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Abstract

Spectral flow is a classical notion of functional analysis and differential geometry which was
given different interpretations as Fredholm index, Witten index, and Maslov index. The classical
theory treats spectral flow outside essential spectrum. Inside essential spectrum, the spectral
shift function could be considered as a proper analogue of spectral flow, but unlike spectral flow,
the spectral shift function is not an integer-valued function.

In this paper it is shown that the notion of spectral flow admits a natural extension for
a.e. value of the spectral parameter inside essential spectrum too, and an appropriate theory is
developed. The definition of spectral flow inside essential spectrum given in this paper applies
to classical spectral flow and thus provides one more new alternative definition of it.

One of the results of this paper asserts that for trace class self-adjoint perturbations of self-
adjoint operators the following four integer-valued functions are equal almost everywhere. The
common value of these functions is spectral flow inside essential spectrum by definition.

1) Singular spectral shift function.

2) Singular part of the Pushnitski p-invariant.

3) The so-called total resonance index.

4) The so-called total signature of resonance matrices.

Equality of the third and the fourth functions is proved under much weaker assumptions which
cover Schrédinger operators. Some applications of this result are given.
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1. Introduction

This paper develops the theory of spectral flow inside essential spectrum. In order to put
the results into context, in this introduction a quick survey is given of relevant parts of
the theory of spectral flow, the mathematical theory of scattering, and related notions,
from the perspective of this paper. In fact, the introduction and the main body of the
paper are quite independent; the reader may choose to omit reading this introduction (as
long as he/she does not ask what is the point and origin of the results of the paper), or
treat the introduction as an independent survey. This also explains the relatively large
size of this introduction.

1.1. Spectral flow. In this subsection we briefly mention several papers on differential
geometry and operator theory where the notion of spectral flow was introduced and
studied. The subsection can safely be skipped, if necessary.

Spectral flow was introduced by M. Atiyah, V. Patodi and I. M. Singer [APS|[APS5], as
the intersection number of eigenvalues of a continuous path D,,, 0 < u < 1, of elliptic self-
adjoint pseudo-differential operators on a compact manifold with the line A = —¢, where
¢ is a small positive number. Atiyah, Patodi and Singer [APS,] remarked that the spectral
flow could in fact be defined for any continuous path of self-adjoint Fredholm operators.
The essential spectrum of a self-adjoint Fredholm operator does not contain zero, and
this allows one to define the spectral flow formally as the net number of eigenvalues
crossing 0 in the positive direction, where it is assumed that if an eigenvalue crosses 0 in
the negative direction then its contribution to the spectral flow is negative. I. M. Singer
suggested in 1974 that it should be possible to express the spectral flow as an integral
of a one-form defined in terms of the path of operators. Such an analytic formula was
established by E. Getzler [Ge]:

1
s(D, g 'Dg) = %/ Tr(Dye %) du, (1.1.1)
0

where D is a self-adjoint operator of an odd ¢-summable Fredholm module (see [C] for
definition) (A, H, D) over a Banach x-algebra A, g is a representative of an element [g]
of the odd K-theory group K;(A) (see e.g. [Bl, §8] or [Mu, Chapter 7] for definition),
and D, = (1 — u)D + ug~'Dg. For example by [Ge], in the case when H = Ly(T,d6),
A =C(T), D = 14 and [g] is the class of the function ¢, one has D, = D + nul,
where T is the identity operator, so that o(D,) = {k + nu: k € Z}. Thus, as u changes
from 0 to 1, each real number including zero is crossed by n simple eigenvalues of D,, in
the positive direction, and therefore sf(D, g~ '1Dg) = n.

6]



1.1. Spectral flow 7

For a norm-continuous path F': [a,b] — B(H) of self-adjoint Fredholm operators
where B(H) is the algebra of bounded operators, J. Phillips [Phl [Phs| gave an alternative
definition of spectral flow:

{Ft ZGC ti—1 t a
where Pt:E ¢

[0:00 is the spectral projection of F; corresponding to the interval [0, 00)
and ec(P, Q) is the essential co-dimension of a Fredholm pair of projections P, Q (see
[ASS] for definition, see also [AS| [K| [Kag|), which is defined as the Fredholm index of
the operator PQ: QH — PH. It was shown in [Phl [Phs] that this definition of spectral
flow is correct, that it is independent of the choice of small enough partitions and that it
is homotopically invariant. The spectral flow sf(Fy, Fy) for a pair of Fredholm operators
Fy and F; with compact difference is then defined by the above formula for the straight
path (1 —¢)Fp+tF; connecting Fy and F, and for a pair of self-adjoint operators Dy, Dy
with compact resolvents and bounded difference the spectral flow is defined by

sf(Do, D1) = sf(¢(Do), (D1)),
where ¢(z) = z(1 + x2)’1/2
The analytic formula was generalized by A. Carey and J. Phillips [CPl [CPy,
who in particular proved the followmg formula [CPol Corollary 8.10] for the spectral flow
for two f#-summable operators Dy and Dy:

sf(Do, D1) = \f/ (th —b ) dt 4+ m(D1) — n(Do)
+ & Tr([ker(Dy)]) — 5 Tr([ker(Do)]), (1.1.2)

where [ker(D;)] is the projection onto the kernel of D; and where the real number

1 & _p2, dt
mD)= = [ T )2
is the so-called n-invariant of D;, a notion introduced for self-adjoint elliptic operators on
compact manifolds by Atiyah, Patodi and Singer [APSs]. A formula analogous to
was also established for p-summable operators. It was moreover shown in [CPs] that
the one-form on the affine space of g-summable self-adjoint operators {Dy + A: A is a
bounded self-adjoint operator} given by
ap(A) = % Tr(Ae_D2)
is exact.
The nature of integral formulas for the spectral flow such as , (1.1.2) was
clarified in [ACS], where it was proved [ACS], (35)] that for any two self-adjoint operators
Dy and D; with compact resolvent such that D; — Dg is bounded we have

Sf()\; Do, Dl) = €D1,Do()‘) + %Tr([ker(Dl — )\)]) — %TI‘([kel"(Do — )\)]), (1.1.3)
where {p, p,(A) is the so-called spectral shift function. The formula (1.1.3)) is quite general

in the sense that firstly it allows one to recover integral formulas for spectral flow by
averaging over an appropriate probability distribution ¢(A), which in the case of the
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formulas of Getzler and Carey—Phillips is the Gaussian, and secondly,
unlike other integral formulas it does not impose any summability conditions on the
operators Dy and D;.

Though in [ACS] the operators D,. were assumed to have compact resolvent, the same
technique of proof shows that a connection between the spectral flow and the spectral
shift function given by holds for norm-continuous paths D,. of self-adjoint operators
with trace class difference if A does not belong to the common essential spectrum of the
operators D, (see also [Puy]).

1.2. Spectral shift function. The works on spectral flow discussed above were written
by geometers, who were interested in it primarily as a topological invariant and in its
connections with other topological invariants, such as Chern character (see e.g. [KN, [We]
for definition). See also, for instance, [BCPRSW|, BF, [BLP| [CPRS| [CPRS2| [CPRS3|, [CM].
A notion closely related to spectral flow appeared in 1952 in the work of I. M. Lifshitz [L].
He introduced and developed a formalism for the spectral shift function £(\) of a pair of
self-adjoint operators Hy and H; with finite rank difference V' = H; — Hy. The function
&(A) in [L] was defined by

£\ = Tr(EM — Effo). (1.2.1)

In particular, Lifshitz observed that the spectral shift function formally satisfies the
following equality, called the trace formula:

(/) - 7)) = [ T e dn. (1.2.2)

Lifshitz introduced the spectral shift function in connection with a problem of solid state
physics, in which the initial operator Hy is the Hamiltonian of a pure crystal and V is
the perturbation generated by a point impurity, and his work had a formal character.

A mathematically rigorous theory of the spectral shift function was created one year
later by M. G. Krein [Kr]. He showed that for any pair of self-adjoint operators Hy and
H; with trace class difference V' = H; — Hj there exists a unique (up to a set of zero
measure, of course) integrable function £(\) such that for all functions f from a class
which includes C2(R), the trace formula holds. Krein also demonstrated by a
counter-example that cannot serve as a definition of the spectral shift function,
since Efl — Efo may fail to be trace class. Further, a description of the largest class
of functions f for which holds was given by V. V. Peller [Pel] in terms of Besov
spaces (see also [Far]). There is a large literature on the spectral shift function: see e.g.
[GM], |GMa|, [Pul, [Pug), [S].

M. Sh. Birman and M. Z. Solomyak [BS2] showed that for any self-adjoint operator Hy
and any trace class self-adjoint operator V' the spectral shift function &g, g, () satisfies
the equality

EN) = d‘i/I Te(VE{ ) dr  ae. A (1.2.3)
0

where
H.=Hy+rV, rekR,
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and where E¥ is the spectral projection of H corresponding to the interval (—oo, A]. If
we are to interpret the spectral shift function {(\) as a distribution £(¢), ¢ € C°(R),
the Birman—Solomyak formula (1.2.3]) can be rewritten as

£(6) = /0 Te(VO(H,)) dr Vo € CZ(R). (1.2.4)

The Birman-Solomyak formula (|1.2.3)) rewritten in the form (|1.2.4) makes a clear connec-
tion between the integral formulas for spectral flow (1.1.1]), (1.1.2)), etc. and the spectral
shift function: both are integrals of one-forms

ofy (V) = Tr(V f(H)) (1.2.5)

on a real affine space Hy + Ag of self-adjoint operators, where Ay is a real vector space
of self-adjoint operators. This connection was observed and used in [ACS] to derive a
general integral formula for the spectral flow in the case of self-adjoint operators H with
compact resolvent and Ay = Bga(H). It was shown in [ACS] that the one-forms are
exact on the affine space H + Bg,(H) for any compactly supported smooth function f, and
therefore integrals over all piecewise smooth continuous paths connecting Hy and Hy+V
coincide and are equal to the right hand side of .

An analogue of this result was proved in [AzS| for so-called trace compatible per-
turbations, which include self-adjoint operators with compact resolvent and bounded
perturbations, as well as arbitrary self-adjoint operators and trace class perturbations.
An affine space A = Hy + Ay of self-adjoint operators is called trace compatible if for any
H € A, any perturbation V € Ag, and any compactly supported continuous function ¢
we have Vo(H) € L1(H), where £1(H) is the class of operators with finite trace. This
definition was motivated by the distribution version of the Birman—Solomyak for-
mula , since trace compatibility is the least requirement which one needs to impose
on the operators Hy + rV to give a meaning to the integral in (1.2.4)).

One of the important developments in the theory of the spectral shift function oc-
curred when V. S. Buslaev and L. D. Faddeev [BuFa] observed a connection between the
spectral shift function and the phase shift of the scattering matrix. This connection for
trace class perturbations of self-adjoint operators was established by M. Sh. Birman and
M. G. Krein [BK]; namely, for self-adjoint operators Hy and H; with trace class difference
V = Hy, — Hj they proved the formula

e 2N = det S(\; Hy, Hy), (1.2.6)

where S(A; Hy, Hy) is the scattering matrix for the pair (Hy, Hp) (see e.g. [Y]), whose
definition is found in the next subsection, det is the Fredholm determinant (see e.g. [GK]
Chapter 4], [Sa, Chapter 3] or [RS4, §XIIL.7]) and £()) is the spectral shift function of
(Hy, Hp).

1.3. Scattering theory. The scattering operator S(Hy, Hy) for a pair (Hy, Hy) of self-
adjoint operators is defined by (see e.g. [BW], [RS3| [Y])

S(Hy, Hy) = W (H, Hy)W_(Hy, Hy), (1.3.1)
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where the Modller wave operators Wi (Hy, Hy) are defined, if they exist, as the strong
operator limits

W (Hy, Ho) = lim_e"™e™ 0 P (Hy), (1.32)

where P(®) (Hp) is the orthogonal projection onto the absolutely continuous subspace
of Hy (for definition, see e.g. |[RS, Theorem VII.4 and the preceding definition]). The
classical Kato—Rosenblum theorem ([Kal [R], see also [RS3, Theorem XI.8], [Y], Theorem
6.2.3]) asserts that if H; — Hy is trace class, then Wy (Hy, Hy) exist and are therefore com-
plete (by symmetry of the condition Hy — Hy € £1(H)), which implies that exists
as well. Completeness of wave operators means that both W, (Hy, Hy) and W_(H;, Hyp)
are partial isometries whose initial space is the absolutely continuous subspace ’H(a)(HO)
with respect to Hy, and the final space is H® (H;).

One of the many versions of the spectral theorem asserts that, given a self-adjoint
operator Hy, the absolutely continuous subspace H(“)(Ho) admits a representation as a
direct integral of Hilbert spaces

F: "H<a>(HO)—>/69 b p(dN) (1.3.3)

such that for any f € H(*(Hy) N dom(Hp) the equality
F(Hof)(A) = AF(F)(N)

holds for a.e. A € 6p,, where 6, is a core of the absolutely continuous spectrum of Hy,
{br: A € &p,} is a measurable family of Hilbert spaces, p is an absolutely continuous
Borel measure with Borel support 6g,, and J is a unitary operator; for definition of the
direct integral of Hilbert spaces see e.g. [BW [BS].

By the Kato-Rosenblum theorem, the scattering operator S(Hy, Hp) is a partial isom-
etry with initial and final space H(®) (Hyp); further, it commutes with Hy. These properties
imply (see e.g. [BE, BYl BY,}Y]) that in the spectral representation the scattering
operator is represented by a direct integral

®
S(Hy, Ho) = [ SO Hy. Ho) o) (1.3.4)
G H,
where {S(\; Hy, Ho): A € 6p,} is a measurable family of unitary operators on fibre
Hilbert spaces hy.

The spectral parameter A\ has a physical meaning of energy FE; the fibre Hilbert
space b is often called an energy shell. Physicists call the unitary operator S(X\; Hy, Hyp)
the on-shell scattering operator, while S(Hy, Hy) itself is called the off-shell scattering op-
erator (see e.g. [T} §3-bl; see also [RS;, Theorem X1.42 and the following discussion]). In
physics there is a famous stationary formula due mainly to B. Lippmann and J. Schwinger
[LSch] and Gell-Mann and Goldberger [GG] for the on-shell scattering operator (see e.g.
[T], [RS3) Theorem XI.42])

(p'IS|p) = 05(p" — p) — 2mid(Ey — Ep)(p'|V (1 = G°(E, +i0)V)™|p)
= 03(p' — p) — 2mid(Ey — Ep)(p'|(V + VG(E, +i0)V)|p), (1.3.5)
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which follows from a combination of [T} (3.7), (8.11) and (8.22)]. This is a version of
the stationary formula for one spinless particle, scattered by a potential V; there are
stationary formulas for particles with a spin and for multi-particle systems as well (see
e.g. [T]).

In rigorous mathematical notation the stationary formula for a self-adjoint
operator Hy and its trace class perturbation H; = Hy 4+ V should have been written as

S(\; Hy, Hy) = 1 —2miF\V (1 — Rayio(Ho)V) 1 T3, (1.3.6)

where Fy: H(¥ (Hy) — by is a fibre of the unitary operator But, unfortunately,
the expression on the right hand side of does not make sense for two reasons: firstly,
the limit of the resolvent Ry io(Ho) := (Hy — A —0)~! does not in general exist even
in the weakest of all reasonable topologies (for a discussion of this question see e.g. [Y]
§6.1]), and secondly, the operator Fy is not well-defined for a particular value of A.

A mathematically rigorous version of the stationary formula for the scatter-
ing matrix was established by L. D. Faddeev [Fa] (see also [LF]) in the setting of the
Friedrichs—Faddeev model [Et] [Fral [Frsl [Y]. In that model the initial self-adjoint oper-
ator Hy is multiplication by the independent variable z in the Hilbert space Ls[a, b;b],
—0 < a < b < oo, of square-integrable h-valued functions, where § is a fixed Hilbert
space, and the perturbation operator V is an integral operator

b
V() = / oz, 9)f(y) dy

with sufficiently regular kernel v: [a,b]?> — B(h). A detailed exposition of the stationary
approach to scattering theory for the Friedrichs—Faddeev model can be found in [Y]
Chapter 4].

Another important setting is short range potential scattering theory (see e.g. [Pol
Pool I [Kayl, [Ag, Kusl [Kus|; expositions of this theory and literature can be found in
[Ag, [Kul, see also [Y3]). In potential scattering theory the initial operator Hy is the
Laplace operator

Hou = —Au (1.3.7)

on the Hilbert space Ly (R™), where the domain of Hy is the Sobolev space Ha(R™) (see e.g.
[RS2 IX.6] for definition); a short range perturbation V' is multiplication by a measurable
function ¢: R™ — R which satisfies an estimate |g(z)| < C(1 + |z|?)7*/2, where p > 1
(in [Ag] short range potentials are defined by a weaker condition of integral type). The
perturbed operator H is the Schrodinger operator

Hu(z) = —Au(x) + q(z)u(z). (1.3.8)

In this case the spectral structure of Hy is completely transparent since it can be diago-
nalized by the Fourier transform JF, that is,

Ho = F* Mj¢2 7, (1.3.9)

1) A sign mismatch in formulas 1) and lb comes from the definitions of the resolvent
R.(H) = (H — 2)~" and of the Green operator G(z) = (2 — H)™ !, as in [T} §8-a].
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where Mgz is multiplication by [£|%. So, in this case H(*)(Hy) = H, and in the decom-
position one can take a core of the absolutely continuous spectrum &g, to be
(0,00), the measure p(dA) to be Lebesgue measure dA and the fibre Hilbert space by
to be La(X,5), where ¥ 5 = {£ € Rf: €] = VA} is the sphere with surface measure
inherited from R{. The scattering operator for the pair (H, Hy) given by
and exists and it admits the decomposition (1.3.4)). Further, for all A > 0 except
possibly a discrete subset ey (H) of positive values of A, the stationary formula for the
scattering matrix holds in the form

S(A) =1 = 271ic(\)yo(N)FV (1 + Rario(Ho)V) T 1F*A$ (N

=1 —21ic(N)yo(N)F(V — VR (H)V)FAS (V) (1.3.10)
(for details see [Agl [Ku]): Here ¢(\) is a constant which occurs as a result of the change
from Cartesian coordinates to polar coordinates in the momentum space R?. For any
s € Rlet Ly o(R™) be the weighted Hilbert space of measurable functions w: R™ — C for
which

ullo,s == (L + J2[*)* 2] £,y gy < oo,

and let

Hos(R™) = {u: D% € Ly s(R™), 0 < |oo| < m}

be the weighted Sobolev space with norm

1/2
e = (32 10ug3,) "
|| <m
A rigorous treatment of the stationary formula in potential scattering theory is based
on the following theorems, whose proofs can be found in [Ag, [Kul. In general, a form
of the Limiting Absorption Principle is of utmost importance for stationary scattering
theory.

THEOREM 1.3.1. If q(z) is a short range potential, then there exists €' > 0 such that for
any s € R and for all € € (0,¢"), multiplication by q(x) is a compact operator from the
Hilbert space Ha s(R™) to the Hilbert space La14s4:(R™).

THEOREM 1.3.2 (The Limiting Absorption Principle for —A; see [Agl, Theorem 4.1],
[Ku, §4.4]). Let Hy = —A with domain Ha2(R™). For any s > 1/2 and any A > 0 the
resolvents Ry+iy(Ho) as operators from Lo s(R™) to Ha _s(R™) converge in the uniform
operator topology as y — 0, so the bounded operators

Ri+io(Ho) € B(La,s(R"),Ha,—s(R™))
exst.
THEOREM 1.3.3 (see e.g. [Agl Theorem 3.1], [RS4, Theorem XII1.33]). Let H = —A+V
be a Schridinger operator with domain Hao(R™), where V' is a short range potential. The

set e (H) of positive eigenvalues of H is a discrete subset of (0,00), all eigenvalues from
et (H) have finite multiplicity and the only possible limit points of e (H) are 0 and co.

THEOREM 1.3.4 (The Limiting Absorption Principle for —A +V, see [Ag, Theorem 4.2],
[Kul §5.3]). Let H = —A 4V be a Schridinger operator with short range potential V.



1.3. Scattering theory 13

For any s > 1/2 and any A > 0 not in ey (H) the resolvents Ryi,,(H) as operators
from La s(R™) to Ha,_s(R™) converge in the uniform operator topology as y — 0, so the
bounded operators

R)\:I:iO(H) S B(LQ,S(RTL), H27_5(Rn))

exist.

Further, for any s € R the Fourier transform J is a unitary operator from Lo ;(R™)
onto Hg(R™). For any s > 1/2 the term 7o(A) in is a well-defined bounded
operator from Hs(R") to La(X /5) (the trace theorem, see e.g. [Ag, §2], [Ku, Theorem
4.2.1]); namely, the operator vo(\) is a continuous extension of the restriction operator

Finally, the bounded operator 75 (\): Ly(2,/5) = H_s can be defined for any s > 1/2
by
N 9) =58 = (F70NG) La(s o) (1.3.11)

where f € L2(X /5) and g € Hs(R") and (-, ) s s is the natural pairing of Hilbert spaces
H_s(R™) and H4(R™), defined by

()= [ FOa(6)de.

So, the stationary formula (|1.3.10]) acquires a precise meaning if the factors on the right
hand side are understood as acting between appropriate Hilbert spaces:

Rxyio(H)

* ol
La(Sy5) €% Hs & Loz < Hy s Los 4% Loy = H_ &% Lo(S5),

where
s§s=1-5s+c¢,
as long as s and ¢ are chosen so that s,5 > 1/2 and
§=s—¢ec+¢.
The last equality ensures compactness of the operator V: Hy _3 — Lo ; according to
Theorem [1.3.1] For instance, one can take s = 1/2 4 ¢//4 and € = 3¢’ /4.

The set e, (H) of eigenvalues of H is related to the set of points A for which the
operator 1+ Rxyi0(Hp)V is not invertible (see e.g. proof of [Agl Theorem 4.2]), and the
operator HE{g,m)\e+(H) is absolutely continuous [Ag, Theorem 6.1].

A mathematically rigorous version of the stationary formula for arbitrary self-
adjoint trace class perturbations of arbitrary self-adjoint operators was proved in [BEJ
(see also [Y]). To give a rigorous meaning, one needs to introduce an artificial
factorization of the perturbation operator V. Assuming that V is trace class, one can
write V' in the form G*JG, where G is a Hilbert—Schmidt operator acting from the

Hilbert space H to possibly another Hilbert space K and where J is a bounded operator
on K. Using the factorization V = G*JG, the formal formula (1.3.6) can be rewritten as

S(\; Hy, Hy) = 1 =270 (FAG*) J(1 — GRy440(Ho)G*J)"'G T}, ae AER,

or, introducing the notation
Zo(\; G) = FAG* (1.3.12)
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and
Trtio(Ho) = GRx+i0(Ho)G™,
as
SO\ Hy, Ho) = 1— 2mi Zo(As G)J(1 — Topio(Ho) ) ZE (MG, ae. A€R. (1.3.13)

In this formula the two hindrances mentioned above are overcome: the abstract Limiting
Absorption Principle (proved in [BE, Br]; see Theorem below) asserts that the limit
Thrio(Hp) exists in Hilbert—Schmidt norm for a.e. A, and the product Zy(\; G) = F\G*
also makes sense for a.e. A as an operator from K to b, and moreover this product is
Hilbert—Schmidst.

Nevertheless, it should be noted that while S(A; Hy, Hp) is defined by the right hand
side of for almost every value of A, still for no particular choices of A € R is
the operator S(\; Hy, Hy) well-defined. The source of this uncertainty is in the factor
Zo(X\; G), whose definition involves the unitary operator F from . This
uncertainty is not possible to eradicate, since in the choice of a core & of the
absolutely continuous spectrum is arbitrary, partially due to the possible presence of
pure point and singular continuous spectra, and the measure p can be replaced by any
other measure of the same spectral type. This was not considered as a hindrance in
abstract scattering theory, in which one works as a rule with two operators, initial Hy
and perturbed H;. However, in [AZ], in an attempt to find an operator version of the
Birman—Krein formula , the following formula was derived:

1
S(X\; Hy, Ho) ZTGXP<—27Ti/ wi (N Ho, Hy ) Z (X G) T Z7 (N G)w+()\;Hr,H0)dr),
0

(1.3.14)

where the subscript r on Z,. indicates that in the unitary operator ¥ is from
the spectral representation of H, = Hy + rV, and where the so-called wave matriz (see
e.g. [Y])

w (A; Hi, Ho): ha(Ho) — ha(H1)

is taken from the direct integral representation of the wave operator W (Hy, Hp):
52
W (Hy, Ho) = / wa (s Hy, Ho) p(d)), (1.3.15)
O'HO
analogous to the spectral representation of the scattering operator S(Hy, Hp). (For
a rigorous definition and basic properties of the chronological exponential Texp( [, A(s) ds)
of a path of trace class operators A(s) continuous in trace class norm which were used
in the proof of see [Azg, Appendix Al; for a formal definition of Texp see e.g.
[BoSh, Chapter 4].)

The proof of relies on the validity of the stationary formula for a
continuous family {H,: r € [0,1]} of operators, and more importantly, it requires the
operators wy (A; Hy, Hy) and Z.(\; G) to be well-defined for a continuous set [0,1] of
values of r. For this reason, the proof of only works under stringent conditions
on Hy and V which ensure the existence of wy (A; H,., Hy) and Z,.(A; G). As discussed
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above, these conditions which were postulated in [Az] hold for a class of short-range
Schrédinger operators.

Further, it was observed in [AZ] that, provided S(\; Hy1, Hy) — 1 is trace class, the
equality implies the following modified Birman—Krein formula:

o2 (N) _ qet S(\;Hy, Hy), ae. AER, (1.3.16)

where the function £(@)()\) = gl);HO()\)7 called in [Az] the absolutely continuous spec-
tral shift function, can be defined as the density of the absolutely continuous measure

£(¢), ¢ € Ce(R), given by
1
¢ (¢) = / Te(Vo(H)) dr, ¢ € Co(R). (1.3.17)
0

Here the self-adjoint operator Hr(a) is the absolutely continuous part of H,. Analogously,
one can define the singular spectral shift function £€)()), the density of the absolutely
continuous measure £%)(¢), ¢ € C,(R), defined by

£0)(g) = /O Te(VO(HD)) dr, 6 € CuR), (13.18)

where the self-adjoint operator Hﬁs) is the singular part of H,. One can note that the
definitions of £(*) and £() are modifications of the Birman-Solomyak formula (1.2.4) for
the spectral shift function £, and these functions are related by

£=¢@ ¢l (1.3.19)
which is an immediate consequence of (|1.2.4]), (1.3.17)) and (1.3.18). In particular, absolute
continuity of the measure £*) follows from (1.3.19).

Now, the Birman—Krein formula 1' combined with ([1.3.16]) implies e=2mie () =1
for a.e. A, that is,

£\ eZ forae AeR. (1.3.20)

By Weyl’s theorem on stability of the essential spectrum of a self-adjoint operator under
relatively compact perturbations (see e.g. [Kagl §IV.5.6], [RS4, §XIII1.4]), the essential
spectra of all operators H,, = Hy + rV are identical. Hence, it follows from that
£(@) vanishes outside the common essential spectrum of the operators H,. Therefore,
outside the essential spectrum the singular spectral shift function ¢(*) coincides with
the spectral shift function; equivalently, it coincides with the spectral flow. But unlike
the spectral flow, the singular spectral shift function is still defined inside the essential
spectrum as an a.e. integer-valued function. On the basis of this observation, it was
suggested in [Az|] (see also [Azgz]) that the singular spectral shift function should be
regarded as a natural extension of the spectral flow into the essential spectrum. This
definition of spectral flow inside the essential spectrum has a significant drawback in the
sense that the definition is hard to work with, since it requires diagonalization
of a continuous family of self-adjoint operators.

In [Az4] a new equivalent definition of spectral flow inside essential spectrum, called
total resonance index, was given. The total resonance index coincides with the singular
spectral shift function £€(*)()\) for a.e. A, but unlike £()(\) the resonance index is quite
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tangible and easy to work with. It is defined as the difference of two non-negative inte-
gers Ni and N_, and it makes sense outside the essential spectrum too, thus providing
a new definition of spectral flow. In this paper we also show that the resonance index is
equal to the signature of a finite-rank self-adjoint operator naturally associated with the
data (A H, V).

These considerations, however, are based on the formula . A rigorous justifi-
cation and a proof of this formula, given in [Azgz| for trace class perturbations, required
development of a new approach to stationary scattering theory. It turns out that
holds under much weaker conditions; the proof is based on an adjustment of this new
approach, which is discussed in the next subsection.

1.4. Constructive approach to stationary scattering theory. In one of the basic
settings of abstract mathematical scattering theory one studies an arbitrary initial self-
adjoint operator Hy and a relatively trace class perturbation Hy = Hy+ V of Hy. In this
setting not only the proof of given in [Az] does not work, but the formula itself
does not make sense, since for any fixed value of the coupling constant r the ingredients
of this formula such as wy (\; Ho, H;) and Z.()\; G) are defined only for a.e. A. Indeed,
the right hand side of , which involves a continuous family of such operators, may
be defined only for a set of values of A which can potentially be as small as the empty set;
more importantly, whatever this set is, one has no control over it. This is apparently a
serious hindrance in any attempt to give a meaning to and to prove the formula .
In fact, a proof of for arbitrary self-adjoint trace class perturbations of arbitrary
self-adjoint operators requires new definitions of basic notions and new proofs of basic
theorems of abstract scattering theory. There are several reasons for this. Firstly, the
definition of the operator Z,(\; G) involves the operator Fy from the spectral represen-
tation for the operator H,, and for this reason the set of values of the spectral
parameter A for which Z,.(\; G) is defined cannot be pinpointed: it is an arbitrary core
of the spectrum of H,.. Secondly, in the classical approach to abstract scattering theory
[BE, [Y], the scattering matrix S(X\; Hy, Hy) cannot be defined for a fixed single A. This
is analogous to the fact that while the notion of a measurable function makes perfect
sense, its value at a given point does not. Thirdly, if one traces out a proof given in e.g.
[BE, [Y] of a formula involving the scattering matrix S(\; Hy, Hy), such as , then
one finds that in numerous steps of the proof one throws away from an initial core of
the absolutely continuous spectrum &y, several finite and/or countable families of null
sets. It is necessary to stress here that firstly an initial core of the absolutely continuous
spectrum is chosen arbitrarily and it is not a constructive object, and secondly, the null
sets that are thrown away depend on arbitrarily chosen objects, with no clear connections
to the main objects of study, namely, the operators Hy and V.

An approach to scattering theory which partly addresses this issue was given by
Kato and Kuroda [KK]. They construct wave matrices wy (A; Hy, Hy) for a set of full
Lebesgue measure which depends on a fixed vector space X in the Hilbert space. However,
in [KK] only a fixed pair of self-adjoint operators (Hi, Hp) is studied, and it remains
unclear how the theory presented could be applied to prove (1.3.14) and (1.3.20). On the
other hand, numerous monographs and surveys on mathematical scattering theory, e.g.
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[BW. [RS3l [Yl, BY3], which appeared after the publication of [KK], do not discuss this
problem.

An approach to scattering theory for trace class perturbations of arbitrary self-adjoint
operators was developed in [Azs] with primary aim to give a meaning to and to prove for-
mula for the scattering matrix S(A; Hy, Hp). Unlike the conventional approach of
[BEL Y], in [Azs] one first defines the wave matrices w4 (\; Hy, Hy) and the scattering ma-
trix S(A; Hy, Hp) for all values of A from an explicit set A of full Lebesgue measure, which
is defined beforehand, while the wave operators Wy (H1, Hp) and the scattering operator
S(H1, Hp) thus become derivative objects which are defined by and . Fur-
ther, in constructing the theory, not a single number from A is removed, and all objects
are explicitly constructed, in contrast to the conventional scattering theory. The main
steps of this theory are described below. The proofs are given in [Azg] in the case of a
trace class perturbation V' and will appear in [AzD] in the general case; see also [Azg] for
the general case.

I. The main data for constructing a scattering theory are a self-adjoint operator Hy
on a Hilbert space H and a self-adjoint perturbation operator V. The pair (Hp, V) is
assumed to be compatible in a sense specified below. Besides these data, one needs an
additional structure, namely a rigging operator F', which is a closed operator with trivial
kernel and co-kernel which acts from H to some auxiliary Hilbert space K, such that V'
admits a well-defined decomposition V' = F*JF with a bounded self-adjoint operator
J on K. All objects of the scattering theory discussed below depend only on the data
(Ho,V, F).

The pair (Hg, F)) must be such that the operator

T.(Hy) := FR,(Ho)F* = F(Hy — 2) ' F*,
called the sandwiched resolvent, is well-defined and compact for non-real z.

II. The next step is to define the set of values of A for which the wave matrices
wy (A; Hy, Hy) are to be defined. We let A(Hop, F') be the set of all real numbers A such
that the limits

7}13% Ttiy(Ho)

exist in the uniform norm.

To ensure existence of the spectral shift functions ((1.2.6)) and (1.3.17) one has to
impose an additional condition that the operator Im T, (Hj) is trace class and that

lim Im T)\+iy (H())

y—0t

exists in trace class norm, but for the scattering theory this is not necessary and can be
done at a later stage. It turns out that, unlike the situation with the functions ¢ and £(®,
to be able to define £(*) one probably does not need a trace class condition.

