n), n € N

(see JAL™ 1, Lemma 2.1]). The Cesaro kernel £ has been introduced in order
to study fractional difference problems, see [AL], [AL™2] and [Li.

As mentioned in the introduction, for each a > 0 there exists a convolu-
tion Banach algebra 7¢(k“*!) contained in ¢! (Ng) with continuous inclusions

Tﬁ(kﬁﬂ) — To‘(ko‘+1) s El(NO), B8>a>0,

and 70(k!') = 1 (Np) (see [ALT1]). Now we are interested in obtaining some
similar spaces contained in ¢!(Z). For convenience, we denote 7%(n®) :=
(k1) for a > 0.

In the following, let (f(n))nez be a sequence of complex numbers. Some
results in this section can be extended immediately to vector-valued se-
quences, that is, when f takes values in a complex Banach space X. For
n € 7 we consider the usual forward and backward difference operators,

(1+0(1/n)), neN
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Af(n) = f(n+1)—f(n)and Vf(n) = f(n)— f(n—1), and the natural powers

zvvm»zﬁfenmﬁ(m)ﬂn+ﬁ7 nez,

j=0 J
V™ f(n) =Z(—1)3< ,)f(n—j), nez,

j=0 J
for m € Ny (see for example [E, (2.1.1)] for A™; for V™ it is a simple check
using A™). Observe that A™, V"™ : ¢y o0(Z) — co0(Z) for m € Ny.

For convenience, following the notation of [AL™1], we write W, = —A

and W_ =V, W = (=1)™A™ and W™ = V™ for m € N. The inverse
operators of W, and W_, and their powers in ¢ (Z), are given by

W™ f(n) = Z K"(j —n)f(j), neL,

WZ"f(n) = > k™n—5)f3), neZ,

j=—o00
for m € N (see for example [GW] p. 307] in the case of W, for sequences
defined in Np).

DEFINITION 2.1. Let (f(n))nez be a complex sequence and o > 0. The
Weyl sums of order « of f are given by

W% f(n) = Z (G -n)f(), nez,

WZf(n) = > k' (n—jfQ), nez,

j=—o00
whenever the sums make sense, and the Weyl differences are
Wef(n) == WrW, ™ pn) = (=) A"W, "V f(n), nez,
W (n) = WmW_""" f(n) = VW "7 £ (), nez,

for m = [a] + 1, whenever the right hand sides converge. In particular
Wf, we . 6070(2) — Con(Z) for a € R.

The above definitions have been considered in more restrictive contexts
in some papers |[ALT1, [GW]. The natural properties that are satisfied in
those contexts are generalized below, and the proof is similar to the proof
of [AL™1, Proposition 2.4].

PROPOSITION 2.2. Let f € coo(Z) and o, 5 € R. Then:
@) Wt =wew/y.
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(ii) WP —wew’y.
(ili) limgo W f = limqo WEf = f.
Note that the Cesaro kernel can be considered in a more general setting.
For a € R,
1)--. -1
oy = et Deladn=b) oo N k) = 1.

n!

Also if o < 0 with a # {0,—-1,-2,...} we can write k%(n) = (—=1)"(7,%)
and ([2.1)) is valid too. It is known that

Zka =(1-2)"% |¢<1

Then we can deduce that k% % k® = kPt for o, 8 € R. This allows us to
represent the Weyl differences in the following way.

PROPOSITION 2.3. Let (f(n))nez be a complex sequence and o € R.
Then

W f(n Zk: FG), Wefm) = >k (n—5)f(j), nez,
j=—o00
whenever the Weyl differences of order o of f make sense.

Proof. We only prove the result for W, ; the proof for W_ is analogous.
If @ € N, then

(67

Wﬁf(n):Z(—l)j<j> (n+5) Zk f(n+3) Zk;

J=0

Nowletm—1<a<mw1thm€N Then

W f(n) = Wirw, " :i ( ) Z ET(1—n—g) f(1)

l=n+j

= nff(l) M(—l)ﬂ' (m)k’” “=n—Jj)

Q

=D SOET SR =n) - Y fFORT R (=)

I=n I=n+m-+1

=> k(I -n)f(Q). =

l=n
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REMARK 2.4. The operators W¢ and W “ for a € (0,1) are tightly
connected to the definition of (I — 7)) for any contraction 7" in a Banach
space, given in [DIL]. If we denote by S the shift operator on ¢!(Z), that
is, Sf(n) = f(n+1) for n € Z, then W¢ = (I — S)* (compatible with
I—-S = —A), well-defined on the whole space ¢! (Z), and W, * = [(I—5)] !
defined on the range of (I —5)®. Also these identities are valid for & > 0. The
author is currently studying these fractional powers of the operator I — S
as fractional powers of the generator of a uniformly bounded Cp-semigroup
on a Banach space; the results will appear in a forthcoming paper.

