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The circular units and the Stickelberger ideal of
a cyclotomic field revisited

by

RADAN KUCERA (Brno)

Introduction. For a cyclotomic field, a basis of the group of circular
units is constructed in [3], and bases of the Stickelberger ideal and of the
group of circular units are constructed in [7]. Unfortunately the proof given
there is indirect: by some cohomological computations it is proven that
the subgroup generated by a given set of elements, which turns out to be
linearly independent later on, is of index one in the group. But this says
nothing about expressing elements in terms of the basis.

The aim of this paper is to give a direct proof which not only seems to be
shorter and easier to understand but which is also constructive in some way:
it describes a procedure allowing one to express a given element as a linear
combination of elements of the basis (see Lemma. The coefficients in this
linear combination can be found by induction, using relations and
together with the Ennola relations given by Theorem (the existence of
relations of this kind was proven by Ennola [2]; their explicit form is a
subject of recent research—see [5]). Even though this theorem states only
the existence of some relations, the required element ag could be found
explicitly as a sum of elements appearing in the proof of Proposition [2.1

A key role in the construction in [7] of bases of the Stickelberger ideal and
of the group of circular units is played by bases of odd and even universal
ordinary distributions given in [6]. This paper describes a presentation of
these distributions; they appear here as quotients of the additive group of
the semigroup ring Z[G*], considered as a Z[G]-module, by its submodules
71 and Z_; described in Section [2 Theorem plays an important role in
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Sectionwhere the modules Ny = Z[G*]/Z+1 are described in Theorem [3.6
by means of Z-bases My defined before Lemma This also allows one
to study the torsion parts of Ni1; in some respects this is easier and more
straightforward in comparison with the original papers [12] and [9]. A basis
of the group of circular units of a cyclotomic field is also constructed in
[3] and [I] where the authors need to know the torsion part of the even
universal punctured distribution (in other words, the first cohomology group
of {1, —1} with coefficients in the universal punctured distribution), which
was computed by Schmidt [9] (mentioned in [11, before 12.18]); so again our
approach seems to be shorter and in some sense easier.

Let us briefly explain the connection to cyclotomic fields. Taking any
cyclotomic field K, or even more generally any compositum of imaginary
abelian fields K, such that each K, is ramified at only one prime p, the
absolute Galois group G = Gal(K/Q) is the direct product of its inertia
subgroups G, = Gal(K,/Q). Each G, contains a distinguished element j,
of order 2 given in Gal(K,/Q) by complex conjugation. We enlarge each
group G to a semigroup G, by adding a new element g, and define G*
as the direct product of all semigroups G}. Then the modules Nii can
be used to describe the Stickelberger ideal of K and the group of circu-
lar units of K as follows: The Stickelberger ideal of K is defined as the
intersection S = Z[G] NS’ where &' C Q[G] is a Z[G]-module isomorphic
to Z & (N_-1/Tor(N_1)). Similarly, the Z[G]-modules of circular units and
numbers of K can be described by Ni: denoting by C, D, and £ the groups
of circular units, circular numbers, and all units of K, respectively, by def-
inition, C = DN & and Z @ (D7 /(P)) = N7 /Tor(N7), where j € G is the
complex conjugation and (P) C Q* is the subgroup generated by the primes
ramifying in K/Q. This allows us to describe Z-bases of D and C in The-
orem and Corollary and a Z-basis of S’ in Theorem Moreover
we obtain a presentation of D in Theorem This presentation, which has
not appeared in the literature yet, seems to be a useful tool in the study of
circular numbers and units.

1. An auxiliary result on a group ring. This section is devoted to
a result on the integral group ring over a finite abelian group of even order
which appears to be useful in the next section.

LEMMA 1.1. Let G be a finite abelian group, and j € G be an element
of order 2, i.e. j # 1 and j2 = 1. Then there is a set T C G and, for each
o € G, a fired R, € Z|G] such that

(i) Bi=0and R;j =3 crp;
(ii) 1 € T and for any o € G we have o € T if and only if jo ¢ T;
(iii) for any o,7 € G we have (1 —T)R, = (1 —0)R;.
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Proof. We can write G = H x H', where H is the 2-Sylow subgroup of G
and H' is the subgroup of all elements of odd order. The well-known theorem
on the structure of finite abelian groups says that there are x1,...,x, € H
such that each z; is of order 2%, where 1 < a1 < --- < ayn, and H =
(r1,...,2n) = (21) X -+ X (2,) is of order 2117 TanAg j € H is of order 2,
there are unique ey, ..., e, € {0,1}, not all zero, such that j =[]\, xf’aarl
Set ¢ = min{i; e; # 0} and z = [[I_,2%%" ™. Then 227" = jand so z is
of order 2%. Moreover H = (2,&1,...,Tc1,Tct1,---,Tn). Let

H// — <{x1, vy L1y Loty - - - ,xn} U Hl>.

Then any o € G can be uniquely written in the form ¢ = 2 - h, where
0<i<2% and h € H”, and we define

1—1
_ . k
R, — (IEXH:HZ) kzzoz ,

where for ¢ = 0 we have an empty sum, which should be understood as 0.
Let

T={1l10<k<2%l 1ecH".
It is easy to see that conditions (i) and (ii) are satisfied.

To prove (iii), let 0 = z*-u and 7 = 2*-v, where 0 < s < 2% 0 < t < 29,
u,v € H"”. Then

(1-=7)Ry = (1 —2"-v)- ( Z/,h> . (sz>
—a=- (3 ). (Z )
~a- (24 (T ) (3+)

which is symmetric with respect to o <> 7, so (iii) follows. m

2. The relation modules 7; and 7_;. Suppose that we have a fi-
nite abelian group G, with an element j, € G, of order 2 for each p in
a non-empty linearly ordered finite set (P, <). Let G = [[,cp Gp be the
product of these groups. For each p € P we shall identify G, with the
corresponding subgroup of G. Then for each p € P there are T}, C G}, and
R, € Z|Gy] C Z[G] for each o € G, given by Lemma 1.1 There is no danger
of confusion as G, NGy = {1} if p # g and R; = 0.

For each p € P we enlarge G}, by a new element g, to get an abelian
semigroup G, = G, U {g,}, where u - g; = g, for any u € Gj. These new
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elements depend on p; we assume g; # g, for p # q. Let G* = HpeP G, be
the product of these semigroups. Then the additive group of the semigroup
ring Z[G*] is a Z|G]-module (the action of G is by multiplication). We have
the following isomorphism of Z[G]-modules:

(2.1) zie = Pz ] G|
QEP  pe@
where, for each ) C P, the product Hpe P—Q gp 1s sent to the element
having 1 in the Qth summand and 0’s everywhere else; the action of G on
Z[HpeQ Gp] is via the projection G — [Leq Gp-
For any subset A C G we define S(A4) = >, 4 h. Lemma 1 gives

(2.2) (1+ jp)ij = S(Gp)

for each p € P.