The set A(Hy, F) is assumed to have full Lebesgue measure. In certain important cases
this assumption holds. The corresponding theorems are called the Limiting Absorption
Principle. Two of the main cases for which the principle holds are:
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1. an arbitrary self-adjoint operator Hy and a Hilbert—Schmidt rigging operator F' (see
e.g. [Y], Theorems 6.1.5 and 6.1.9]), and

2. a Schrodinger operator Hy = —A + V and a rigging operator F' = \/m, where Vy
and V are short range potentials (Theorems and [1.3.4)).

The role of A(Hy, F') in the constructive approach to stationary scattering theory is
about the same as the role of (0,00) \ e4(H) from Theorem in potential scattering
theory. But while the structure of ey (H) is quite simple (see Theorem , the set
R\ A(Hp, F) is more or less an arbitrary set of Lebesgue measure zero; for instance,
the singular operator H Eﬂ{{\ A(Ho, ) DAY contain, in the worst scenario, everywhere dense
pure point and singular continuous spectra.

ITI. Since the wave operators wy(A; Hy, Hy) act between the fibre Hilbert spaces
ha(Hp) and by (H1), the next logical step is the construction of fibre Hilbert spaces of the
spectral representation and the direct integral on the right hand side of .
The fibre Hilbert space by (Hp) is defined as a (closed) subspace of K by

ba(Ho) = im /Im T 40(Ho), (1.4.1)

the closure of the image of the compact non-negative operator +/ImT)1;0(Hp). The
family of Hilbert spaces

{bx(Ho): A € A(Ho, F)}

is measurable, where as a measurability base one can take orthogonal projections of
vectors from an orthonormal basis of K onto hy(Hp) C K. Hence, one can define a direct
integral of Hilbert spaces H(Hyp) by the formula

52
H(Ho) = / ba(Ho) dA. (1.4.2)
A(Ho,F)

The complement of the set A(Hp, F) is a support of the singular spectrum of Hy in the
sense that the operator HOEJI\{(OHO’ ) is absolutely continuous. In other words, the singular
spectrum of Hy including all eigenvalues of Hy is left out from A(Hy, F'). The dimensions
of hx(Hp) can be finite including zero. A core of the absolutely continuous spectrum of

Hj can be defined by

61, = {\ € A(Ho, F): dimhy(Ho) > 0}. (1.4.3)

In particular, a measure p from the spectral representation has the same spectral
type as the restriction of Lebesgue measure dA to &p,. Therefore, if one wishes, in the
direct integral the set A(Hp, F') can be replaced by the core , but it is more
convenient to work with A(Hoy, F) itself.

IV. The next step is the construction of the unitary isomorphism F from the spectral
representation and its fibre F. To distinguish the non-constructive object F from
its constructive counterpart to be defined, the latter is denoted by €. By definition, for
any vector ¢ from the dense linear manifold

F*]C::H+CH
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the value of €,(Hp) at ¢ is defined by
Ex(Ho)¢ = 7~ 1/*\/Im Tx1.io(Ho) ¢ € ba(Ho), (1.4.4)

where 1 is the unique vector from /C such that ¢ = F*v. Justification of these definitions
is given by the following theorem.

THEOREM 1.4.1. Let Hy be a self-adjoint operator on a Hilbert space H with a rigging
operator F: H — K. The linear operator & = E(Hy) which acts from the dense sub-
space Hy = F*KC of H to the direct integral Hilbert space and which is defined
by
E(F*)(N) = Ex(Ho)(F*¢p) = w2 \/Tm Thy0(Ho) ¢

is a bounded operator whose continuous extension to H is a surjective isometric operator
with initial subspace H(“)(Ho). In particular, € is a natural isomorphism of the Hilbert
spaces ’H(“)(Ho) and (1.4.2) provided there is a fired rigging operator F in H compatible
with Hy. Moreover, the restriction of Hy to its absolutely continuous subspace ’H(“)(HO)
in the representation of the latter by the direct integral acts as follows: for any
f € HW(Hy) and for a.e. X € A(Hy, F),

E(Hof)(A) = AE()(N)- (1.4.5)

In other words, the operator & and the direct integral (1.4.2) diagonalize the absolutely
continuous part of the self-adjoint operator Hy.

If a vector f belongs to the image of F*, then holds for all A € A(Hy, F).
Theorem [1.4.1] is in fact the spectral theorem for the absolutely continuous part of a
self-adjoint operator. The importance of Theorem [1.4.1| comes from the fact that it gives
an explicit diagonalization of the absolutely continuous part of an arbitrary self-adjoint
operator. This is a difficult problem; for instance, in the case of potential scattering,
while the free Hamiltonian Hy = —A is easily diagonalized by the Fourier transform
(see ), diagonalization of the Schrédinger operator H = —A + V requires, or in
essence is equivalent to, calculation of the wave matrices (see e.g. [RS3) (83)], [T, §10-a,
(10.2)]) so that, in fact, often the wave operators are defined via eigenfunction expansion
of the perturbed operator. Compared to this situation, in Theorem the self-adjoint
operator Hy is arbitrary. This is a key circumstance, since once explicit eigenfunction
expansions of an operator Hy and of its perturbation H = Hy+ V are found, one may try
to define the wave matrices by a formula analogous to [RSs), (83)] or [T}, §10-a, (10.2)].
Having said this, the bulk of Theorem is the Limiting Absorption Principle.

The operator & (Hy) which acts from H to hy(Hy) makes perfect sense for all values
of A from the full set A(Hg, F)). In this regard, it is different from F) of . The
operator €)(Hp) will be called the evaluation operator. Theorem implies that the
operator can be unambiguously defined for all A € A(Hy, F') by

Zo(Xs F) = Ex(Ho)F*.

But, actually, this formula makes the operator Zy(\; F) redundant, since the operator
EA(Hp) on the right hand side is unambiguously defined for an explicit set A(Hp, F') of
full Lebesgue measure.
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V. Once the fibre Hilbert spaces hy(Hp) have been constructed, one can define wave
matrices

w+(\; Hy, Ho): ha(Ho) — ha(Hy), (1.4.6)

for all real A in A(Ho, F) N A(Hy, F). Initially, wy (A\; Hy, Hp) is defined as a form on the
dense subspace
E)\(Hl)F*IC X EA(HO)F*IC

of the direct product hx(H1) x hr(Ho) by [Azgsl Definition 5.2.1]: for any F* f, F*g € F*K,

<8)\(H1)F*f7 wi()\, Hl, Ho)EA(Ho)F*g> = <f, [1 — T)\1¢0(H1)J]iImT)\+i0(H0)g>.

(1.4.7)

The idea to define the wave matrices by a formula similar to (1.4.7) was taken from [Y]
Definition 2.7.2].

THEOREM 1.4.2.

(1) For any A € A(Ho, F) N A(Hy, F) the formula (1.4.7)) correctly defines a bounded
operator (L.4.6)). Moreover, this operator is unitary.

(2) For any three values, not necessarily distinct, r1,74,r3 of the coupling constant r such
that

ANeAH,,F)NAH,,, F)YNA(H,,,F)
the following multiplicative property holds:
wy (N Hyg, Hr)) = wi (A Hyey, Hey )wi (A Hyy, Hyy ).
In particular, for any A € A(Hy, F),
w4 (A; Ho, Ho) =1,
and for any A € A(Ho, F) N A(Hy, F),
wi (N Hy, Hy) = wy (N Ho, Hy).

VI. Once the wave matrices wy (A; Hy, Hy) are defined and their basic properties are
proved, one can define the wave operators

Wi(Hl,Ho): j’C(Ho) —)}C(Hl) (148)
by a formula similar to (1.3.15):
53]
W4 (Hy, Hy) :/ w (A; Hy, Ho) dA. (1.4.9)
A(Ho,F)NA(H1,F)

Here instead of the absolutely continuous subspaces H(*) (H) and H(®) (H}), between
which the wave operators act, one can use the Hilbert spaces H(Hp) and H(H;) defined
by , since according to Theorem the Hilbert spaces H(*) (H) and J((H) are
naturally isomorphic via the unitary operator &(H). The following theorem demonstrates

that (1.4.9) coincides with the classical definition (|1.3.2)).
THEOREM 1.4.3. The wave operators defined by (1.4.9) and (1.4.7) are equal to the right

hand side of (1.3.2]).
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Further, Theorems and immediately imply well-known properties of the
wave operators [Azs, Theorems 5.4.1, 5.4.2, Corollary 5.4.3]:

1. The wave operators (1.4.8)) are unitary as operators from H(Hy) to H(Hy).

(Multiplicative property) For any real numbers r1, 79, 73, not necessarily distinct,
Wi (HT‘37 H’!‘l) = Wi (HT3 ) HTQ)WZl: (H’r'z ) HT1 )

Wi(Hy, Ho) = Wy (Ho, Hy).

W (Hy, Hyp) is the identity operator on H(Hjp).

H\Wy(Hy, Hy) = Wy (Hy, Hp)Hy (intertwining property).

For any bounded measurable function A on R,

h(H)Wy (Hy, Hy) = Wy (Hy, Hy)h(Hy).

N

S Ot W

7. The absolutely continuous parts of Hy and H; are unitarily equivalent (Kato—Rosen-
blum theorem).

VII. The scattering matrix S(A\; Hy, Hp) is defined as an operator hy(Hgy) — bx(Ho)
for all A € A(Hy, F) N A(Hy, F) by (see [Azg), Definition 7.1.1]):

S()\;Hl,HQ) :’lUi()\;Hl,H())w,()\;HhHo). (1410)

Note that in the conventional approach this is a theorem (see e.g. [Y]) which is proved for
a.e. A from an unspecified set of full measure. Many well-known properties of S(X\; Hy, Hy)
such as unitarity follow immediately from this definition and Theorem m [Azg] Theo-
rem 7.1.2]. The scattering operator S(Hy, Hy) is defined by

S2]
S(H,, Ho) = / SO\ Hy, Ho) dA. (1.4.11)
A(H(),F)QA(H17F)

Equalities (1.4.9)) and (1.4.11]) imply the classical definition (1.3.1)) of S(Hy, Hp).

VIII. Now we return to ([1.3.14]). Before proceeding, one needs to give a meaning to
the right hand side of the formula. This raises the following question: if H, = Hy + rV
and if A € A(Hy, F), for which values of r does one have

A€ AH,, F)? (1.4.12)

This question is important, since the wave matrices wy (A; H,., Hy) and the scattering ma-
trix S(\; H,, Hp) are defined for those values of r for which holds. The following
well-known theorem answers this question; for a proof see e.g. [Azz, Theorem 4.1.11].
THEOREM 1.4.4. Let Hy be a self-adjoint operator on a Hilbert space H with a rigging
operator F: H — K, let V. = F*JF, where J is a bounded operator on K, and let
H, = Ho+rV.If A€ A(Hy, F) (so in particular Txy0(Ho) exists and is compact), then
for any r € R the number X belongs to A(H, F) if and only if one (and hence each) of
the following four operators is invertible:

].-I-T‘JT)\iio(Ho), 1+7"T)\:|:i0(HO)J~
In particular, the set of r for which A\ ¢ A(H,., F) is a discrete subset of the real line.

The set {r € R: A ¢ A(H,,F)} is of importance; its elements will be called the
resonance points of the triple (A; Hy, V), the set itself will be called the resonance set
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and will be denoted by R(\; Hp, V'). This set depends on the rigging operator F' too, but
this dependence will not be indicated in the notation. One of the reasons A may fail to
belong to A(H,, F') is that A may be an eigenvalue of H,. [Azs|, Proposition 4.1.10].

Theorem [[.4.4] states that the perturbed operator H, = Hy + rV has a coupling
constant regularity property. This was already observed by N. Aronszajn [Ar] (see also
[AD]) in the study of boundary value perturbations of singular Sturm-Liouville equations.
Later, coupling constant regularity for general rank-one perturbations was used by B. Si-
mon and T. Wolft [SW], Simon [Sol Chapters 12,13] and others (e.g. [RMS], RJMS], |Gor];
see [Sg] for more references) in a study of the singular continuous spectrum and Anderson
localization for random Hamiltonians.

A corollary of Theorem is that the operators
Ex(H,), wi(\H, Hy) and S(X\: H,, Ho)

are defined for all r outside the discrete resonance set R(A; Ho, V).
Now we are in a position to present the stationary formula for the scattering matrix.

THEOREM 1.4.5. Let A € A(Hy, F). For all v ¢ R(\; Hy, V') the scattering matriz S(\;
H,., Hy), defined by (1.4.10) as an operator on the fibre Hilbert space (1.4.1)), satisfies

S(A; Hyy Ho) = 1= 2i8/Tm T yi0(Ho) 7J (1 + 7T yi0(Ho)J) ™ v/ Im Thyio(Ho). (1.4.13)

The right hand side of , known as a modified scattering matriz, is defined on
the whole auxiliary Hilbert space IC, and it is not difficult to check by a direct calculation
that it is a unitary operator on the whole Hilbert space. The equality shows
that its right hand side can be interpreted as a proper scattering matrix, given that
the fibre Hilbert space is defined by . Recalling the definition of the evaluation
operator , the equality can be rewritten in more familiar terms as follows:

S()\, HT, H()) =1- 27TZ£)\(H0)F*7"J(]. + TT)\+Z'0(H0)J)71F8;(H0). (1414)

REMARK 1.4.6. The expression &%(Hp) itself does not make sense since €x(Hp) as an
operator H — h(Hp) with domain F*K as defined by is not in general closable,
but the product FE(Hy) is a well-defined compact operator from the Hilbert space
ha(Hp) to the Hilbert space K for every A € A(Hy, F); for details see [Azg), §§2.6, 2.15, 5.1].

The formula (|1.4.14)) coincides with (|1.3.13)), but, unlike the latter, in (1.4.14] the
full set A(Hy, F)NA(H,, F) of values of A (energy) for which it makes sense is explicitly

given. Finally, (1.4.14) can be written as (see [Azsl (7.6)])
S(\; Hy, Ho) = 1 —2mi€\(Ho) rV (1 + rRxyi0(Ho)V) "*ES (Hp),

provided the operators € (Hyp), V and Ryy,0(Hp) are interpreted as acting between the
appropriate pairs of Hilbert spaces H_, H4 and by (see [Azsl §85.1, 2.15] for details):

Ex(Ho)

by <20 3 Yoy X to)

7‘[4. (—‘i H_ <——— ba.
Here £ (Hy) is a modified adjoint (see [Azg} §2.6.1]), defined by
(€S (Ho)f,9)-11 = (F,Ex(Ho)g)n,, [ € b, g € My

Rx+1i0(Ho)
e_—
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This definition is an abstract version of (1.3.11)); for definition of the Hilbert spaces H+

see also p. [47}
Theorem allows us to overcome a hindrance on the way to a proof of (1.3.14)).

THEOREM 1.4.7 ([Azzl Theorem 7.3.4]). For all X from the set A(Ho, F) N A(H;, F) of
full Lebesgue measure,

S(A; Hi, Ho)
1
=Texp(—2m'/ wi (N Ho, H)EX(H ) F* JFEX (H, w4 (N\; Hyy Hy) dr). (1.4.15)
0

This yields the following theorem.

THEOREM 1.4.8 ([Azzl Corollary 8.2.5]). Let Hy be a self-adjoint operator, let V be a
trace class self-adjoint operator and let H. = Hy +rV. For a.e. A € R,

det S(\; Hy, Hy) = e~ 276 )

where £ (\) is the absolutely continuous spectral shift function defined as the density of
the absolutely continuous measure (1.3.17]).

This formula, combined with Birman—Krein’s formula , implies that the sin-
gular spectral shift function £(5)()\) of the pair (Hy, Hy) defined as the density of the
measure is a.e. integer-valued (see (|1.3.20)). In fact, in [Azs] another proof of
(1.3.20) was given, so that the Birman—Krein formula becomes its corollary. This proof
is relevant to the content of the present paper; for this reason its main idea is outlined
in the next paragraphs.

Let U(r), r € [a,b], be a path of unitary operators such that U(a) = 1, U(r) — 1 is
trace class for all r € [a,b], and the function r — U(r) — 1 is continuous in trace class
norm. These conditions imply that the spectrum of U(r) consists of isolated eigenvalues
on the unit circle with 1 as the only point in the essential spectrum of U(r). As r
decreases from b to a, the eigenvalues of U(r) converge continuously to 1. So, given a
point €, @ € [0,27), on the unit circle, one can calculate the spectral flow through the
point €%, which, following [Puy], is called the p-invariant of the path U(r).

The scattering matrix S(A; Hy, Hp) for any given A from the full set A(Hy, F)) N
A(H;, F) is a unitary matrix from the class 1 + £4(hx(Ho)) (that is, S(\; Hy, Hp) — 1
is a trace class operator on hy(Hy)). There exist two natural paths which continuously
connect the scattering matrix S(\; Hy, Ho) to the identity operator on hy(Hp). In the first
path one changes the imaginary part of the spectral parameter y = Im z in the stationary
formula (1.4.14) or ([1.4.13)) for the scattering matrix from oo to 0:

[0,00] > y = S(\ +iy; Hy, Ho)
=1 = 2 iy (Ho) F*J (1 + Tiy (Ho)J) " F&5 4y (Ho),  (1.4.16)

where, in accordance with (1.4.4]),

Extiy(Ho)F* = n=Y/2\ JTm Ty (Ho).

One can show that this path is continuous in trace class norm. In order to get the second
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way of connecting S(X; Hy, Hy) to the identity operator the following theorem (initially
observed in [Azg]) is used.

PROPOSITION 1.4.9 ([Azg, Proposition 7.2.5]). The scattering matriz S(\; Hy, Hy) as a
meromorphic function of r admits analytic continuation to the real azis.

REMARK 1.4.10. In [Azg] this proposition in fact precedes Theorem and is used
in its proof. Indeed, though the integrand of the chronological exponential in is
defined for all r outside the discrete resonance set R(A; Hp, V'), to define the chronological
exponential itself one needs the integrand to be continuous in trace class norm.

Proposition [1.4.9] provides the second way of continuously connecting the scattering
matrix S(A; Hy, Hp) to the identity operator via the continuous mapping

0,1 5 7+ SO\ Hy, Ho) € 1+ L1 (ba(Ho)). (1.4.17)

The p-invariant of the path was introduced in [Pug] where it was denoted by
w(0,\; Hy, Hy), 0 € [0,27). The p-invariant of the path was introduced in [Azs)]
Azs] where it was denoted by u(®) (0, \; Hy, Hy). The relations of these p-invariants to
the spectral shift functions &, £(* and £(*) are given by the following theorems.

THEOREM 1.4.11 ([Pug]). For a.e. A € R,

1 2m
€m0 (N) = ~5= [ (6. Hy, Ho)
T Jo

THEOREM 1.4.12 ([Azg, Theorem 9.2.2]). For a.e. A € R,

1 27

€9 1 (V) = 1@ (0, \; Hy, Ho) do.

3
THEOREM 1.4.13 ([Azg, Theorem 9.7.3]). The difference
130, \; Hy, Hy) == (0, \; Hy, Hy) — 1\ (0, X; Hy, Hy)

does not depend on the angle 0, and for a.e. A € R it is equal to minus the density,
—£6)(\; Hy, Hy), of the singular spectral shift measure £)($) as defined by (1.3.18). In

particular, 5(5)()\; Hy, Hy) is almost everywhere integer-valued.

Theorem [1.4.11] of A. Pushnitski was given a new proof in [Azs, Theorem 9.6.1].

Theorems and give a new proof of the Birman—Krein formula .

The last assertion of Theorem justifies calling the function £(*)(\) the spectral
flow inside the essential spectrum, since 5(5)()\) coincides with the spectral flow outside
the essential spectrum and it is a.e. integer-valued inside the essential spectrum as well.

The following diagram demonstrates the relationship between the p- and p(®-invar-
iants. In this diagram for a fixed real A we consider the scattering matrix S(A+iy; H,., Hp)
as a function of (r,y), where r is the coupling constant and y is the imaginary part of
the spectral parameter.
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y
b 01 1 1 1 1 1 1 1
oo
1
n(0, )
1
1 n(0, )
! S(1,0)
01 pO0,2) A ,/J
0 rh o Th ry 1

The three points 7,74, 7% represent resonance points from [0,1]. A comment on the figure:
S(r,y) == S(\ + dy; Hr, Ho) is continuous in the rectangle except at the resonance points. On
the left » = 0 and upper y = oo rims of this rectangle, S(A + iy; Hy, Ho) = 1. Next, u(6, \) is
the spectral flow of eigenvalues of S(r,y) through e'? corresponding to any path which connects
(1,0) to the left or the upper rim as long as it avoids the resonance points. Finally, 1(*) (6, A) is
the spectral flow of eigenvalues of S(\; H,, Ho) as r goes from 1 to 0.

The operators S(A; Hy, Hy) and S(A+0; H,, Hy) are identical outside the resonance
points in [0,7]. The group U; of unitary operators of the form “1 + trace class” has a
non-trivial homotopical structure, and the difference between S(A; H,., Hp) and S(A + i0;
H,, Hy) is revealed in the way one connects them to the base point 1 of U;.

The functions £()), £(@()\) and £(*)(\) are integrable, and in general one cannot talk
about their value at a given point A\. But Theorems [1.4.11H1.4.13| allow one to define
values of these functions explicitly on the set

A(Ho, F) N A(Hy, F) (1.4.18)

of full measure, because the right hand sides of the equalities in these theorems are well-
defined for all A from . This is an important point, since if the perturbed operator
H; is replaced by H, = Hy + vV with an arbitrary real number r, then for every fixed
value of A from A(Hy, F') the expressions

(X Hy, Ho), €)X Hy Ho) and €°)(X; Hy, Ho)
can be considered as functions of the coupling constant r. Their behaviour is explained
by the following theorem.

THEOREM 1.4.14 ([Azgl Proposition 8.2.3, Theorem 9.7.6, Corollary 9.7.7]). For every A

from the set A(Ho, F) of full Lebesgue measure the following assertions hold:

(1) The function r — €@ (X\; H,., Hy) is analytic in a neighbourhood of R.

(2) The function r +— ) (X\; H,., Hy) is a locally constant integer-valued function with a
discrete set of discontinuity points which coincides with the resonance set R(\; Hy, V')
(see Theorem and the paragraph after it for the definition).

(3) As a consequence, r — &(A; Hy, Hy) is a piecewise continuous locally analytic function
and its discontinuily points are resonance points of (\; Ho, V).

1.5. Resonance index. Theorem [1.4.14]implies, in particular, that if for A € A(Hy, F)
there are no resonance points in an interval [a, b], then £ (\; Hy, H,) = £(\; Hy, Hy). Tt
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also suggests that the integer jump of the singular spectral shift function & (3)()\; H,, Hyp)
at a resonance point 7y € [0, 1] should depend only on the triple (\; H,,, V). Indeed, to
a triple (\; Hy,, V') one can assign an integer number, which in this paper is called the
resonance indexr and is denoted by

indyes(A; Hry , V).

This number is defined as follows. Firstly, by Theorem a real number 7 is a reso-
nance point of (\; Hp, V) if and only if

o)\ = —r;l

is an eigenvalue of the compact operator Ty;0(Hp)J. Further, ry is a pole of the mero-
morphic factor
(1 -+ T’T)\_H'()(H())J)il

which is part of the stationary formula for the scattering matrix S(\; H., Hp).
Still, according to Proposition S(A; H,., Hy) does not have a singularity at r = r.
This is due to the fact that this singularity belongs to the singular subspace of Hy, which
is eliminated by the factors €5 (Ho)F™* and FE}(Hy) of the stationary formula. In order
to reveal this hidden singularity, one has to shift the spectral parameter A + i0 slightly
off the real axis. Since o is an isolated eigenvalue of the compact operator Th0(Ho)J,
it is stable but it may split into several eigenvalues

OXtiys > Onpiys (1.5.1)
where N is the multiplicity of oy, which are therefore eigenvalues of the compact operator
Ttiy(Ho)J from the group of oy. It is well-known and not difficult to show that none of
the shifted eigenvalues is a real number. Therefore, the following definition makes

sense: the resonance index indyes(A; Hy,, V') is the difference

N, —N_, (1.5.2)

where N, (respectively, N_) is the number of shifted eigenvalues of the group of o) in
the upper (respectively, lower) complex half-plane. This definition is correct in the sense
that it does not depend on the choice of the initial operator Hy, as the following lemma
with a simple proof asserts.

LEMMA 1.5.1. Let A € A(Hy, F). Let a real number s be such that A also belongs to the
full set A(Hg, F). Further, let r\ be a real resonance point of (\;Hy, V') (that is, A ¢
A(H,,,F)). Then the real number o(s) = (s —rx)~! is an eigenvalue of Txiio(Hs)J
of the same algebraic multiplicity N as that of the eigenvalue ox(0) = (0 — ry)~! of
Thtio(Ho)J, and if X is shifted off the real azxis to A + iy with a small and positive y,
then the number of split eigenvalues from the group of (s — ry)~1 in the upper complex
half-plane is equal to N, .

X
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Introduction of this notion is justified by the following theorem; see [Az4, Theorem 3.8].
Since [Azy] is not published, an outline of the proof is given in Section [6]

THEOREM 1.5.2. Let Hy be a self-adjoint operator on a Hilbert space H with a Hilbert—
Schmidt rigging operator F: H — KC. Let V be a trace class self-adjoint operator which
admits a decomposition V.= F*JF with a bounded operator J on K, and let a < b. Then
for every real number X from the set A(H,, F) N A(Hy, F) of full Lebesgue measure we
have
N Hy, Hy) =Y indees(A; Hy,y , V), (1.5.3)
X

where the sum is taken over all resonance points ry of (\; Ho, V) in [a,b)].
In other words, as r changes from a to b, the locally constant function
[a,b] 57— €9 (\; H,, H,)

jumps at every resonance point ) € [a,b] by indes(A; Hyy, V). Theorem m gives a
computable and tangible representation for values of the function ¢)(-; Hy, H,), which
is initially defined as the density of the singular spectral shift measure (1.3.18)), and as
such seems to be difficult to handle (indeed, requires in particular calculation
of the singular parts of a continuous family of self-adjoint operators). In particular, this
theorem allows us to prove the following [Az4, Theorem 4.3]:

THEOREM 1.5.3. There exist a self-adjoint operator Hy and a rank-one self-adjoint oper-
ator V' such that the pair (Hy, V') is irreducible and the restriction of the singular spectral
shift function €)(-; Hy + V, Hy) to the absolutely continuous spectrum o, (Ho) is a
non-zero element of L1(0a.c.(Hyp),dz).

The construction of such a pair may be uninteresting, but at least this theorem shows
that the decomposition is non-trivial.

The expression on the right hand side of will be called the total resonance index
for the pair (H,, Hp). For A outside the essential spectrum of Hy, the singular spectral
shift function coincides with the spectral flow, and therefore it follows from that
the total resonance index provides a new definition of the spectral flow. Moreover, the
notion of the resonance index which was discovered in the course of the study of the
singular spectral shift function makes sense even in finite dimensions. The resonance
index represents a new approach to calculation of spectral flow, which is in essence the
“flow of eigenvalues”. Indeed, in order to find out how many eigenvalues of a path of self-
adjoint operators {Hp + 7V : 0 < r < 1} crossed in the positive direction a fixed point A
outside of the spectra of the initial Hy and the final Hy, one can either try to keep track
of each eigenvalue and count how many times and in which direction it crossed A, or
instead one can try to detect “times” (coupling constants) ry for which the event “\ is
an eigenvalue of H,,” occurs and then to decide where the eigenvalue has come from and
where it is going to.

The first approach requires continuous enumeration of eigenvalues (which for general
continuous paths is not a trivial problem even in finite dimensions, see [Kag), §11.5.2]), but
inside the essential spectrum this approach does not work since eigenvalues embedded into
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the essential spectrum are extremely unstable (for some striking examples see e.g. [Sal
§12.5]). In the second approach a detector of eigenvalues needs to be told how to decide
in which direction a detected eigenvalue is moving. The answer is to tell the counter:
calculate the resonance index of the triple (\; H,,,V), that is, choose any real s such
that X\ is not an eigenvalue of Hy and find those eigenvalues of the operator

Ryiy(H,)V (1.5.4)

with a very small y > 0 which are close to (s — ry)~!. Then the difference N, — N_
of the eigenvalues in C; and C_ will give the net number of eigenvalues crossing A in
the positive direction at “time” r = r). Remarkably, this algorithm works equally well
for eigenvalues embedded into the essential spectrum, so even if an eigenvalue appears
suddenly from the continuous spectrum and then dissolves in it immediately afterwards,
one is still able to determine which direction it appeared from and in which direction
it dissolved. The difference is that the condition “)\ is an eigenvalue of H,” should be
replaced by A ¢ A(H,, F), or equivalently, r € R(\; Hp, V). As a consequence, to define
the spectral flow inside the essential spectrum one has to consider singular points instead
of eigenvalues, as a non-trivial spectral flow inside the essential spectrum may be a result
of moving the singular continuous spectrum.

Finally, we discuss the origin of the terminology “resonance points”, “resonance index”
etc. used in this paper. This paragraph of the introduction has a formal character as it
frequently refers to physical concepts and phenomena; its partial aim is to explain/justify
usage of the word “resonance”, though this formal and remote connection with quantum
scattering may be found interesting. The justification of this terminology can be even
more necessary since the word “resonance” has several meanings, and this word is used
in this paper since it is associated with a quantum scattering phenomenon. A resonance
in quantum scattering is associated with a sharp variation of the scattering cross-section
as a function of energy (see e.g. [Bo, §XVIIIL.6]). The value of the energy A\ of a projectile
at which this sharp variation occurs is called the resonance energy.

Physicists associate resonances with other phenomena (see e.g. [RS4, §XIL.6], [T}
Chapter 13] or [Bd, §XVIIIL.6, more specifically, see e.g. the last sentence on p. 431 of
that section and (6.1)]):

1. poles of the scattering matrix as a function of energy which are close to the real axis,

2. a rapid increase of a scattering phase 6;(\) (= 26;(F) in physical notation) by 27 as
the energy A, of a projectile crosses a resonance value Ag,

3. existence of a quasi-stationary (or meta-stable) state with energy Ao, and finally

4. a time delay for the interval of time between the moments of entering and leaving
the interaction region around the target by the projectile compared to the same time
interval for a non-interacting projectile.

These phenomena are non-trivially related to one another and to the fact that at a reso-
nance energy the projectile can be captured by the target into a nearly bound meta-stable
“target-projectile” state (see e.g. introduction to [T Chapter 13]). These phenomena ex-
cept the time delay will have mathematical analogues in our setting if one fixes the value
of energy A\ and considers the coupling constant r as a variable:
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1° aresonance point ry is a real pole of the factor (14+rTh140(Ho)J) ™! from the stationary
formula @ for the scattering matrix,

2° Theorem [1.4.13] and (1.5.3)) express the fact that as the coupling constant r crosses a
resonant value 7y, at least one of the scattering phases jumps by a multiple of 2,

3° by Theorem [T.4.4] the value r of the coupling constant at a given energy A is resonant
if and only if the equation

has a non-trivial solution ¢, which can be interpreted as a quasi-stationary state.

Further, unlike the physical resonances, in this paper an idealized situation is consid-
ered in the sense that (1) the pole of the scattering matrix is not near the real axis, but
exactly on it, (2) the scattering phase does not change rapidly by 27 at a resonance point,
but jumps by a multiple of 27, and finally (3) while a physical quasi-stationary state is
nevertheless a scattering state in the sense that sooner or later the projectile leaves the
target and can be observed, the quasi-stationary state represented by a solution of
is not a scattering state, in the sense that it does not belong to the fibre Hilbert space
ha(H,). The latter may be attributed to the possibility that in this idealized situation,
i.e. a pole exactly on the real axis, the projectile gets captured by the target and never
leaves it; see e.g. Pearson’s example in [RS3, §X1.4, p. 70], which shows that this scenario
is mathematically possible. This is also in accordance with a physical fact that time de-
lay is proportional to the inverse width 1/T" of the resonance bump (= imaginary part
of the resonance pole), which (the width I") is zero (see e.g. [T}, (13.10)], [Bo, §XVIIL.6,
p. 432]).

1.6. Main results. We assume the following:

1. H and K are separable complex Hilbert spaces, and F': H — K is a closed opera-
tor with zero kernel and co-kernel. The operator F' will be called the rigging opera-
tor.

2. Hy is a self-adjoint operator on H with dense domain D such that D C dom(F') and
the operator

T.(Hy) := FR.(Hy)F*

is compact for some non-real z, where R,(Hg) = (Ho — z)~! is the resolvent of Hy.
If this operator is compact for some non-real z then it is compact for any z from the
complement of the essential spectrum of Hy.

3. Ap is a real vector space of self-adjoint operators on H such that any operator V'
from Aq satisfies these assumptions:

(a) V admits a factorization V = F*JF, where J is a bounded operator on K, such
that

JFD C dom(F*);

(b) assumption (a) implies that the domain of V' contains D; we assume that V is
essentially self-adjoint on D;
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(c) V is a relatively compact perturbation of Hy, that is, the product VR, (Hp) is
compact.

4. A is the real affine space Hy + Ag. The previous assumptions imply that all operators
from the affine space A have common domain D and, according to the second resolvent
identity, for any operator H from A the sandwiched resolvent

T.(H) = FR.(H)F*

is compact, where z is a non-real number. Hence, all operators from A satisfy the same
assumptions, and there is no distinguished element of A.