REMARK 2.5. Note that

W f(n) =) (-1 < > n+j),
7=0
> (-1 < > n—j)
7=0
for m € N and n € Z, therefore in general W¢ f(n) # W< f(n) for a > 0
and n € Z (it suffices take 0 < o < 1 and the sequence given by f(n) =1

for n = 0,1, and f(n) = 0 otherwise). However, we have the following link
between W and W<; its proof is left to the reader.

W f(n

PROPOSITION 2.6. Let o be a positive real number and let f € coo(Z)
be such that f(n) = f(—n) for alln € Z. Then

Wf(n)=W2f(—n), necZ.
In particular W f(0) = W f(0).

Let (f(n))nez be a complex sequence. We denote by (fy(n))nez,
(f=(n))nez and (f(n))nez the sequences given by

[ f(n), n=0, [0, n >0,
f+() '_{0, n <0, () _{f(n), n <0,

and f(n) = f(—n) for n € Z. It is a simple check that (Wi%fN(n) =
W=%f(n), n € Z, for « > 0 and f € coo(Z). Then the following result is a
straight consequence.

PROPOSITION 2.7. Let f € coo(Z) and o > 0. Then:

(i) WeFi(n) = WeF(n), n > 0.
(ii) Wef_(n) = Waf( ), n < 0.
(iii) (Wefy(n) =Wwef(n), neZ.
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DEFINITION 2.8. Let a > 0. We denote by W& : ¢ o(Z) — co0(Z) the
operator given by
. Wef(n), n >0,
Wef(n) =3 o
Wef(n), n<DO0,
for f € coo(Z).

We are interested in the relation between the convolution product and
the fractional Weyl differences. If f, g € cp0(Z) then it is known that fxg €
c0,0(Z). In |[AL™1, Lemma 2.7], the following equality is proved:

(2.3)  WE(fr*g+)(n ZW+9 9 D k¥ p—n+ )W f(p)
p=n—j
S W) Y K-+ WG, n20,
j=n+1 p=n-+1

for f,g € co,0(Z) and o > 0. The rest of this section is inspired by the
continuous case (see [GM]).

LEMMA 2.9. Let f,g € coo(Z) and a > 0. Then:

() WE(fy  g-)(n) = (W fy 5 g)(n), n > 0.
(i) WA(F % gy )(n) = (WST- 5 g4)(n), n < 0.
Proof. (i) Let n > 0. Then

(fy+9-) Z WZOWSE f1(7)g-(n = 5)

j=n+1
ZW_?_‘f+ Zkaj—z (n—1)
j=n+1 i=n+1

= Z W fi (g Zkzo‘u—n (u—7)
j*n+1

—Zkau—n ZWm —(u— ) =W (WEfsx g-)(n),

j=u+1

where we have used Fubini’s Theorem and a change of variables, and then
WE(f+ *g-)(n) = WEf1 x g (n).
(ii) Using Proposition [2.7] and part (i) we see for n < 0 that
WE(f-xg1)(n) = WE(f- x g4 ) (=n) = WE((f-) * (9+))(=n)
= W (fs % g-)(=n) = (W s % g-)(—n)
= (W) * (3-))(n) = (W2 f- % g2)(n). =
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LeMMA 2.10. Let f,g € coo(Z) and o > 0. Then
W g)(n) = (WL xg-)(n) + WE(fr x g4)(n) + (f-* WEgy)(n),
forn >0, and
WE(fxg)(n) = (WEf_xgy)(n) + WE(f- xg-)(n) + (f+ * Wog_)(n),
forn < 0.