Fix € € {1,—1}. For any distinct p,q € P we fix 0,4 € G4. The 0,4
play the role of Frobenius automorphisms (more precisely, in Section [4] the
Frobenius automorphism of p acts as [ 4eP—{p} p, ;)

Let Z, be the Z|G]-submodule of Z|G*] generated by

(2.3) (s@)=g- (1= TI owa)) Il

qeP—{p} qcV
forallpe P and V C P — {p}, and by

(2.4) (1-IT3) I
peP qeVv

for all V' C P (an empty product for V' = () is understood as 1). Warning: Z, is
not an ideal of the semigroup ring Z|G*], for example supposing P = {1, 2},
012 =021 = 1, we have S(Gl) S I_l but gf . S(Gl) = \Gl\g’f ¢ I_l. Indeed,
in this case Z_; is the Z[G]-submodule generated by S(G1), S(G1)g3, S(G2),
S(Ga2)gis 1+ jije, (14 j2)gi, (14 j1)g3, 29795, so each Y, qeaph € Ty
satisfies agr = aj,qr.

For any non-empty Q C P, let Giy = U,cq(9y [1,ep_g 95)G* be the
set of all elements of G* that are divisible by g5 [] qeP—0 9q for at least one
p € Q. It is easy to see that Z[G()] is the ideal of the semigroup ring Z[G*]
generated by {g; [[,cp_g 95 P € Q}. By definition, Z[G)y] = {0}.

We shall use congruence modulo the Z[G]-module Z, + 2Z[Gy)] even
though it is not an ideal of Z[G*|; the congruence o« = f simply means
a—pel+ QZ[G’Q]. The following proposition will be used to derive The-
orem which is a key tool in Section

PROPOSITION 2.1. If Q C P satisfies (—1)I9l = —e then for any integer
n > 0 we have the following congruence modulo I, + QZ[G’Q}:
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@5 2( IT @) 1 Ru=(1I 92)Z<( I1 ju(z'))'zp:((ﬁg&i))

qeP—-Q weR qeP—Q u 1<i<n i=1
211
n
' (H H Jv )(H H Tp )(H p(z’),um)
i=1lve@—(aUp) 1=1teQ—p =1
v<p(i) t<u(i )
H ij) (1 +€ H ]x)))a
weQ—(TUP) 2€Q—(TUP)
where, in the first sum, u runs through the set of all isotone injective map-
pings u : {1,...,n} — Q while the second sum is taken over all injective

mappings p : {1,...,n} — Q such that the images u = u({1,...,n}) and
p=p({1,...,n}) are disjoint.

Proof. We shall use induction on n. If n = 0 then the right hand side
of (2.5)) is equal to
(I ai)(I #e) (e TLao) = ( IT ) (1L o) (1 IL32)-

qeP—Q weQ TEQ qeP—-Q weQ zEP
Since
<1+e Hh)( 11 g;‘) = 2( 11 gZ;) (mod Z)
zeP qeP—-Q qgeP—Q

due to (2.4), the assertion is proven for n = 0.

Now we need to show that the right hand side for any given n > 0
is congruent modulo Z. + 2Z[Gg)] to the right hand side for n + 1. Since

(—1)IQl = —¢ and |7 U p| = 2n, we have (—1)I2-@UDI = _¢ and so

te [ de= D (440 [ (=dv)

z€Q—(uUp) ze€Q—(uUp) veEQRQ—(TUD)
v<T

We can include the sum over all x into the sum over all injective map-
pings p by the following procedure: enlarge the domain of p from {1,...,n}
to {1,...,n + 1} and define p(n + 1) = z. Using jz(1 + jz) = 1 + Jja,
(1 + jz)Rj, = S(Gz), and 0y ,S(G) = S(G,), we obtain on the right
hand side of

(I a)S((Mao)SA T #)( I )

qeP—-Q u 1<i<n i=1lveQ—(uUp) vEQ—(TUDP)
2ti v<p(i) v<p(n+1)
' (H gp ) (H H G ) (H R Tp(3),u(s) ) ( H R]w>S(Gp(n+1))>7
i=1 1=1teQ—p i=1 weQR—(uUp)

t<u(z)
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with the second sum taken over all injective mappings p : {1,...,n+ 1} —
@ — . Since all the other factors belong to Z[G], we can use the following
congruence modulo Z, given by (2.3):

(qel;[_ gq) (ng( ) n+1))
(I ) T )

q€pU (P-Q) reP—{p(n+1)}
It is easy to see that

( I1 95)'(1— II 0p<n+1)n~)

q€pU (P-Q) reP—{p(n+1)}
— ( H g;) . (1 — H Up(n+1),r>
qepU (P-Q) TrEQ—P
:( 11 93)‘ Y. =) IT opmsne
gepU (P—Q) reQ—p tGQ —p

t<r
Using qupu p-0) 95 € Z|Gp) we can modify modulo Z + 2Z[G()] the pre-
vious version of the right hand side of . to get

S(Mo)SX( T @)@ T (I o)

u 1<i<n re@Q p qepU(P-Q) =1 veQ—(aUp) teQ-p
24 v<p(i) t<r
n n
' (H 11 Up(z’),t) (H Rapm,u(i))( 11 ij) (1- Jp(n+1>,r)>a
i=1teQ—p i=1 weQ—(TUP)
t<u(i)
where the third sum is taken over all injective mappings p : {1,...,n+1} —

Q — (uUA{r}). If r = u(i) for some i then using

(L= Opmt1)r) Royiy,uy = (1= 0pi),r) Roy sy e
by Lemma we see by the symmetry p(i) <> p(n + 1) that each such
summand appears twice. Due to the factor [[ ez, (p_q) 95 € Z[Gp] we can
ignore all these summands, in other words, the sum over all » € @) is con-
gruent modulo Z, + 2Z[G’Q} to the sum over all » € Q — u. As the product
IL, Rj, contains the factor R;, , we can use the identity

(1 — O'p(n+1),'r‘)Rjr = (1 - jT)RUp(n+1),r
due to Lemma and the identity j.(1 — j,) = —(1 — j,) allowing us to
add the condition v # r in the previous product of j,’s, again working
modulo 2Z[Gp)].
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Recall that the mapping w is isotone and injective, so u(1) < --- < u(n)
and in fact we can split the sum over all » € Q — w into n + 1 sums.
Letting s € {0,1,...,n} we have the sum over all r < u(1) for s = 0,
the sums over all 7 such that u(s) < r < u(s+1) for s =1,...,n — 1,
and finally the sum over all r > u(n) for s = n. We want to enlarge
the domain of u from {1,...,n} to {1,...,n 4+ 1} by introducing a new
value u(n + 1) = r. But to get an isotone mapping we must permute the
values of u and p in the same way: let u/,p’ : {1,....,n + 1} — Q sat-
isfy v/(i) = w(i) and p'(i) = p(i) if ¢ < s, and /(i + 1) = u(i) and
p(i+1) = p@)if s < i < n. Finally let v/(s +1) = u(n + 1) and
P(s+1)=pn+1).