5. Since perturbations V' € Ag are relatively compact, by Weyl’s theorem, all opera-
tors from A have common essential spectrum, which we denote by gess(A) or simply

Oess-

6. Let Hy € A. The set A(Hy, F') of real A such that the norm limit
T)\Jri()(Ho) = lim T)\Jriy(HO)
y—0t+

exists, and therefore is compact, has full Lebesgue measure. This is the main assump-
tion, called the Limiting Absorption Principle. We denote by A(A, F) the union of
all sets A(H, F), H € A. Numbers from the full set A(A, F') will be called essentially
regular for A.

An operator H € A will be called A-regular or reqular at A if A € A(H, F'); otherwise,
H will be called A-resonant or resonant at .

Mainly we shall work with one operator Hy from the real affine space A, one pertur-
bation operator V' from the real vector space 4y and one value A € A(Hy, F'). By H,,
where 7 is a real number, we denote the operator Hy + V. The set of all real r such that
A ¢ A(H,,F) is denoted by R(X; Hy, V) and called the resonance set. It is not difficult
to show that R(\; Ho, V) is a discrete subset of R, that is, it has no accumulation points.
A real number r will be called resonant (respectively, reqular) at A if H,. is resonant
(respectively, regular) at A. The set R(\; Hp, V') also depends on F', but this dependence
will not be indicated.

If the rigging operator F' is bounded, then one can take Ay to be the vector space
F*Bso(K)F = {F*JF: J € Bsa(K)}, where Bg,(K) is the algebra of all bounded self-
adjoint operators on K. But to allow some flexibility, we shall not impose any other
conditions on the real vector space Ay of self-adjoint perturbations.

Let II be the disjoint union of C\ o¢ss and of two copies A(A, F)+i0 and A(A, F) —i0
of A(A, F):

II = (C\ 0ess) U (A(A, F) +1i0) U (A(A, F) — i0).
If A ¢ 0ess, then A = XA +i0 = X\ — {0, but otherwise A +i0 # A — i0. Thus, the operator
T,(H,) as a function of z is defined on II except at those z = A &40 for which r is a
resonance point.

For z € II let
A,(s)=T.(Hs)J, B.(s)=JT.(Hs).

Given z € II, a number r, € C is called a resonance point corresponding to z if r, is a
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pole of the meromorphic function s — A.(s). We define the vector spaces

Y ={ueK: (1+ (r. —s)T.(H)J)fu =0}, YT.(r.) = U Tr(r.),

\IIIZC(TZ) ={Yel: (1+(r.— S)JTZ(HS))kw =0}, V()= U \IIIZC(TZ)a

k=1,2,...
and idempotents
1 1
P.(r.) = 7,% (0— Au(s))"Ldo,  Qu(r.) = fjf (0 — B.(s))"' do,
27TZ C(o‘z(s)) 27TZ C(Uz(s))

where C(0,(s)) is a small circle enclosing the eigenvalue o,(s) = (s — r,)~% of A,(s),
such that there are no other eigenvalues inside or on the circle. These vector spaces and
idempotents do not depend on the choice of s € R, as long as, for z € JII, the operator
A, (s) exists (Propositions and . Many properties of Y¥(r,) and P,(r,) are
similar to those of ¥¥(r,) and Q. (r.); for this reason only properties of the former are
given. The idempotent P,(r,) satisfies

1
P.(r.) = - f A,(s)ds
21 C(r.)

(see (3.2.6)), and for any two different resonance points rl and r? (see ),
P.(r)P.(r2) = 0.
With every resonance point r, the following three non-negative integers are associated,
called respectively the geometric multiplicity, algebraic multiplicity and order of r,:
m=dimYl(r,), N=dimY.(r.), d=min{keN:TE@r.)=".(r.)}.
A number r, is resonant for z if and only if 7, is resonant for z, in which case the numbers

m, N, d are the same for r, and 7,.
The nilpotent operators A, (r,) and B,(r,) are defined by

1 1
5 ]{)(”)(8 —1,)A.(s)ds, B.(r,) = 5 7{)(7-2)(5 —1,)B,(s)ds,

where C(r,) is a small contour which encloses the resonance point 7, and no other

A.(r,) =

resonance points.

Section [3] also contains an exposition of other properties of the idempotents P,(r)
and Q.(r.) and the nilpotent operators A,(r.) and B,(r,) which are used repeatedly
throughout this paper, such as

(P:(r2))" = Qx(72), (A.(r2))" = Bs(72),
JP,(r;) = Q.(r,)J, JA,(r,) =B, (r,)J.

Further, for a fixed z € TI, A,(s) is a meromorphic function of s whose poles are exactly

the resonance points corresponding to z. The Laurent expansion of A,(s) at a pole r, is
1 1 d—
Az(rz> 4+ 4+ mAz 1(7”2),

A.(s) = Az,rz (s) + P.(r.) +

s—r, (s—1.)2

where A, ,._(s) is the holomorphic part.



32 1. Introduction

In Section E| we study the relationship between eigenvectors of H,, corresponding to
an eigenvalue A\ and resonance vectors of order 1.

THEOREM 1.6.1 (Theorem . Let X be an essentially regular point, let Hy € A be
a A-regular operator, let V. € Ay, let vy be a real resonance point of (A\; Ho,V) and
let v be a regular point of (A\;Hy,V). If X is an eigenvalue of H., = Hy + r\V with
eigenvector x € D = dom(Hy), then u = Fx is a resonance vector of order 1, that is,

(14 (ra = 7)Tryio(Hy)J)u = 0.

COROLLARY 1.6.2 (Corollary4.1.2). If X is an essentially regular point, then the geomet-
ric multiplicity of A as an eigenvalue of the self-adjoint operator H,, = Ho+ r\V does
not exceed the dimension of the vector space T%\HO(T)\), that is,

dim Vy < dim T} ;0(rn),
where Vy s the eigenspace of H,, corresponding to A.

THEOREM 1.6.3 (Theorem {.2.1)). If X\ is an eigenvalue of infinite multiplicity for at
least one self-adjoint operator H from the affine space A = Hy + Ap, then X is not an
essentially regular point of the pair (A, F), that is, A ¢ A(A, F).

Now we return to the discussion of spectral flow inside essential spectrum. Since inside
the essential spectrum a non-trivial spectral flow can be generated in absence of any
eigenvalues, the notion of multiplicity of an eigenvalue needs to be properly generalized.
To this end, the following is used

THEOREM 1.6.4 (Theorem [£.3.2)). Let A be a real number which does not belong to the
essential spectrum and let ry be a real resonance point of the triple (X\; Ho, V) (that is,
A is an eigenvalue of H,,). Let s be any non-resonant point of (\; Ho, V). The rigging
operator F' is a linear isomorphism of the vector space Vy of eigenvectors of H,, cor-
responding to the eigenvalue A and the vector space T}\HO(U) of eigenvectors of the
operator Txy0(Hs)J corresponding to the eigenvalue (s —ry)~L.

Theorems and give a rationale to call the integer number dim T3 ;o(r»)
the multiplicity of the singular spectrum of the self-adjoint operator H,, at A. That this

is a reasonable definition is further confirmed by the U-turn Theorem [1.6.14!
THEOREM 1.6.5 (Theorem {4.4.1)). If H,, is resonant at an essentially regular point X,

then the vector space
T}\-i-io(r)\) = T}\(HTMV)
does not depend on the regularizing operator V.

In Section[5] we introduce a class R of finite-rank operators which do not have non-zero
real eigenvalues. The so-called R-index for operators A of class R is defined as

R(A) - N+ - N,7
where N, and N_ are the numbers of eigenvalues of A in the upper (C, ) and lower (C_)
half-plane respectively. Some elementary properties of the R-index and a new proof of

Krein’s theorem [Ki]
R(R.(H)V) = sign(V),
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where H is a self-adjoint operator and V is a finite rank self-adjoint operator, are
given.

Further, in Section 5 the resonance index of the triple (A\; H,,, V') is introduced, which
can be defined by

indyes(X; Hry, V') = R(Axtiy(8) Prtiy(ry))  for all small enough y.

Given a finite set I' = {71, ... 7M} of resonance points corresponding to z € II, we denote
by P,(T') and Q,(T") the idempotents

P.(I)= > P.(r:) and Q.(I)= > Q.(r.).

We denote by T the set {72,...,7M}.
The following theorem is one of the main technical results of this paper.

THEOREM 1.6.6 (Theorem [7.1.4). If T = {rl,....,rM} is a finite set of resonance points
with positive imaginary part corresponding to a non-real number z, then the operator

hnZ(QE(f)JfL(F)
is non-negative and its rank is equal to the rank of P,(I').

THEOREM 1.6.7 (Theorem [7.2.1)). IfT = {rl,...,rM} is a finite set of resonance points
corresponding to a mon-real number z, then the signature of the finite-rank self-adjoint
operator

QE(F)JIE(F)
is equal to the R-index of the operator
Imz A,(s)P,(T).

Theorems [I.6.6] and [T.6.7] are non-trivial even when dim H < oo, that is, for matrices.
In Section |8 we prove the following

PROPOSITION 1.6.8. Let A be an essentially reqular point, let {Ho+rV:r € R} be a line
reqular at A, let ry be a real resonance point of the path {Hy+rV:r € R} at A and let k
be a positive integer. If uxtio(ra) € Tatio(ra) is a resonance vector of order k > 1 at
A +40, then for all non-resonant values of s,

C42 Ctk

Jusaio(r), Im Taio (Ha) Jures S R 1.6.1
(Jurtio(ra), Im Thii0(Hs) Jursio(ra)) (577,)\)2—1— —1-(577“),C (1.6.1)
where, in case k > 2, for j =2,...,k,
c+; = Im(uxtio(ra), JA&;%(""A)UA:HO(T/\» = —Im(uxtio(rr), JAi;iO(T,\)U,\iio(T,\)%

In particular, if uxtio(rx) € Tatrio(ra) is a resonance vector of order 1, then
(Jurxio(rr), Im Thaio(Hs) Juario(ra)) = 0.

Further, in Section [§] we introduce and study the so-called vectors of type I. These are
vectors which satisfy any of the following equivalent conditions.
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THEOREM 1.6.9. Let ry be a real resonance point of the line v = {H,: r € R}, corre-
sponding to a real number A € A(~, F). Letu € K. The following assertions are equivalent:

(1) u € Tayio(ra) and for all non-resonant real numbers s,

\ ImT)\+Z‘0(HS) Ju = 0.

(2) u € YTa_io(ra) and for all non-resonant real numbers s,

RV Il’IlTA_HQ(HS) Ju = 0.

(3) u € Tayio(ra) and for all non-resonant real numbers s,
A,\Ho(s)u = A)\,io(s)u.
(4) uw € Ta_io(ra) and for all non-resonant real numbers s,
Axtio(s)u = Ax_io(s)u.
(5) u € Trtio(ra) oru € Ya_o(ry) and for all j =0,1,...,d — 1, where d is the order
Of X,
A]A-i-iO(T)\)u = Ai_io(m)w
(6) u € Tatrio(ry) and there exists a non-resonant real number r such that for all j =
0,1,2,...,
(Axtio(r) — Ax—io(r)) A3 o (ra)u = 0.
(7) u € Ta_io(rr) and there exists a non-resonant real number r such that for all j =
0,1,2,...,
(Axsio(r) — Ax—io(r)) A3 _jp(ra)u = 0.
(8) u € YTayio(ra) and all the coefficients cyj in (1.6.1)) are zero.
(9) uwe Ta_io(rx) and all the coefficients c_; in (1.6.1) are zero.

The set TIAJriO(r/\) of vectors which satisfy any of these equivalent conditions is a vector
subspace of Yxiio(rx) N Ta—io(ry), and the vector space T&HO(U) s invariant with
respect to both A3 ;o(rx) and A3 _; (7).

For the nilpotent operator A, (r,) on Y,(r,) there exists a Jordan basis (ul(,j)), v =

1,...,m,j=1,...,d,, where we assume that d; > --- > dp,, that is, a basis of T, (r.)
such that Az(rz)u,(,j) = ul(,J_l); where u?) = 0. Every Jordan basis (u,(,])) induces a
decomposition

T.(r:) = T[zl] (rz) +-+ T[Zm] (r2),

where T,[zy] (r2) is the linear span of ul(,l), .. .,ul(,d”) and where + denotes direct sum of

linear spaces. We call it a Jordan decomposition of Y ,(r,).
Proposition [1.6.8] and Theorem [1.6.9| are used to prove the following theorem which
in its turn is essentially used in Section

THEOREM 1.6.10. If a resonance vector MONS Yatio(ry) has order k then the vectors
u(l),...,u(rk/ﬂ)

are of type I, where [k/2] is the smallest integer not less than k/2, and u9) = AI;EO(TA)u(k).
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For example, assume that the geometric multiplicity m is 12 and the order d is 6. If

a Jordan basis (u,(f )
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) of Txtio(ra) is represented by the Young diagram

(1)

Y1

’ll,‘(sl)

U,(71)

(1)
9

1 1 1
“(10) “51) “52)

then according to Theorem |1.6.10] all vectors shown in the Young diagram

HOIMOINOI OO
L@@ o @, @@,

1 2 3 4 5 6 7

1 1 1 1 1 1 1 1 1 1 1 1
R D A E D A e,

are of type L
In Section [9] we prove that the resonance index is equal to the signature of the reso-
nance matrix.

THEOREM 1.6.11 (Theorem [9.1.1). The idempotents Pxyio(ry) are linear isomorphisms
of the vector spaces Y xxio(ra) and Tatio(rr).

Theorem [1.6.11]is used in the proof of the following theorem, which is one of the main
results of this paper.

THEOREM 1.6.12 (Theorem . For any real resonance point ry,
sign(Qxxio (1) J Prtio(r2)) = indyes(A; Hry, V).
In Section [I0] we prove Theorem which is one of the main results of this paper.
It is a corollary to Theorem 1.6.12 and the following
THEOREM 1.6.13 (Theorem . If ry is a real resonance point corresponding to z =
A 140, then
[sign(@agio (ra) I Patio(ra))| < dim T (7).
THEOREM 1.6.14 (Theorem . For all real resonance points ry,
|indyes(A; Hry, V)| < dim Y3 0(rn)-

Theorem has the following meaning: the increment of the spectral flow inside
essential spectrum which occurs at a real resonance point ) cannot be greater than the
multiplicity of the singular spectrum of H,, at A.
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The numbers Ny from the definition of the resonance index give more information
about the behaviour of points of the singular spectrum than the difference Ny —N_. Strik-
ing a shop-keeper’s doorbell, a customer may open the door and leave without entering
the shop. In this case the doorbell rings but the number of customers in the shop remains
the same (that is, the increment of the spectral flow is zero). In other words, a ring of
the doorbell condition r € R(\; Hp, V) does not necessarily mean that an “eigenvalue”
crossed A, e.g., if \ is outside the essential spectrum, an eigenvalue can make a U-turn
at . Theorems and imply that if there is an eigenvalue \;(r) of a path H,
making a U-turn at A when r = ry, then Ny, N_ > 0 so that the contributions of that
eigenvalue to Ny and N_ cancel each other. In particular, if the eigenvalue A;(ry) = A of
H,, making a U-turn is non-degenerate, then Ny = N_ so that ind,es(A; Hy,, V) is zero.
On p. [106] of this paper eight diagrams are given which correspond to eight qualitatively
different eigenvalue behaviours in case Ny =5 and N_ = 2.

The main result of Section |11]is Theorem Its proof relies on certain algebraic
relations between the operators Py4;0(r)) and A+,0(r)) which are proved in that section.

A real resonance point ry will be said to have property C' if the vector spaces T x10(rx)
admit Jordan decompositions

Tario(ra) = Thh(ra) + - F T m), Tacia(ra) = TR () -+ 10 m0)
such that for allv =1,...,m,

Prsio(ra) TRLip(r) = T(ra) and - Paio(ra) YR (ra) = TRL0(ra).
THEOREM 1.6.15 (Theorems [11.2.7| and [11.2.8)). For any z = A £1i0 € 911, for any real
resonance point vy € R with property C' corresponding to z and for any j =1,2,...:

(1) the restriction of the idempotent operator Pyxyo(ry) to T{\jﬁo(m) is a linear isomor-
phism of Tg\no(r,\) and Tg\iio(m), . .

(2) the idempotent Qxtio(ry) s a linear isomorphism of \I/J)\Iio(m) and W3, (ry) for
allj=1,2,....

In other words, for points vy with property C, for all j = 1,2,... we have commutative

diagrams of linear isomorphisms:

. J . . J .
‘I’j>\+io(7’>\) <~ Tz\+io(7’k) ‘I’z\ﬂo (ra) =—— Tz\+io(r>\)
Qxtio(rx) Pxyio(ra)  Qx—io(ra) Px_i0(rx)

. 7 ) . 7 .
‘I’Lio(m) -~ TZ\ﬂ‘o(T/\) ‘Ifﬂﬂﬂo(m) =~ Tiﬂﬂo(m)

Real resonance points for which the conclusion of this theorem holds are called points
with property U. Thus, property C implies property U. Plainly, every point of geometric
multiplicity 1 has property C and therefore property U too. We conjecture that every
real resonance point has properties C and U.

In Section we consider some questions of independence from the choice of the
rigging operator F'.
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THEOREM 1.6.16 (Theorem. The resonance index indyes(A; H, V') does not depend
on the choice of the rigging operator F as long as X is essentially reqular for the pair
(A, F), where A={H +rV:r R} and V is a regularizing direction for an operator H
which is resonant at A.

In Section [13| we study the class of so-called real resonance points of type 1. By defi-
nition, a real resonance point r) is of type I if all resonance vectors satisfy at least one
and therefore all assertions of Theorem [[.6.91

THEOREM 1.6.17 (Theorem [13.1.9). Let A be an essentially regular point for (A, F).
Let Hy € A be reqular at A and let V € Ay. Let rx € R be a real resonance point of
the path {Hy + rV: r € R}. The following assertions are all equivalent to ry being of
type I:

1) For any regular point r, \/ImTh1,0(H;) JPx1i0(ry) = 0.

%) There exists a regular point v such that \/Tm Ty 0(H,) JPagio(ry) = 0.
(iix) For any regular point r, \/Im Th10(H;) Qr+io(ra) = 0.
i%)

)

There ezists a regqular point v such that /Im Txii0(Hy) Qaxio(ra) = 0.
The meromorphic function

wi(s) = \/ImT)\Jrio(Ho) [1 + SJT)\iio(Ho)]_l

is holomorphic at s = .
(iii’y) The meromorphic function

’LUi(S)J =\ Im T)\+i0(H0) J[]. + ST)\:H()(H())J]71

18 holomorphic at s = r).
(ive) The meromorphic function

wi(s) = [1+ sTxgio(Ho)J) ™" v/Tm Txi0(Ho)

is holomorphic at s = .

(ve) The residue of the function wi(s) at s =y is zero.

(vig) For all £-resonance vectors the real numbers c_; from Proposition are all
zero.

(vil) The function s — ImTxy,0(Hs) is holomorphic at s = ).

(viii) The function s — JIm Txy,0(Hs)J is holomorphic at s = ry.

Moreover, the assertions obtained from (iy)—(iix) and (i%)—(iiL) by removing the square
root are also equivalent to those above.

The following theorem shows that being of type I is a generic property of real resonance
points.

THEOREM 1.6.18 (Theorems [13.2.1H13.2.3). Let A be an essentially reqular point, let
Hy € A and let V € Ay be a regularizing direction at X. Let ry be a real resonance point

of (\; Ho, V). If at least one of the following three conditions holds:
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(1) X does not belong to the (necessarily common) essential spectrum of operators from A,
(2) the order of ry is equal to 1,
(3) the operator V is non-negative or non-positive,

then ry is a point of type I.

For every real resonance point 7y of type I the idempotents Px1;0(ry) and Px_;o(rx)
coincide. We say that a real resonance point 7 has property S if the kernels of Pyyio(7y)
and Py_;o(ry) coincide.

PROPOSITION 1.6.19 (Proposition|13.3.1)). Let A be an essentially reqular point and let ry
be a real resonance point of (A\; Hy, V). The following assertions are equivalent:

(i) rx has property S.
(i)  Prtio(ra)Pa—io(ra) = Prgio(ra) and Px_ijo(rx)Pxrtio(ra) = Px—io(72).
(iii) im Qxsio(rx) = im Qx_io(rx)-
(1iv)  Qxtio(ra)@x—io(ra) = Qx—io(rx) and Qx—io(rx)Q@xr+io(rr) = Qxtio(rr)-
(V) Qx=io(rx)JPrxiio(ra) = JPxyio(ry)-
(Vi) Q)\_Ho(?“)\)JP (7‘)\) = JP)\_io(T,\).
(vil) Q- zo(T,\)JP,\Jrzo(?“,\) = Qx—io(rA)J.
(viii)  @xtio(ra)J Pa—io(ra) = Qxtio(rr)J.

(ix) Qxa—io(r2)J Prtio(ra) = Qxatio(ra)J Pra—io(r2)-
PROPOSITION 1.6.20 (Proposition |13.3.2)). Every real resonance point of type I has prop-

erty S. There are real resonance points which do not have property S, and there are points
with property S which are not of type 1.

Let us say that a real resonance point 7y has property P if Pxii0(ra) = Pa_io(7)).
The relations between real resonance points with different properties are given in the
following diagram, where arrows stand for implications:

A ¢ Oess
\
V>0 d=1 typel —= P ——=§
i
m=1 C/ U
/
d<2

In Section [14] we study the behaviour of a non-degenerate eigenvalue embedded into
the essential spectrum under a regularizing perturbation V. In particular, we construct
real resonance points which do not have property S, and real resonance points with
property S, but without property P.

Assume that A is an eigenvalue of a self-adjoint operator H,, with eigenvector x.
Then the Hilbert space H on which H,, acts can be represented as

H=HoC,
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so that the operator H,, takes the form

H, 0
H,, = i ’
= ()
where H,, is the restriction of H,, to H. Let

"= (<av,-> a)

be the representation of the operator V. We assume that the rigging operator F': H — K

has a representation
F 0
F = .

In this case V = F*JF, where J has a representation

7= <<¢T-> z)

such that V = F*JF and & = F*z[} The vector 1[) is related to the eigenvector x by
Y = JFx — aFx. Finally, we assume that A is a regular point of (H,,, F):

\e A(H,,, F). (1.6.2)
Let
G2 (s) = FR,(H,)E*y,

where Tz(ﬁs) = FRZ(E[S)F*, and let Az(s) = Tz(ﬁs)j The operator Ay4(ry) does
not exist since A is an eigenvalue of H,, and therefore A ¢ A(H,,,F), but the sliced
operator A)\Jrio(T,\) and the vector @xy40(ry) exist due to

The following lemma and theorem describe the properties of the real resonance point r).

LEMMA 1.6.21. The order of the real resonance point ry is greater than 1 if and only if
a = 0. In that case the vector space T§+iO(T)\) is two-dimensional and is generated by

the vectors
0 Uxti0(Tx)
<1> and ( 0 ,

which have orders 1 and 2 respectively.

THEOREM 1.6.22 (Theorem [14.2.11)). Let d be an integer greater than 1. The order of
the real resonance point ry is equal to d if and only if the vectors
Antio(ra)s Axgio(ra)tingio(ra), - oo A3 (ra)tiagio(ry)

are orthogonal.to U but fliﬁo(r,\)ﬂAHo(r,\) is not. In that case for all j = 1,...,d the

vector space T])\HO(T,\) is j-dimensional and is generated by the vectors

(0> (ﬂwmo(m)) (AAHO(TA)ﬁAHO(TA)) <A§+30(TA)ﬁA+io(TA)>
) ) y ottt O

)

1 0 0

which have orders 1,...,j respectively.
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The following diagram shows the interdependence of Sections 2-14. A dashed arrow
means that the dependence is of notational and terminological character. In particular,
Section [14] is almost independent of the other sections, but motivation for it comes from
the previous ones. The core of this paper are Sections [6] [7} [0 and Having said this,
ideologically all sections are interconnected in the sense that they represent different
aspects of the same subject given in the title of this paper.

NN Y4

13

In Section [I5] some open problems are stated. Finally, for the reader’s convenience
there is a detailed index.

1.7. Future work

1.7.1. Singular spectral shift function for relatively trace class perturbations.
So far the property of the singular spectral shift function has been proved for
trace class perturbations. There is a paper in preparation [AzD] in which this result will
be proved for relatively trace class perturbations. A special case of this result is

THEOREM 1.7.1. Let Hy = —A + Vo(x) be a Schridinger operator acting on La(RY),
where v =1, 2 or 3 and where Vy(z) is a bounded measurable real-valued function. Let V
be the operator of multiplication by a real-valued measurable function V(x) such that
|V ()| < const(1 + |2]?)7¥/27¢ for some e > 0, and let H, = Ho+ 1V . Let

£9(g) = / Te(VO(HO)) dr, € CulR),

where Hy(,s) is the singular part of H,. Then £%) is an absolutely continuous measure
whose density €5)(\) (denoted by the same symbol) is integer-valued for a.e. \.

The bulk of the proof of this theorem is a modification to relatively trace class per-
turbations of the approach to scattering theory given in [Azz] and discussed in this
introduction. This modification was given in [Azg] with the aim to prove Theorem m
For reasons mentioned in this introduction classical approaches to scattering theory do
not allow one to prove this theorem.

There is a work in progress aimed at proving an analogue of Theorem for n-
dimensional Schrédinger operators.
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1.7.2. Resonance index and singular p-invariant. For trace class perturbations the
singular spectral shift function admits three other equivalent descriptions, as the singular
p-invariant, the total resonance index and the total signature of the resonance matrix.
These three definitions do not require the perturbation to be trace class or to be relatively
trace class: all we need to assume is that the perturbation is relatively compact and that
the Limiting Absorption Principle holds. In this paper it is shown that the resonance
index and the signature of resonance matrix are equal under these two conditions. In
[Az;] it is proved that the singular p-invariant is equal to the total resonance index under
the same conditions.

1.7.3. Resonance index outside the essential spectrum. The theory of the reso-
nance index given in this paper applies to the spectral flow outside the essential spectrum.
Outside the essential spectrum one can consider many questions which do not make sense
inside the essential spectrum. There is work in progress where these questions will be
studied.



2. Preliminaries

2.1. Operators on a Hilbert space. Details concerning the material of this section
can be found in [GK], [Kag| [RS| [So]. A partial aim of these preliminaries is to fix notation
and terminology.

Throughout this paper, R is the field of real numbers and C is the field of complex
numbers. The calligraphic letters H and K will denote complex separable Hilbert spaces,
which can be finite- or infinite-dimensional. The scalar product (-,-) is assumed to be
linear with respect to the second argument and anti-linear with respect to the first. If
it is necessary to distinguish the Hilbert spaces H and K, the former will be called the
main Hilbert space, and the latter the auziliary Hilbert space; note, however, that most
of the operators considered in this paper act on K rather than on H. The letter H with
possible subscripts will denote a self-adjoint operator on H. The letter F' will always
denote a fixed densely defined closed operator from H to K which has trivial kernel
and co-kernel. The letter A with arguments will always denote a measurable subset of
R of full Lebesgue measure. Throughout this paper the word “operator” means a linear
operator.

The letter V will be used to denote a self-adjoint operator on H with some conditions
imposed on it. We shall consider a perturbation H, = Hg+ 7V of a self-adjoint oper-
ator Hy by a real multiple of V; the multiple itself, called a coupling constant, will be
denoted by the letter s or r (with possible subscripts).

A subset A of a metric space X is discrete if the intersection of A with any compact
subset of X is finite.

If Ly and Lo are closed subspaces of a Hilbert space such that Ly N Ly = {0}, then we
denote by L; + Lo the direct sum of L; and Ls. If in addition L; and Lo are orthogonal
then their direct sum is denoted by Li & L.

The kernel of an operator A is denoted by ker(A), and im(A) will denote the range or
the image of A. The resolvent set pr of a densely defined closed operator T on a Hilbert
space H consists of all complex numbers z such that T — z is a bijection of dom(T")
onto H; for such z the bounded inverse

R.(T) = (T — 2)71,

called the resolvent of T, exists. The spectrum or or o(T) of a densely defined closable
operator T" on a Hilbert space is the complement of the resolvent set. For two bounded
operators S and T one has (see e.g. [BR] Proposition 2.2.3])

osT U{0} = ors U{0}. (2.1.1)

(42]
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Let T be a closed operator on a Hilbert space K and let z € C. Non-zero vectors u
from K such that (T — z)*u = 0 for some k = 1,2,... are called root vectors of T
corresponding to the eigenvalue z. A point z of the spectrum of T is called an isolated
eigenvalue of finite algebraic multiplicity if z is an isolated point of o(T) and if the
algebraic multiplicity pr(z) of z defined by

pr(z) :==dim{u € K: 3k € Zy (T — 2)*u =0}
is finite. The set of all isolated eigenvalues of finite algebraic multiplicity of an operator T’
is denoted by o4(T). If T is compact, the function up of z will be called the eigenvalue

counting measure of T'. If S and T are bounded operators such that ST and T'S are both
compact, then the following stronger version of (2.1.1)) holds:

pstley(oy = Hrsley{oy- (2.1.2)
Further, for any compact operator T,

M+ = fiT, (2.1.3)
where fir(z) = pr(2).

A closed operator T is said to be Fredholm if the range of T is a closed subspace of
finite co-dimension and the kernel of 7 is finite-dimensional (see [Kagl IV.5.1]). A bounded
operator 1" is Fredholm if and only if there exists a bounded operator .S such that the
operators ST —1 and T'S — 1 are compact; such an operator S is called a parametriz of T'.
In other words, bounded Fredholm operators are invertible up to compact operators. By
definition, the essential spectrum oess(T') of a closed operator T' consists of all complex
numbers z such that the operator T' — z is not Fredholm; in this regard note that in
[Kaol §IV.5] the essential spectrum is defined as the set of all complex numbers z such
that the operator T' — z is not semi-Fredholm. There are also other definitions, but they
all coincide for self-adjoint operators. Since in this paper we shall be concerned with the
essential spectrum of self-adjoint operators and of their relatively compact perturbations,
this definition suffices. The essential spectrum of a self-adjoint operator H admits another
characterization: the essential spectrum of H is the spectrum of H from which all isolated
eigenvalues of finite multiplicity are removed. In general,

Oess(T) C o(T) \ 04(T),

but this inclusion may be strict [Kag].

Let H and V be two self-adjoint operators on a Hilbert space H. Then V is said to be
relatively compact with respect to H if R,(H)V is a bounded operator on dom(V) C H
for some z € py such that its continuous extension to H is a compact operator. In this
case the operator R,(H)V is bounded with compact extension for any z € py. Weyl’s
theorem asserts that the essential spectrum of a self-adjoint operator is stable under
relatively compact perturbations (see e.g. [Kagl §IV.5.6], [RS4, §XIIL.4]).

The spectrum of a closed operator T" on a Hilbert space is upper semicontinuous: for
any neighbourhood O of the spectrum of T there exists § > 0 such that for all bounded S
with ||.S]| < § the spectrum of S + T is a subset of O.

In general, the spectrum is not continuous in the sense that for a bounded operator T’
there may exist z € o(T') and a neighbourhood O of z such that for any § > 0 there
exists a bounded operator S with ||S|| < d§ such that o(T +5)N O = 0.
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For brevity, the identity operator on a Hilbert space is denoted by 1; in particular,
the scalar operator of multiplication by a number ¢ will be denoted by ¢ instead of ¢I. An
idempotent operator is a bounded operator P such that P? = P. If A and B are bounded
operators such that z ¢ 045 U {0}, then

(= AB)" A= A(z — BA)™". (2.1.4)

The condition z ¢ o4p U {0} implies that z ¢ opa, so that the right hand side of the
above equality makes sense. Hence, the equality itself follows from the obvious equality
A(z — BA) = (z — AB)A.

The real Re A and imaginary Im A parts of a bounded operator A on a Hilbert space
are defined by

At+A and ImA:A;,A.
1

The Rank of an operator A is the dimension of the image of A. The signature sign(A) of
a finite-rank self-adjoint operator A is the integer defined as follows:

sign(A) = rank Ay —rank A_| (2.1.5)

Re A =

where A, (respectively, A_) is the positive (respectively, negative) part of A. In this
regard note that, given a self-adjoint operator A, the word “signature” is also used for
the operator f(A), where f(x) is the sign-function, but in this paper this notion will not
be used and therefore there is no danger of confusion.

LEMMA 2.1.1. If A is an operator of rank N < oo, then there exists € > 0 such that for

any operator B of norm less than e the inequality rank(A + B) < N implies the equality
rank(A+ B) = N.

In other words, small enough perturbations of finite rank operators which do not
increase the rank preserve the rank. This lemma is a direct consequence of the upper
semicontinuity of spectrum.

LEMMA 2.1.2. Let M be a finite-rank self-adjoint operator on a Hilbert space K. If L is
a vector subspace of K such that for any non-zero f € L the scalar product (f, Mf) is
positive, then

dim £ < rank M.

Proof. Let M4 be the vector space spanned by the eigenvectors of M corresponding to
positive eigenvalues and assume contrary to the claim that dim £ > dim M. Then the
intersection ./\/li N L is a vector subspace of dimension at least 1. If f is a non-zero vector
from M+ N L, then (f, M f) > 0 since f € £ and (f, M f) <0 since f € M. m

LEMMA 2.1.3. Let M be a self-adjoint finite rank operator on a Hilbert space KC and let
F: H — K be a closed operator with zero kernel and co-kernel. If im(M) C dom(F*) and
if im(M) = im(MF), then the product F*MF is a well-defined finite-rank self-adjoint
operator such that

rank(M) = rank(F*MF) and sign(M) = sign(F*MF).