Proof. 1t is a simple check that
(fx9)(n) = (f+*9-)(n) + (f+ *g4)(n) + (f- xg4)(n), n =0,
(f*9)(n) = (f-*g4)(n) + (f= * g-)(n) + (f+ x g-)(n), n <O.
Then by Lemma [2.9| we get the result. m
For a > 0 we define g, : ¢o0(Z) — [0, 00) by

aa(f) = Y ()WL), f € coo(Z).

n=—oo

Observe that for a = 0 this is the usual norm in ¢1(Z).

The following theorem is the main result of this section; it extends [AL™ 1,
Theorem 2.11] and |[GW, Theorem 4.5].

THEOREM 2.11. Let o > 0. The map q, defines a norm in coo(Z) and

Qa<f * g) < Caqoc(f)qa(g)v g€ 0070(Z)7

with Cy > 0 independent of f and g. Denote by 7%(|n|*) the Banach algebra
obtained as the space of complex sequences f such that lim, ,o f(n) = 0
and the norm qo(f) converges. Furthermore, these spaces are continuously
embedded in each other in the following way:

P (In|?) = r%(In|*) < £1(2)
for B> a >0, and lim,_,o+ go(f) = || fll1 for f € coo(Z).

Proof. 1t is clear that g, is a norm in ¢g(Z). We write

—1 o]
G(f)= > KT =) WL ()| + 3k (n) WS fi(n)]
n=0

n=-—oo
= a5 () + a2 ().
We have to show that ¢, defines a Banach algebra. First we prove that

Q;r((f * g)-i-) < CaQa(f)Qa(g)'
By Lemma [2.10]

Wa(fxg)(n) = (W fy xg-)(n) + WE(f4 * g)(n) + (f-* Wigy)(n)
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for n > 0. Now we work with each summand separately. For the first,

DR (W frx g )(n)| <Dk () Z WL+ ()l g-(n—7)|
n=0 n=0 j=n+1

=ZIW$f+ \Zk““ ~(n=3)]
<Z\Waf ()IEH() Zm

u=—j

<q7 (f+)qa( =) < qa(f)aal9),

where we have used Fubini’s Theorem, a change of variables and the fact
that k%t is increasing (as a function of n) for & > 0. The bound on the third
summand is clear using the commutativity of the convolution and the bound
on the first summand. The bound on the second summand is a consequence
of Proposition [2.7{i) and [AL*1, Theorem 2.11].

To finish we have to estimate g, ((f * g)—). By Proposition (ii) we
have, for n < 0,

W2 (f * g)(n) = W (f * g (=n) = WE(f % §)(-—n)
WE((f *§)+)(=n),

S0
Ga <Zka“ IWE(F %)+ ()] < Cagalf)ga(d)
= aQa(f)qa(g)'
Finally note that if f € 7%(|n|?), then

Z (WS )|k () = Yk (n |Zkﬁ G —m)WEFG)
n=—o00 n=0
+ Z ka+1 n)| Z kB o W’Bf( )|
n=—00 j=—00
< S IWEFG)EG) Z W2 F ()R ()
7=0 j=—00

= 3 EHUDIVG) = ),
j=—00

where we have applied Proposition and the semigroup property of £%. =
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REMARK 2.12. Note that by (2.1) the norm ¢, is equivalent to the norm
Jo Where

Zna\Wa n)| +[f(0 |+Zna!W+ n)|
’+Z” (IWe ()] + W f(n)]).

3. A Katznelson—Tzafriri type theorem for (C,a)-bounded op-
erators. For a > 0, we denote by A%(T) a new Wiener algebra formed by
all continuous periodic functions f(t) = Y00 f(n)e™, for t € [0, 2], with

the norm
oo

Hlacey = Y [WFn) kT (|n]) < oo.
This algebra is regular since its characters are all defined on T, just as
for ¢1(Z), which is T. Similarly to the case a = 0, we denote by A% (T)
the convolution closed subalgebra of A%(T) where the coefficients f(n) = 0

for n < 0. Note that A%(T) and 7%(|n|%) are isometrically isomorphic via
Fourier coefficients. The same holds for A (T) and 7%(n®).

REMARK 3.1. Recall that in [AOR] a version of the original Katznelson—
Tzafriri Theorem is proved for periodic functions f whose Fourier coefficients
satisfy 2j>0]‘f( )] < oc. Note that Al (T) includes these functions. Also,
if f € AL(T) has decreasing Fourier coefficients then § € A}F(’IF), by the
remark at the beginning of the proof of [Kl Theorem 4.1, Chapter 1] for the
sequence a, = » j>n/f\( 7). This class of functions is studied in [Z].