Since fu(s11)(1 = Ju(s+1)) = —(1 = Ju(s+1)), working modulo 2Z[G)], the
right hand side of our identity is changed into

n+1
Z<Z< I )(H I )(H Hf’pu‘),t)
u P qepuU(P-Q) i=1 veQ—(uUp) i=1tcQ—p
v<p() t<u(i)
n+1
' (H R%m,u(i))( 11 ij>>
i=1 weQ—(uUp)
‘ (Z( H ju(z‘))( H ju(z’))(l _ju(s+1))>a
s=0 13?‘58 s+1§2i|§n+1

where the first sum is now taken over all isotone and injective mappings
w:{l,...,n+ 1} — @, while the second sum is over all injective mappings
p:{l,....n+1} - Q —u. Usingji(i) =1, we have

ST due) (T ) (1= dugeen)

s=0 1%%3 S+1§2i|§n+1
n n+1
H ju(i)) : (( H ]u(z) u(s+1)))
1<i<n+1 s=0 i=s+1
2 n n+1 n+1
1 o) (11 o) = (1T o))
1<12<)(7;+1 s=0 1=s+1 1=s+2
n+1
=( II Ju(i)) ' (—1+ Hfu(z))
1<z<n+1 =1
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Finally 2] [ c50 (p-q) 95 € 2Z[Ggy), and using (2.4) we get

(I o) (o Ila) = (I o) (vee TT 52)

qeEPU (P—Q) WEU qeEPU (P-Q) reP—u
=( I @) (+e 1T )
q€pU (P-Q) T€EQ—(UUP)

modulo Z, giving the right hand side of (2.5) for n+ 1. =
THEOREM 2.2. For each Q C P satisfying (—1)I = —¢ there is ag €

Z]Gp) such that
204@—2( H g;) Hij €.
qeP-Q PEQ

Proof. The right hand side of the formula in Proposition is zero for
any n > 3|Q| and so there is ag € Z|Gp)] as desired. m

3. The modules N; = Z|G*]/Z; and N_; = Z[G*]/Z_1. Recall that
for each p in a non-empty linearly ordered finite set (P, <) we have a finite
abelian group G), with an element j, € G, of order 2, and a set T, with
1 € T, € G} and such that, for any o € G, o € T}, if and only if oj, ¢ T),.
Moreover, G is enlarged by a new element g, to an abelian semigroup
Gy = Gp U {gy}, where u-g; = gy, for any u € G. We also have the
corresponding products G = HpeP Gp and G* = HpeP Gy. For each p € P
there is a projection m, : G* — G, so g = [[p mp(g) for any g € G*.

For each g € G* we define the following subsets of P:

X( ) =A{p e P;m9) =g},
Ulg) ={p € P; m(g) = 1},
V(g) =A{p € P; mp(9) = jp}
W(g) =U(g) UV(g).
If X(g)UW(g) # P, we set

c(g) = max(P — (X(g) UW(9g)))-
For each € € {1, —1} we define a subset M, C G* as follows: for any g € G*
we declare g € M, if and only if V(g) = () and either

X(g)UW(g) =P and (f1)|U(9)\ —¢,
or

X(g)UW(g) # P and  mg)(9) € Teg)-
LEMMA 3.1. We have |M;| = |M_q| = 3|G|.
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Proof. Since |G, —{jp}| = |G|, the set of all g € G* satisfying V(g) =0
contains exactly |G| elements. This set splits into two subsets according to
whether g satisfies X (g) UW (g) = P or not. The condition (—1)IV0| = ¢ is
fulfilled by exactly half of the g satisfying both V(g) = 0 and X (g) U W (g)
= P. Similarly the condition 7.4)(g9) € Ty is fulfilled by exactly half of
the g for which both V(g) = 0 and X (g) UW (g) # P, because |T,, — {1}| =
%’Gp —{L.jp}| =

We set

(g) = {O if X(g9) UW(g)# P and w4 (9) € T,

1 otherwise
and define an ordering < on G* as follows: for any g, h € G* we have g < h
if exactly one of the following four cases holds:

X(g) 2 X(n);

X(g) = X(h) and W(g) & W(h);

X(g) = X(h). W(g) = W(h), and =(g) < =(h);

X(g) = X(h), W(g) = W(h), 2(g) = 2(h), and V(g) & V(h).

Then g < h means g < h or g = h.

In Section [2} for any € € {1, —1} we have defined the Z[G]-submodules
T, of Z[G*] generated by and (2.4)). Let N = Z[G*]/Z. and let Tor(N;)
be the submodule of elements of finite order in N,. Finally, let j = Hpe p Jp;
we have X (jg) = X(g) and W (jg) = W(g) for any g € G*.

LEMMA 3.2. Let € € {1,-1} and h € G*, h ¢ M.. Then h + I, € N
is a sum of an element belonging to Tor(N;) and a Z-linear combination of
elemens g + L. where g € G* with g < h.

Proof. We shall distinguish the following four cases:
1. Assume X (h) UW(h) # P and z(h) = 0. Since h ¢ M., we have
V(h) # 0; denote p = min V' (h). Then p ¢ X (h) and due to (2.3]) we have

(3.1) (5@ =g (1= TI owa)) - nete

qeP—{p}
Since X (gyh) = X (gph Il ep—ipy opg) = X (h) U {p}, we get gyh < h and
gph quP—{p} Opg < h. For any k € G, with 1 # k # j,, we have X (kh) =
X (h) and W(kh) = W(h) — {p}, so kh < h. Moreover X (j,h) = X(h),
W(jph) = W(h), c(jph) = c(h) # p and so z(jph) = z(h), and finally
V(jph) = V(h) — {p}. Hence jp,h < h.