Proof. Let M, (respectively, M_) be the vector space spanned by the eigenvectors
of M corresponding to positive (respectively, negative) eigenvalues of M, and let M =
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My & M_. Since im(M) C dom(F™), the product F*MF is well-defined. Since F* has
zero kernel and im(M) = im(M F'), the ranks of the operators F* M F and M are the same.
Further, the equality im(M) = im(MF') implies that there exist vector spaces Ly such
that £+ = F~'My and dim My = dim L. For any non-zero vector f = F~lg € L,
where g € M, we have

([L,FFMFf)y=(Ff,MFf)=(g,Mg) > 0.

It follows from this and Lemma that dim £, = dim M is not greater than the
rank of the positive part of F*M F'. Similarly, one shows that dim M _ is not greater than
the rank of the negative part of F*MF. Combining this with the equality rank(M) =
rank(F* M F') implies that sign(M) = sign(F*MF). =

If T is a compact operator on a Hilbert space, then the s-numbers s1(T), s2(T),. ..
of T are the eigenvalues of the compact operator |T| := v/T*T listed in non-increasing
order, with each eigenvalue repeated according to its multiplicity. Let p € [1,00]. The
notation £,(H) means the class of all compact operators T acting on H such that the
p-norm ||T||, of T, defined by

IT)E =Y sa(T) ifp<oo, [Tle:=s1(T)=|T| ifp=oo,
n=1

is finite. The linear space L£,(H) with this norm is an invariant operator ideal [GK],
called the pth Schatten ideal. This means, in particular, that if T € £,(H) and if A, B
are bounded operators, then ATB € L,(H) and ||ATB||, < ||A|l |T||||B||- The ideal Lo
consists of all compact operators on H. Operators from the first Schatten ideal £1(H)
are called trace class operators, and those from the second Schatten ideal Lo(H) are
called Hilbert-Schmidt operators. The trace class norm ||T||1 of a trace class operator T
is equal to Tr(|T"|), and the Hilbert—Schmidt norm ||T||2 of a Hilbert—Schmidt operator T
is equal to y/Tr(|T'|?). The trace Tr: L1(H) — C is a linear continuous functional, defined
for trace class operators by Tv(T) = Y07 (¢n, Tdy), where {¢,}22; is an orthonormal
basis of H. If A, B are bounded operators such that AB and BA are trace class, then

Tr(AB) = Tr(BA).

Further, for any trace class operator T" we have Tr(7T™*) = Tr(T). For any trace class
operator T' the sequence {\;(7')}52; of eigenvalues of T" is summable; the Lidskii theorem
asserts that

Te(T) =Y N(T). (2.1.6)

LEMMA 2.1.4. Let p > 1. If A, Ay, As, ... is a sequence of finite-rank operators on a
Hilbert space such that the sequence of ranks of A, is bounded, then A, converges to A
as n — oo in the uniform norm if and only if A, converges to A in p-norm as n — co.

Proof. If N is the largest of the ranks of the operators A, A;, As, ..., then
Al < [[Allp < NIA[]. =
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2.2. Analytic operator-valued functions. For definition and a detailed study of
vector-valued holomorphic functions see e.g. [HPhl [Kao| [RS]. Let T'(k) be a single-valued
holomorphic function with values in bounded operators; assume that T'(x) is defined in
some domain G of the complex plane off a discrete set of singular points. In a deleted
neighbourhood 0 < |k — kg| < ¢ of a singular point kp € G the function T'(x) admits a
Laurent expansion at kg,
(oo}
T(r) = T(x) + Z(K — ko) U Ty, (2.2.1)

j=1
where T(n) is a function of x holomorphic in the neighbourhood of k¢ (including ko)
and T7,T5,... are some bounded operators. A function 7T defined on G is said to be

meromorphic in G if it is holomorphic everywhere on G except possibly on a discrete
subset of singular points, such that at each singular point k¢ the sum in its Laurent

expansion (2.2.1)) is finite.

THEOREM 2.2.1 (Analytic Fredholm alternative). Let G be an open connected subset
of C. Let T: G — Lo(H) be a holomorphic family of compact operators in G. If the
operators 1 + T(k) are all invertible at some point k1 € G, then they are invertible at all
points of G except on the discrete set

N:={keG: -1e€d(T(k))}

Further, the operator-function F(k) := (1 + T(k))~! is meromorphic in G and the set
of its poles is N. Moreover, in the Laurent expansion of F(k) in a neighbourhood of any
point kg € N the coefficients of negative powers of k — kg are finite-rank operators.

For a proof of this theorem see e.g. [RS, Theorem VI.14], [Yl Theorem 1.8.2].

2.3. Divided differences. If f(s) is a function of one variable, then the divided differ-
ence of f of first order is the function

(1, 89) = f(szz : icl(sl)_

The divided difference of f of order k is the function fH*! (s1,-.-,8k+1) of k+ 1 variables

S1,...,8k+1 which is defined inductively by

f[k’l](s% ey Skt1) — f[k’l](sl, ey Sk)

Sk+1 — S1

f[k](517~--,5k+1) =
We shall use two facts about divided differences; the proofs can be found in e.g. [Bal:

LEMMA 2.3.1. The divided difference of order k — 1 of f is equal to
k

k
P =306 T
j=1 '

i=1,i#£j 53
LEMMA 2.3.2. The divided difference of order k — 1 of f is zero if and only if f is a
polynomial of degree < k — 2.




2.4. Rigged Hilbert spaces 47

2.4. Rigged Hilbert spaces. A rigging of a Hilbert space H is a triple (X, H, X™*)
where X is a normed or more generally a locally convex space, and X* is its dual such
that X is continuously embedded into H and H is continuously embedded into X* and
the embeddings have dense ranges (see e.g. [BeShl). The rigging normed space X is often
introduced as the range of a certain operator acting on . In this case it is possible
to consider the operator itself as the rigging. In this paper we follow this view-point.
Further, the normed space X can itself be a Hilbert or pre-Hilbert space. In this case
elements f,g,... of X can be considered as elements of both X* via the Riesz—Fisher
theorem and of H via the natural embedding X < H, and then it is assumed that
(f,9)% = (f,9)(x,x*), where (f, g)(x,x+) is the value of g € X* at f € X. The number
(f,9)(x,x+) is often denoted by (f,g)1,-1.

A rigging operator F on a Hilbert space H is a closed operator from #H to another
Hilbert space K with trivial kernel and co-kernel. Endowing a Hilbert space H with a
rigging operator F' generates a triple of Hilbert spaces

My, M, H (2.4.1)

where H 4 is the completion of im(|F|) endowed with the scalar product

(f. 90, = (FI7 AP g)n

and H_ is the completion of dom(|F'|) endowed with the scalar product

(f,90m- = (IFIf,|Flg)n-

Similarly, the operator F* considered as a rigging operator in K generates a triple of
Hilbert spaces
Ky, K, K_.

The mapping |F| extends to an isomorphism of H, and H,—1, @ = 0,1. Similarly, |F*|
extends to an isomorphism of K, and K,—_1, @ = 0,1. The (extension of the) rigging
operator F itself can be considered as an isomorphism

F:H~K;y or F:H_~K.

Similarly, F'~! can be treated as an isomorphism K, ~ H or K ~H_.

2.5. Limiting Absorption Principle. Let H and K be two complex separable Hilbert
spaces and let
F:H—-K (2.5.1)

be a fixed rigging operator in H. Let A be a real normed space of self-adjoint operators V'
of the form
V =F*JF, (2.5.2)

where J is an element of a real subspace of the algebra of bounded self-adjoint operators
on K. The norm on Ay is defined by ||V||r = ||.J||. Let H be a self-adjoint operator on H.
The affine space of self-adjoint operators of the form H + V, where V € A, will be
denoted by A, that is,

A=H+ Ay. (2.5.3)
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Here we have firstly introduced the rigging operator F', and then using it we have
introduced the affine space A. In fact, the operator F' is of auxiliary nature while the
affine space A comes directly from the formulation of a problem. Hence, in practice,
given an affine space A one has to find a rigging operator F which makes the pair (A, F')
compatible in the sense that all the conditions imposed on this pair are satisfied.

We frequently use the notation

T.(H) := FR.(H)F*. (2.5.4)

The operator T, (H) is often called a sandwiched resolvent.

We assume that all operators V' from the real vector space A are relatively compact
perturbations of some operator H from the real affine space A, that is, dom(H) C dom(V)
and that the operator R,(H)V is bounded and its continuous extension is compact:

the operator R,(H)V is compact. (2.5.5)

Since all perturbation operators V = Hy — Hy, where H;, Hy is any pair of operators
from A, are supposed to be relatively compact with respect to Hp, this implies that Hy
and Hy; = Hy + V have the same domain. That is, the domains of all operators H from
the affine space A coincide; we denote this common domain by D:

for any H € A, dom(H) = D. (2.5.6)

Further, since all perturbations V' € Ag of operators H from A are relatively compact,
Weyl’s theorem implies that all operators H from .4 have a common essential spectrum:

VH(), H, e Aaess(HO) = Uess(Hl)-

This common essential spectrum is denoted by oess. The subset oess of R depends only
on A. This allows us to talk about the essential spectrum of the affine space A.

The operator F' is not assumed to be bounded; therefore, one needs to clarify the
meaning of the operators (2.5.2]) and (2.5.4]). The domain of any perturbation operator V'
contains D:

D C dom(V). (2.5.7)
Additionally we assume that
D C dom(F), (2.5.8)
and that any operator J from satisfies
JED C dom(F™). (2.5.9)

Since by for any H € A the range of the resolvent R,(H) is equal to D, and
on this subspace the operator F' is defined by the assumption , the sandwiched
resolvent is defined at least on the dense domain of F™*. It will always be assumed
that the operator is bounded on dom(F*) and that its continuous extension to X
is compact:

T.(H) is compact. (2.5.10)

This also implies that, for any bounded subset A of R,
FEX is compact. (2.5.11)
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Indeed, by (2.5.10), the operator Im7,(H) = (Fy/Im R,(H))(F\/Im R.(H))* is com-
(2.5.11)

pact, and hence so is F' \/ Im R, (H). This implies (2 . Using this one can show that
for a bounded rigging operator F' the condition (2.5.10) implies (2.5.5)).

LEMMA 2.5.1. If FR,(H)F* is compact for some z € p(H), then FR,,(H)F* is compact
for any other w € p(H). Further, the function C\R 3 z — T.(H) is holomorphic.

Proof. Without loss of generality we can assume that y = Imz > 0.
If FR,(H)F* is compact then so is

FR:(H)F" = (FR.(H)F")",
and therefore the operator
(FvImR.(H))(F\/ImR.(H))* = F(Im R, (H))F*
= (FR,(H)F* — FR:(H)F™)/(21)
is also compact. It follows that F’ \/W is compact. Since the function

R>z+— R,(z)/+/ImR,(x),

where R, (z) = (z — 2z)~', is bounded (by y~'/? as can be easily checked), the opera-
tor R,(H)/+/Im R,(H) is also bounded. It follows that F'R,(H) is compact. Since the

function

R >z~ Ry(x)/R.(x)
is bounded, it follows that F R, (H) is compact. Hence, so is FR,(H)R,,(H)F*. Since
FR,(H)R,(H)F* = (z —w)F(R,(H) — R, (H))F*

and since FR,(H)F* is also compact, it follows that FR,(H)F* is compact too. The
second assertion follows from the equivalence of weak and strong analyticity. m

Given an operator H from the affine space A, the notation
A(H,F) (2.5.12)
will stand for the set of all real numbers A for which the limit
Thrio(H) := lim+ T+iy(H) exists in the uniform topology. (2.5.13)
y—0
Since (T, (H))* = Tz(H) and since the operation of taking adjoint is continuous in the

uniform topology, it follows that the norm limit Th,0(H) exists if and only if the norm
limit Th_;o(H) exists. Thus, if A € A(H, F') then also

Im Tyti0(H) := lim+ Im T4,y (H) exists in the norm topology. (2.5.14)
y—0

In fact, one often requires a stronger form of convergence for the imaginary part
Im Th440(H), and this additional condition is imposed when needed.

L. A. P. AssuMPTION. Throughout this paper we assume that the pair (#, F) and the
affine space A satisfy the Limiting Absorption Principle: For any self-adjoint operator
H € A on the Hilbert space H with rigging operator F' the set (2.5.12)) has full Lebesgue

measure.
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Though A(H, F) has full Lebesgue measure in certain cases of interest, for the devel-
opment of the theory of spectral flow inside essential spectrum this is not quite necessary.
As long as A(H, F') contains at least one point, one may study spectral flow through that
point.

As mentioned in the introduction, the L. A. P. Assumption holds for Schrédinger
operators with short range potentials. Another setting in which the L. A. P. Assumption
holds is given by the following theorem.

THEOREM 2.5.2 (|BE, Br], [Y, Theorem 6.1.9]). If Hy is a self-adjoint operator acting
on a Hilbert space H and if F' is a Hilbert-Schmidt operator from H to another Hilbert
space IC, then for a.e. A € R the operator-valued function FRxty(Ho)F* has a limit in
Hilbert-Schmidt norm as y — 0.

The Limiting Absorption Principle plays an important role in the stationary approach
to scattering theory (see [BE, Br, KK [Y]). Proving the Limiting Absorption Principle
in the cases of interest is a difficult problem. But for this paper it is a postulate and of
utmost importance.

2.6. A-resonant and A-regular operators. Given a self-adjoint operator H and a
perturbation V' = F*JF one is usually interested in points A for which the Limiting
Absorption Principle holds. In contrast, in this work we are mainly interested in
points A for which the Limiting Absorption Principle fails. However, there can be points A
for which fails for any operator H € A. This indicates that A is a very singular
value of the spectral parameter. We exclude such points from our study; for the present
work we are interested in those points A for which fails for some but not all
operators from 4. We introduce the appropriate notation and terminology.

Let

AAF):= | J A(H,F)CR. (2.6.1)
HeA

Since the sets A(H, F), for H € A, have full Lebesgue measure, so does A(A, F'). Any real
number in A(A, F) will be called an essentially reqular point [Azs), §4.2]. Points which are
not essentially regular exist; for example, an eigenvalue of infinite multiplicity cannot be
essentially regular (Theorem . But a real number may fail to be essentially regular
even if it is not an eigenvalue. This may happen inside the essential spectrum only, since
outside the essential spectrum all points are essentially regular. This indicates the nature
of non-essentially regular points as those of infinite singularity.

The notation

I, =TI, (A, F), respectively II_ =TI_(A, F),

will be used for the union of the open upper complex half-plane, respectively of the open
lower complex half-plane, and the set A(A, F). The letter II will denote the disjoint
union of II; and II_. Thus, the boundary OII of II is the disjoint union of two copies
Olly = A(A, F) and 0TI_ = A(A, F) of the same set. The conjugation z — Z swaps I1,
and I1_. Elements of Ol are written as A £i0, where A € R. Elements of II will usually
be denoted by z; the real part of z is denoted as a rule by A, and the imaginary part of z
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by y. Thus, y € (—o0,0—] U [0+, 00). The real number A\ will be fixed throughout most
of this paper.

Let A be an essentially regular point of the pair (A, F) and let H € A. We say that
the operator

H is resonant at X\, or A-resonant, if A ¢ A(H, F). (2.6.2)
Thus, H is resonant at A if and only if the limit does not exist. Otherwise,
H is regular at X\, or A-regular, if A € A(H, F).
The set of all A\-resonant operators in A will be denoted by
R(MAF), (2.6.3)

and called the resonance set at A. The following theorem is well-known; what may be
new is the way we interpret it.

THEOREM 2.6.1. Let A be an essentially regular point of the pair (A, F), let Hy € A
be an operator reqular at A and let V. = F*JF € Ay. The following five assertions are
equivalent:

(i) The operator Hy +V is resonant at \.
(iix) The operator 1 4+ JTxyio(Ho) is not invertible.
(ilix) The operator 1+ Tayio(Ho)J is not invertible.

Proof. The equivalence of (i) and (iiy) can easily be derived from the equality
Trtiy(Ho 4+ V) = [1+ Trgiy(Ho)J] ™ Trgeiy (Ho),

which in its turn follows from the second resolvent identity (see (2.7.2)) below). Equiva-
lence of (i) and the other items is proved similarly. m

This theorem has the following simple but important corollary. The proof follows
verbatim that of [Azzl Theorem 4.2.5].

THEOREM 2.6.2. For every essentially reqular point A € R, the resonance set R(\; A, F')
is a closed nowhere dense subset of A. Moreover, the intersection of any real-analytic
path in A with R(\; A, F) is either a discrete set or coincides with the path itself.

The left figure below shows what a more or less typical two-dimensional section of the

resonance set R(\; A, F'), which has two resonance lines and two resonance points, may
look like.

Let

~v={H.:r eR}
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be a straight line or a path of operators in the affine space A, where H, = Hyg + rV. If
A € R is an essentially regular point of (A, F), then according to Theorem there
are two possible scenarios: all points of 7 except a discrete subset are regular at A, or
all points of v are resonant at A. In the first case we say that ~ is regular at \. A real
number 7 will be said to be a resonance point of v at A if H, is resonant at A. A regular
line v may only have a discrete set of resonance points. We shall mainly be concerned
with only one of them which will be denoted by 7). The right figure above shows a A-
regular operator Hy € A and a direction V' € Ag; the line « intersects the resonance set
R(X\; A, F) at the point H,,. If an operator H € A is resonant at A, then a perturbation
V € Ap will be called a regularizing direction for H at A if the straight line v which
passes through H in the direction of V' is regular at A. In the picture the operator H,,
is resonant at A, and V is a regularizing direction for H,, at A; in fact, in the case of the
figure every direction parallel to the two-dimensional section of A shown in the figure is
regularizing for H, at A.

PROPOSITION 2.6.3. If A € A(A, F) is an eigenvalue of H € A, then H is resonant at \.

The proof is the same as that of [Azs, Proposition 4.1.10]. Proposition 2.6.3 shows
one source of real resonance points, but a point r can be resonant even if A is not an
eigenvalue of H,..

COROLLARY 2.6.4. Suppose A € A(A, F) \ 0ess(A). An operator H € A is resonant at \
if and only if X is an eigenvalue of H.

Proof. The “if” implication follows from Proposition [2.6.3} We prove the “only if” part.
Assume the contrary: A is not an eigenvalue of H. Since also A\ ¢ 0ess(H), it follows
that A belongs to the resolvent set of H. In this case the norm limit Ry y;o(H) exists even
without sandwiching by F' and F'*, and therefore H is regular at \. m

2.7. The operators A,(s) and B,(s). Let z € II. We shall frequently use the notation

A,(s) =T.(Hs)J. (2.7.1)
The sandwiched version of the second resolvent identity
T.(H,) —T.,(Hs) = (s — )T, (H,)JT,(Hs) (2.7.2)
implies
A(r) = Az(s) = (s = r)A(r) Az(s). (2.7.3)
From this equality one can infer that 1 + (s — ) A, (r) must be invertible. Hence,
Ax(s) = (1+ (s = 1)Ax(r) T As(r), (2.7.4)

which also implies that
A, (s)A.(r) = A (r)A.(s). (2.7.5)
Since A, (r) is compact, by the analytic Fredholm alternative (Theorem [2.2.1)), the equal-

ity (2.7.4) gives a meromorphic continuation of the function A,(s) of s to the whole
complex plane C. The equality (2.7.5) also holds for this meromorphic continuation.

Moreover, Theorem and (2.7.4]) imply
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LEMMA 2.7.1. The function (z,s) — A.(s) is a meromorphic function of two complex
variables z and s in II° x C C C2, where I1° is the interior of II.

The equality ([2.7.3]) implies that

%Az(s) (1) nlAT (s), (2.7.6)
We also use the notation
B.(s) = JT.(H,). (2.7.7)
One can check that the following analogue of holds:
B.(s) = (1+ (s =) B.(r)) " B.(r), (2.7.8)
which implies
B.(s)B.(r) = B.(r)B.(s). (2.7.9)
Using (2.7.4)) and (2.7.8]) one can check that
(A.(s))" = Bz(5). (2.7.10)

We shall also use the following well-known equality (see e.g. [KK| p. 144], [RS3} (99)],
[Azsl (4.8)]):

ImT,(H,) = (1+ (s —r)T=(H,)J) ' Im T, (H,)(1 + (s — r)JT.(H,))™*
=1+ (s—7r)Az(r) ' Im T, (H,)(1 + (s — r)B.(r)) " (2.7.11)

It holds for all real numbers s and r if z does not belong to OII; otherwise, if z = A 440
and if the line {H, = Hy + rV:r € R} is regular at A, then (2.7.11) holds for all
real numbers s and r outside R(\; Hy, V). In particular, the right hand side of (2.7.11)
provides a meromorphic continuation of the left hand side as a function of s to the whole
complex plane.

LEMMA 2.7.2. Asy — 0, the holomorphic function Tx1iy(Hs) of s converges to Tx10(Hs)
uniformly on any compact subset of II which does not contain resonance points corre-
sponding to A + 0.

In what follows, the spectra of A,(s) and B,(s) will play an important role. Since A,(s)
and B,(s) are compact operators, their spectra consist of isolated eigenvalues of finite
multiplicity and zero. By , the eigenvalue counting measures of A, (s) and B,(s)
coincide, and therefore it suffices to consider the spectrum of A, (s). Eigenvalues of A,(s)
will be denoted by 0. = 0.(s). As will be seen later (Proposition [3.1.2)), eigenvalues
(with their multiplicities) of A.(s) for different s are connected by a simple relation:
0.(s) = (s —r,)~ !, where 7, is a complex number independent of s.

Occasionally we also consider the operators

Their spectral properties are identical to those of A,(s) and B,(s). By the Limiting
Absorption Principle A,(s) and B,.(s) have well-defined limits Ax1;0(s) and Bx+io(s)
as z = A + iy approaches \ £ {0, unlike A,(s) and B,(s); since eventually the limit
z = A+ 1y — A £40 will be taken, this is the main reason to work with the former pair
of operators rather than the latter. But as long as z stays outside the real axis or outside
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the common essential spectrum of the operators Hg, practically all other properties of

these two pairs of operators are almost identical, and as a consequence they will be stated

only for A,(s) and B,(s). Nearly all objects, such as P,(r.), A.(r.), etc., to be introduced

later, which are naturally associated with A,(s) and B,(s) have their analogues for A, (s)

and B, (s); these analogues will be distinguished by underlining, e.g. P.(r.), A, (r.), etc.
The following lemma is well-known.

LEMMA 2.7.3. Let s be a real number. If z is a non-real number, then the compact op-
erators A,(s), B,(s), A.(s) and B,(s) do not have real eigenvalues except possibly zero.
Moreover, if the operator V' is non-negative (respectively, non-positive), then all eigenval-
ues of A.(s), B,(s), A.(s) and B,(s) belong to the open complezx half-plane Cy which z
belongs to (respectively, does not belong to).

However, if z belongs to 911, then A, (s) and B, (s) may have non-zero real eigenvalues.
In fact, it is these real eigenvalues of A,(s) which are of top interest for the present
paper, and with a bit of exaggeration it can be said that this paper is mainly devoted to
investigation of these real eigenvalues.
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3.1. The vector spaces Y,(r,) and ¥, (r,). Throughout this paper we assume that Hy
is a self-adjoint operator from the affine space and that V is a self-adjoint operator
from the real vector space Ay with factorization . Let A be a fixed real number.
We assume that the line

v:={Ho+rV:reR}

is regular at A; by definition this means that there exists a non-resonant value of the
coupling constant 7, that is, for some value of r the inclusion H, € R(\; A, F) fails
(equivalently, the inclusion A € A(H,, F) holds). In this case the set R(\; Hy,V) of
resonance points r) is a discrete subset of R, by Theorem [2.6.1

Let z € I1, let r, € C and let k£ be a positive integer. Let s be any number for which
the operator A,(s) is defined. Then

(14 (r. —8)A.(s)fu=0 (3.1.1)

will be called the resonance equation of order k for the pair (z,r,). The resonance equation
of order 1 is nothing but the Lippmann—Schwinger equation.

DEFINITION 3.1.1. A complex number 7, will be called a resonance point corresponding
to z € II if the resonance equation (3.1.1)) of order k¥ = 1 has a non-zero solution.

In other words, r, is a resonance point if and only if the number
o.(s):=(s—7r,)"" (3.1.2)

is a non-zero eigenvalue of the compact operator A,(s). Real resonance points r) were
defined in the paragraph following Theorem and these definitions are consistent with
each other. It will be shown below (Proposition that the definition of resonance
point does not depend on s. Hence, r, depends only on z, Hy, V and, in case z € 01l
also on F. If z & OII, then this definition does not depend on the rigging operator F,
since in this case both operators A,(s) = FR,(Hs)F*J and R,(Hs)F*JF = R,(H)V
make sense and they have the same non-zero eigenvalues by .

According to the correspondence between resonance points r, and eigenvalues
0,(s) of A,(s), the set of resonance points corresponding to a given z € II is a discrete
subset of C. Also, shows that the resonance points corresponding to z are exactly
the poles of the meromorphic function A.(s). For this reason, resonance points may
sometimes be called poles.

Solutions of the resonance equation of order k will usually be denoted by
u, u, or u,(r,) and will be called resonance vectors of order < k. The order k of a

(55]



56 3. Analytic properties of A.(s)

resonance vector u is the smallest positive integer such that u is a solution of the resonance
equation of order k. The order of a resonance vector will be denoted by d(u). If
necessary, we write d,(u) instead of d(u); also, instead of dyo(u) we often write dt (u).
The finite-dimensional vector space of all resonance vectors of order < k will be
denoted by Y*(r.). To be precise, one should indicate dependence of this vector space
on the operators Hy,V by writing, say, Y¥(r.; Hp, V), but since throughout this paper
the operators Hy and V are fixed, the simpler notation will be used. The same remark
applies to many other objects to be introduced later. A vector u = u,(r,) will be called
a resonance vector of order k if u is a resonance vector of order < k but not a resonance
vector of order < k — 1. It was proved in [Az4] that the set of solutions of does not
depend on s. We give here the proof for completeness and for the readers’ convenience.

ProprosITION 3.1.2. Let z € IT and let r, be a resonance point corresponding to z. The
vector space Y¥(r.) of solutions of (3.1.1)) does not depend on s € R.

Proof. We use induction on k. Let u be a solution of (3.1.1) with k¥ = 1 for the value of

s =r,so that A,(r)u = (r —r,) " tu. It follows from this and (2.7.4) that
-1
A(s)u= 14+ (s —r)A(r) A (r)u= |14+ (s — 1) - ! ! u= ! u.

T—"T rT—"T S —Ty

Hence, if u is a solution of (3.1.1) with & = 1 for one value of s, then u is a solution
of (3.1.1)) with £ = 1 for any other regular value of s too. Now assume that the assertion
is true for kK = n and let u be a solution of (3.1.1)) with K =n + 1 for s = r. Then

I+ @ry=—r)A(r)A+ (ry —r)A.(r))"u=0.
It follows from this and induction base, applied to the vector (1+ (r, — ) A, (r))™u, that
(1+(rz = 8)A(s))(1 + (rz = r)A=(r))"u. = 0.
Since, by (2.7.5)), the operators A.(s) and A.(r) commute, it follows that
(T4 (r.—r)A(r)" Q1+ (r, — s)A.(s))u=0.
By the induction assumption, applied to the vector (1+ (r, —s)A.(s))u, this implies that
(14 (r, —9)A.(s)"(1+ (ry; —s5)A.(s))u=0. m

The sequence
Yr,)c--cYr,)c---CcKk

stabilizes. The union of the vector spaces T1(r.), Y2(r,),... will be denoted by Y. (r.).

A resonance point r, will be said to have order d if there are resonance vectors of
order d, but there are no resonance vectors of order d + 1. In other words, the order d of
a resonance point r, is the integer

d=min{k € N: T¥(r.) = Y"1 ()} = min{k € N: T5(r,) = T.(r.)}. (3.1.3)

Apart from the order d, with every resonance point r, another two positive integers are
naturally associated: the geometric multiplicity m defined by

m = dim Y (r,) (3.1.4)
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and the algebraic multiplicity N defined by
N =dim Y, (r,). (3.1.5)

Obviously, d +m — 1 < N. Throughout this paper the letters d, m and N will be used
only with these meanings, unless specifically stated otherwise.
The equation

(14 (r, —s)B.(s)* =0 (3.1.6)
will be called the co-resonance equation of order k. Its solutions will be denoted by ), ¥,
or ¥,(r,) , and will be called co-resonance vectors of order < k. The finite-dimensional
vector space of all co-resonance vectors of order < k will be denoted by ¥*(r.). A co-
resonance vector ¢ has order k if it has order < k but not < k — 1. The sequence

Ulir,)c---cU*r,)c---ck
stabilizes; its union will be denoted by ¥, (r.). Similarly to Proposition one can

prove the following

ProprosSITION 3.1.3. Let z € IT and let r, be a resonance point corresponding to z. The
vector space Wk (r.) of solutions of (3.1.6) does not depend on s € R.

This proposition also follows from Proposition and Lemma

LEMMA 3.1.4. Let z € Il and let r, be a resonance point corresponding to z. The dimen-
sions of the four vector spaces

Ti(r2), TL(r.), Wi(rs) and Wi(7.)

coincide for all j = 1,2,.... Moreover, for all j = 1,2,... and all non-resonant real
numbers s the mappings

J: Ti(rz) — \Ili(rz) and T,(Hy): \Ili(rz) — Tg(rz)

are linear isomorphisms.
In particular, the dimensions of the four vector spaces

Y.(ry), Yz(F.), ¥.(r.) and Vz(7,)
coincide and J is a linear isomorphism of Y,(r,) and V,(r,).

Proof. Let j be a positive integer and s a real number. The resonance equation
implies that if u € YI(r,), then Ju € Wi(r,). Also, if Ju = 0, where u is a solution of
, then it follows from this equation, after expanding brackets, that « = 0. Hence,
J is an injective linear operator from YZ(r,) into Wi (r.).

Similarly, the co-resonance equation implies that if 1 € WJ(r,), then T,(H)y
€ Yi(r,); further, if T,(H)y = 0, where 1 is a solution of (3.1.6)), then it follows from
this equation that ¢ = 0. Hence, T (H,) is an injective linear operator from Wi(r,) into
Ti(rs).

Thus, the vector spaces Y%(r,) and W (r,) are linearly isomorphic and the mappings
J: Yi(r,) — Wi(r,) and T, (H,): Wi(r,) — Yi(r,) are linear isomorphisms.

Further, let S = [1 + (s — r,)A.(s)]’; then

dim Y (r,) = dimker S = dimker §* = dim ¥L(7,),
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where the first and the third equalities directly follow from the definitions of Y7 (r,)
and WL(7,), and the second equality follows from the fact that the Fredholm index

of S is zero, since the operator S — 1 is compact. Consequently, the dimensions of
Yi(r,), Yi(7,), Wi(r,) and WL(7,) are the same. =
COROLLARY 3.1.5. If r, is a resonance point of algebraic multiplicity N, order d and

geometric multiplicity m, corresponding to z, then 7, is a resonance point of algebraic
multiplicity N, order d and geometric multiplicity m, corresponding to z.

COROLLARY 3.1.6. The vector spaces Y,(r,) and Y(r,), k = 1,2,..., are invariant

under the operator A,(s) = T,(H,)J for any non-resonant s € R.

)

LEMMA 3.1.7. For any non-real z and any resonance point r, corresponding to z,
Y.(r,) CFD and V,(r,) C JFD,
where D = dom(Hy). In particular, ¥,(r,) C dom(F™*).

Proof. An element u of T, (r,) is a solution of the resonance equation . Hence, any
such vector belongs to the range of A,(s). This range is a subset of the range of FR,(Hy),
which is F'D. This proves the first equality. The second equality follows similarly from
the co-resonance equation . Finally, the last inclusion follows from the assumption
(12.5.9). =

3.2. The idempotents P,(r,) and Q.(r,). For a given element z of II with a cor-
responding resonance point r, € C an idempotent operator P,(r.), which acts on the
Hilbert space K and has range Y.(r,), will be defined by

1

Py(r:) = 5 %cwz(s))(a — A.(s))" ' do, (3.2.1)

where C(0,(s)) is a small circle enclosing the eigenvalue of A,(s), so that there

are no other eigenvalues of this operator on or inside the circle. The contour integral

in and in all the following formulas is taken in the uniform operator topology.
Apart from the operator P,(r,) we shall sometimes need its modification

_ 1 —1
£elr) = o 7{6’(02(8))(0 A de (322)

where A,(s) = R,(H;)V. As long as the variable z is non-real, the properties of P,(r,)
and P,(r,) are quite similar; for this reason they are given only for P,(r.). An essential
difference between P,(r.) and P,(r.) is that the former operator has the limit Pyy;o(7.)
as z approaches its real part A from above or below, while the latter may not have such a
limit. In fact, this is the main reason for considering P, (r,) instead of P,(r,). The same
remark applies to other “underlined” versions of operators to be introduced later.

The following assertion was proved in [Az4]; its proof is given below for completeness.

PROPOSITION 3.2.1. The idempotent operator P,(r,) defined by (3.2.1) does not depend

on s.