More generally, the subalgebras AT(T) for m € N are larger than the
Korenblyum subalgebras defined in [GW]. In fact, f(t) = 3,5 -are™ €
AT (T) and § does not belong to the corresponding Korenblyum subalgebra.

REMARK 3.2. The spaces A% (T) decrease as a increases, and they are
dense in A, (T), since by [GW] those with integer « are. Furthermore we
have the following:

(i) The proof of JAL™1, Theorem 2.10(iii)] shows that Hf”Aﬁ*r(T) < |I§ll 48 T)

+
for 0 < a < B, and so these spaces are continuously embedded in each other
with norm 1.

(ii) For 0 < a < 8 we have Aﬁ(T) C A% (T). This is a consequence of the

characterization of (C, «)-boundedness by means of homomorphisms defined

on these spaces |[AL™1, Corollary 3.7] and the existence of operators which
are (C, B)-bounded but not (C, «)-bounded [LSS|, Propositions 4.3 and 4.4].
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(iii) For o > 0, the functions f such that Zj>0j°‘|f( )| < oo arein AG(T).

In fact, there exists a sequence ¢ € £°°(Ng) such that [f(n + )| < c(n)[f(n)|
for all j > 0. By Proposition and ([2.1)) for £~ we have

() < [FO)] + llelloo > 1E7G) D nof(n)| < co.
j=0 n=0

Let E be a closed subset of T and f € A%(T). We recall that f is of spectral
synthesis with respect to E if for every € > 0 there exists f. € A*(T) such
that ||f — f[| 4«(T) < € with fc = 0 in a neighborhood of E.

Let T € B(X) and a > 0. We can express the (C, a)-boundedness of T
in the following way: there exists a constant C' > 0 such that

|ATT (n)|| < Ck““(n), n € Ny.

Furthermore, we have mentioned in the introduction that for o > 0 and
T € B(X) a (C, «)-bounded operator, there exists a bounded algebra homo-
morphism 6, : 7%(n%) — B(X) given by

Hz=> WA *T(n)z, xz€X, fern®,
n=0

(see JAL™1, Theorem 3.5]).

REMARK 3.3. Let T € B(X) and a > 0. We can write 77 = (k=% %
A-OT)(j).

(i) Let m be a positive integer and T a (C, m)-bounded operator. Since
k™™ € ¢90(Np), we have ||T7] = O(j™). So, if i belongs to the Korenblyum
subalgebra (Zj>0jm]f( )| < oo) then 3., f( ))T7 converges in operator
norm. Moreover, by induction,

= lim ZW+ T (n)
m—1 R .
= lim (Z NT? + (— m+1ZWif(N+1)A—(J+1)T(N)>
N—oo =0 =0
N
a&ignoo(z
7=0

G i)

o0

J=0
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(ii) Let @ > 0 be a positive non-integer and 7" a (C, «)-bounded operator.
First observe that the sign of k=%(j) is (—1)[+! for all j > [a] + 1. For
J > [a] + 1, note that

J
177} < CZ |E=(j = n) [k (n)

Jj—la]— J

_ ( [a+1 Z k} ka—i—l( )+ Z ’k—a(j_n)‘ka-i-l(n))
n=jlo]
_ ( [aJrle ka+1( )

J
Y (RG] = (DTG = ) ke ()
n=j—[a]
< Ca((=DIH! + k241()),

where we have used the fact that kTl is increasing and k=% % kot = k1,
Then [[T7]] = O(j%). So, if f belongs to the extended Korenblyum subal-

gebra (3,50 j¢ [}(4)| < oo) then >ois0 $(j)T? converges in operator norm.
Moreover,

N%OZWff “T (n)
:]\;EDMZTJ;kan—j Zk (I — n)f

N
- (e 3 03 k)

7=0 I=N+1 n=j
N
:]\}i_I)IlOO(ZTJ Z 5 Zk‘ (Il —n) _O‘T(n)>
j=0 I=N+1 n=0
= 1T,

where we have applied the fact that k*! is increasing, Zi:[:o k=%l —n)| <
> omeo [k7% ()| < Cq, and

S FOETHNY < >0 @R — 0
I=N+1 I=N+1

as N — oo.
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THEOREM 3.4. Let a > 0, let T € B(X) be a (C,a)-bounded operator
and let f € AT(T) be of spectral synthesis in A*(T) with respect to o(T)NT.
Then

Tim M (n)a ()] = 0.