2. Assume X (h) U W(h) # P and z(h) = 1. Then X(jh) = X(h),
W(jh) = W(h), ¢(jh) = c¢(h) and so z(jh) = 0. This gives jh < h and we
can use (1 —€j)h € Z, due to (2.4).

3. Assume X (h) UW(h) = P and V(h) = 0; then h = ][ ¢ x5 g;- Since
h ¢ M., we have (—1)lVUMI = —¢ and Theorem H gives ay(p) € Z[G’U(h)]
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such that
(3.2) (aU(h) ~n- I ij) + 7. € Tor(M,).

peU(h)
Then () is a Z-linear combination of g € G* having X (g) 2 X (h); these
g’s satisfy g < h. It is easy to see that theU(h) R;, is the sum of all
g € G* satisfying my(g) = g for each p € X(h) and m,(g) € T}, for each
p € U(h) = P — X(h). One of those ¢g’s equals h and the others satisfy
X(g) = X(h) and W(g) € W(h), which means g < h.

4. Assume X (h) UW (h) = P and V' (h) # (). Denoting p = min V' (h), we
can use again. As in the first case we have gyh < h, gyh qupf{p} Opygq
< h, and kh < h for each k € G, with 1 # k # jp. Since X (j,h) = X(h),
W(jph) = W(R), 2Gjph) = 1 = 2(), and V(j,h) = V(h) — {p}, we get
Jph < h.

The lemma follows as each h satisfies exactly one of the previous cases. n

PROPOSITION 3.3. The image of M. generates N./Tor(N.) as a Z-
module.

Proof. Lemma implies by induction with respect to the ordering <
that the image of any h € G* in N /Tor(N,) is generated by the image of
M. N{geG*;5g=h}. =

COROLLARY 3.4. For any € € {1,—1},

rankz N, < 1|G|.

Proof. This follows from Proposition and Lemma .

Let Zy be the Z|G]-submodule of Z|G*] generated by (2.3) for all p € P
and all V' C P—{p}, and let Ny = Z|G*]/Zy. Moreover, let U’ be the module
defined in [4] for I = P, T, = G, and A\;' = [Lep—gp} opa e U C Q[G]
is the Z]|G]-module generated by

v =5(T1G) TI (L -1GIAs(G)
peN ieP—N
for all N C P.

LEMMA 3.5. Let v : Z[G*] — U’ be the Z|G|-linear map determined by
'y(l_[peN gy) = ply for each N C P. Then v is surjective and kery = Iy,
hence Ny = U’ has no Z-torsion. Moreover Ty = I1 N Z_1, and so the
natural Z|G]-linear map § : No — N1 & N_1, determined by é(a + Iy) =
(a+Zi,a+TI_1), is injective.

Proof. The definition of py implies that gply = ply for any g € [ e Gy,
and ([2.1)) implies that ~ is well-defined. For any p € P and V C P — {p} we
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have

V(@) TT o~ 0= TI ona) T 9)=SGh—(1=X" b
qeV qeP—{p} q€VU{p}

and the presentation of U’ given in [4, Corollary 1.6(i)] implies that Zy =

ker~ and so Ny = U’ C Q[G] has no Z-torsion.

It is clear that Zy € Z; NZ_1 and so ¢ is well-defined. For any 8 € Z. we
have (1 4+ €j)5 € Zp because 1 + ¢j kills the generators . Hence for any
B€TiNT 1 we have 28 = (1+;)B+(1—75)8 € Ty and ker 6 = (Z;NZ_1)/To
is 2-elementary. Since Ny has no Z-torsion, J is injective. m

THEOREM 3.6. For any e € {1,—1}, Tor(N,) is a 2-elementary group
and the image of M. is a Z-basis of N/Tor(N,). Hence we can decompose
the Z-module N; into the following direct sum of Z-modules:

N. =Tor(No) & €D (= + Zo)Z.
ZBGMe

Proof. We have (1 — j)Z|G*] CZ; and (1 + j)Z[G*] € Z_; due to (2.4).
For any u,v € Z[G*] let

w=1+Hu+1-5v=2u+1—-j)(v—u)=2v+ (14 j)(u—v).
Then 6(w + Zy) = (2u + Z1,2v + Z_1). Hence if u + Z; € Tor(N7) and
v+Z_1 € Tor(N_y) then (2u+ Z;,2v +Z_1) is an element of finite order
in §(Np), which has no Z-torsion due to Lemma Hence 2u € Z; and
2v € Z_;. Both Tor(N;) and Tor(N_1) are 2- elementary Since 0 is injective,
(3.3) rankyz N7 + ranky N_; > ranky Z[G"*]/Zy = rankz U’ = |G|
by using [4, Remark 1.4], and we have equality in Corollary The theorem
follows from Lemma and Proposition .

LEMMA 3.7. Let 1 : Z[G*] — Ny and p_y : Z|G*] — N_1 be the
projections to the quotients. For any € € {1,—1} and any Z-linear map f :
Ne — Fo, where Fy = Z/27, there zsf ./\/'_6 — [y such that fou e = fope.

Proof. The form of the generators implies that 2Z[G*] + T, =
2Z|G*] +I_,. Hence we have the commutative diagram

./\/'5 He Z[G*] H—e N_e

| .

Fy < - - Z[G"]/ (2ZIG"] + T.) <+~ ZIG"]/ (2ZIG*] + T-)
where the no-name vertical arrows are the projections to the quotients. For
any Z-linear map f : N, — Fo we have 2Z[G*] C ker(fou.) and the existence

of the dashed arrow follows; we obtain f as the compositum of the given
maps. =
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For any U C P we define yy = HpeP—U gy lfe= —(=1)YI'then yy €
M_. and yy ¢ M., so Lemma for h = yy gives (3.2) and we know that
there is oy € Z[GY;] such that

cy = —ay +yu - H ij € Z[G*]
peU

satisfies ¢y + Ze € Tor(N;). Moreover any element of Z[Gy,] is a Z-linear
combination of h € G* such that P —U C X (h), and Lemma 3.2 implies by
induction with respect to < that

(3.4) Yyu - H R]’p = Cy + Z ah,U . h
pel heM., X (h)2P—U

for suitable apy € Z. Moreover the proof of Lemma shows that the
Z-module Tor(N;) is generated by {cy + Z; U C P, (—1)IY = —¢}. Theo-
rem states that Tor(N;) is a vector space over Fy. But we can say even
more:

THEOREM 3.8. Forany e € {1, 1}, theset {cy+Z;; U C P, (—1)IVl = —¢}
is a basis of the vector space Tor(N,) over Fy. Hence dimp, Tor(N) = 2/PI-1,

Proof. We need to show that this set is linearly independent. So assume
that there is a linear dependence, which means that there is a non-empty
subset R C {U C P; (—1)Ul = —¢} such that Ywerlew +Zc) = 0 in N
Let us fix a maximal U € R (with respect to inclusion).