Proof. Let P, and P, be two idempotents P, (r,) defined for two different values s; and
s of s. Since by Proposition these idempotents have the same range Y, (r,), we have
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PP, = P, and P,P; = P;. Since, by , the operators A,(s1) and A.(s2) commute,
it follows from that so do P; and P,. Therefore,
P =PP =P P,=PFP,. n
This result also follows from Proposition [3.2.3
We define an idempotent operator @ (r,), which acts on the Hilbert space K and has

range V. (r.), by
Q.(r.) = if (0 — B.(s))"do, (3.2.3)
C(o=(s))

211

where the contour C(o,(s)) is the same as in (3.2.1). The “underlined” version of @Q,(r.)

is defined by

1 -1
Q) =5 f. B e (3.2.4)

The proof of the following proposition is similar to that of Proposition [3.2.1

PROPOSITION 3.2.2. The idempotent operator Q.(r.) defined by (3.2.3) does not depend

on s.

The following equality follows from the definitions (3.2.1)) and (3.2.3) of the idempo-
tents P.(r,) and Q.(r,), norm continuity of taking the adjoint 7' — T, and ([2.7.10):

(P(r2))" = Qz(72). (3.2.5)

PROPOSITION 3.2.3. Let z € I and let r, be a resonance point corresponding to z. The

idempotent P,(r.) is equal to the residue of the function A.(s) of s corresponding to the

pole r:
1

0 =5 e

A.(s)ds, (3.2.6)

where C(r,) is a small circle enclosing r, in counter-clockwise direction.

Proof. Let r be a complex number which lies outside of the circle C(r,). Then (2.7.4)

implies
j{ A,(s)ds = j{ (14 (s—7)A(r) tA.(r) ds
C(rz) C(rz) 1
:j{ (1= (1+ (s =) A() ) ds.
C(rs)

Since r lies outside of C(r,), the integral of 1/(s — r) vanishes. Hence,

j{ A,(s) ds:y{ ri (14 (s—7)A.(r) ' ds.
C(ry) C(rz) §

We make the change of variables 0 = 1/(r —s). When s goes around r, in counter-
clockwise direction, so does o around o, (r) := 1/(r — r,). Hence, from the last displayed

equality we obtain

]{ A,(s)ds = % o(1—o" A, (r) o %do
C(rz) C(ox(r))
:74 (0 — A.(r) " do = 2miP.(r-),
C(o=(r))

where C'(o,(r)) is the image of the contour C(r,) under the mapping s — o =1/(r — s). n
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Similarly one proves:

PROPOSITION 3.2.4. Let z € II and let r, be a resonance point corresponding to z. The
idempotent Q. (r.) is equal to the residue of the function B,(s) of s corresponding to the
pole r,:

Q.(r:) = % ?{C(rz) B.(s)ds, (3.2.7)

where C(r,) is a small circle enclosing r, in counter-clockwise direction.

The next proposition directly follows from the definition (3.2.1) and standard prop-
erties of Riesz idempotents (see [Kag|), but nonetheless we give another proof of it.

PROPOSITION 3.2.5. If for a given z € 11 the operator A,(s) has two different poles r}
and r2, then the corresponding idempotents P,(rl) and P,(r?) satisfy

P.(r1)P.(r}) = 0. (3.2.8)
Proof. Proposition and 2.7.3 2.7.3]) imply that

P.(rH)P.(
Z(Tz) z Tz 27”1 ‘% f; (Tz) )dt ds
7{ }'{ A = 4A:() gy g (3.2.9)
271'2 Cs (Tz) s—t

where the contours Cy(rl) and Cy(r?), enclosmg (only) the points 7! and r2 respectively,
can be chosen so that they do not intersect and (therefore) do not enclose one another.
Under this choice of the contours, for any ¢t € Cy(rl) the function A,(t)/(s —t) of s is
holomorphic on and inside C,(r?), and therefore its integral vanishes. For an analogous
reason, the integral of A,(s)/(s —t) vanishes too. =

Similarly, one shows that
QZ(ri)QZ(rg) =0.

Now we record some relations between P,(r), Q.(r;), T»(H,) and J which will be used
later. Let z € IT and let r, be a resonance point corresponding to z. The equality (2.1.4)
combined with the definitions (3.2.1) and (3.2.3) of the idempotents P, (r.) and Q. (r.)
implies

JPZ(TZ) = QZ(TZ)Ja (3210)
PZ(TZ)TZ(HS) = TZ(HS)QZ(TZ)' (3211)

From Lemma [3.1.4] and (3.2.10) we deduce
JP,(r.) = Q.(r,)JP,(r,) = Q.(r:)J. (3.2.12)

The equality
AZ(S)PZ(TZ) =P, (Tz)Az(S) (3.2.13)

is a direct consequence of (3.2.1]).
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3.3. The nilpotent operators A, (r.) and B,(r,). Let z € IT and let r, be a resonance
point corresponding to z. We introduce a compact operator A,(r,) on the auxiliary
Hilbert space K by
1
A(r) = 7,]{ (5 — 1) A (s) ds, (3.3.1)
211 C(r.)

where C(r,) is a small circle which contains only one resonance point 7, and which is
counter-clockwise oriented around r,. Quite often the dependence of A, (r,) on r, will
not be indicated, especially in proofs. Also, instead of A, (r,)’ we shall write AJ(r,).

Similarly, one introduces the operator

1
B.(r.) = — —1,)B,(s)ds. 3.2
)= 5 (672 Belo) s (332)
Apart from A, (r,) and B, (r,) we may sometimes need their “underlined” versions
1
A (r) = — — )AL (s)ds, 3.
A= o) (333)
1
B.(r.) = 5 fg(”)(s —1.)B,(s)ds. (3.3.4)

But since many properties of A, (r,) and A,(r,), etc., are similar, they are given only
for A, (r,), etc.

PrOPOSITION 3.3.1. Let z € I and let r, € C be a resonance point corresponding to z.
For any positive integer j,
1

AL 2(rs) = 2mi

]{ (5 — 12 AL (s) ds. (3.3.5)
C(rz)

Proof. Let A,(zj) be the right hand side above. We have Agl) = A.(r.). The claim will
be proved if it is shown that Agm)A(Zk) = A(Zm+k) for any positive integers m and k. We

have
1
Agm)A(zk)fif s—1, mAzs(% t—r, kAztdt)dS
(27”) ( )" A (s) Ct(Tz)( )FA(t)

]{ j{ (s—r2) (t—rz)kwdtds.
2772 (r) JCi(r2) t—s

In this expression it can be assumed that the contour Cy(r,) lies strictly inside Ci(r,).
Under this choice of contours the second summand of the integrand which contains A, (t)
is holomorphic inside Cy(r,) with respect to s, and therefore its integral over Cs(r)
vanishes:

A,
(s—r1) (t—rz)ki(s)
Cy(ry) JCu(r:) t—s

- (27”')2 fgs(rz)(s ~ T Asde )<£‘t(rz) % dt> o

AM™MA dtds
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1
=5 CS(Tz)(s —r)"AL(s) (s — rz)k ds
1
= — (s — 7)™ kA, (s)ds = A(Zm"’k),
27T’L Cs(Tz)

where in the third equality the Cauchy integral formula is used. m

Proposition and allow us to write a bit informally
P.(r.) = Ad(r.). (3.3.6)
With this convention, holds for j = 0 too, according to (3.2.6).
Relation (2.7.5)), combined with (3.2.6) and (3.3.1]), implies that
A (r2)P(rz) = Po(r:)As(r:) = A.(r2). (3.3.7)
This also follows from the general theory of operator-valued holomorphic functions [Kay)].

If r! and r2 are two different resonance points corresponding to z, then

A.(rD)A.(r2) =0. (3.3.8)

z

Indeed, A, (r))A.(r?) = A, (r})P.(r))P.(r?)A.(r?) = 0, where the first equality follows

z z z z

from (3.3.7) and the second from (3.2.8].

The equalities

Qz(ri)Qz (7"3) =0, (339)
can be proved by the same argument; they also follow from (3.2.8) and (3.3.8), by us-

ing (3.2.5) and (3.3.11)). It follows from (3.3.1)) and (3.3.2) that for any z € II and any
resonance point r, corresponding to z,

AZ(r:) = B:(7.), (3.3.11)
and since JA,(s) = B,(s)J,
JA(rz) =B.(r2)J. (3.3.12)
Similarly to 7 we have
Bi(r.) = i ]{C B s (3.3.13)
Q:(r:) = BL(r2), (3.3.14)
B.Q.(r.) = Q.(r.)B.(r.) = B.(r.). (3.3.15)

Recall that r, is a pole of the meromorphic function A,(s) of s. Proposition implies
that the Laurent series of A,(s) in a neighbourhood of r, is, for some positive integer d,
- 1 1 1

Az(s) = Az (s) + Ac(rz) +- + mAgil(r—Z)a

(3.3.16)

where A, ,._(s) is the holomorphic part of the Laurent series. It will be shown later that
d is equal to the order of r,. This Laurent series is an analogue of (2.2.1)); the difference
is that (3.3.16) is a Laurent series of a function of the coupling constant, while (2.2.1)
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is a Laurent series of a function of the spectral parameter (energy). The finiteness of

the Laurent series follows from the fact that (s —r,)~! is an isolated eigenvalue of finite

multiplicity of the compact operator A, (s). It follows from (3.3.16) that if r! and r2 are
two resonance points, then

_ 1 1 1
A(s) = A1 p2(s) + — Po(r}) + ——5 A(r)) + -+ —- ADTH(rY)

s—r s —rl)2 s —rl)d
z ( Z) z

1 1
— P+ —— A+ —— AR (42 3.3.17
s P g e e A ) (8D
where d, is the order of r7 and where the meromorphic function flzm; ,r2(8) is holomor-
phic at 7! and r2. Similarly, the expansion (3.3.17) can be written for any finite set of

resonance points 71,72, ... If the perturbation operator V has finite rank, then the set

zr' 2z
of resonance points r, is finite and the Laurent expansion, similar to (3.3.17) but written
for the set of all resonance points, gives the Mittag—Leffler representation of the mero-
morphic function A,(s). Whether this is true for infinite-rank V' is unknown to me. The

equalities (3.3.16]) and (3.3.7) imply that
AZ7T2 (s)P:(r2) = PZ(TZ)AZJZ (s)-

In fact, it will be shown later that this product is zero.

+

LEMMA 3.3.2. Let z € II and let v, be a resonance point corresponding to z. For any
non-negative k and any non-resonance point r,

7{ (0 — 02(r)* (o — Ax(r)) " do
C(o=(r))

1 §—T, S—1T, 2 k
- W%C(r )<T_Tz * (T—Tz> +) Ax(s)ds,  (3.3.18)

where C(o,(r)) is an anti-clockwise oriented contour which encloses the pole
o.(r) = (r—r.)"",

and where C(r,) is an anti-clockwise oriented small enough contour which encloses only
the pole v, and such that the above series converges for all s € C(r,).

Proof. This is a calculation similar to the one from the proof of Proposition [3:2.3] but it
is given here for the sake of completeness.

The contour C(r,) can be chosen as a small enough circle with centre at r, such that
the number 7 lies outside of it. In this case the geometric series on the right hand side of
(3.3.18) converges. We denote the right hand side by (FE), and compute:

-t (22 (- 22) Y aee

1 s—r\"
e ) A,(s)ds.
(T_rz)k %C(rz)< r—s > (S) ’
Now, following the proof of Proposition we obtain

(E)=M;§(Tz)(s‘TZ)k L1 (4 (s A ) ds.

r—S S§—7T
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Since r lies outside of the contour C(r,), it follows that

(E):(Tlrz)’“ji(rz)c_rzy : (14 (s =m)A:(r)) ™" ds.

r—S r—S

Let 0 = 1/(r —s). When s goes around 7, in counter-clockwise direction, so does o
around o,(r) = 1/(r — r,). Noting that

k
(r 71T2)k <ST_TSZ) = (0 —0.(r)",
(14 (s —7)A.(r) " tds = (60 — A.(r)) tdo

1

r—s

completes the proof. m

PROPOSITION 3.3.3. Let z € II and let r, € C be a resonance point corresponding to z.
The terms with negative powers in the Laurent expansion of the function (o — A,(r))~!
ofo ata =o,(r) = (r—r.)~t are linear combinations of powers of A, (r,). In particular,
taking k =1 in (3.3.18)) gives the coefficient of (0 —o,)™2 :
1
27 Je(o. )

Taking k = d—1 in (3.3.18), where d is the order of ., gives the coefficient of (0 — o)~ %:

(0= 0:(r)(e = Ax(r) "' do = o2(r)A.(r2) + o2 (r)AZ(r:) + - .

7{ (0 — 02(1) (o — AL ()~ do = 020-2(r) AT (1), (3.3.19)
C(”Z(T))

For other values of k the coefficient of (¢ — o.) %=1 in (3.3.18)) has the form
a2k (AR + - (3.3.20)
where the dots denote terms containing A (r,) with j > k.

Proof. This immediately follows from (3.3.16|) and (3.3.18]). =

One can prove an assertion similar to Proposition for the operator B.(s).

PrOPOSITION 3.3.4. The terms with negative powers in the Laurent expansion of the
function (o — B,(r))~! of 0 at o = 0.(r) are linear combinations of powers of B.(r,).

Similarly to (3.3.16)) we have

- 1
B(s) = B (8) + 5o Q) + g Blr) oo+ B ),

(3.3.21)

where Bzmz (s) is the holomorphic part of the Laurent series.

Formulas (3.3.16)), (3.3.21)), (3.2.10) and (3.3.12) imply that the holomorphic parts
A, ,_(s) and B, ,_(s) satisfy

JA, . (s) = Bz,rz (s)dJ.
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3.4. Resonance vectors of order k. Using a polarization type argument and
allows one to rewrite the left hand side of the resonance equation of order k as an
expression linearly dependent on A, (s;). This is done in the following proposition, which
will prove useful.

ProrosITION 3.4.1. Ifz € I, if r, is a resonance point corresponding to z and if distinct

numbers s1,...,S are non-resonant, then
k k k
[T+ =sp)A(s)] = D (55 =) (U4 (ra = 5)Alsy)) [T (s5-50)7" (34.0)
j=1 j=1 i=1,i#j
Proof. For k = 1 this equality is trivial. In the case of & = 2, the second resolvent

identity (2.7.3)) implies

14 (rz = s)Az(s)][1 + (rz =)A= (r)]

1 (e = )AL (8) + (e =)+ T 4
_ SS—_:j (1+ (r. — 5)A.(5)) + 7;__2 (14 (rs — )AL (r)), (3.42)

and this gives (3.4.1) for £ = 2. Assuming that (3.4.1) holds for & — 1 instead of k, we
have

k k—1
= H[l + (r2 = 55) Az (5)] = (L4 (r2 — si) A= () [ [1+ (r= — 57) A=(s5)]
= k—1 = k—1
=(L+(r: —sp)A Z =) TR (e = s) As(sy) [ (s -7
j=1 i=1,ij
Applying (3.4.2) to the product (1 + (r. — sx)A.(sk))(1 4 (ro — s;)A.(s;)) gives

k—1
5= 30 P2 | (= A o)+ (L (= 5) A1)
- k—1
x H (sj — si) !
i=1, ij
k—1 k
=D (s =) O (e =) As(s) [T G
i=1 i=1,i#j
k—1 k
— (s —71) (14 (r. —sp)A Z sj— 1)k H (sj —si) "t
j=1 i=1, ]
Thus the proof will be complete if it is shown that
k k
Z(sj — )2 H (s; —s;)~t=0. (3.4.3)
j=1 i=1, i#j

By Lemma the left hand side is the divided difference of order k — 1 of f(s) =
(s —r,)*~2. Hence, (3.4.3) follows from Lemma [2.3.2| =

Propositions [3.:4.1] and [3.1.2] imply the following assertion.
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THEOREM 3.4.2. The resonance equation (3.1.1) of order k is equivalent to any of the
following two equations:

k
[T+ (2= s)Au(s;)u=0 (3.4.4)
j=1
or
k
D (sj =) ut (re = s5)A ~1 =y, (3.4.5)
j=1 i=1,i#j
where S1,...,8k is any set of k non-resonance points.

Proof. The commutativity property (2.7.5)) of A.(s) and Proposition imply that the
resonance equation (3.1.1)) is equivalent to ([3.4.4). Proposition implies that (3.4.4))
is equivalent to (3.4.5). m

THEOREM 3.4.3. If u® is a resonance vector of order k, then

k=l (k=)

A(s)u® =3 PRTNIE (3.4.6)

3=0
where uw'*=7) is a resonance vector of order k — j. Moreover,
u =) = AJ () u®) (3.4.7)
and thus the operator Al(r.) lowers the order of a resonance vector u € Y,(r,) by j,
where j =1,2,....
In particular, the operator A () is nilpotent: A%(r.) = 0, where d is the order of r,

and the geometric multiplicity m of r, is equal to m = dimker A, (r,).

Proof of Theorem 3.4.3. We use induction on k. For k = 1 the equality (3.4.6]) is equiva-
lent to the resonance equation (3.1.1)) of order k£ = 1. Assume that the assertion holds for
k=mn—1and let u = u(™ be a vector of order n. Since u satisﬁes the resonance equation

of order n, it follows from Theorem [3.4.2] that u satisfies . Hence, taking in

(with k = n) s = s, we deduce that

- (n—3)
U
Z PRI (3.4.8)
j=0
where (=7 j = 0,1,...,n — 1, are some vectors; we have to show that u("~7) has

order n — j for all j = 0,1,...,n — 1. Applying to both sides of (3.4.8)) the operator
14 (r, —r)A,(r) and using the commutativity (2.7.5)) of A.( ) and A, (r) we obtain
—1 gD

A ()14 (r, —r)A.(M]u=[14+ (r, —r)A.(r)]A.(s)u = G (3.4.9)

<.

where
P TITY = 1 (r, — )AL, j=0,1,...,n—1, (3.4.10)

and where ¢(9) = 0. Since u is a resonance vector of order n, [1 + (r, — 7)A.(r)]u is a
resonance vector of order n — 1. Hence, by induction assumption, it follows from (3.4.9)
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that (" ~7~1) has order n—j—1. Since 1+ (r, —r) A, (r) decreases the order of a resonance
vector by 1, (3.4.10) implies that u(®~7) is a vector of order n — j. The proof of the first
part of the theorem is complete.

The equality - ) follows from (3.3.5)) and ( -

The equality (3.4.6) can be rewritten as
d—1

AL(8)Pu(r) = (s —7r2) 7 AL(r2), (3.4.11)

j=0
where d is the order of the resonance point r,.

COROLLARY 3.4.4. The holomorphic part A’Ziz,rz (s) of the meromorphic function A.(s) in
a neighbourhood of v, satisfies

Az,rz (8)P.(rz) = PZ(TZ)Az,TZ (s) =0. (3.4.12)

Proof. This follows from (3.3.16)), (3.3.7) and (3.4.11). m

PROPOSITION 3.4.5. If r, is a resonance point of order d and if r and s + r are regular
points such that |s| < |r —r,|, then

d—1
[+ sA.(r)] ' Pa(rs) = > (r—12) 7R, (T T)Ag(rz), (3.4.13)
§=0 :
where R;j(w), j =0,1,2,..., are some holomorphic functions given by power series cen-

tred at w = 0 with radius of convergence equal to 1.

Proof. The numbers r and s+ r are to be regular points for (3.4.13)) to hold, since oth-
erwise the operator A,(r) does not exist or 1+ sA,(r) is not invertible.
It follows from (22.7.6]) and (3.4.11]) that

d—1
n+1 _ (_1)n d" 1 j
AT P(re) = dTnZO (T—Tz)jJrlAi(rz)
]:

NS LS L IHTES PEIRES SR UEEDYTE)

(7'—7"2).7"!‘""!‘1 = T-?” J+TL+1

where C"

ht; 1s the binomial coefficient. Using this, for small enough s we have

n 1

d—1
(o AZP(r) = 3 (- 2Py T_"? T AL
n=0 Z

Mg

1+ SAZ(T)]_1PZ(TZ) =

n=0 Jj=
d—1 o> s n
= (T—TZ)JZ<T_T ) Ol Al(r.).
j=0 n=0 z
The functions R;(w) = > o0 C’"ﬂ ww™, j = 1,2,..., are holomorphic with radius

of convergence 1. It follows that (3.4.13)) holds for all small enough s, and therefore
by analytic continuation it holds for all s such that 1 + sA,(r) is invertible and |s| <
|r — 7.|. The last displayed equality also shows that if |s| < |r — r,|, then the function
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[1+ sA.(r)] 7' P.(r,) admits analytic continuation to non-regular points s which belong
to the disk [s| < |r —7.|. m

Recall that the “underlined” versions P,(r,) and A, (r,) of P.(r,) and A,(r,) are
defined by (3.2.2)) and (3.3.3). In the following proposition we use the “underlined” op-
erators, since for “non-underlined” operators it does not make sense.

PROPOSITION 3.4.6. For any resonance point r, corresponding to a non-real number z,
(H., —2)P.(r,) = =VA,(r.). (3.4.14)
Proof. From (2.7.4) we have
(1 (5 = 1) (1) A.(5) = 4.0,

Substituting for A, (s) its Laurent expansion 7 we find a Laurent expansion of the
left hand side as a function of s. Since the right hand side is constant, all coefficients
except one in this Laurent expansion are zero. In particular, calculating the coefficient of
(s —7,)~! we find that

(L4 (r2 = 1)A:(r)P(r2) = —AL(1)A(r2).
Multiplying both sides by H, — z gives (3.4.14)). =
The equality (3.4.14)) is plainly equivalent to the following proposition.

COROLLARY 3.4.7. Let z be a non-real number and let r, be a resonance point corre-
sponding to z. If ug Fx(k) is a vector of order k, then

(Hrz - Z)Xgl) = 07
(H,, —2)x? = -vx,

(Hy, = 2)xP = =V,
where the vectors u(J) inj) satisfy 1)
3.5. The holomorphic part of A,(s). In this subsection we study the holomorphic
part A, .. (s) of the Laurent expansion (3.3.16) of A,(s) at a resonance point s = r,.

ProproSITION 3.5.1. If z € I and if r, is a resonance point corresponding to z, then for
any non-resonant value of s we have

A (1) = As (5)(1 + (5 — 1) A,y (1)) (3.5.1)

as equality of two holomorphic functions of r.

Proof. Using (2.7.4) and the Laurent expansion (3.3.16]) of A,(s) we have
A (r) = Ao (s) (1 + (s = 1) Az(r))

= 4:(8) (14 (5 = 1) Aes (1) + (5 = 7) i (r—r) 7 ALY).

Here we consider both sides as meromorphic functions of 7, so s is a fixed number. One
can see that the holomorphic part of (s — r) Z;l (=) JAJ Lat r=r, is —P,(r,).
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Hence, comparing holomorphic parts at r = r, of the last equality, we find that
A, (r) = A.(s) (1+(s— A, .. (r)— P.(r.)). (3.5.2)

Formulas (3.4.12) and (3.3.7) combined with (3.3.16) imply A.(s)(1 — P,(r.)) = A, .. (s)
and A,(s)A,,.(r) = A.,. (s)A., (r). Combining these equalities with (3.5.2) gives
B5). =

Another way to prove this proposition is to observe that, since P,(r.) and A.(s)
commute, the kernel of P,(r,) reduces A,(s) and by (3.3.16) the reduction is A, ,._(s).
Hence, the claim follows from (2.7.4) and (3.4.12)). From this observation it also follows
that the kernel and range of A, ,_(r) do not depend on r. Using (3.5.1)) and a standard
Fredholm alternative argument one can show that 14 (s —7)A, . (r) is invertible, so that

A ()= (14 (s—1)A. () AL, (7). (3.5.3)
Similar equalities also hold for Azﬂgmg, etc.

Since 7, is a pole of A,(s) the expression A,(r,) does not make sense, but the value
flzyrz (r2) of the holomorphic part flz’,,z (s) at s = r, is defined. In particular,

A ()= (14 (s—r2)As, (1) T AL, (r2). (3.5.4)
The equality (3.5.4)) allows us to find the Taylor series of A, ,._(s) at s = 7.:
Azmz (s) = Az,rz (rz) — Az,rz (ra)(s —rz) + Ai,rz (TZ)(S - TZ)Q -

It is possible that /le’rz (r.) = 0, but this is very unlikely, since it would imply that
A, ,.(s) = 0 for all s and therefore according to that r, is the only resonance
point corresponding to z.

Similar properties hold for the holomorphic part B, (s) of B.(s). One can also see that

(A.,.(5)* =Bzs.(5) and JA,, (s) = B.,.(s)J.
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This and subsequent sections are independent of each other.

In scattering theory one may distinguish three types of states: scattering states, bound
states and states with some kind of erratic behaviour, which we shall call erratic states (see
e.g. [T} [RS3]). Bound states describe localized particles, while scattering states describe
particles which are free at t — 4o00. Erratic states include trapped states, which describe
particles which are free at ¢ — —oo or respectively at ¢ — co but localized at ¢ — oo,
or respectively at ¢t — —oo, and as such, trapped states describe processes of capture or
respectively decay. For this reason we may sometimes refer to erratic states as trapped
states.

Bound states are eigenvectors of the full Hamiltonian H = Hy 4+ V, so they are
attributed to point spectrum; the vector space of scattering states of a fixed energy A
can be seen as a fibre Hilbert space bh) (on-shell Hilbert space) and thus they can be
attributed to absolutely continuous spectrum; finally, erratic states should be attributed
to singular continuous spectrum. While the states 1 of all three types are eigenvectors of
the full Hamiltonian in the sense that they satisfy the eigenvector equation Hy) = A, only
bound states belong to the Hilbert space. Scattering and erratic states are usually called
generalized eigenvectors. For the Schrodinger operator —A+ V| the scattering and erratic
states are given by functions which do not belong to Ls(RY). In an abstract setting one
may consider a rigged Hilbert space to describe generalized eigenvectors. That is,
proper eigenvectors are elements of H while generalized eigenvectors are elements of H_.
Since the rigging operator F' provides natural isomorphisms of Hilbert spaces H and K
on the one hand, and of Hilbert spaces H_ and K on the other hand, one may also treat
proper eigenvectors as elements of £, and generalized eigenvectors as elements of K.

Let Hy be a self-adjoint operator from the affine space which is regular at an
essentially regular point A, and let V' € Ay be a perturbation. At the discrete set of real
resonance points ry of the triple (\; Hp, V') the operator Hy + r)\V ceases to be regular
at A. A natural question is why this can happen. By Proposition|2.6.3] one reason is that A
can be an eigenvalue of Hy + r)\V. For A outside the essential spectrum this is the only
reason. But if A belongs to the essential spectrum then the operator Hy + r\V may still
fail to be regular at A even if A is not an eigenvalue. Intuitively, if H,. is regular at A then
all generalized eigenvectors are scattering states which form the fibre Hilbert space bj.
Therefore it is natural to expect that if A is not an eigenvalue of H,. but nevertheless H,
is not regular at A, then the operator Hy + 7,V should have trapped eigenvectors, that
is, generalized eigenvectors which are neither proper eigenvectors nor the elements of

(70]
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the Hilbert space hy of scattering states. Results of this section formally confirm this
assertion. Namely, it is shown that the vector space

T}\ﬂo(rk)
of solutions of the equation
u + (T)\ — T)TA_H‘()(HT)J’LL = 0

can be considered as a proper replacement of the vector space of proper eigenvectors in
the sense that the latter space is naturally linearly isomorphic to a subspace of T} 4io(TA)-
The linear isomorphism is natural in the sense that it is given by the rigging operator F.
Thus, the dimension of Y} ,,(rx) is the sum of the dimension of the vector space of
proper eigenvectors and the dimension of the factor space of trapped vectors defined up
to an eigenvector.

The eigenvalue equation for the perturbed operator H, = Hy + rV/,

(Ho+7V)x = Ax,

can be rewritten formally as the homogeneous Lippmann—Schwinger equation ([LSch],
see also e.g. [RS3} (81)], [T])

X+r(Ho—N)"'WVx=0. (4.0.1)

If X lies outside the essential spectrum, then the Lippmann—Schwinger equation makes
perfect sense and is equivalent to the eigenvalue equation, but if A belongs to the essential
spectrum, then the Lippmann—Schwinger equation should be rewritten to make sense.
One way of doing so is to factorize the perturbation V' as F*JF, where F' is an operator
acting from the main Hilbert space to an auxiliary Hilbert space K, and to rewrite the
Lippmann—Schwinger equation as an equation for a vector u = F'y in K as follows (see
e.g. [Y, Lemma 4.7.8]):

u+7rF(Hy — A —i0) ' F* Ju = 0. (4.0.2)

This can be done as long as the limiting absorption principle holds, that is, as long as the
limit operator F(Hp — A — i0) 1 F* acting on K exists. The vector y may afterwards be
recovered by x = F~!u, but this vector may or may not belong to 7. The number X for
which has a non-zero solution is an eigenvalue of Hy + V if and only if the vector
x = F~lu exists and belongs to H, that is, iff u belongs to the range of F. But even if u
does not belong to that range, the number X is still to be considered as a singular point
of the spectrum of H, due to the presence of trapped states.

As a final remark we note that though a factorization F*JF of the perturbation V
seems to be an unnatural nuisance, which is however necessary for technical reasons, in
the current setting there is a fixed rigging operator F' and the perturbation V admits a
factorization F*JF by the very definition.

4.1. Eigenvectors and regular resonance vectors of order 1. In this section we
shall use two well-known properties of a self-adjoint operator H: for any real number A,
(H —N)?

m —1 strongly as y — O, (411)
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and if a real number A is not an eigenvalue of H then

y(H — A

THEOREM 4.1.1. Let X be an essentially reqular point, let Hy € A be a A-regular operator,

let Ve Ay, let ry be a real resonance point of (\; Ho, V) and let r be a regular point of
(A Ho, V). If X\ is an eigenvalue of

H’!‘)\ = Ho + ’I“AV

with an eigenvector x € D = dom(H,, ), then u = Fx is a resonance vector of order 1,
that is,
(L4 (ra = r)Tatio(Hy)J)u = 0. (4.1.3)

Proof. Firstly we note that by (2.5.8)) the vector F'y is well-defined, since the domain of F
contains the common domain of operators H € A. The eigenvalue equation H,, x = A\x
implies the equality

(H, = N)x=(r—r\)Vx. (4.1.4)

Here both sides are well-defined since H, and H,, have common domain D by (2.5.6),
and by (2.5.7) the domain of V' contains D. Hence, for any z with Im z # 0 we have

FR,(H.)(H, —XNx=(r—r\)FR.(H,)Vx.

Since Vx = F*JFy and A € A(H,, F'), by the Limiting Absorption Principle Assumption

(see (2.5.12)) and (2.5.13)) the limit of the right hand side of the above equality exists in
the uniform operator topology as z = A iy — X\ + 40 and therefore so does the limit of

the left hand side:
FRy+i0(Hr)(Hr = A)x = (1 — ra) FRasio(Hr)Vx.
Adding these equalities gives
FReRytio(Hy)(H, — N)x = (r —rx)FRe Rxyi0(H,)Vx.

Since, by (4.1.1)), Re Rx1y(H,)(H, — X) — 1 in the strong operator topology as y — 0,
it follows that
Fx = (r—rx)FReRxtio(H,)Vx. (4.1.5)

Since r is a regular point of the path {H; | s € R}, by Proposition A is not an
eigenvalue of H,. It follows from this and (4.1.2) that

Im Rty (H:)(H, — A) = 0
in the weak operator topology as y — 0. Since FE(H,) is compact by (2.5.11)), we get
FIm Ryyio(Hy)(Hr — A)x =0.
Combining this with gives
0= (r—7rx)FImRy,0(H)Vx.
Multiplying this equality by ¢ and adding it to , one gets
Fx = (r—r\)FRxtio(Hr)Vx.
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Since V = F*JF, this can be rewritten as
(L4 (rx = 1) FRxqio(Hr ) F*J)Fx = 0.
This is (4.1.3) with u = F'x. Hence, u = F'x is a resonance vector of order 1. m

A resonance vector u will be called regular if u € K. Since the rigging operator F' has
trivial kernel, Theorem [£.1.1]implies that to linearly independent eigenvectors x1, ..., X~
of Hy there correspond linearly independent regular resonance vectors

uy = Fx1,...,uny = Fxy € T%\_H-O(r)\).
Hence:

COROLLARY 4.1.2. If X\ is an essentially reqular point, then the geometric multiplicity
of A as an eigenvalue of the self-adjoint operator H,, = Hy + r\V does not exceed the
dimension of the vector space T} ;(ry), that is,

dim Vy < dim T} ;0(rn),

where Vy is the eigenspace of H,, corresponding to the eigenvalue .

4.2. Example of an essentially singular point. Corollary [£.1.2] allows us to present
an example of a point A which is not essentially regular.

THEOREM 4.2.1. If X\ is an eigenvalue of infinite multiplicity for at least one self-adjoint
operator H from the affine space A = Hy + Ao, then X is not an essentially regular point
of the pair (A, F), that is, A ¢ A(A, F).

Proof. Without loss of generality it can be assumed that H = Hy. Assume to the con-
trary that for some V € Ay and some non-zero r € R the number A belongs to A(H,., F),
where H, = Hy + rV. Since \ is an eigenvalue of infinite multiplicity of Hy and V), is
the corresponding infinite-dimensional subspace of eigenvectors, by Theorem for
the non-resonant point r the linear subspace F'(V)) consists of eigenvectors of a com-
pact operator Axio(r) = Tatio(Hy)J corresponding to the eigenvalue 1/r. Since F' has
trivial kernel, F'(Vy) is also infinite-dimensional. This contradicts the compactness of
Trtio(Hy)J. m

4.3. The case of A € 0.s5. So far in this section no conditions were imposed on A except
that of essential regularity. If, however, X\ lies outside the essential spectrum, then one
can prove a more refined version of Theorem

LEMMA 4.3.1. Let X be an essentially reqular point, let H,, be resonant at A\ and let V' be
a regularizing direction. If X is an isolated eigenvalue of H,,, then all resonance vectors
of first order are reqular vectors, that is, all vectors u € T%\_Ho(r)\) are of the formu = Fx
for some vector x € H.