Proof. By assumption, for every € > 0 there exists f. € A%(T) such that
[f — fell a«(T) < € with fe = 0 in a neighborhood of (T") N T.
Let (h$(j))jez for each n € Ny be given by
. ka(n_j)a OS]S’H,
)= { .
0, otherwise,

the natural extension to Z of the sequences in Ny defined in [AL™1, Example
2.5(ii)]. Then

(3.1)
AT ()06 (F) = 0a(h)0a(F) = Oa(hS ) =Y WS *F)() AT (5)
j=0
= ZW+ WS @) ()ATOT(G) + Y WEh * 1) () AT ()
j=0 j=0

where we have applied [AL™1, Theorem 3.5] and g. := f—{.. For convenience
we write f(n) = f(n) for n € No, fo(n) = fo(n) and g.(n) = g:(n) =
f(n) — fo(n) for n € Z (note that we suppose that f(n) = 0 for n < 0, as
mentioned in the introduction).

For the first summand, using Lemma We(hY) = en (see |ALT1,
Example 2.5(ii)]), (2.3) and Fubini’s Theorem we get
o0 n—1
S OWERG % go)(NATT(G) = ge( — n) AT (5)

j=0 7=0
n

00 J 0
+(Z 2. 2 2 )ka(p—jw)ngs(p)A‘aT(j)

n—1
= 9:(—n)AT*T(j)
=0
n oo ptn n p—1

0SS0 S 3 5) S S 3) I R E RS

p=0j=n p=n+lj=p p=1;j=0 p=n+l1;j=0

We now show that each term above, when divided by k**(n), tends to 0
as n — 00, using [|[AT*T ()| < CkaH( ) for j € Ny, the fact that k+1(5)
is increasing as a function of j for @ > 0, the semigroup property of the
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kernel k% and (2.2)). By Theorem for the first term we have

ka+1 Z\gs n)| [[A™*T ()l
n—1
< CZ 19:(F — 1) < Cllgellacry < Cllgell ae(ry < Cé;
=0

for the second,

p+n

kaﬂ Z|W+ga PIY kK p—j+n)| AT ()]

j=n

o ka+1])+_n N
SC’Z:|W+9,E () Zk (p—j+n)

p—O
o ket p+n). ., - kEtl(2n a
= CZ‘WJr ge( ka—i(—l )k Hp) < CZ|W+95(P)’]€@H()]€ (p)
) 2 ()
< Cy Z IWg:(p)|k*(p) < Callgell ao(r) < Cas;
p=0
for the third,
1 0 p+tn
() > W)Yk (p—i+nm)|ATTG)
p=n+1 i=p
0 N ka+1])+—n ptn a
<C Z ’W—s-gs( ka+1 Zk p—jtn

p—n+1

=C Z Wge(p) [>T (p +n) < C4 Z (WEg:(p) [T (p) < Cae;
p=n+1 p=n+1

for the fourth,

p—1
kaﬂ Z\mge Pk (p—j+n) AT ()

=0

n ka+& p
SCZ|W$QE ka+1n Zkap j+mn)
p=1

ka+1

n
(p)
<C) Wig:(v) ka+1n Zkap j+n)
p=1
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P)a a
—cDW+ ) s K ) < o 3 W20, K40 < Co
p=1

and for the fifth,

n—1
! Z Weg:()| 3 k(0 — 5 + m)| AT ()|
p n+1 7=0
n—1
<C Z Weg-(p)| > k*(p—j+n)
p=n-+1 =
e’} p+n 00
<C Y W)Y K p—j+n)=C Y W)k (p+n)
p=n+1 7=0 p=n+1
<Co Y [Wig(p)|k*H (p) < Cae.
p=n-+1

On the other hand, for the second term in (3.1), we have to prove that

n—>oo ka+1 § :W—l- * fe)(J)ATT(j) =0
It is known that
-1\ &
-1 _ § : —n—1 A—«

(see JAL™1, Theorem 4.11(iii)]). Noting that h&x* f. € 7%(|n|*), if m = [a]+1
we get

Z Wa *fa z]t Z Woz *fe )

j=—00 Jj=—00
s = m —(m—a) —Lg—ityj
= lim (; WEWL 0 L) A e

-1
0 WEwWT s f) e

j=—00

_ i(_l)l<77>eitl /\EI%(ZW (m—a) he s £)(0) (A Lemit)?