Hence yy € M_. and yy ¢ M,. Theorem implies that there is a
unique Z-linear map f : N_. — Fy such that

yu+Z_c¢kerf and Tor(N_)U{x+Z_xe M_, x#yy} Ckerf.
Lemma gives f : N — Fy such that f ope = fopu_andso
yw+T.¢kerf and {x+7Z; ze M. x#yy} Ckerf.

The left hand side of (3.4]) is the sum of all elements g € G* satisfying
mp(g) = g, for each p € P — U and my(g) € T, for each p € U. All these g’s
belong to M_, and one of them equals yyr. Thus

(3.5) f((yU T ij) +z€) — 1.
peU

Suppose that h € M{UM_. and X (h) € P—U.If h € M_, then f(h+Z.) =0
because h # yy. If h ¢ M_, then h = yy for some V 2 U with (—1)VI = e
Then (3.4) for V' gives
(3.6) Yy - H ij =cy + Z agyv - 9,

peV gEM ¢, X(9)2P-V

where agy € Z and ¢y +Z_ € Tor(N_.), so f(cy +Z_c) = 0. Then (3.6)
gives f(yy+Z—.) = 0 as all the other summands on the left hand side belong
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to M_, and are different from yr;. But h = yy and so again f(h +Z.) = 0.
Then and imply that f(cy + Z) = 1.

Hence for all h € M, U M_, such that X(h) € P — U we have obtained
f(h +Z)=0.If WeRand W # U, then W 2 U due to the choice of U.
Thus for W gives

(3.7) Yw - H ij =cw + Z ag,w * g,
peEW gEMe, X(g)2P-W

where each summand h on the left hand side satisfies h € M_ and X (h) =
P—W ¢ P—U,andso f(h+Z) = 0. Similarly f(g+Zc) = 0 for each g in
the sum on the right hand side of (3.7)). Hence f(cw +Z¢) = 0 and we have

Z f(CW +I€) = ]F(CU —l—Ie) =1,

WeR

which contradicts our assumption. =

4. Circular numbers. This section is devoted to the groups of circular
units and circular numbers of an abelian field K of a special type defined
below; any cyclotomic field is of this type.

Let P be a finite set of primes linearly ordered by an ordering < (not
necessarily coinciding with the usual ordering of integers). For each p € P let
K, be an imaginary abelian field which is ramified only at p, so the conductor
of K, is a power of p, say p». Let K = HpeP K, be the compositum of
these fields, so m = Hpe p P is the conductor of K. The absolute Galois
group G = Gal(K/Q) is the direct product of its inertia subgroups G, =
Gal(K,/Q). Each G), contains a distinguished element j, of order 2 given in
Gal(K,/Q) by the complex conjugation. In the same way as in Sections
andwe enlarge each G to a semigroup G, by adding a new element g, and
define G* as the direct product of all the semigroups G},. Set g* = Hpe r 9
and j = HpeP Jp> S0 j is the complex conjugation on K.

Let £ and W denote the group of units and the group of roots of unity
of K, respectively.

For any non-empty V C P let dy = Hpevpep, (v = e2mildv |y, =
[Lev Kp: and nv = Noe,)/ky (1 — Cv), so nv is a unit if and only if
|[V| > 1. We define the group D of circular numbers of K as the Z[G]-
module generated in K* by —1 and by all ny for V.C P, V # . Then
the Sinnott group C of circular units of K is defined to be the intersec-
tion C =D NE. It is easy to show that W is the torsion subgroup of both
C and D. (Sinnott [I0] in fact used a module different from our D, which
however coincides with D" defined by Lettl [8]; the equality C = DN E is
[8, Proposition 1]. Actually, Lettl used more generators: all conjugates of all
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norms Ng(¢)/)nk (1 — (), where ( = e?™/™ for an integer n|m, n > 1;
but No(¢y/a)nk (1 = ¢) = Ny, jo)nk (nv) for the set V' of all primes di-
viding n.)

For each p € P let v, be the valuation on K of a fixed prime ideal
above p, 0 vp(ngpy) = 1 and vp(p) = [Kp : Q] = [Gpl.

We define a Z[G]-linear map ¥ : Z|G*] — D as follows: g* € ker ¢ and for
each V' C P let J([[,cy g5) = np—v. This is well-defined by because
np_y is fixed by each automorphism in Hpev Gp. Let m : D — DIt be
defined by 7(e) = e'*J. It is well-known that kerm = W (see [10, Lem-
ma 4.1(i)]). The map 7o is surjective because all generators of D'*7 are in
the image. For any distinct p, ¢ € P we fix 0}, ; € G in the following way: the
action of qupf{p} 0p,q corresponds to the action of Frob(p)~! on Kp_py,
where Frob(p) is the Frobenius automorphism of p.

For any p € V C P we have the following well-known norm and mirror
relations:

1-Frob(p)~1 .
(4.1) I - {nv_{p} i1V £ (o),
oeGp p itV = {p}7
(4.2) 17{/ = ny (mod W).

We have D'/ NQ = (P) since each number in D17 is a totally positive
P-unit and because for any p € P we have
Rjp, Rjpv14j Ry (1+dp)
(4.3) Ny €D and (77{ ) =p

py) T Ty
by and .
Let ¢ : D7 — D7 /(P) be the projection to the quotient. We have the
following commutative diagram with exact rows and columns (the exactness
of the last row is given by the snake lemma):

0 0
0 (P) DByep o) ——0
C c
0 cl+i S pirj_ Prerw DBpep2Z ——0

0——C =D J(P) —— @, p 2/ (11 (p)Z) — 0
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LEMMA 4.1. The quotient D'+ /(P) has no Z-torsion.