Proof. Assume that u is a resonance vector of order 1:
(L4 (rx = 7)Datio(Hy)J)u = 0. (4.3.1)

Since V is a regularizing direction, by Corollary [2.6.4] for some r the number A belongs to
the resolvent set of H,., so Rxy0(H,) = (H, — \)~! exists as a bounded operator in H.
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Hence,

X = (r —ra\)Rxqio(H ) F*Ju € H_
is a well-defined element of H, where F*Ju is well-defined by (2.5.9). It follows from this
and (4.3.1) that u = F'y. Hence, u = F'y belongs to X1 D FH. m

THEOREM 4.3.2. If X does not belong to the essential spectrum oess, then the rigging op-
erator F' is a linear isomorphism of the eigenspace Vy of H,, and the vector space T%\(r,\).
In particular,

dim Vy = dim Y} (r»).

Proof. Since F' has trivial kernel, it follows from Theorem that F' is an injective
linear mapping from Vy to T} (ry). To show that F maps V) onto Y3 (ry), let u € Ti(ry),
so that u satisfies (4.1.3). By Lemma there exists x € H such that u = Fx. Since V
is a regularizing direction and \ is an isolated eigenvalue, the resolvent (H, — \)~! exists
(as a bounded operator) for any non-resonant r. Hence, the equation (4.1.3), which is
satisfied by the vector u by definition, can be written as

w+ (ry —r)FRyio(Hyp ) F* Ju = 0,
where Ry 0(H,) = (H, — \)~! is a bounded operator. Replacing u by Fx gives

Ex + (rx —r)FRxji0(H ) F*JFx = 0.

Since F' has trivial kernel, it follows that

X+ (rx = 1) Rapio(Hy) F* JFx = 0.
Applying H,. — X to both sides gives

(H, = AN)x+ (ra—r)Vx=0.

Thus, H,, x = \x, that is, u = F'x is the image of an eigenvector y € Vy. =

The statement of Theorem [4.3.2]is not final in the sense that the condition A ¢ e
in fact might be redundant. In this regard, see Conjecture [7]in Section

4.4. Multiplicity of singular spectrum. Theorem [£.3.2)implies that if A € oess, then
Yi(rx) = TA(H.,,V) does not depend on V. This raises a natural question: is this true
in general? It turns out that the answer is positive. This is a simple but interesting fact,
since it allows one to introduce the multiplicity of singular spectrum at an essentially
regular point A as the dimension of Y3} (H,,, V).

THEOREM 4.4.1. If H,, is resonant at an essentially reqular point A\, then the vector
space

Ti+z’0(7’/\) = T}\(Hrmv)
does not depend on the regularizing operator V. € Ajy.

Proof. To simplify formulas, without loss of generality we assume that 7, = 0.
Let V = F*JF and V' = F*J'F be two regularizing operators. We have to show that
if u € K satisfies
[1 — FR,\_H‘()(HO + V)F*J]U =0, (441)
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then also
[1 - FR,\_H'()(HO + V’)F*J/}u =0. (442)

For y > 0 we have
FRy+iy(Ho+ V)F*Ju— FRy4iy(Ho + V') F*J'u
= FRy+iy(Ho+ V) = Rasiy(Ho + V')|[F*Ju — FRy4iy(Ho + V') F*[J — Jlu
= F[Ratiy(Ho+ V') (V' = V)Ryyiy(Ho + V)|F*Ju — FRx4iy(Ho + V') F*[J — JJu
= FRy+iy(Ho + V') F*(J' = J)[FRxtiy(Ho + V)F* Ju — ul.
Since u satisfies , the expression in the last square brackets vanishes as y — 0F.
Since F'Rx44y(Ho + V')F* converges in norm as y — 0%, it follows that
FRy.0(Ho+V)F*Ju— FRyyio(Ho + V') F*J'u = 0.
Adding this equality to we obtain . m

Theorem allows us to consider the vector space T} 4io(TA) as an analogue of
the vector space of eigenvectors when a point A of the singular spectrum belongs to the
essential spectrum.

Later, in Section we will show that dim T} +io(7a) does not depend on the choice
of the rigging operator F' either.
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5.1. R-index

DEFINITION 5.1.1. Let K be a Hilbert space. The class R = R(K) consists of all finite-
rank operators A: K — K which satisfy the following conditions:

(1) The spectrum of A does not contain real numbers apart from zero: o4 NR = {0}.
(2) For any f € K the equality A2f = 0 implies Af = 0.

By definition, the R-inder of an operator A € R is the integer R(A) = Ny — N_,
where N and N_ are the numbers of eigenvalues of A (counted with multiplicities)
in C; and C_ respectively.

The second condition in the definition of R means that zero is an eigenvalue of order 1
for any operator A from R.

If N is a positive integer, then Ry will denote the subset of R which consists of
operators of rank N. The union |J,,. y R, will be denoted by R<x.

A list of some elementary properties of the R-index is given in the following lemma.

LEMMA 5.1.2. Let A and B be bounded operators and let N be a positive integer.

(i) If AB,BA € R, then R(AB) = R(BA).

(ii) If A belongs to R and if S is a bounded invertible operator, then S~*AS also belongs
to R and R(S7TAS) = R(A).

(iil) If A € R, then also A* € R and R(A*) = —R(A).

(iv) If A € Ry, then there exists a neighbourhood of A in R<y which is a subset of Rn
and such that R(B) = R(A) for all B from the neighbourhood. That is, the R-index
is a locally constant function on R<n.

(v) If A€ Ry and if k is a non-negative integer, then there exists a neighbourhood of A
in R<nik such that |[R(B) — R(A)| < k for all B from the neighbourhood.

(vi) If A and B belong to R and if AB = BA =0, then A+ B also belongs to R and
R(A+ B) = R(A) + R(B).

Proof. (i) This equality follows from 7 which asserts that the eigenvalue counting
measures of AB and BA coincide outside of zero.

(ii) It is easy to check that if A € R and S is a bounded invertible operator,
then S71AS € R. Hence, the equality R(S71AS) = R(A) follows from (i) applied to
AS and S~

(iii) If A satisfies the first condition of the definition of R, then so does A* by (2.1.3).
Since A and A* are finite-rank, we may assume that K is finite-dimensional. In this case

[76]
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the second condition for A* also follows from (2.1.3). The equality in (iii) follows from
©13).

(iv) Small enough perturbations of A cannot decrease the rank of A. Hence, a small
enough neighbourhood O of A in R<y is a subset of Ry. The half-plane C; or C_ to
which an eigenvalue belongs is stable under small enough perturbations. For any operator
from O no other non-zero eigenvalues can emerge from zero, since this would increase
the rank of A. Thus, any operator B from a small enough neighbourhood has the same
R-index as that of A.

(v) Small enough perturbations of A do not change the half-plane C1 which the non-
zero eigenvalues of A belong to. Hence, if B belongs to a small enough neighbourhood O
of A in R<n4, then, since rank(B) < N + k, no more than k non-zero eigenvalues can
emerge from zero as A is perturbed to B. Therefore, the R-indices of A and B may differ
by no more than k.

(vi) Let v be a root vector of order k corresponding to a non-zero eigenvalue o of A,
that is, (A — 0)*v = 0 and (A — 0)*~'v # 0. The equality BA = 0 implies that 0 =
B(A — 0)*v = 0*Bv, or Bv = 0. Therefore, since A and B commute, (B + A — o)fv =
(A—0o)fv =0and (B+ A —o0)"tv = (A—0)"tv # 0. It follows that a non-zero
number o is an eigenvalue for A if and only if it is also an eigenvalue of the same
algebraic multiplicity for A+ B. The same assertion holds for B instead of A. Hence, the
eigenvalue counting measure of A + B is the sum of the eigenvalue counting measures
of A and B, which implies that A 4+ B satisfies the first condition of Definition 5.1.1.

If (A+ B)2f =0, then A2f + B2f = 0; this implies A3 f = 0. Therefore, A2f = 0 and
hence Af = 0. Similarly, Bf = 0. Hence, A 4+ B satisfies the second condition too.

The equality R(A + B) = R(A) + R(B) follows. m

LEMMA 5.1.3. Let A: K — H be a finite-rank operator, and F: H — K be a closed
operator with zero kernel and co-kernel such that:

(1) AF is a bounded finite-rank operator and rank(AF) = rank(A),
(2) FA is a well-defined bounded finite-rank operator and rank(F' A) = rank(A),
(3) both AF and F'A belong to the class R.

Then
R(AF) = R(FA).

Proof. Since F' has zero kernel and co-kernel, in the polar decomposition F' = U|F| the
partial isometry U is a unitary operator. Hence, without loss of generality, we can assume
that I is a self-adjoint operator with zero kernel.

Let F,, = FE[}inm]. Since AF' is compact and E[Iin,n] — 1 strongly as n — oo, the
product AF,, converges to AF in norm. Hence, since the rank of AF), is not larger than
rank(A) = rank(AF), for large enough n we have, using part (iv) of Lemma [5.1.2]

R(AF,) = R(AF).
Similarly, for large enough n we have R(F,,A) = R(F A). Hence, using part (i) of Lemma
for large enough n we get
R(FA) = R(F,A) =R(AF,)) = R(AF). =
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It is easy to check that
if Imz > 0 then ImT,(H) > 0.

LEMMA 5.1.4. Let z be a non-real number and let s be a real number. The eigenvalue
counting measures of the operators R,(H;)V and T,(H,)J coincide. Moreover, for any
resonance point v, corresponding to z,
FP.(r.) = P.(r:)F and Q (r:)F" = F"Q.(r2). (5.1.1)
Proof. If F' is bounded then the first assertion follows directly from 12.1.2: , while the
second follows from the definition of P, (r.), P.(r:), Q.(r.), @ (r:) and (2.1.4).
In general, it is not difficult to see that if w is a solution of

(1+(r. —5)A.(s)*u =0,
then for some unique x we have u = Fxy where x is a solution of

(1+ (r = 8)Ax())"x = 0;

and vice versa, if a vector x is a solution of this last equation then u = F'y is a solution
of the previous one. It follows that the eigenvalue counting measures of Ay, (s) and
Ajxtiy(s) coincide and that FP,(r,) = P,(r,)F.

The equality @ (r.)F* = F*Q,(r,) can be proved similarly using the co-resonance
equation. m

For bounded F' this follows from (2.1.2)); in general this can be seen from Lemma

LEMMA 5.1.5. If H is a self-adjoint operator and V is a finite-rank self-adjoint operator,
then for any non-real number z the operators R,(H)V and T,(H)J belong to R.

Proof. We prove this for R, (H)V only, since the proof for T, (H)J is similar. The operator
R,(H)V is finite-rank and it satisfies the first condition of Definition according to
Lemma Let f € H be such that (R,(H)V)?f = 0. Since R,(H) has zero kernel,
this implies VR, (H)Vf = 0 and (Vf,R,(H)V f) = 0. Therefore (Vf,Rz(H)Vf) =0
and thus (V f,Im R, (H)V f) = 0. The operator Im R,(H) is strictly positive if Im z > 0
or is strictly negative if Imz < 0. Hence, (V f,Im R,(H)V f) = 0 implies Vf = 0. m

The following theorem is proved in [Kr]. We give here a new proof which is based on
properties of the R-index and which has topological character.

THEOREM 5.1.6 ([Kx]). If H is a self-adjoint operator and V is a finite-rank self-adjoint
operator, then for any y = Imz > 0 the operator R,(H)V has exactly rank(Vy) eigen-
values in Cy, where V. is the positive part of V and V_ is the negative part of V. In
particular,

R(Rrtiy(H)V) = £sign(V).

Proof. By Lemma the operator R,(H)V belongs to R.

(A) Assume first that either V or —V is non-negative. Let N be the rank of V. Since
Ry+iy(H) has trivial kernel, the dimension of the image of R4, (H)V is also N. Hence,
Ry+iy(H)V has N non-zero eigenvalues (counting multiplicities). That all these non-zero
eigenvalues belong either to C in the case of V' > 0 or to C_ in the case of V' < 0 follows
from Lemma
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(B) If a finite-rank self-adjoint operator V' has at least one positive eigenvalue, then
one of them can be continuously deformed so that it crosses 0 from Ry to R_. For
instance, if

N
V=>a;(v,)v;
j=1

is the Schmidt representation of V' and a; > 0, then the path of operators

N

Vt:(1—22&)041(@1,-)01—|—Zaj<vj,~>vj, 0<t<1,

j=2
deforms the positive eigenvalue a; to —aj. By definition, the R-index of R,(H)V; is
constant before and after the eigenvalue being deformed reaches zero. According to
Lemma v), when the eigenvalue of V being deformed crosses 0 to the other half-line,
the R-index of R,(H)V can change by no more than 2. According to (A), if V' is non-
negative, then the R-index of R.(H)V is N. When all eigenvalues of V' become negative
one by one as the operator V is deformed to a non-positive operator —V', the R-index
of R,(H)V has to become —N. From this one can infer that every time one positive
eigenvalue of V crosses 0 from R to R_, the R-index of R,(H)V has to change by —2. m

5.2. The idempotents P,(ry) and Q.(ry). Given a set

L={rl...rm

of resonance points corresponding to z € II, let
P.(I) = PZ(T;) + o P(rl).

It follows from (3.2.8)) that P, (I") is an idempotent. It will be called the idempotent of T.
Similarly, one defines @, (T"). The range of P,(I") (respectively, @.(T")) will be denoted by
T.(T) (respectively, ¥, (T")).

We are mainly interested in the case when the number z = A iy belongs to OII and
the corresponding resonance point r, = r) is real. If the point z = A+410 is slightly shifted
off the real axis, then the pole s = 7 of the meromorphic function A,(s) in general splits

into several poles
Lo, (5.2.1)

Ty )

as schematically shown in the figure below.

s-plane at z = A +i0

LD
s-plane at z = X + iy with |y| < 1

2
T>\+iy

N, =3
ri\+iy \0’ *
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In this kind of figures the word “s-plane” means that the plane of the figure is the domain
of values of the variable s. The poles will be said to belong to the group of ry; the
number of these poles (counted with multiplicities) will be denoted by N = N, + N_,
where N4 is the number of poles in Cy; for numbers z outside of 9II the poles r¥, v =
1,..., N, cannot be real, according to Lemma We denote by P,(rx) = Priiy(rs)
the idempotent of the group of resonance points ((5.2.1)):

P.(r\) = P.(r)+ -+ P.(r). (5.2.2)
Similarly, Q. (ry) will denote the sum of the idempotents @, (r¥), v =1,...,N:
Q:(ra) = Q.(r)) + -+ Q.(rY). (5.2.3)

The range of P,(ry) will be denoted by T, (ry), and the range of Q. (r) will be denoted

by \IIZ(T/\)'
We denote by P;H-y(r,\) the sum of the idempotents Px1iy(rX,,,) for which the poles

x+iy belong to €4, and Pi+iy

for which r§,; € C_. Similarly, one defines QT\Hy(r,\) and Qf\ﬂ-y(r,\).

We remark that a priori the idempotents Py iy (72), P;Hy(m), etc. are defined for
small enough values of y, depending on how far away the point r, as a function of z can
be continued analytically (a possible hindrance is that it can get absorbed by co; see in
this regard Subsection .

Similarly, one defines the operators P;(ry), Qz(rx) as idempotents of the group of
resonance points of ry as z = X\ — 40 is shifted to z = A — iy.

In the following figures, resonance points will be depicted by dark circles and anti-
resonance points by light circles (see Subsection for definition of anti-resonance
points). The next figure shows poles of the group of ry for the idempotents Py_;y (7))

and Q)\,iy(r)J.

(r) will denote the sum of the idempotents P4y (15, ;,)

4
T)\fiy
1
T)\—iy ;

T)x—iy

The following result is [Azg, Theorem 3.3]. Here we give a different proof.

PROPOSITION 5.2.1. For any z = A £i0 € 0Il and any real resonance point Ty corre-
sponding to A + 10, we have, for all small enough y > 0,

1
*}l{ Im Tty (Hs)J ds = Pryiy(ra) — Pa—iy(72),
T JC(ry)
where C(ry) is a contour which encloses all poles riﬂ-y, e ,Tﬁ\\'ﬂ-y of the group of r\ and
their conjugates 7y ;- Ty iy-
Proof. Since
1 1
p Im Tty (Hs)J = %(Akﬂ'y(s) — Ax—iy(s)),

the equality to be proved follows from the Laurent expansion (3.3.16)) of A,(s). m
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LEMMA 5.2.2. For any real resonance point 7y,
Priio(ra) = Hm Paiiy(ra) and Qxxio(ra) = lm Qxtiy(ry),
y—0+ y—0+
where the limits are taken in the trace class norm.

Proof. It follows from the definition of P,(ry) that Pyt (7)) converges to Px+io(7))
in uniform norm. By a well-known stability property of isolated eigenvalues, for small
enough y the rank of Pyi;, (7)) is constant and is equal to the rank N of Pyyio(ra). It
follows that only the first N singular values of Pj4y (7)) can be non-zero. Hence, the
only first 2N s-numbers of the compact operator Py4y(rx) — Patio(ra) can be non-zero.
This implies the estimate

2N

| Prtiy (ra) — Pagio(ra)]1 < Zsj(PAiiy(T,\)*PAiio(h))
j=1
< 2N 81 (Pagiy(12) = Prtio(12)) =2N || Pagiy (r2) — Pazio (7)),

which shows that the trace class norm on the left hand side also converges to zero as
y—0. m

Similarly to the definition of P,(r)) one can introduce nilpotent operators

A(ra) = AL(r) +---+ AL(r]), (5.2.4)
B.(ry) = B.(r]) + -+ B.(r)), (5.2.5)
where 71, ... 7 are resonance points of the group of ry (see (5.2.1)). It follows from

(3.3.8) and (3.3.10) that A.(rx) and B,(r)) are indeed nilpotent.

LEMMA 5.2.3. We have
Ajxtio(ra) = lm Ajgiy(ra) and Batio(ra) = lim Baggy(ra),
y—0t y—0+
where the limits are in the trace class norm.

Proof. Since A,(s) converges to Ayiio(s) in the uniform norm, it follows from ([5.2.4))
and (3.3.1)) that so do the limits in question. Hence, the claim is a consequence of (3.3.7)),
Lemma and the joint continuity of Lo, X £1 3 (A,B)+— AB € L;. n

5.3. Resonance index. Let z € II and let Hy and V be as usual. A resonance point r,
(see Deﬁnition corresponding to z will be said to be an up-point (respectively, down-
point) if Imr, > 0 (respectively, Imr, < 0). Further, if r, is an up-point corresponding
to z, then 7, will be called an anti-down-point corresponding to z; similarly, if r, is a
down-point of z, then 7, will be called an anti-up-point of z. Anti-up-points and anti-
down-points of z will be called anti-resonance points of z. By Corollary for any
z € II, resonance points of Z are anti-resonance points of z and vice versa. In figures,
resonance points are denoted by dark circles and anti-resonance points by light circles.
If z = A+i0 € JII is an essentially regular point and if r) is a corresponding real
resonance point, then the resonance index of a triple (\; H.,,V) will be defined as the
difference of the number N, of up-points and the number N_ of down-points which
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belong to the group of ry, corresponding to z = A 4 iy with small enough y > 0. The
resonance index of (\; H,.,, V') will be denoted by

indyes(A; Hy,, V). (5.3.1)

Given a real number s, the resonance index can also be defined as the difference of
the number of eigenvalues 0¥, (s) in C4 and in C_ of the operator Aj4iy(s) which
are obtained from the resonance points of the group of ry for z = A + iy after the
transformation o (s) = (s — r,)~1, since this transformation maps the upper half-plane
to the upper half-plane for any real s. This is demonstrated by the following figure, where
the label “s-plane”, respectively “o-plane”, means that the plane of the figure represents
the range of values of the variable s, respectively o. Thus, to calculate the resonance
index N4 — N_ one can use either of these two figures.

s-plane o o-plane
up-point anti-up-point
b o
° L )
o . o O ~
le) [ )
anti-down-point down-point

LEMMA 5.3.1. For any real resonance point vy, for any real number s and for all small
enough y > 0,
indyes(A; Hry, V) = R(Axtiy (8) Pryiy(12)). (5.3.2)
Proof. Let
O'KJriy(s) =(s— TKJriy)_l
be an eigenvalue of Ay, (s) corresponding to a resonance point 7% +iy of the group of r)
for z = A + iy. Further, let

ul ulF and  ul -
My, Undiy 4 Abiy,—r -+ Unpiy —

be linearly independent root vectors of Axiiy(s) = Thtiy(Hs)J, such that the eigenvalue
0% 14y +(8) corresponding to uf,;, , lies in Cy. Since r, and o,(s) = (s — r.)~! belong
to the same half-plane, by definition of the resonance index it follows that
indyes(\; H,,, V) = Ny — N_. (5.3.3)
On the other hand, using (3.2.8), we have Py, (m)uiﬂy)i = uX;, +, and therefore for
eigenvectors uKHy)i,
X iy £ ($)US iy x = Antiy (9)US iy 4+ = Axtiy () Papiy (Ta)ul iy 4
It follows that Axiy(s)Px+iy(ry) has Ny eigenvalues in Cy. This implies that
R(Ax+iy () Pryiy(ra)) = Ny — N_.

Combining this with (5.3.3) completes the proof. m

Since resonance points r, corresponding to z are anti-resonance points corresponding

to z, the same argument shows that if y > 0, then

indyes(A; Hry , V) = —R(Ax_iy(8) Pr—iy(T2)). (5.3.4)
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Further, Lemma combined with (3.2.10) and Lemma i) imply that, for y > 0,
indres (A; Hry, V) = R(Batiy (5)@xatiy (12)) = =R(Ba—iy(s)Qxa—iy (r2))-

The definition of the resonance index can also be written in the form
indyes(A; Hyy, V) = Tr(PL, (r2) = Py, (r2) = rank(PL () — rank(Py ().
From Lemmaone can infer that Tr(P/\JrZy(r,\)) Tr(PI iy(T2)); hence, also
indres (X; Hyy, V) = Tr(P{ 5 (r) = P ()
= rank(P)] ., (r\)) — rank(P]_, (r3)). (5.3.5)

According to Corollary up-points of z are anti-up-points of Z, and down-points
of z are anti-down-points of z. Let C(ry) be a contour which encloses in anticlockwise
direction only up-points and anti-up-points of the group of ry, and similarly, let C_(ry)
be a contour which encloses in anticlockwise direction only down-points and anti-down-
points of the group of 7, as shown in the figure below.

Ci(ry)
C_(ry)

PROPOSITION 5.3.2 ([Az4]). If Cy(rx) and C_(ry) are contours as defined above, then
for small enough y > 0,

1
indyes(A; Hyy, V) = = Tr (7{ Im T4y (Hs)J ds>
Cy(rx)

v
1
=—=—Tr <7£ ImT)\Hy(HS)JdS). (5.3.6)
™ C_(ry)
Proof. By Proposition [3.2.3] we have
3/
bl Im Ty iy (H,)J ds = (Aniy(Hs) — Ax—iy(Hy)) ds
T JCy(ry) " 2mi Joy () o !

= P)T+iy<r>\) - P)T*iy(r)\)'
This equality shows that the integral over C(ry) is trace class. After taking traces of
both sides, the first equality of ([5.3.6]) follows from (5.3.5)). The second equality is proved

similarly. m
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In this section we give a sketch of the proof of Theorem [1.5.2] given in my unpublished
paper [Azg]. This section is not used in the remaining part of this paper and it may be
safely skipped. On the other hand, the results of this subsection provide one of the main
motivations for this work.

Theorem holds under a weaker relatively trace class assumption which makes it
applicable to Schrodinger operators Hyu(z) = —Au(x) 4+ Vo (z)u(z) with bounded poten-
tials Vp(z) and quickly falling bounded perturbations V' (z) in dimensions 1, 2 and 3. The
proof of this more general result relies on an appropriate modification of the constructive
approach to the stationary scattering theory discussed in the introduction (see [Azg]).
This modification is lengthy and therefore the proof has not been included here. It will
appear in [AzDJ.

6.1. A lemma. In this and only in this section we assume that the perturbation op-
erator V is of trace class. This is achieved by assuming that the rigging operator F' is
Hilbert—Schmidst.

Let
1 1
F,(s) = = Tr(Im R, (H,)V) = I Tr(A.(s) — Az(s)).
The operator Im R (H,)V is equal to 4-(A.(s)— Az(s)) but the cyclic property Tr(AB) =
Tr(BA) of the trace allows us to replace the underlined operators by the non-underlined

counterparts.

LEMMA 6.1.1. Let A be any number from the set A(Ho, F) of full Lebesque measure.
Assume that the interval [a, b] of the real azis contains only one resonance point ry of the
triple (\; Ho, V). Then for all small enough y > 0,

Friiy(s)ds = / Fitiy(s)ds +indyes(N; Hy,, V), (6.1.1)
L2 Ll

where Ly and Lo are the contours of integration from a to b shown below; namely, Lo goes
straight from a to b, while Ly circumuvents the resonance and anti-resonance points of the

group of Ty from above.

(s-plane) (z=XA+iy, 0<y<1)
Ly o (6.1.2)
a L2 X b

(84]
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Proof. By Cauchy’s theorem, for all small enough y > 0 we have

/ Fiiiy(s) dé’:/ Fitiy(s) ds"’j{ Fxtiy(s)ds,
Lo Ly Cy(rx)

where the half-circle C(ry) encloses all the resonance and anti-resonance points of the
group of r) which are in C, (and anly these). Hence, (6.1.1) follows from Proposi-
tion [5.3.2] =

PROPOSITION 6.1.2. For a.e. A € R,

1
lim Fitiy(s)ds = &(N; Hy, Ho),

y~>0+ 0
where £(\; Hy, Hy) is the spectral shift function of the pair (Hy, Hy).

This proposition is in essence the Birman—Solomyak formula for the spectral
shift function. The difference is that uses the derivative of the distributive function
of the spectral shift measure, while in the formula above it is replaced by 1/7 times the
imaginary part of the limit of the Cauchy transform of the distributive function. By a
well-known theorem of complex analysis, these two functions are equal a.e. Details of the
proof can be found in e.g. [Azs, §§9.5, 9.6].

6.2. Absolutely continuous part of the spectral shift function. Now we discuss
the absolutely continuous part of the spectral shift function £(*)(\; Hy, Hy). By definition,
¢@(X\; Hy, Hy) is the density of the measure defined by

1
AH/ Te(VER: P (H,))ds,
0

where P(*)(H,) is the (orthogonal) projection onto the absolutely continuous subspace
of the self-adjoint operator Hy.
It was shown in [Azg| that for a.e. A the number &4 (X\; Hy, Hy) is equal to

/OS Try, (m,) (Ex(H,)VES (H,)) dr, (6.2.1)

where Ex(H,.): H4 — ha(H,) is the evaluation operator defined by (L.4.4). Since &5(H,)
was introduced in a recent and lengthy paper, the meaning of this formula may need some
explanations. Here Hy = F*H is the rigging Hilbert space and hy(H,) is the subspace
of the auxiliary Hilbert space K defined by

bA(H,) =imIm Ty i0(H;).

It was shown in [Azg|] that hy(H,) can be treated as the fibre Hilbert space. The operator
E?(HT) acts from the Hilbert space hy(H,) to the Hilbert space H_ which comes from
the rigging operator F'; the definition of Ef(HT) will follow shortly. The fact that the
trace class perturbation V: H — H admits the factorization V = F*JF with Hilbert—
Schmidt F' and bounded J allows us to treat V' as a bounded operator from H_ to H,
since ' can be treated as a unitary isomorphism #_ = K and F* can be treated as
a unitary isomorphism X = #,. These unitary isomorphisms can be denoted by the
same F' and F*, but we will be pedantic for a moment and denote them by F:H_SK
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and F*: K 5 H. Now, the equality V = F*JF can be understood in several ways as
shown in the following commutative diagram:

H_ K 1 "
7 ; v 7
TP S B S TR — Y

Here i+ are the Hilbert—Schmidt inclusion operators. In (6.2.1]) the symbol V' denotes
the bounded operator V: H_ — H,. The operator Ef(Hr) acts from b (H,) to H_
according to

<€§\>(Hr)g7f>7171 = <ga8)\(Hr)f>7 g€ h)\(Hr)7 f € H+'

This definition of 8? is equivalent to
ey =F 1 (F*)7'eg,

where €%: hx(H,) — H. is the usual adjoint and F and F* are unitary isomorphisms
shown in the diagram. The product & ( ,.)VEO( H,) is of trace class since &, (H,) and
8§(H,») are Hilbert—Schmidt and V: H_ — H. is bounded.

Note that for any fixed point A from the set A(Hp, F) the operator € (H,) is defined
for all non-resonant values of r, according to the definition of this operator:

E(H ) F* = \/ ImTyyi0 (Hr)Y, ¢ eH.

To avoid ambiguity, we write V instead of V, when we treat V as an operator : H_ — Hy.
Note that, as the left square of the diagram above clearly shows, V' is unitarily equivalent
to J.

The following proposition is proved in [Azg, Corollary 7.3.5]. We give a sketch of that
proof.
PROPOSITION 6.2.1. For any A € A(Hy, F), the operator-valued function of r € R defined
by

7 Try, a0 (EX(H,)VES (H,))

is analytic and admits holomorphic continuation to some neighbourhood of R.

Proof. For any A € A(Hp, F') and any real non-resonant r the following equality holds:

w (N Hy, Ho)Ex(H, ) VES (H,)wy (X; Hy, Ho)

= (;g(x HT,HO))S*()\; H. Hy), (6.2.2)
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where
S()\;HT,HC])S ’])\(Ho) — I’))\(Ho)

is the scattering matrix and
w (A; Hry, Ho): ha(Ho) — ba(H,)

is the wave matrix. According to [Azz| §5 and §7], the right hand side is defined for all
non-resonant values of r. According to [Azg, Proposition 7.2.5], the scattering matrix
S(\; Hy, Hp) is an analytic function of r in the whole real axis R, and therefore so is the
right hand side of . It follows that the trace of the left hand side is also analytic.
Since w4 (A\; Hy, Hp) is unitary, this trace is equal to

Tro, (s, (Ex(H,)VES (H,)) m

This proposition should not be surprising in the light of the general coupling constant
regularity phenomenon observed first by Aronszajn back in 1957.

THEOREM 6.2.2 ([Azz, Lemma 8.2.1, Theorem 8.1.3]). For a.e. \ the absolutely contin-
uous spectral shift function £ (X\; Hy, Hy) is equal to

/O Try, (1, (Ex(H)VES (H,)) dr. (6.2.3)

6.3. Singular spectral shift function and resonance index. Now we return to the
equality (6.1.1). Tt is not difficult to see that as y — 07, the limit

F)\+i0 (S) ds = /
Ly L

of the second integral over the contour L; shown in figure (6.1.2)) exists, where L; indicates
that all resonance points in the interval [0, 1] are circumvented in the upper half-plane.

1
Try (71- ImTAHO(Hr)J) ds (6.3.1)

LEMMA 6.3.1. For all A from the set A(Ho, F) of full Lebesque measure the integrals
(6.3.1) and (6.2.3) are equal.

Proof. For the purpose of this proof, we shall denote by Lj(s) the part of the contour Ly,
shown in (6.1.2)), which projects onto [0,s], where s € [0,1]. In particular, for small
enough s the contour Ly (s) coincides with [0, s].

By the definition of Ex(H,), for all non-resonant values of r the integrand in

(6.2.3) is equal to
~ . 1
Tro, (m,) (EX(H)VES (H,)) = Try (ES(H,)EN(H,)V) = Trg (W ImTAHO(Hr)J).
Hence, for small enough s the integrals
/ F,\_H'o(’l“) dr (632)
Lq(s)

and .
| s (Ex(IVES (1) ar (635)
0

are equal, since their integrands and contours of integration are equal.
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We have to show that the integrals are equal for large values of s too, in particular
for s =1.

The integral is holomorphic in some neighbourhood of [0, 1], since so is its
integrand according to Proposition If we show that the first integral is also holo-
morphic in some neighbourhood of [0, 1], the proof will be complete by the uniqueness
theorem for holomorphic functions.

The integrand in has singularities at resonance points in [0, 1], but the integral
itself is a single-valued holomorphic function in a neighbourhood of [0, 1] with possibly
the resonance points removed. Indeed, the integral does not change its value if
the contour L;(s) is changed so that the resonance points are circumvented not from
above but from below: the result of analytic continuation of the integral from small
values of s to the value s = 1 will be the same since, according to the second equality of
Proposition the integral over the circle which encloses a resonance point on [0, 1] is
Zero.