=0

£ Y W« w0y

V=—00



76 L. Abadias
= (1—€")™ lim (Z E™T( A Le™ (R % £.)(u)

-1 u
+ Y D R w—v) (e ) (B x o) (w)

U=—00 V=—00

oo I-1
4 Z Z kmfa(u _ v)()\e*it)”(hg * fa)(u)>

u=l v=—00

Now, using

G 1
: — . —it\—7J _
)\li)Ill'l+ka a(])()\@ ) J—W, t?é27TZ, 0<m-0[<].

(see JAL™1, Section 4]), we find for ¢ # 277 that

z Wa *fe ) iyt

= (1 _ elt)m(Z( % fa <Z+ Z )km o, )(}\ —it)v
u=l V=—00
+ Z hip % fe)(u) lim, Z K" (u — v)()\e*”)“)
(=T Y (1 f e = (1= )R (1) 3 A = e
u=-—00 =0

If we define A=*T(n) = 0 for n < 0, note that the operator-valued
sequence (A\"UTDA=YT(5));cz for |A| > 1 is summable. Then Parseval’s
identity implies that

>R+ 0)A7T(5) = i 3 WES < F0NO AT

S (Z ka z]t) t( —it T)—l dt
= k(n - )G(),
§=0
where G(t) = e 4. (—t)(e”® — T)~!. Applying the Riemann-Lebesgue
Lemma we deduce that for all § > 0 there exists an ng € N such that
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IG(j)|| < & for all |j| > ng. Then
n n—ng n

| =000 < g (X + X )E0IGEm =)
7=0 7=0 j=n—no+1

SSED DR e [CCE

Jj=n—no+1
541Gl 1)
a+n—ng+1

where we have applied the fact that k2+1(4) is increasing as a function of j,
and ||Gl|oo = supj>0||G( )||. Taking n — oo we get the result. m

REMARK 3.5. Parseval’s identity for the product of a scalar-valued func-
tion and a vector-valued function, and the Riemann-Lebesgue Lemma for
a vector-valued function, can be proved by applying linear functionals, and
using the scalar-valued results and the Hahn—-Banach Theorem. The first
reference for these results is [B]. Analogous results for the continuous case
are in [ABHN| Theorem 1.8.1].

REMARK 3.6. When T is a power-bounded operator, the proof of Theo-
rem gives a short alternative proof of the Katznelson—Tzafriri Theorem
[KT, Theorem 5]:

Let fin A4 (T) be of spectral synthesis in A(T) with respect to o(T))NT,
that is, for € > 0 there exists f. € A(T) such that [[f — f.[|4) < & with
f- = 0 in a neighborhood F' of o(T") N'T. We denote by (T (n)),ez the family
of operators given by 7(n) = T" for n € Ny and 7 (n) = 0 for n < 0. Then
it is clear that

H i E(J‘)T(nﬂ)—T"e(?)H < Ce,

j=—o0

since ||T"]] < C for all n € Ny. Now, using Parseval’s identity, we get

> G Tn+j) = Jim, Z Fo(HA~ DT (0 4 5)

j=—00 j——OO
1 2w ' '
_ )\li)r?+ % S e—lt(n-‘rl)fa(_t)()\e—lt o T>_l dt
0
1 2 ) A
= [ e Ryt - ),
0

which converges to 0 by the Riemann-Lebesgue Lemma, and we conclude
the proof.
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4. Ergodic applications. Several authors have investigated the con-
nections between the stability of the Cesaro mean differences of size n and
n + 1, that is,

(4.1) Tim [[Mg(n+1) = Mg (n)]| =0,

and spectral conditions for (C,«)-bounded operators T' € B(X) (see [SZ]
and the references therein). We cannot get (4.1)) using Theorem directly,
because this problem is equivalent to finding a sequence f € 7%(n®) such

that
1 1 1

ka+1 (n) (h *

n f) = ka+1(n)hn - ko‘"‘l(n—i— 1) n+1
for all n € Np, which has no solution. However, the following theorem
shows how using Theorem and other techniques we get the desired

result, which is a consequence of [SZ, Theorems 2.2(ii) and 3.1(i)] when
aeN={1,2...}.
THEOREM 4.1. Let a« > 0 and T € B(X) be a (C,a)-bounded operator
such that o(T)N'T C {1}. Then
Tim [[M(n +1) — Mg(n)| = 0,

Proof. Observe that if o(T) N'T = @, then r(T) < 1 by Lemma and
therefore ||T™|| — 0 exponentially; in particular 7" is power-bounded. So, we
shall prove the result when o(7) N T = {1}.