Proof. Assume that there is ¢ € D such that ¥/ ¢ (P) but for a
suitable positive integer n we have (¢!*7)" € (P). Take ¢ with the smallest
possible n. Then n is a prime. Moreover, using , we can assume that
(7)™ is a positive integer such that there is p € P satisfying p | (¢177)" and
p? 1 (e17)™. Since € € D, we have ¢!/ € W, and so there is a root of unity &
such that e'77 = €2, Then ££~!, which belongs to an abelian field, is a root
of the irreducible polynomial 22" — (¢1*7)" € Z[z]. Hence this polynomial
has an abelian splitting field, so 2n = 2, which is a contradiction. =

THEOREM 4.2. The set
B:{ﬂ(u);ueMl,u#g*}U{ﬁ< H g;;);qEP}
peP—{q}
is a Z-basis of D, i.e. 7(B) is a basis of the free Z-module D'*J.
Proof. We know that rankz € = $|G| — 1 and C is of finite index in €

(see e.g. [11}, §8.2] or [10, Theorem 4.1]). Then the last row of the diagram
above gives

(4.4) rankz D' /(P) = ranky C'™7 = rankz C = 3Gl 1.
It is enough to show that m(B) generates D7 because the middle row of
the diagram, , and Lemma together with ¢g* € M give

rankz D' = |P| + 3Gl —1>|B|.
Comparing and with and we obtain

9"Z+7Iy Cker(pomod),

hence there is a surjective mapping
(4.5) Ny — D' /(P)

induced by 1) o w o . Theorem Lemma g* € M, and (4.4) im-
ply that (¢ om0 9)(M; — {g*}) is a Z-basis of D+ /(P). By Lemma
Y(m(B)) generates (D) = DF7/(P), and ([4.3)) shows that m(B) generates
ker¢) = (P). m

The previous theorem allows us to give a basis of the group C of circular
units. Recall that X (u) = {p € P; mp(u) = g,}. For any u € G* — {g"} we
have J(u) = 1% _ x(,), where o = [pep—x@) ™(u) € G. Define

Gy {20 = hoxi if | X (u)] < |P| - 1,
P~ Thyexqw 93) = 15 11X ()] = 1P|~ 1.
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COROLLARY 4.3. The set
B={d(u); ue M, u#g*}
is a Z-basis of C, i.e. 7(B) is a basis of the free Z-module C'*7.
Proof. Theorem [4.2] implies that
(4.6) {@(u);uEMl,u#g*}U{ﬁ( H g;>;q€P}
peP—{q}

is a Z-basis of D. For any ¢, € P we have
1 ifr=gq,
(o T1 9))=1, |
veP(a) 0 ifrz#gq.
The left summand in (4.6) consists of units and so it is a Z-basis of the
kernel of @ .pvp in D. u

Having the surjective mapping 7 o 9 we shall describe its kernel to get
the following short exact sequence which gives a presentation of D'*7:

peEP

(4.7) 0 — ker(m o }) =N Z|G"] v Pt .

Write the module Z; as the sum Zy 4+ Z3 where Zy is the Z[G]-module gen-
erated by the generators for all p € P and V = P — {p}, and Z3 is
the Z[G]-module generated by all the other generators and by all the
generators with e = 1. So Zy + Z3 = Z; and

(4.8) I = <{S(Gp) ger—pp 921 P € P}>

is a Z[G]-module with the trivial action of G.

Using we see that ker ) contains all elements for |V| < |P|—-1.
The identity (1 + j)(1 — j) = 0 shows that ker(m o 1)) contains all elements
with € = 1, hence Z3 C ker(mov). We shall need the following stronger
variant of Theorem 2.2

PROPOSITION 4.4. For each Q C P satisfying (—1)9l = —1 and |Q| > 1
there is aq € Z[GY] such that

204@ — 2( H g;) H ij € Is.
qeP—Q PEQ
Proof. Since Iy + Z3 = 77, Theorem and give
(4.9) 2( I1 g;;) IR, - 455G [[ 9 <22iGy) + s
qeP-Q peEQ pEP q€P—{p}
for suitable integers a,. For any p € Q, implies

S@G) - Il g = 2ipRs, + A=G)R;,) - ] 9 € 22IGy] +Ts,
qeP—{p} qeP—{p}
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and so we can assume that a, = 0. Fix r € P— Q. For any element of Z[Gy,)]
we see that the coefficient of [] P—{r} gZ is zero. The same holds true for

the product of S(G,) and any generator of Zs. Hence (4.9) shows that this
coefficient is zero also for

S(Gr) Y apS(Gy) - I 5= 1G] apS(Gp)- ] a5
peP qeP—{p} pEP q€P—{p}
and so a, = 0. The proposition follows. =

THEOREM 4.5. The kernel ker(r o d9) in the presentation (4.7) of DIt
is generated, as a Z-module, by I3, by g*, and by the elements

5Q=0@—< I1 9?;) II &
qEP-Q PEQ
for all Q@ C P with odd |Q| > 1, where aq is introduced in Proposition .

Proof. Since D'*J has no Z-torsion, Proposition and (4.7) imply that
B={60; QC P, |Q| > 1, (-1))% = —1} Cker(r 0 9).

Since the image of (M1 — {g"}) U{l[,ep_q 9g; P € P} in w04 is a Z-basis
of D'*J due to Theorem to prove ker(m o 9) C Iy + (BU {g*})z it is
enough to show that

(4.10) 26 = (MU {TLepgpy 95 P € P}>Z + T3+ (B)g.

This can be proven exactly in the same way as Lemma changing 7;
to Z3: let us go through the four cases discussed in the proof of Lemma (3.2
to see where the generators of Zy have been used.

1. The element in does not belong to Z3 only if X(h) = P — {p}.
Then the other assumptions of this case give W(h) = () and V(h) = 0
a contradiction.

2. The element of Z; used here belongs to Z3.

3. The element in belongs to B unless U(h) = {p} and h =
qupf{p} gs, but this h appears in .

4. The element in does not belong to Z3 only if X(h) = P — {p}.
Then V(h) = {p} and h = jp[[,cp_y,y 95, S0 We can use (1 — jp)h € I3
since j,h appears in .

We have proved (4.10]) and the theorem follows. =

bl

5. Galois descent. The aim of this section is to prove the following
result concerning an extension K /L of two fields satisfying the assumptions
of Section [ We shall use the previous notation just adding the appropriate
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field as index, for example Cx and Cr, mean the groups of circular units in K
and L, respectively. The following Galois descent property has been proven
for full cyclotomic fields by Gold and Kim [3].

THEOREM 5.1. Let L C K be abelian fields, each being a compositum
of imaginary abelian fields ramified at one prime, i.e. K = HpePK K, and
L = HpEPL L,, where K, for any p € Pg and L, for any p € Pr are

imaginary abelian fields ramified only at p. Then Cp, = Cx N L.