Hence, both (6.3.2) and (6.3.3) are holomorphic single-valued functions in some neigh-
bourhood of [0, 1] minus a finite set of resonance points, and both integrals coincide for
small values of s. Since (6.3.3) is holomorphic in a neighbourhood of [0, 1], it follows that
so is the function (6.3.2) and these two functions coincide. =

Combining Lemma Proposition Theorem and Lemma we con-
clude that after taking the limit as y — 0% the equality with a =0 and b =1
turns into

(N Hy, Ho) = € (X Hy, Ho) + Y indres(X; Hy, V),

T
where the sum is taken over all resonance points from [0, 1].
Since £(9)(X; Hy, Ho) = £(\; Hy, Ho) — £ (X; Hy, Hy), this gives
THEOREM 6.3.2. For a.e. A,

€V Hy Ho) = 3 indues(X Hyy, V).
T)\G[O,l]
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In this section we prove Theorem [7.2.1] which is one of the main technical results of
this paper. This theorem allows us to express the signature of the finite-rank self-adjoint
operator

Qxr—io(rx)J Pryio(ry),

which we call the resonance matrix, in terms of the R-index of the operator

A tiy (T2) Pryiy(r2),

where y is any small enough positive number.
Assume that we are given a finite set

1 M
L={r,,...,r;

of resonance points corresponding to a fixed number z € II. We denote by T' the set
{rL,...,7M}. The finite-rank self-adjoint operator

Q:(I)JP.(T) (7.0.1)

will be called the resonance matriz of I'. The main difficulty in the proof of Theorem [7.21]
is to show (Theorem [7.1.4) that if z and the numbers in I" all belong to the open upper
half-plane C, then (7.0.1]) is non-negative and its rank is equal to the sum of the algebraic
multiplicities of the resonance points from T'.

To start with, we shall give a proof of this assertion in the trivial special case where I"
consists of only one resonance point r, € C of algebraic multiplicity one and where
y =Imz > 0. In this case the self-adjoint operator (7.0.1)) has rank one and its positivity
is equivalent to the positivity of the real number

<sz VXz>a
where x. is a non-zero resonance vector from Y, (r,). Since x, has order one, it is an
eigenvector of the operator H,_ corresponding to the eigenvalue z:
H, x. = zx.
We take the scalar product of both sides with x:

<Xza H’I‘ZXZ> = Z<Xz7 Xz>

Now we take conjugates of both sides. This gives

<X27 HFzXz> = 2<Xsz>-

(89]
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Finally, we subtract this equality from the previous one to get

(re = 72){Xz, VXz) = 2iy(Xz, X=2)-

Since 2iy/(r, — 7,) is positive, the claim follows.

In the general case, where I' may consist of any finite number of resonance points of
arbitrary geometric and algebraic multiplicities, the proof becomes far more tedious.

7.1. Positivity of the resonance matrix for a set of up-points. Recall that a
symmetric matrix o« € C™"*™ is positive definite if for any non-zero z € C"™ we have
(z, az) > 0. In particular, the rank of a positive definite matrix is equal to the dimension
of the vector space on which it acts.

LEMMA 7.1.1. Lety > 0. Let M and dy, . ..,dy be positive integers. Assume that we are
given M sets of vectors

XI(J/1)7~..7X[(J,du)7 ILL:17"'7M7
from a pre-Hilbert space, such that all

Di=di++dy

vectors fo) are linearly independent. Let 8 be the positive definite D x D matriz

B = (P, X9, (7.1.1)

and define another D x D matrixz v by the recurrent formula
=2y — iy =k, (7.1.2)
where it is assumed that 'yl’j{, = 0 if at least one of the indices k or j is equal to 0. Then

v s positive definite.

Proof. Plainly, the matrix v is symmetric.

In the proof we will use induction on the positive integer
d = max{dy,...,dy}

which will be called order. If d = 1 then the second term in (7.1.2)) is zero, and so in this
case the claim follows from the positive definiteness of (7.1.1). Now assuming that the
claim holds for orders < d we show that it holds for order d.

Rows of a D x D matrix will be enumerated by pairs (u, k) so that (u, k) < (v,J)
if and only if 4 < v, or both 4 = v and k£ < j. We can look at a D x D matrix v
as composed of M x M cells, so that (u,v) indicates a cell and (k, j) indicates an ele-
ment of the cell. The second index k in the pair (u, k), denoting a row/column, will be
called the order of the row/column. The following figure shows the structure of a D x D
matrix :
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[ [ . mb My o omel
i T o i i
1 1
Y T SRS
75‘1;1 A ’Yf;z;dy
MH - b N - The
L 7 e o T i)

We apply to the matrix v the following elementary row and column operations: if a
row (p, k) has order k > 2, then we add to this row the previous row (p, k — 1) multiplied
by i, and if a column (v, j) is of order j > 2, then we add to this column the previous
column (v,j — 1) multiplied by —i. We still have to specify in which order to execute
these row and column operations. The rule is this: we start with rows of largest orders d,,
and finish with rows of order 2; the same rule applies to column operations. If two rows
have the same order, then the corresponding row operations are interchangeable and so
in this case we do not need to specify the order of execution of these operations. Also, a
row operation and a column operation are always interchangeable. The following formula
explains what happens to a 2 x 2 submatrix of v after a row operation and a column
operation (here for convenience the indices k and j are replaced by integers 3, 3):

A A N 22 V23 R V22 V2 —iy22
S Vor + Ve Vs Vi Voo TV Vs T Ve = Ve + Viw

After performing other row and column operations this 2 x 2 block of « takes the form

Voo T 10 = Vi + VYo W — i + Vi
Voo T 10 = i + Vi Vo Vi — i + Vi

Now ([7.1.2)) implies that after these row and column operations have been performed in

the specified order, the matrix v will take the form

2yB+7,
where 7 is obtained from v by the rule

o [T k22
w 0 if otherwise.

This definition shows that after removing zero rows and columns the matrix 4 can be
deemed as having been obtained by the same formula ([7.1.2)) but using the system of sets

of vectors

Xﬁl),...,xftd“*l), w=1,... M.



92 7. Signature of the resonance matrix

The order of this system is d — 1 and therefore by induction assumption the (original
with zero rows and columns) matrix 4 is non-negative. Hence, 2y +7 is positive definite,
since so is (. Finally, since v can be represented as C(2y8 + )C*, where C' is the matrix
corresponding to the row operations, it follows that ~ itself is also positive definite. m

LEMMA 7.1.2. Let M and dy,...,dy be positive integers and let D = dy +---+dps. Let
T1,...,7nm be complex numbers with positive imaginary parts. Let
ki
v = (V1)
be a block-matriz of size D x D, where p,v=1,.... M, k=1,...,d,,j=1,...,d,. Ify
is positive definite, then so is
(7",, Ty ’YW> .

Proof. For any positive number p > 0 the D x D matrix with elements
()
elp(r T“)’VMZ/
is positive definite. Hence, so is the matrix with elements
o] - kj
/ eip(ry—ﬂi),y;ljl]; dp = Z’YHV, )
0 Ty =Ty
Since p > 0 and Imr, > O for all = 1,..., M, the integral above converges absolutely. m

LEMMA 7.1.3. Lety > 0. Let M and dy,...,dp; be positive integers. Assume that we are

given sets of vectors
Xﬁtl),...,xfld“), pw=1..., M,
from a pre-Hilbert space, such that all
D:=dy+--+dy
vectors X,(f) are linearly independent. Assume further that we are given complex numbers
r1,...,7n with positive imaginary parts. Let 8 be the positive definite D x D matriz

B = 0P X)),

and define another D x D matriz o by the recurrent formula

1% nv n%

. Ziy . 1 . ;
ki _ ki = (gkold _ gka-l 7.1.3
@ rl,ff#ﬁ””—i—rl,f@(a @ ) ( )

where it is assumed that aﬁ{, =0 if at least one of the indices k or j is equal to 0. Then
« 1is positive definite.
Proof. This follows immediately from Lemmas and m

As can be seen from the proof, if y is negative then the matrix « is negative definite.

THEOREM 7.1.4. IfT' = {rl ... ,rM} is a finite set of resonance up-points corresponding
to a non-real number z, then the operator
Im z Q-(T)JP,(T)

is non-negative and its rank is equal to the rank of P,(T').
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Proof. Without loss of generality we assume that y = Imz > 0.
By Lemma |5.1.4] we have

F*Q:(T)JP.(T)F = Q_(D)VE.(T).

Lemma implies that the range of the finite-rank self-adjoint operator Q5 (T)J P,(I")
is a subset of both dom(F*) and the range of Q;(I')JP,(I')F. Hence, by Lemma m
the operators

Q:(T)JP.(T) and Q_(T)VP.(T)
have equal ranks and signatures. So, it is sufficient to prove the claim for the latter
operator.

(A) For notational convenience we assume that the same point 7# may appear in the
list 1, ..., 7™ more than once. More exactly, each point r# appears in the list m# times,
where m* is the geometric multiplicity of 7#. In what follows we often write 7, instead
of r#. For each point r# € T let

Xﬁtj)a jil,...,d#,

be a basis of T, (r#) such that A, (r?)xff) = Xg_l). We can assume the existence of such
a basis since, as mentioned above, the resonance points r£ appear in the list according
to their geometric multiplicities. Let

afl, = (P, Vxy) and B = (P, x).

% v

Then o; .
ki — & k—1,j k,j—1
), = ﬁ — (g, 7 =) ). (7.1.4)

Ty, — ru -7y w
Indeed, by Corollary

(Hr, = 2)x) = VX~
It follows that
X, (Hy, = 2)x) = =(xP, Vxd=h).

In this equality we swap the pairs of indices (i, k) and (v, j) and then take conjugates of
both sides of the resulting equality:

(0, (H, = 2X) = =0, V).
Subtracting from this equality the previous one gives
W0, (1 V 47V 2 = ) = — (0, V) + (P, Vagh).
This can be written as
(ro =) (X VX)) = (2 = 2) 0D X)) + OdE D, V@) = (P vy =),
which is equivalent to ([7.1.4)).

(B) Since the vectors
XE]‘?)’ j:]‘""’dﬂ7/’L:1""7M7

form a basis of the range of P,(T'), to prove the theorem it is enough to prove the positive

definiteness of (7). But this follows from Lemma [7.1.3/ and .
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An analogue of Theorem holds also for sets of resonance down-points. Namely,
if T is a finite set of resonance down-points, then the operator Im z Q(T')JP,(T) is non-
positive and its rank is equal to the rank of P,(T").

7.2. Signature of the resonance matrix and R-index. The following theorem is the
main result of this section.

THEOREM 7.2.1. IfT = {rl, ..., rM} is a finite set of resonance points corresponding to a
non-real number z, then the signature of the finite-rank self-adjoint operator Q(I'")J P,(T)
is equal to the R-index of Im zA,(s)P,(T).
Proof. Without loss of generality we assume that Im z > 0.
Let I =TT UTY, where I'" € C, and I'¥ € C_. Further, let
YT =im(P,(I'") and YV =im(P.(IV)).
The R-index of A,(s)P,(T") is equal to Ny — N_, where N, (respectively, N_) is the sum
of the algebraic multiplicities of all points from I'" (respectively, I'); that is,
R(A.(s)P,(I')) = Ny — N_ :=dim YT — dim T+

For any non-zero u € YT we have

(u, Qz(0)JP.(T)u) = (P=(D)u, JP,(T)u) = (P.(T")u, JP,(T")u) > 0,
where the last inequality follows from Theorem Similarly, for any non-zero u € YT+,

(u, Q=(T)J P-(T)u) = (P-(D)u, J P (T)u) = (P.(T*)u, JP. (I )u) < 0.
Therefore, by Lemma the rank of the positive (respectively, negative) part of
Qz(T")JP,(T) is at least Ny (respectively, N_). Hence, the rank of Qz(I')JP,(T") is at
least

Ni + N_ = N :=rank(P,(I)),

and so the rank of Q;(T')JP,(T) is N. It follows that in fact the rank of the positive
(respectively, negative) part of Q(T')JP,(T') is N, (respectively, N_). Thus, the signature
of Q;(T)JP,(T)is Ny —N_. m

Theorem[7.2.1]is the main ingredient of the proof of Theorem [0.2.1 which asserts that
the resonance index can be treated as the signature of a certain finite-rank self-adjoint
operator.

We remark that Theorems [Z.1.4] and [[.2.1] also hold in a finite-dimensional Hilbert
space, that is, for a pair of self-adjoint matrices Hy and V. Still, even this special case
is non-trivial. The finite-dimensional versions of Theorems [[.1.4] and [Z.2.1] can be tested
in numerical experiments. Such a testing was carried out by the author using MATLAB,
and it confirms both theorems.

7.3. Some corollaries. Theorem has the following corollaries.

COROLLARY 7.3.1. Let z be a non-real number. For any finite set T' of resonance up-
points corresponding to z the mapping
Q=(0): .(T) — W(T)

is a linear isomorphism.
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Proof. Assume the contrary. Then, since the dimensions of ¥_(T') and ¥ (T) are finite
and equal, for some non-zero ¢ € ¥_(T) we have Q;(I')y = 0. By Lemma there
exists a non-zero u € Y, (T") such that ¢ = Ju. It follows that

(u, Qz(T)JP(T)u) = (u, Qz(T)Ju) = 0.
This contradicts Theorem [T.T.4l w

COROLLARY 7.3.2. Let z be a non-real number. For any finite set I' of resonance up-
points corresponding to z the mapping

P.(T): T.(T) = T4(T)
is a linear isomorphism.
Proof. This follows from Lemma and the previous corollary. m

These corollaries hold for a finite set of down-points too, of course. Similarly, for any
finite set I' of resonance points from C; or C_ the mappings

Q.(T): ¥x(I') = ¥ (T') and P,(T): Tz(I) — T.(T)
are linear isomorphisms.
COROLLARY 7.3.3. For any finite set I' of resonance up-points and for any j = 1,2,...
the operator _

BL([)JAL(D)
is non-negative and its rank is equal to the rank of AJ(T), where
ALT) =Y Al(r).
r,el’
A similar inequality holds with j replaced by a multi-indez.
Indeed, since in this case Qz(I').JP,(T') > 0, we have
BL([)JAL(T) = (AL(1)*[Q=(T)J P, (I)]AL(T) > 0.

7.4. An open question. In an attempt to generalize Theorem [7.1.4] one could attempt
to prove that if I'; and I's are finite sets of resonance up-points such that I'y C I's, then

Qz(T1)JP.(T1) < Qz(I2) JP.(I);
but this is false, as computer experiments demonstrate.

However, we conjecture that if Ty C I'y C C,, then Q;(T2)JP,(T3) spectrally domi-
nates Q;(I'1)JP,(T). Computer experiments support this conjecture.
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In this section we study a subspace of the vector space Y x10(rx) which consists of vectors
with an additional property.

8.1. Vanishing property of resonance vectors

PROPOSITION 8.1.1. Let A be an essentially reqular point, let {Ho+rV:r € R} be a line
regqular at A, let Ty be a real resonance point of the path {Ho+rV:r € R} at A and let k
be a positive integer. If uxsio(ra) € Tatio(ra) is a resonance vector of order k > 1 at
A +10, then for all non-resonant values of s,

¢ c
(Jurtio(rx), Im Thaio(Hs) Jurtio(ry)) = B =k

+o (8.1.1)
where, in case k > 2, for j =2,...,k,

Ctj; = Im<'LL)\:|:7;0(’I")\), JAJA;;O(T)\)U)\:EZ'O (T)\)>

= —Im(uxzio(ra), JAL 3o (ra)uazio () (8.1.2)
In particular, if uxtio(ra) € Tatrio(ra) is a resonance vector of order 1, then
(Jurtio(rx), Im Thi0(Hs) Jurtio(ry)) = 0. (8.1.3)

Proof. We give two proofs of (8.1.1)), but only in the second proof will the formula (8.1.2])
for c4; be derived. For brevity we write us instead of ux+0(ry). Let

J+(8) = (Jus, Axtio(s)u+) = (Jus, Tatio(Hg)Jus).

By Theorem the vector uy satisfies (3.4.5) with z = A +¢0. Multiplying both sides
of (3.4.5) by (Jug,-), one finds that (recall that (-,-) is linear in the second argument)

k k
Z(sj — )TN ((Jug, us) + (ra — 55) f+(55)) H =0
j=1 i=1,i#j
for all sets s1, ..., s; of distinct real non-resonance points. Taking the imaginary parts of
both sides of this equality gives
k k
Z(Sj —73)% Im fi(s;) H = 0.
j=1 i=1,i#j

By Lemma[2:3.3] the left hand side is the divided difference of order k —1 of the function
h(s) = (s —rx)¥ Im f1(s). It follows from this and Lemma that h(s) is a polynomial

[96]
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of degree not greater than k£ — 2. Hence, the function
Im fi(s) = <Jui, Im T)\iio (HS)Jui>

has the form with some numbers cyo, ..., cyi. Here it is assumed that Im fy(s)
is defined by the right hand side of the equality above for real values of s, and then
continued analytically to the complex s-plane.

Second proof. We have

2iIm f1(s) = (Jux, Trrio(Hs)Jux) — (Datio(Hs ) Jus, Jug).

The Laurent expansion (3.4.6) of Thi.(Hs)Jux implies that for real values of s the
Laurent expansion of the function Im f1(s) at s = r) is

k—1

1 1
Im f1(s) = 2l<JUi,Z S_r,«)\)J-‘rlA)\izO(rA)u:I:>
Jj= 0
1 k—1 1
a 22< Z WAAizO(U)Ui’ JU¢>

j=0
k—1
1

P rery ]+1 (T, Ao (ra)us) — (AL Lo (ra)us, Jus)]
Jj=

E

! 1

5= mlJua Al ip(ra)us).
Jj=1

Comparing the coefficients of (s — ry)~7 in this Laurent series and in (8.1.1) gives

¢t = Im(uy, JA&;EO (ra)u).

To derive the second formula for c4; we note that (3.3.11)) and (3.3.12) imply that for all
7=0,1,2,

(s, TAL i (ra)us) = <B§yo(7'/\)=]ui,ui> = <JA§¢10(7”>\)U17U¢>
= <Uj:;JA§q:io(7"/\)Ud:>- (8.1.4)
Hence, — Im(u, JAﬁ\:FiO(r,\)ug = Im(uy, JAg\iiO(r,\)uQ =cCyj. m

Since ImTh—;0(Hs) = —ImTh440(Hs), it follows from |D that if u € T§+io(7“,\)
oru € Y5 .i(ry), then

(Jurtio(rx), Im Thii0(Hys) Jurtio(r))
k
= Z Im(uxtio(7y), JA]AEO(T,\)UAﬂo(U»(S -7\

=2

REMARK 8.1.2. Since the left hand side of (8.1.1) is non-negative (for the plus sign)
or non-positive (for the minus sign), it follows from (8.1.1)) that the largest j for which
c+; # 0 must be even, and

Im(ux+io(rx), JAxio(rx)urtio(rr)) > 0.
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8.2. Vectors of type I

DEFINITION 8.2.1. A vector u € Txy0(ry) will be said to be of type I if for any non-

resonant s € R,
VIm Ty i0(Hy) Ju = 0. (8.2.1)
The equality is equivalent to
Im Ty yi0(Hs) Ju = 0.
Since Im Th 440 (Hs)J = Axtio(s) — Ax—io(s), this is also equivalent to
Axtio(s)u = Ax_io(s)u. (8.2.2)
PROPOSITION 8.2.2. Ewvery vector of order 1 is of type L.

Proof. This follows from (8.1.3]). m

LEMMA 8.2.3. If an element u of one of the two vector spaces Y x1i0(ry) is a vector of
type I, then u is also an element of the other vector space, that is, u € Txx0(ry), and
the orders of u as an element of YTxyi0(ry) and TA—io(TA) are the same.

Proof. 1f for instance u € T§+io (ry), then by (3 one has

k k
k 1
E ;=) (u (ra — s5)Antio(sj)u H L=y,
Jj=1 i=1,i#j
where s1,...,s; is any set of k distinct real non-resonance points. If u is a vector of

type I then (8.2.2)) holds, and therefore in the above equality Ax10(s;)u can be replaced
by Ax_;o(sj)u. By Theorem the resulting equality implies that u € Y5 . (ry).
Similarly one shows that if u € T5_,)(r)) is a vector of type I, then u € Y5, ,(ry).
Hence, the orders of u as an element of T_;0(ry) and Y x140(ry) are the same. m

Lemma [8.2.3| combined with Proposition implies
COROLLARY 8.2.4.
T}\+i0(7’>\) =T io(72)-
By Lemma it follows that also
D3 yio(ra) = Ux_io (7). (82.3)
The vectors of type I form a vector subspace of both Y x10(ry).

If u is a vector of type I then we deduce from (8.2.2) and (3.3.5) that for all j =
0,1,2,...,

Aiﬂ-o(m)u = Al _(r)u. (8.2.4)
On the other hand, if an element u of Ty_;o(rx) N Latio(ra) is such that for all j =

0,1,2,... the equality (8.2.4) holds then, since by (3.4.12]) we have
Ay tiom (ra)u = Axiio.r (1) Pagio(ra)u = 0

and similarly /Nl,\_iom (ry)u = 0, it follows from the Laurent expansion (3.3.16]) of A,(s)
that (8.2.2) holds. Thus, the following lemma has been proved.
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LEMMA 8.2.5. An element u of Txyio(ry) or Ta_io(ra) is a vector of type I if and only
if (8.2.4) holds for all 5 =0,1,2,....
COROLLARY 8.2.6. If u is a vector of type I then so are the vectors Aiiio(r,\)u for any
i=0,1,2,....

In other words, the vector space of vectors of type I is invariant under Axi,o(r)).

LEMMA 8.2.7. An element u of Txyio(ry) or Ta_io(ra) is a vector of type I if and only
if there exists a mon-resonant real number r such that for all 7 =0,1,2,...,

(Axtio(r) — Ax_io(r)) A% s (ra)u = 0.

Proof. (Only if) If u is a vector of type I then by Corollary forany j =0,1,2,... the

vectors (8.2.4)) are also of type I. Hence, the equality to be proved follows from (8.2.2)).
(If) It follows from the premise with j = 0 that (8.2.2)) holds for one non-resonant
real number r. Let s be any other such number. Then by (2.7.11)),

(Axtio(s) — Ax—io(s))u
= (1+ (s = 1) Ax=i0(r) ™ (Axtio(r) = Ax—io(r)) (1 + (s = 1) Axqio(r) " u.
Using Proposition we can expand (1+ (s —7)Axyi0(r)) " !u as a linear combination

of Aiﬂ.o(m)u. Hence, it follows from the premise that (Axyio(s) — Ax—io(s))u = 0 for
any non-resonant s. That is, u is a vector of type I. m

The vector space of vectors of type I will be denoted by Y% (ry). This notation is not
ambiguous since, according to Lemma one can omit the sign in Y}, (ry) and write

Y1 (7). Further, the vector subspaces Y )\’I(r ) are also correctly defined in the sense that
I k I k
Th(ra) N X pio(ra) = Ta(ra) N LR _io(ra)-
We summarize the results of this section in

THEOREM 8.2.8. Let r) be a real resonance point of the line v = {H,: r € R}, corre-
sponding to a real number A € A(vy, F). Let u € K. The following assertions are equivalent:

(1) uw € Tatio(ra) and for all non-resonant real numbers s,

\/IHlT,\_H'()(HS) Ju = 0.

(2) u € Ta_io(ryn) and for all non-resonant real numbers s,

vV Im T)\+i0(HS) Ju = 0.
(3) u € Tatio(ry) and for all non-resonant real numbers s,
A)\_H'()(S)’U, = A)\_l'o(s)u.
(4) uw € YTa_io(ry) and for all non-resonant real numbers s,
Axtio(s)u = Ax_io(s)u.
(5) u € Tayio(ry) and for all j =0,1,...,d — 1, where d is the order of ry,
Al pio(r)u = As i (ra)u.
(6) u € YTa_io(ry) and for all j =0,1,...,d — 1, where d is the order of ry,

Aiﬂ-o(m)u = Ag\—io(rA)U“
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() u € T,\_Ho(r)\) and there exists a non-resonant real number r such that for all
7=0,1,2,...,
(Axtio(r) — A)\_io(T))A]A_HO(T)\)U =0.
(8) u € Yxa_so(rn) and there exists a non-resonant real number r such that for all
i=0,1,2,...,
(Axpio(r) = Ax—io(r)) A _o(ra)u = 0.
(9) u € Tatio(ra) and all the coefficients c4; from (8.1.1) are zero.
(10) u € YTa_io(ra) and all the coefficients c_; from (8.1.1)) are zero.

The set T&+i0(’l“)\) of vectors which satisfy any of these equivalent conditions is a vec-
tor subspace of Txtrio(ra) N La—io(ry), and TI)\JriO(T)\) s invariant with respect to both
Aiﬂ-o(r;\) and Ag\fio(’”/\)-
It is an open question whether
Thrio(ra) = Tario(ra) N Taio(ra).

8.3. Large depth vectors are of type I

THEOREM 8.3.1. If a resonance vector MONS YTatio(ry) has order k then the vectors
u(l), o 7u(fk/z])

are of type I, where [k/2] is the smallest integer > k/2 and ul) = Ai;go(m)u(k).

Proof. We prove the assertion for the plus sign.

We prove that (™ is of type I for n = 1,..., [k/2], using induction on n. For n = 1
this follows from Corollary Assume that all vectors u™,... u("=D where n <
[k/2], are of type I. We have to prove the claim for u(™. Since n < [k/2], we have
2n — 1 < k, so that

ul™ = A;\L-l,-;lo( )u(%fl)_
For any j =1,2,... we have
(T, A i)™} = (7ul®) D) = (TAL T (a9
<BA+10(7’A)JU(2TL 1) uln— )> — <Ju(2”*1),Af(:ilo(r,\)u(”*j)y

By the induction assumption, all the vectors u(" 7, j=1,2,...,are of type I and there-
fore, according to items (5)) and @ of Theorem in the expression Ay~ 1 (ry)u("=9)
we can replace AY”} (r)) by AYT ) (ra); this shows that AL} (ra)u(™=9) = 0. Conse-
quently, Theorem 8.2.8(9) holds for (™), and therefore u(™ is of type I. m

A resonance vector u € Y, (r,) will be said to have depth k if u belongs to the image
of the operator A¥(r.), but not to the image of A**!(r.). The depth of u will be denoted
by 7. (u), or by y(u) if there is no ambiguity. In other words,

Y. (u) = max{k € Z,: 36 € K Ak (r.)¢p = u}.
We say that a vector u € Y, (r,) has property L if
d(w) < ~(u) if d(u) 4+ y(u) is even,
y(u) +1 if d(u) 4+ y(u) is odd.
We denote by £, (r,) the linear span of all vectors uw with property L.
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For example, if the Young diagram of the operator A.(r.) is as in the left figure
below, then one can easily prove that £,(r,) is the linear span of those vectors in the
right figure which are marked by bullets.

[[] ..........[.[.l

Theorem implies that every vector with property L is of type I. Hence, we have

COROLLARY 8.3.2. The vector space Lx1io0(rx) spanned by vectors with property L is a
subspace of the vector space Y4 (ry) of vectors of type I:

Latio(ra) € TA(ra).

Similarly, one can define the vector space L£x_;o(ry), which is also a subspace of
Tf\(m). The vector spaces Lyyi0(ry) and Ly_;0(r)) coincide. A proof of this assertion
will be given elsewhere. The main part of the proof is the statement that the A+ i0-depth
of any vector of order 1 from Y (ry) coincides with the A — i0-depth of that vector.

If r\ has order d = (dy,...,d;,), then the dimension of £4:0(ry) is equal to

[di/2] + -+ [dm/2].



9. Resonance index and the signature of the resonance matrix

In this section we prove one of the main results of this paper: equality of the resonance
index and the signature of the resonance matrix.

9.1. Non-degeneracy of Py1;o(ry). The following theorem is one of the key properties
of the idempotents Py1;o(7), and plays an important role in what follows. Another proof
of this theorem is given in Remark [11.1.5

THEOREM 9.1.1. If z = A +41i0 € 9l or z = A —i0 € OII, and if r) is a real resonance
point corresponding to z, then the idempotents Pxii0(ry) are linear isomorphisms of the
vector spaces Txzio(ra) and Tatio(ra).

Proof. Since by Lemma the dimensions of T x140(rx) and Ya_;o(ry) coincide, it is
enough to show that kernels of Px+0(73): Tazio(ra) = YTatio(ra) are zero. Assume the
contrary, for example, there exists a non-zero u € Y x1,0(r) such that

Py_io(ra)u=0. (9.1.1)
Then it follows from (8.1.4) and (3.3.7) that for all 7 =0,1,2,...,

(u, JA{\HO(T)\)u) = (u, JAi_io(r)\)m = (u, JAi_iO(r)\)PA,io(m)w =0.

This combined with (8.1.1)) implies that w is of type I. It follows from Lemma that
u € YTx_jo(rx) and therefore u = Py_;o(r))u # 0, which contradicts (9.1.1)). m

Thus, for any real resonance point r},
Prtio(r2) Tagio(ra) = Taxio(ry)-

This equality is equivalent to any of the following, which therefore also hold:

Qx+i0(r2)Yazio(rx) = Watio(ra), (9.1.2)
rank(Py4io(rx) Pazio(ra)) = N, (9.1.3)
rank(Qagio(ra)@xxio(ra)) = N, (9.1.4)

where N = rank(Pr1i0(ry)) = rank(Qx+io(7))-
Lemma and Theorem imply

PROPOSITION 9.1.2. If z = A£i0 € Ol and if ry is a real resonance point corresponding
to z, then

rank Qx=io(rx)JJ Pr+io(ry) = N,
where N is the rank of (any of) the operators Pxio(ry) and Qxa+io(r))-

[102]
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Note that Theorem [9.1.1]is similar to Corollary[7.3.2] but with an essential difference:
while in Theorem the number z belongs to the boundary of II, in Corollary it
does not. At the same time, the methods of proof of these two assertions are completely
different.

LEMMA 9.1.3. Ifry is a real resonance point then for all small enough y > 0,

rank Q/\—iO(T/\)JP)\—&-iO(T/\) = rank Qk_iy(f,\)JP)\_Hy(T)\),

sign Qxa—io(12)J Prrio(rx) = sign Qa—iy (1x)J Pryiy(rx)-
Proof. Sufficiently small (in norm) perturbations cannot decrease the rank of the res-
onance matrix Qx—;o(rx)JPrrio(ry). Since the rank of Pyy;o(ry) is stable under small

enough perturbations, Proposition shows that the rank of Qx_;o(rx)JPrtio(rx)
cannot increase either. Thus, the first equality follows.

The second follows from the first and from continuity considerations, since in order to
change the signature of Qx—_iy(7x)JPriy(7x) some non-zero eigenvalue of this operator
has to be deformed to zero, which would violate the constancy of the rank. m

9.2. Signature of the resonance matrix and resonance index. The following the-
orem is one of the main results of this paper.

THEOREM 9.2.1. For any real resonance pointry the signatures sign(Qxxio(ra)J Prxio(rx))
of the resonance matrices of ry are the same and are equal to the resonance index of the
triple (X\; Hy,, V); that is,

sign(Qagio(1x) I Patio(r)) = indres(A; Hyy , V).
Proof. By Lemma for small enough y > 0 we have
sign(Qazio(ra)J Patio(ra)) = sigh(Qxgiy (ra)J Patiy(r))-
Hence, the claim follows from Theorem [7.2.1} (5.3.2)) and (5.3.4). =

Theorem [9.2.1] implies the following corollary. Nonetheless, we give another proof.

COROLLARY 9.2.2. For any real resonance point ry, the signatures of the finite-rank self-
adjoint operators Qx—io(rx)J Prxrio(ra) and Qxrio(ra)JPrx_io(ry) coincide.

Proof. For any y > 0 and any real s, by Lemma below,
(E) = sign(@x—io(rx)J Pario(ra)) = R(Trtiy (Hs)Qr—io(rx)J Pryio(r))-
By stability of the R-index (Lemma (iv))7 for small enough y’ > 0 we get
(E) = R(Trtiy(Hs)Qr—iy (12) T Prtiys (12))-

Since this R-index does not depend on y > 0, the number y in the above equality can be
replaced by 3. Combining this with Lemma i) and (3.2.11) and (3.2.10)), we obtain

(E) = R(Trtiy (Hs)Qx—iy (T23) I Prtiyy (13)) = R(Popigy (12) Drteiy’ (Hs ) Qx—iyyr (1) J )
= R(Drtiy (Hs)Qrtiy (r2)@u—iy (12) ) = R(Triyr (Hs) @ty (T2) T Pr—igyr (T2))-
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For small enough 3’ we also have
sign(Qx+io (1) I Pa—io(12)) = R(Tagiy (Hs)Qr+io(rx) I Pa—io(7))
= R(Txyiy (Hs)Qxriy (rx)J Prx—iyr (r1)),
so the proof is complete. m

LEMMA 9.2.3. Let s € R. If ry is a real resonance point, then there exists € > 0 such
that for ally’ > 0 and for all y € [0,¢) the operator

Dtiy (Hs)Qrgiy (r2) I Prtiy (T2)
belongs to the class R, and
sign(Qx—io(rx)J Pario(rx)) = R(Thyiy (Hs)Qx—iyy (12)J Pryiy (12))-
Proof. By Lemma [5.1.4] for all small enough y > 0 we have

Qu_iy (PV Priiy (ra) = F*Qxiy (ra)J Payiy (ra) F.
Combining this with Lemmas and we infer that for all small enough y > 0,

sign(Qxa—iy (rx)J Pariy(r2)) = sign(Q, _, (r2)V Patiy(ra))-

By Krein’s Theorem [5.1.6 for any real number s and for all ¢’ > 0 we have

sign(Q, _; (1)V Patiy(ra)) = R(Batiy (Hs)Q, ;. (rA)V Pty (r2))-
Putting together the last three equalities, we get

sign(Qx—iy (T2)J Prtiy (r2)) = R(Rosiy (Hs) F*Qr—iyy (T2) I Prteiy (rA) F).
The pair of operators Rty (Hs)EF*Qr—iy(rx)J Pryiy(ry) and F satisfy the premise of
Lemma [5.1.3] Hence, by that lemma and the above equality,

sigh(@a—iy (12)J Patiy(r2)) = R(EFRariy (Hs) F* Qxa—iy (r2)J Patiy(ra))-
Finally, Lemma [9.1.3| completes the proof. m
In the following theorem we gather different descriptions of the resonance index.
THEOREM 9.2.4. Let ry be a real resonance point. The following numbers are all equal:

(1) The resonance index indyes(A; Hyy , V).