First we suppose that @ > 1. Then using the relation

1
P ME (1) - MR(n) = —S M+ 1), ne N,
which is easy to get from the definition of Cesaro mean of order «, we can
write

(6] o
M 1) — M%(n) = —— (M1 -0+ —(I — M 1)).
r(n+1) 7(n) n+1( r (n+1) )+n+1( r(n+1))
Using the identity
M&(n)(T —1I) = Tj‘_ 1(M;:*1(n+ 1)—1I), neN,,

which can easily be obtained from the definition of Cesaro mean of order «,
and applying Theorem [3.4| to the function f(t) = e — 1, we see that the first
summand goes to zero as n — oo. On the other hand, the second summand
goes to zero since T is (C, a)-bounded.

Now let 0 < o < 1. Using k* = k== « k! we write

Mg (n) = WA_QT(H)
1

= () (kf(lfo‘) x* A7) (n).
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So we can write
M7(n+1) — M%(n)
—(l—a) n —1 . —1 .
:k (n+1)I+Zk_(l_a)(n—j)<A TG+1) A T(]))

ketl(n + 1) = ketl(n4+1)  ke+l(n)
k(=) (n 4 1) n+1 (-
= I k(=) (n — j)TI+t
ka—i—l(n + 1) (n + a + k»ll-l—l Z )

- Zk (=) (n — ) AT (),

(n+a+1 k.oHrl

where we have used

ATITG+1) AT 1
Eti(n+1)  k*Ti(n)  (n+a+ 1)k*Ti(n)
If we add and subtract the term

((n+ )T —aA™IT(j)).

n+1 (k== « k1) (n) k*(n)
k= (n— ) = I=
(n+a+1)ko(n Z (n=J) kot (n+1) kot (n+1)
we obtain
a o k*(n +1)
ntd Zk (=) (5 — (1 — 1) = — M)
(n+a+ ktl(n 30 nt+at+1 TV

The first term on the right hand side goes to zero as n — oo by (2.1)).
Theorem implies that the second term goes to zero since

n

Mp(n)(T - 1) = kafl()zk“akn—jmlﬂj)(z’—f)

j:O
- = Zk 10 (n (T = D).

Finally, the third term goes to zero because T' is (C, «)-bounded. m

Observe that under the assumption of Theorem [4.1], T'is also (C, [a] +1)-
bounded, so by [SZ, Theorems 2.2(ii) and 3.1(i)] we have fHM[O‘]( )| — 0
as n — oo, and |T"| = o(nl®*1). Our next result extends [SZ, Theorem
2.2(ii)] for a > 1.

REMARK 4.2. Before stating the theorem, note that [SZl, Theorem 3.1(i)]
is valid for any a > 1, by the same proof.
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THEOREM 4.3. Let « > 1 and T € B(X) be a (C,a)-bounded operator
such that o(T)NT C {1}. Then

| M2~ n)|| = o(n) and ||T"|| =o(n®), asn — oco.

Proof. By Theorem and Remark we have | M1 (n)| = o(n).
Now, we suppose that o > 1 for convenience (for o = 1 the result is already
proved). We can write 7" = (k=(@=1) « A=(@=DT)(n); we have mentioned
in the previous section that the sign of k=@~ (n) is (=1l for all n > [a].
For n > [a], note that

177 < Y Ik = A= DTG

=0
= (DY kO - ) AaTeIT())
=0
+ > (R =) = ()RR - ) AT eI
j=n—[a]+1
=1+1I.

From ||M%~*(n)|| = o(n) we have
1A~ DT ()] < Ck*F (n),

SO

2
%ngogn)%O, n — 00.
n n

Secondly,

n

1 c, ot
I Ca s jaenr()

n® = n%
j=n—[a]+1

[a]-1
:% E(u+n—[a]+ DM ut+n—[a]+1)] -0, n—oo. m

u=0
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