Proof. 1t is easy to see that C;, C Cx N L, so we need to show the other
inclusion.

We can assume that either Px — P, = {q}, or Px = P, and [K : L]
is a prime. Indeed, after having proven these two special cases the general
statement can be easily obtained by induction.

In the former case K = LK, we immediately see from the definitions
that Uy (u) = @K(ug;) for any v € G7 and {ugy; u € My 1} € My k. For
any ¢ € Cx N L we have L = Ng/r(e) € Cr. Corollary for L says
that there are unique £ € Wy, and a, € Z satisfying

el =g [ dew™=¢- [ Oxlug)™.
ueMs, L, ueM, 1,
uF#gy, u#gy,
Since ¢ € Cg, Corollary for K implies that [K : L] divides a,, for each u
and so there is ¢’ € Wy, such that

e = EI' H &L(u)au/[K:L]'
ueMi,
uF#gy,
Hence ¢ € C, and the theorem follows in this case.

To finish the proof we need to show Cx N L C C;, when Px = Pp and
[K : L] is a prime. It is enough to show that Dx N L C Dr. Set H =
Gal(K/L) and P = Pg. Our assumption on K, L implies that there is a
unique ¢ € P such that K, # L,. Then j,x ¢ H C Gy and G, =
Gyr/H.

We extend the restriction resg,;, : Gk — G to a semigroup homo-
morphism resgy, : G — G, by setting resy 1, g, x = g, 1, for each p € P.
On the one hand, if [K : L] is odd then the construction in Lemma
gives resg/r, Ty = Ty,r- On the other hand, if [K : L] = 2 then defining
T by H = {1,7} we see that 7 and j, x are different elements of G, i of
order 2. In Lemma the 2-Sylow subgroup of Gy ¢ is written as the direct
product (z) x H, where j, x is the only element of order 2 in (z) and H is
a suitable subgroup. Then either 7 € H when again resy 1Ty =Ty L, or
7 ¢ H when jg 7 € H, which implies resy/, Ty x = G-
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Since we can choose any linear ordering < on P, we can assume that ¢
is the least element of P with respect to <. For any u € G}, we have

Vi (u) if g g(u) = e

(5.1) Ur(resgyru) = { [hen Ox(hu) i mg 5 (u) # g7 -

Let
M= O —{gihu{ TI gguipe P}
qeP—{p}
be the set giving the Z-basis of Dy, described by Theorem and let Mfr K
be defined similarly. Recall that, before Lemma [3.2] we have defined the
ordering < on G7-. We shall prove that for each h € M1+ 7, We can choose

kyp € M1+K such that resg; kp = h and

(5.2) Or(h) =& Ik (kn) - pn,

where ¢ € Wik and pj, is a multiplicative combination with integral coef-
ficients of ¥ (1) for those [ € MffK, I # kp, which satisfy either [ < kj
or resg/r,l = h or resg/rl = jqrh, the last case being possible only if
Jgrh ¢ M1+ - To prove let us distinguish the following four cases:

1. Suppose g (k) = 9,.1.- There is a unique kj, € G such that resy/p, kp
= h. This ky is in M and gives U1, (h) = I (kp,).

2. Suppose g, (h) = 1. We have exactly [K : L] elements k € G, satis-
fying resg,r, k = h; we denote by kj, the only one of them with 7, s (kx) = 1.
Then k, € M} and the other k satisfy X(k) = X(h) and W (k) =
W(h) — {q} since Jox ¢ H, and so k < kj. Using and reasoning
as in the proof of Proposition we see that implies .

3. Suppose 7y (h) ¢ {1,g;} and c(h) # g. Again we have exactly
[K : L] elements k € G, satisfying resg,; k = h. For each of them we have
X (k) =X(h), W(k) =W(h), so c(k) = c(h) # q. And since g (k) # jq.x,
we obtain k € MTK. Choosing any of these k as kp, we find that
implies (5.2)). 7

4. Suppose mq,1.(h) ¢ {1, g; .} and c(h) = g. Then X (h)UW (h) = P—{q}
as ¢ was chosen to be the least element of P and j, .h ¢ Mfr .- Again we
have exactly [K : L] elements k € G satisfying resg/;, k = h. For each
of them we have X (k) = X(h), W(k) = W(h), c(k) = ¢(h) = ¢, and
V (k) =V (h) = 0. Since resg 1, Ty i is either Ty 1, or G, 1, for at least one of
these k’s we have 7, (k) € T, k. Each such k belongs to MffK; we choose
kp, to be one of them. Now consider any k € G, satisfying resg/r k = h and
7.k (k) ¢ Ty k. Then jg kk € M. Relation gives Vi (k) = Ik (k)
(mod Wy ). On the one hand, if W(h) = () then jxk = j, xkk. On the other
hand, if we fix any p € W(h) and set R = {r € W(h); r < p} then
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gives the following relation for t =k - [, c piyq) Jrk:

(5.3) T 0x(ut) = k(g xt) - e (Frob(p) g5 )
ueGy K

As X(g, t) = X (Frob(p )flg* xt) = X(kn) U{p}, we have g; rt < kj, and
Frob(p) gy xt < kn. If u € Gpx — {1,jpx} then X(ut) = X(kj) and
W(ut) € W(ky), so ut < kp. Hence implies that Vg (t)0k (jp kt) is
a multiplicative combination of ¥k (I) with [ < kp. As this holds for all
p € W(h), we deduce that 9 (jxk) - Ik (jyxk)*! is such a multiplicative
combination. Using and reasoning as in the proof of Proposition
we see again that implies .

We have proven since each h satisfies exactly one of the previous
cases. But the previous construction shows even more: we have X (kp,) = X (h),
U(kp) = U(h), V(kp) = 0 = V(h), and z(kp) = z(h), therefore for any
hi, ho € leL we have

(5.4) hi1 < hy & khl < kh2~

For any ¢ € Dg N L we have elFL = Ng/1(¢) € Dr. By Theorem
for L there are unique £ € W, and ap, € Z satisfying

(5.5) el =¢. [ vu(n

heM;,

As above, we need to show that [K : L] divides aj, for each h € M, . Assume

the contrary, and among those h € M, satisfying [K : L] { ap choose a
maximal hg with respect to <. Hence [K : L|{ap,, and [K : L] |aj, for each
h € M, with h = hg. Using (5.2) we obtain

(5.6) e =g T Wk (kn) - pn)™

heM;" |

for a suitable ¢’ € Wi. Let us study the total exponent of ¥ (kp, ) appearing
in the expression of the right hand side of in the basis of Theorem
The exponent ap, is obtained for h = hg. Assume that we have a power of
U (kp,) coming from py, for some h € MffK, h # hg. By the description of py,
this means that either kp, < kp, or resg/r, kp, = h or resgr, kpy = jq,Lh, the
last case being possible only if j, r.h ¢ MffL. But resg 1, kn, = ho, 80 ho < h
in view of , because the other two cases lead to a contradiction: hg = h
or hog = jorh ¢ Mf,_L' Our choice of hg then gives [K : L] | ap,. Therefore the
total exponent of U (kp,) appearing on the right hand side of is not
divisible by [K : L], and contradicts Theorem for K. This shows
that all the exponents ay, in are divisible by [K : L] and so € € D,. »
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6. The Stickelberger ideal. Let K denote the field considered in
Section We shall keep the notation introduced there, so for example
G = Gal(K/Q) and j € G is the complex conjugation. The Stickelberger
ideal of K is the intersection & = Z[G] NS’ where &’ C Q[G] is defined by
means of explicit generators in [I0, p. 189]. Letting e~ = %(1 —j), we have
S'=e §@L1S(G)Z and e~ S = we U’ (see [10, Lemma 2.1 and Corollary
of Proposition 2.2]), where w € Q[G] is defined by [10, (2.6)] and U’ (denoted
by U in [10]) has the same meaning as in Section |3| Hence we have

LEMMA 6.1. &' = Jw(l - j)U' @ :5(G)Z.

Lemma states that U" = N and so (1 — 5)U" = (1 — j)Np. Since
(1 —-4)Z|G] € Z; and (1 + j)Z|G] C Z_4, the injective linear map ¢ defined
in Lemma [3.5]satisfies 6((1—j)(a+Zp)) = (0,2(a+Z_1)) for any a € Z[G*].
Therefore the restriction of § to (1 — j)Np together with Theorem gives
the following isomorphism of Z[G]-modules:

(1=HU = (1 —j)No = 2N = N_;/Tor(N_1).

Let ¢ : N_y/Tor(N_1) — (1 — j)U’ denote this isomorphism and let 7 :
Z|G*] — N_1/Tor(N_1) be the projection to the quotient. Theorem
implies that ¢ (w(M_1)) is a basis of the free Z-module (1 — j)U’. Therefore

(6.1 B = (L wlr(w); uwe M1} U {38(6)

is a system of generators of &'. It is well-known that rankz S’ = 1+3|G| = | B|
(see [10, Theorem 2.1]). Hence we have

THEOREM 6.2. The set B defined by (6.1) is a basis of the free Z-

module S’.

The previous theorem describes a basis of ', but we would like to get a
basis of S. It is easy to derive such a basis from B, but a formal description
is quite cumbersome. So we only outline this procedure.

We know that there is a surjective Z[G]-linear map ¢ : &’ — W, where
W is the group of roots of unity in K, defined as follows: for any 6 € S’ we
have ¢() = ¢*™1 | where ay is the coefficient of 1 € Gin 0 =3 _as0™'.
The kernel of ¢ is S, so §'/S = W (see [10, Proposition 2.2]).

We can decompose the cyclic group W into the direct product of cyclic
p-groups for primes p | |W| (those p are in P U {2}). Let W} denote the first
of those factors. Theorem implies that we can fix b € B such that the
projection of ¢(b) to W1 is a generator of Wj. By adding a suitable multiple
of b to any other element of B (and keeping b unchanged) we can modify the
basis B to another basis of &’ each of whose elements except b has trivial
projection to Wi of its p-image. Then we change b to |Wi]| - b to obtain a
basis of a subideal §; C § which is the kernel of the composition of ¢ with



238

R. Kucera

the projection to Wj. Continuing this procedure for each factor of W (so at
most |P|+ 1 times) we arrive at a basis of S.

Acknowledgments. The author thanks the anonymous referee for very

useful remarks. This research was supported under Project P201/11/0276
of the Czech Science Foundation.

References

M. Conrad, Construction of bases for the group of cyclotomic units, J. Number
Theory 81 (2000), 1-15.

V. Ennola, On relations between cyclotomic units, J. Number Theory 4 (1972),
236-247.

R. Gold and J. Kim, Bases for cyclotomic units, Compos. Math. 71 (1989), 13-27.
C. Greither and R. Kucera, Linear forms on Sinnott’s module, J. Number Theory
141 (2014), 324-342.

J. M. Kim and J. Ryu, 4 note on Ennola relation, Taiwanese J. Math. 18 (2014),
1653-1661.

R. Kucera, On bases of odd and even universal ordinary distributions, J. Number
Theory 40 (1992), 264-283.

R. Kucera, On bases of the Stickelberger ideal and of the group of circular units of
a cyclotomic field, J. Number Theory 40 (1992), 284-316.

G. Lettl, A note on Thaine’s circular units, J. Number Theory 35 (1990), 224-226.
C. G. Schmidt, Die Relationenfaktorgruppen von Stickelberger Elementen und Kreis-
zahlen, J. Reine Angew. Math. 315 (1980), 60-72.

W. Sinnott, On the Stickelberger ideal and the circular units of an abelian field,
Invent. Math. 62 (1980), 181-234.

L. Washington, Introduction to Cyclotomic Fields, Grad. Texts in Math. 83, Sprin-
ger, New York, 1997.

K. Yamamoto, The gap group of multiplicative relationships of Gaussian sums, in:
Symposia Math. 15, Academic Press, London, 1975, 427-440.

Radan Kucera

Department of Mathematics and Statistics
Faculty of Science

Masaryk University

Kotlarskd 2

611 37 Brno, Czech Republic

E-mail: kucera@math.muni.cz


http://dx.doi.org/10.1006/jnth.1999.2443
http://dx.doi.org/10.1016/0022-314X(72)90050-9
http://dx.doi.org/10.1016/j.jnt.2014.02.003
http://dx.doi.org/10.11650/tjm.18.2014.3665
http://dx.doi.org/10.1016/0022-314X(92)90002-7
http://dx.doi.org/10.1016/0022-314X(92)90003-8
http://dx.doi.org/10.1016/0022-314X(90)90115-8
http://dx.doi.org/10.1007/BF01389158

	Introduction
	1 An auxiliary result on a group ring
	2 The relation modules I1 and I-1
	3 The modules N1=Z[G*]/I1 and N-1=Z[G*]/I-1
	4 Circular numbers
	5 Galois descent
	6 The Stickelberger ideal
	References