(2) The signatures of the operators Qx=io(7x)J Pr+io(rx)-

(3) The R-index of the operator Thiiy(Hs)Qx—iy(Tx)J Pryiy(ra) for all s and for all
small enough y > 0.

(4) The R-index of the operator —Tx_y(Hs)Qx+iy(ra)JPr_iy(ra) for all s and for all
small enough y > 0.

(5) The R-index of the operator Axtiy(s)Pxtiy(rx) for all s and for all small enough
y > 0.

(6) The R-index of the operator —Ax_;y(s)Pr—iy(rx) for all s and for all small enough
y > 0.

Proof. Equality of (1) and (2) is the statement of Theorem [9.2.1] Equality of the second
and third and fourth numbers follows from Lemma The equalities (1) = (5) and
(1) = (6) follow from ([5.3.2)) and (5.3.4) respectively. m




10. U-turn theorem

According to Lemma the four vector spaces Y3_.,(rx) and W}, (r\) have the
same dimension. It was noted in §4.4] that the dimension of the vector space T} ;,(rx)
can be interpreted as multiplicity of a point A of the singular spectrum of a A-resonant
operator H,,. Theorem and Corollary proved in this section, provide an-
other rationale for this interpretation. Given this definition of the multiplicity of the
singular spectrum, how should one interpret the case when, for example, the dimension
of T} ,,0(rx) is 1, while the dimension N of T40(ry) is 27 Since N = 2, there are two
resonance points in the group of r) for small y. It is reasonable to suggest that these two
poles should not belong to the same half-plane C.., since this would mean that the reso-
nance index (= jump of spectral flow) is equal to two, while the multiplicity of the point A
of the singular spectrum is one. That is, in this case we expect one up-pole and one down-
pole, resulting in zero resonance index. Outside of the essential spectrum, this scenario
has an obvious geometric interpretation: a point of the singular spectrum (that is, an
eigenvalue) reaches A, but instead of crossing A it turns back. Thus, existence of vectors
of order two or more should be interpreted as an indicator of the fact that some points of
the singular spectrum make a “U-turn” at A. More generally, if dim Y} +io(Ta) = m, then
it is natural to suggest that the jump of spectral flow at r = r, should not be greater
than m, since there are only m “eigenvalues” which can cross the point A as r crosses 7
in the positive direction.
In other words, one may expect that

[Ny = N_| < dim T3 45(r).

This inequality (the U-turn theorem) turns out to be true for all real resonance points r},
and is the main result of this section.

The U-turn theorem is non-trivial even for points A which do not belong to the
essential spectrum. For instance, a resonance with N, = 5 up-points and N_ = 2
down-points, depicted below, may correspond to either of the following eight possible
scenarios:

1. As r crosses a real resonance point r) in the positive direction, five eigenvalues of H,.
cross A in the positive direction and two eigenvalues cross A in the negative direction.
Each of the former five eigenvalues creates one up-point, and each of the latter two
creates one down-point.

2. Four eigenvalues cross A in the positive direction, one eigenvalue crosses A\ in the
negative direction, and one eigenvalue makes a U-turn at A. The latter eigenvalue
creates one up-point and one down-point.

[105]
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3. Three eigenvalues cross A in the positive direction and two eigenvalues make a U-turn
at A. Each of the latter two creates one up-point and one down-point.

4. Three eigenvalues cross A in the positive direction, one eigenvalue crosses A in the
negative direction and one eigenvalue makes a double U-turn at A. This last eigenvalue
creates two up-points and one down-point.

5. Three eigenvalues cross A in the positive direction and one eigenvalue makes a triple
U-turn at A\, which results in the appearance of two up-points and two down-points.

6. One eigenvalue crosses A in the positive direction and two eigenvalues make a double
U-turn at A.

7. Two eigenvalues cross A in the positive direction and one eigenvalue makes a quad-
ruple U-turn at A. An eigenvalue making a quadruple U-turn creates three up-points
and two down-points.

8. Four eigenvalues cross A in the positive direction and one eigenvalue makes a triple
U-turn at A and crosses it in the negative direction. This last eigenvalue creates one
up-point and two down-points.

In these eight possible scenarios the dimension of the vector space T} +io(Ta) is equal to,
respectively, 7, 6, 5, 5, 4, 3, 3 and 5.

N+ - 5
eigenvalues of Qx—io(Tx)J Prtio(Tx):
> — oo | o000 0o~
/]& 0
T
N_=2

A typical motion of the eigenvalues of the operator H, as r passes through r) in each of
these eight possible scenarios is given below:

1st scenario: dim Y3 0(ra) =7 2nd scenario: dim Y3 ;0(rx) =6
S — o—<+——>o
> >
| —— | ———

A A
3rd scenario: dim Y5 ;o(rx) =5 4th scenario: dim Y5 ;0(rx) =5
> |
| —— e —
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5th scenario: dim Y5 ;o(rx) = 4 6th scenario: dim Y5 ;o(r) = 3
o« 8 - §
—» .—BH
A A
7th scenario: dim Y} ;0(rx) = 3 8th scenario: dim T3, 0(72) =5
A A

For values of A outside the essential spectrum these scenarios make rigorous sense,
since in this case A depends on r analytically. The U-turn theorem allows us to extrapo-
late this behaviour of isolated eigenvalues to points of singular spectrum inside essential
spectrum.

One has to note that for the resonance index Ny — N_ it does not matter which side
an eigenvalue making a U-turn approaches the point A from; in both cases the eigenvalue
increases the number N, of up-points and the number N_ of down-points by 1. Taking
this into account, we do not distinguish for example the second scenario above from the
following possibility:

10.1. Proof of the U-turn theorem. Let z € II, let 7, be a resonance point corre-
sponding to z, let u € T,(r,) be a resonance vector and let k be a non-negative integer.
We denote by L£¥(r,) the linear span of all vectors u from Y, (r,) such that

~y(u) > d(u). (10.1.1)

As an example, if the Young diagram of A, (r,) is as shown in the left figure below, then
the vector space L¥(r.) is the linear span of the vectors marked by circles in the right
figure.

The following lemma is trivial.
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LEMMA 10.1.1. For any z € II and any resonance point r, corresponding to z,
2dim £ (r,) + dim Y1 (r,) > dim Y, (r.).

ProroSITION 10.1.2. If z = A+ 90 € OII and ry is a real resonance point corresponding
to A £10, then for any ui,uz € LY (7)),

<7.L1, JUQ> =0.

Proof. Assume that z = X\ + i0. By linearity, it is sufficient to prove the claim for the
vectors uy and ugp from LY ;o (rx) which satisfy (10.1.1). By Theorem these vectors
are of type I; in particular, their A ;;0(ry) and Ax_;o(r)) orders are equal:

dy(ur) =d_(u1) and di(uz)=d_(ug). (10.1.2)
Let £ = v4(u1) and j = 74 (u2), and assume without loss of generality that k& > j.
By definition of depth, uy = A%, (r\)¢ for some ¢. Since k > j > d(uz), we have
A% o(ra)uz = 0. By ([10.1.2), this implies that A%, (rx)uz = 0. It now follows from
(3.3.11) and (3.3.12) that
(u1, Juz) = <A§+io(7“/\)¢7 Jug) = <¢,B§7i0(r,\)Ju2) = (¢, JAI;fio(TA)uﬁ =0 =

ProrosITION 10.1.3. If z = A +40 € OII and if the perturbation J is non-negative (or
non-positive), then every real resonance point has order 1.

Proof. Assume the contrary: a real resonance point r) has order greater than 1. In this
case there exists a vector ¢ € T3 ,,(rx) of order 2. Hence, by Theorem the vector
u = Axyio(rr)¢ is of order 1 (and therefore is non-zero) and has depth > 1. Then

(u, Ju) = (Axti0(ra)é, Ju) = (¢, Ba_io(ra)Ju) = (¢, JAx_io(rra)u) =0,  (10.1.3)
where the last equality follows from Corollary Since J > 0 (or J < 0), we deduce
that Ju = 0. But this contradicts Lemma B.1.4l =

Even if the operator J is not sign-definite, the resonance matrix Qx—;o(rx)J Prtio(r)
may be sign-definite for some resonance points ry. If this is the case, one may ask whether
the conclusion of Proposition still holds. In fact, the same argument shows that if
the resonance matrix Qx—;o(7x)J Pyxrio(r)) is non-negative, then r is of type L

ProrOSITION 10.1.4. Let z = A £140 € OII and let ry be a real resonance point corre-
sponding to z. If the resonance matriz Qx—io(rx)J Patio(rx) or Qxtio(rx)J Pa_io(ry) is
non-negative or non-positive, then vy has order 1.

Proof. Let for instance z = A 440 and assume the contrary: r) has order greater than 1.
Then there exists a vector u of order 1 and of depth at least 1. Since w has order 1, by

Corollary we have
Pyiio(ra)u = Py_jo(ry)u = u.
Further,
(u, Qx—io(r2)J Pagio(ra)uw) = (Pxrio(ra)u, J Pxyio(ra)u) = (u, Ju).

From the last two formulas, using ((10.1.3)), one can infer that (u, @x—io(rx)J Paxyio(rx)u)
= 0. Since Qx—io(rx)JPryio(ry) is non-negative (or non-positive), this implies that
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Qxr—i0(rx)J Prtio(ra)u = 0. On the other hand, by Proposition for all real res-
onance points, the restriction of Qx—;o(rx)J Pxtio(rx) to Tatio(ry) has zero kernel. This
gives a contradiction. m

The following theorem and its corollary, Theorem [I0.1.6] are among the main results
of this paper.

THEOREM 10.1.5. If ry is a real resonance point corresponding to z = X £ 140, then the
absolute value of the signature of the resonance matrices Qaxio(ra)JPrxio(ry) is not
greater than the dimension of the vector space Tiﬂ»o(m):

|sign Q)\:':io(’l“)\>JP)\ii0(T)\)‘ S dim Ti+i0(’l“)\>.

Proof. We prove this for the operator Qx_;o(rx)JPxyio(ry). Let py, respectively p_,
be the rank of the positive, respectively negative, part of Q@x—io(rx)J Pxtio(7y). Assume,
contrary to the claim, that

|lu+ - /“L—‘ > m,
where m = dim T%\_H-O(r)\). By Proposition m
Uy +p_ = N = dimT)\+i0(T>\).
This equality combined with the previous inequality imply that either pi or p_ is less
than (N —m)/2. Since by Lemma (10.1.1
(N =m)/2 < dim LY 5(rx),
we conclude that either p4 or p_ is less than
dim LY ;o(rx) =: p.

Without loss of generality it can be assumed that 4 < p. Let uq,...,u, be a basis of
LY i0(rx). Since py < p, there exists a non-zero linear combination

U=aouy +- -+ Qply € £1)1\]+i0(7")\)

such that the positive part of u with respect to Qx—io(rx)JPrx+io(ry) is zero. Since
Ug, ..Uy € LY ;0(ra), it follows from Proposition [10.1.2| that

(u, Ju) = sziaj<ui’ Juj) = 0. (10.1.4)

Since, by Proposition the restriction of Qx—io(rx)J Pxrtio(ra) to Trtio has zero
kernel and since the positive part of u with respect to Qx—io(7x)J Prxrio(r)) is zero, the
negative part of w with respect to Qx—;o(rx)J Prx+io(rx) is non-zero. Hence,

(u, Ju) = (Paiio(ra)u, JPrrio(ra)u) = (u, Qx—io(Tx)J Paio(ra)u) < 0.
This contradicts . "
The following result is immediate from Theorems and
THEOREM 10.1.6 (U-turn theorem). For any real resonance point ry,

|indres(>\; HTM V)| < dim T;-&-io (TA)'
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10.2. Some corollaries of the U-turn theorem

COROLLARY 10.2.1. If the perturbation V is non-negative or mnon-positive, then
indyes(A; Hyy , V') = dim T}\HO(T)\).

Proof. By Theorem indyes(A; Hy, , V) is equal to the signature of the resonance
matrix Qx—io(rx)JJ Prrio(rx). By Proposition the dimension N of T y1,0(r)) is equal
to the rank of the resonance matrix. Since the resonance matrix is also non-negative or
non-positive, it follows that its signature is NV or —N. Finally, since V is non-negative or
non-positive, by Proposition the vector space Y i0(ry) coincides with T%\H-O(r,\),
and therefore

Isign Qx—io(r2)J Patio(ra)| = N = dim Ty yi0(ry) = dim T, ;0(ry). m
Theorem [10.1.5| and Proposition imply

COROLLARY 10.2.2. Let z = XA +1i0 € OIl. Assume that a real resonance point ry cor-
responding to z has geometric multiplicity m = 1. If the order of ry is even, then the
signature of the resonance matrix Qx—io(rx)J Pxrio(rx) is zero; if the order of v is odd,
then this signature is +1 or —1.

COROLLARY 10.2.3. Let ry be a real resonance point. If one of the numbers Ny or N_
from the definition (5.3.3)) of the resonance index is zero, then ry has order 1.

Proof. By Theorem [9.2.1] the resonance index N; — N_ of ry is equal to the signature
of the self-adjoint operator Qx—_io(rx)JPrrio(ry). If Ny or N_ is zero, this signature
is N or —N, where N is the rank of Qx—_;o(rx)J Prxrio(rx). Hence, Qa—io(rx)J Patio(Tx)
is either non-positive or non-negative. Therefore, Proposition implies that r) has
order 1. m



11. Order-preserving property of Pyiio(ry): Tazio(ra) = Tazio(ra)

The main result of this section is Theorem which asserts in particular that if the
geometric multiplicity of a real resonance point is equal to 1, then the mappings

Prtio(ra): Tagio(ra) = Latio(ra)

preserve the order of resonance vectors. Along the way we prove some properties of the
operators Pyyio(7x) and Axyio(rx) which seem to be interesting on their own.

11.1. Some properties of Pyy;0(ry) and Ajxi;o(ry)
ProposITION 11.1.1. For any non-resonance pointr € R and any real resonance pointry,
VImTsio(Hy) T Pacio(ra) VIm Tovio(Hy) = 0, (11.1.1)
and for all j =1,2,...,
VIM T yio(Hy) JAS Lo (m2) v/ Tm Toyi0(H,) = 0. (11.1.2)
Proof. We prove these equalities for the plus sign. The equalities for the minus sign can

then be derived by taking adjoint and using (3.2.5)), (3.2.10)), (3.3.11)), (3.3.12]).
It is well-known (see e.g. [Pus]) that the operator

S(A+1i0;Hs, H,)
=1—-2 ImTA—i—iO(Hr) (8 - T‘)J(l + (8 - T)TA+1'0(HT)J)_1\/ ImT)\_i_io(HT) (1113)

is unitary for real non-resonant r and s; the proof is a direct calculation. Since the right
hand side of makes sense for complex values of s, we will treat the operator
S(\ + i0; Hy, H,.) as a function of the complex variable s. By the analytic Fredholm
alternative (Theorem the operator-function S(\ + i0; H,, H,.) is a meromorphic
function of s. Since this function is also unitary and therefore is bounded for real s,
it cannot have poles on the real axis R. Hence, S(/\ +40; Hy, H,) as a function of s is
holomorphic in a neighbourhood of R. Making the change of variables o = (r — s)~! one
infers that the function of ¢ given by

S\ +1i0; Hy(y, Hy) = 1+ 2in/Im T yi0(H,) J (0 — Trpio(H,)J) ™ /Im T pi0 (H,)
is holomorphic in a neighbourhood of R. Hence, the residue of this function at
op = (7‘ - ’I“)\)71

is equal to zero. By the definition (3.2.1)) of the idempotent P,(r,), this residue is equal
(up to a non-zero constant) to the left hand side of (11.1.1)), which is therefore zero too.

This completes proof of (11.1.1]).

[111]
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Further, since the function S (A+1i0; Hy (o), Ho) of o is holomorphic in a neighbourhood
of R, all the other terms (o — 0¢) ™/ with negative powers in the Laurent expansion of
S(A+1i0; Hy(o), Ho) at 0 = 0g also vanish. Combining this with (3.3.19) implies

VIm Ty yio(H,) JAS L (rx)v/Im Ty pio(H,) = 0.

Further, using this equality and m with k = d — 2, we infer that

VTl T AL () T T () = O
Continuing in this way gives forall j=d—1,d—2,...,1. m
Proposition implies that for all j =0,1,2,... and all s,
(Axpio(s) = Ax—io(5)) AL 140 (ra) (Arsio(s) — Ax—io(s)) = 0. (11.1.4)

This equality itself is not useful but its modification which follows is.

LEMMA 11.1.2. For any non-resonant real numbers r and s and all j =0,1,2,...,
(Axyio(r) = Ax—io(r)) AL io (r2) (Axrio(s) — Ax—io(s)) = 0. (11.1.5)

Proof. Using we have

Axtio(r) — Ax—io(r)
= 2iIm Thyi0(r)J
= 2i(1+ (r — 8)Ax—i0(s))~  Tm Thyio(Hs ) (1 + (r — 8)Bayio(s)) ' J
=2i(1 4 (r — 8)Ax_io(8)) " Im T yi0 (Ho) J(1 + (1 — 5) Axsio(s)) ™!
= (1+(r = 8)Ax—io(s) " (Artio(s) — Ax—io(s)) (1 + (7 — 8) Axyio(s)) ™
It follows that

[Axio(r) = Ax—io(r)| Patio ()
= (14 (r = 5)Ax=i0(5)) ™ (Arsio(s) = Ax—io(s)) (1 + (r = 8)Axtio(s)) ™ Paio(ra)-
Expanding the factor (1 + (r — $) Axti0(8)) ™~ PA+20(7’>\ by (3.4.13) and multiplying both

s
sides on the right by Ag\ﬂo(r,\)(A)\Ho( ) — Ax_io(s)), one can see from (|11.1.4)) that the
left hand side of (11.1.5) is zero. m

The left hand side of is a meromorphic function of the two variables r and s.
Using (3.3.16), one can expand this function in a Laurent series at r = ry, s = 7. Since
the function is zero, all coefficients of the terms (r — 7\)*(s — ry)!, k, 0 = 0,4+1,42,...,
in the Laurent expansion are also zero. This gives some relations between the operators
Axtio,rs (2), Prrio(ra) and Axtio(ry), such as

(A§+i0(rA) - A})ﬁ\fio(rk))Ai\+zo( )(A/\Jﬂo(”\) Al,\fio(rz\)) =0. (11.1.6)
The one which will be used shortly is obtained by setting to zero the coefficient of

(r—rx)"(s—rx)~! from the Laurent expansion of the left hand side of (11.1.5)). Taking
j = 0 in the resulting relation gives the following equality.

LEMMA 11.1.3. For any real resonance point ry,
(Pryio(rx) = Pr_io(rx)) Pagio(ra) (Patio(ra) — Px—io(rx)) = 0. (11.1.7)
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THEOREM 11.1.4. For any real resonance point ry the spectrum of the product Px10(rx)
Py_io(ry) consists of only 0 and 1. Moreover, the algebraic multiplicity of 1 is equal to
N = dimTA+i0(TA)~

Proof. For brevity, we write Py instead of Pyyo(ry) and P_ instead of Py_;o(ry). Ex-

panding (11.1.7) we obtain

P -P P -PP +P PP =0 (11.1.8)
Taking traces of both sides and using Tr(P. P_) = Tr(P_ P P_) gives
Tr(P_Py) =Tr(Py) = N. (11.1.9)
Multiplying both sides of by P, on the right leads to
pP,-P P —-P PP +P P PP =0 (11.1.10)

Taking traces and using one gets
Tr(P_-P.P_P.)=N.
Multiplying on the right by P_ P, and taking traces we get
Tr((P_Py)3) = N.

Continuing in this manner, it can be shown that for any £ =1,2,...,

Tr((P_P.)*) = N. (11.1.11)
Since P_P; has rank < N (in fact this rank is N by Theorem but we do not need
this), if x1,...,2n is the list of all non-zero eigenvalues of P_ P, counting multiplici-

ties, then it follows from the spectral mapping theorem, the Lidskii theorem (2.1.6) and
(11.1.11) that for all k =1,2,...,

x’f—l—-n—l—x’f\,:N.
This is only possible if all the N numbers x1,...,zy are equal to 1. m

REMARK 11.1.5. Theorem [11.1.4] implies that the ranks of Pxi0(rx)Pr—io(ry) and
Py_io(rx)Patio(ry) are the same as that of Pyi0(ry) and Px_;o(ry), which gives an-
other proof of Theorem [9.1.1

11.2. Proof of the order-preserving property of Py1;o(r)) for property C points

DEFINITION 11.2.1. We say that a real resonance point r) of geometric multiplicity m has
property C if the vector spaces Yx10(rx) and YTx_;0(ry) admit Jordan decompositions
(see p. [34] for definition)

Tayio(ra) = TE\ILO(U) +- 4 Tmio(r,\), (11.2.1)
Taio(ra) = Tl o(ra) - L0 () (11.2.2)

such that for all j =1,...,m,
Priio(ra)TY () = TE\VLO(T/\) and P/\—io(T,\)TE\VJﬂ-O(T’A) =¥ (). (11.2.3)

The goal of this subsection is to prove Theorem [I1.2.7] The proof starts with the
following lemma.
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LEMMA 11.2.2. Let ry be a real resonance point with property C and let j, k,l be non-
negative integers. If the operator

A])C\:tio (TA)Ag\;io (TA)Al)\iio (rx)

sends all vectors from Yxpi0(rx) to vectors of type I and if it sends all vectors of type T
to zero, then it decreases the order of vectors from Yxyio(7y).

Proof. We prove this only for the upper signs.

Since r) has property C, the vector spaces YT y0(ry) and T)\,ioﬂm) admit the de-
compositions (]11.2.1 and (]11.2.2') into direct sums of vector spaces Y 4,,(rx) such that
for any k£ > 0,

A’;iio(TA)TE\Vj]Eio(U) C TE\VLO(U)
and the relations (11.2.3]) hold.

Each vector space T[)\Viio(m) has a basis

1 d,
ul )

such that AKX, (r\)uy (]) = u(ji 2 Therefore, it is enough to show that the operator

AAHO(T,\)A)\ zo(TA)AAHO(U) decreases the order of each of the vectors u,(ﬁ We shall

prove this assertion.
(@)

For each v = 1,...,m, there exists the largest index « such that u, ’ is a vector of
type 1. Corollary implies that
1) u'® (at+1) (dv)
Uy oy Upyy Upy Ty eeny Uy
are of type I are not of type I

The operator A% (rA)AA w0(ra) AL o(rx) decreases the order of the vectors uil_g, cey

ul(, +) , since by assumption they belong to its kernel. Now we show that the image of each

of u,ﬁjl), ..,ul(,d”) is a linear combination of u,}l, e l(,i), and this will complete the
proof. By (|11.2.3)), it is enough to show that any vector of type I from T[ﬂ_io(r}\) is a

linear combination of u,(leZ, e (a) Assume the contrary. Then there exists a vector f of

type I and of order > a. Using Corollary we can assume that this vector has order
a+1. Since f is a linear combination of u,j1+, . ,u,(ffl) it follows that u( 2

of type I. This contradicts the definition of o. =

is a vector

Let

Di+io(ra) = Pryio(T2) — Prgio(72) Pr—io () Pagio(T2),
Dx_io(ra) = Prx—io(rx) — Px—io(rx) Prxtio(Tx) Pa—io(r)-
LEMMA 11.2.3. D>\+i0(r>\) Dy _ Zo(’/’)\)

Proof. By Lemma [I1.1.3] we have P_D, = D, and similarly D_P, = D_. It remains
to note that P Dy =D_P,. =

This lemma allows us to write Dy (r)) instead of Dy_;o(rx) and Dxy0(ry).
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LEMMA 11.2.4. The operator Dx(ry) has the following properties:

(1) DX(ra) =0.
(2) The image of Dx(ry) consists of vectors of type I.
(3) The kernel of Dx(rx) contains all vectors of type I

Proof. Multiplying the left hand side of (11.1.7) on both sides by Pyio(ry) gives D3 (ry)
= 0. It follows from (11.1.6)) with j =1 =0 that for all k =0,1,2,...,

(AL — A")Dy(ry) = (A} — A%)P.(PL — P )P, =0.

Hence, by Lemma the image of Dy (ry) consists only of vectors of type I. The third
assertion is obvious from Theorem R2.8 m

LEMMA 11.2.5. If a real resonance point ry has property C then the operator
Px+i0(rx) Pagio(ra) Pa+io(r)
preserves the order of vectors from Y xiio(ry), that is, for all j =1,2,...,
Pxio (TA)PA¢iO(TA)T§i¢o(TA) = Ti:ﬁ:io ()
Proof. We prove this for the upper signs. In the proof we will use the properties of the
operator D = Dy (r)) from the previous lemma.
If u € Tayio(ry) is of type I, then
P,P uw=P;P P.u=(Py —D)u=u— Du=u,
so P, P_P, preserves order of type I vectors. For any u € YTy 1;0(r)) the vector Du is of

type I, and therefore by Lemma [T1.2:2] the order of Du is less than the order of u. Hence,
P, P_P, =P, — D preserves order. m

LEMMA 11.2.6. If a real resonance point ry has property C' then the operator Pxio(ry)
Axtio(ra)Paxio(ra) decreases the order of vectors from T x+io(ry).

Proof. We prove this for the upper signs. Let
E,=A,-P.,A_P,.
It follows from with k =1=1 and j = 0 that
E}=(Ay —PLA_Py)(Ay —PrA Py ) =P (A —A_ )P, (A, —A )P, =0.
It follows from with [ =1 and j = 0 that for all k =0,1,2,...,
(AX —AM)E, = (AY —AM)P, (A, —A_ )P, =0.

Lemma now shows that the image of E is a subspace of T4(ry). So, on the one
hand, the operator E obviously maps all vectors of type I to zero; on the other hand,
the image of E; consists of vectors of type I only. By Lemma this implies that
E. decreases order. Since Pt A_P, = A, — F, and since A also decreases order, it
follows that P, A_ P, decreases order too. m

THEOREM 11.2.7. For any z = A £i0 € OIl, for any real resonance point ry with
property C' corresponding to z and for any j = 1,2,... the restriction of Pyyio(ry) to
T3 4i0(r) is a linear isomorphism of Y3 L;0(rx) and T3 0(r).
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Proof. As usual, only the statement for the upper signs is proved. Since by Theorem[9.1.1
Py is a linear isomorphism of Y_ and Y, the claim is equivalent to P (Y2) C Y7 for
all j. Since u € Y7, if and only if A/ u = 0, the last assertion is equivalent to

Yue T_ Aj_u:()éAiu:O.

For 7 = 1 this follows from Corollary Assume that the claim holds for j = k, and
let u € TE*1. Then, since by Lemma [11.2.6| the operator P_A, P_ decreases order, we

have P_ A, P_u € T* , which implies
AR (P_A P u)=0.
By induction assumption, this gives
AE(P_A{P_u)=0.
The left hand side can be written as Aﬁ (PLP_P.)A u, and so
AR (PLP_PO)A u=0.

It follows that (Py P_P,)A_ u is a +-vector of order < k. Since by Lemma [11.2.5| the op-

erator Py P_ P, preserves order, A ;u is a +-vector of order < k too. Hence, Aﬁ_“u =0.m

THEOREM 11.2.8. For any z = X\ +i0 € 901l and for any real resonance point ry with

property C corresponding to z, the idempotent Qxxio(ry) s a linear isomorphism of
U 1i0(ra) and W3 o(ra) for all j=1,2,....

Proof. We prove this assertion for the upper signs. Using successively Lemma [3.1.4
(3.2.10), Theorem [11.2.7|and Lemma again, one has
Qxpio(ra) W _io(ra) = Qayio(ra)JTL i ()
= JPxyio(ra)T_io(ra) =~ JT§\+i0(TA) = ‘I’iﬂ‘o(rk) .
For real resonance points with property C' the following two commutative diagrams
of linear isomorphisms summarize Theorems [11.2.7] [11.2.8] and Lemma [3.1.4

. J ) . J .
\I’z\+¢0(7'/\) < Tz\+io(r/\) \Iiz\+z‘0(7ﬂ>\) < TJA+@'O(T>\)
Qxio(rx) Pxiio(rx) Qx—io(rx) Px_io(rx)
U3 io(ra) 5 T3 io(ra) U io(ra) ~ A io(ra)

We say that a real resonance point 7y has property U if the operators Pxiio(7y) :
Tagio(ra) = Tazio(ra) preserve the order of vectors. Thus, Theorem [11.2.7] asserts that
property C' implies property U.



12. Independence from the rigging operator

Here we discuss independence from the rigging operator F' for some of the notions studied
so far.

12.1. Independence of resonance index from the rigging operator

LEMMA 12.1.1. The R-indices of Axtiy(S)Pxtiy(rx) and Axtiy(s)Pxtiy(ry) coincide for
all s and for all small enough y > 0.

Proof. By Lemma the eigenvalue counting measures of Axiy(s)Payiy(ry) and
Ajxtiy(8)Patiy(ra) coincide. Hence, their R-indices are also equal. m

THEOREM 12.1.2. The resonance index indyes(\; H,V') does not depend on the choice
of the rigging operator F as long as X is essentially regular for the pair (A, F), where
A={H+rV:r € R} and V is a regularizing direction for an operator H which is
resonant at .

Proof. Since A,(s) = R,(H,)V and P,(r,) do not depend on F', this follows immediately
from Theorem [9.2.4] and Lemma [12.1.1] =

Theorem [12.1.2| raises natural questions of independence of the notions of essentially
regular points and regularizing directions from the rigging operator F.

12.2. Independence of dim T}\HO(T}\) from the rigging operator

COROLLARY 12.2.1. If the perturbation V is non-negative (or non-positive) then the di-
mension of T}, o(Hy,,V) does not depend on the choice of F.

X
Proof. Since V' is non-negative, dim T}\HO(HU,V) = dim Yyi0(Hy,,V) by Proposi-
tion [I0.1.3] Since by V' > 0 there are no resonance down-points, this dimension is equal
to indyes(A; Hr,, V), which is independent of F' by Theorem [12.1.2] m

By Lemma for small enough y the signatures of Qxsio(ra)JPrrio(ry) and
QA:FZ,y(T,\)VB)\iiy(T,\) coincide. Hence, another way to prove Theorem [12.1.2[is to observe
that the latter operator does not depend on F'.

Combining Corollary [T2.2.1] with Theorem we obtain

THEOREM 12.2.2. If the real vector space Ay of self-adjoint perturbation operators con-
tains at least one non-negative operator V, then the dimension of Tiﬂo(m) is indepen-
dent of F.
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13. Resonance points of type I

It turns out that real resonance points have a certain generic property, which admits
many equivalent reformulations. A real resonance point with this property will be called
a point of type I. As will be shown, if a point A on the spectral line lies outside the
essential spectrum, then all real resonance points corresponding to A & ¢0 are of type I.
Further, if the perturbation V' is non-negative, then all points are also of type I for any
essentially regular point A. For a resonance point to be of type I is a generic property
since, as will be shown, all resonance points of order 1 are of type I. Resonance points
which are not of type I exist: examples will be given in Subsection [[4:4.2]

At the end of this section we introduce the class of real resonance points with the
so-called property S which is strictly larger than the class of real resonance points of
type L

Initially, results of Section were proved for points of type 1. At that stage of
preparation of this paper I did not know whether there were real resonance points not
of type I. In fact, a significant time was spent in an effort to prove a conjecture that
all real resonance points are of type I. This conjecture was supported by the fact that it
holds in several special cases mentioned at the beginning of this section. However, later an
example of a resonance point not of type I was found. This example is given in Section[14}
A similar story was repeated with resonance points with property S. To prove the main
results of Section [10]in the case of arbitrary real resonance points took another year.

13.1. Resonance points of type I. By definition, a real resonance point r) is of type I
if for some non-resonance point s € R,

VIm Ty pi0(Hs) J Payio(ra) = 0. (13.1.1)

This is a strengthened version of (11.1.1)), and while (11.1.1) holds for all resonance
points 7, it will be shown that not all resonance points are of type I. One can also see

that the definition of a point of type I is equivalent to requiring that all resonance vectors
corresponding to A + 0 are of type 1.

LEMMA 13.1.1. A real resonance point ry is of type I if and only if for some non-resonant

seR,
v ImT,\Jrio(Hs) Q)\+i0(7”)\) = 0. (1312)

Proof. By Lemma the range of the operator Qx;0(r)) coincides with the range of
the product JPx1i0(ry). The assertion follows. m
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In what follows it is assumed for convenience that the point s for which (13.1.1)) holds
is s =0.

LEMMA 13.1.2. A real resonance point ry is a point of type I if and only if the function
Co>sm— ’U)(S) = ImT,\+i0(HO) (1 + SJT)\JFiO(HO))_l (1313)
is holomorphic at 7.

Proof. Let 0 = —s~! and let

- _ 1
’UJ(U) = ImT)\_H‘o(Ho) (0 - JT)\_H'()(HQ)) 1— 7;11)(8)
Then w(s) is holomorphic at ry if and only if @(c) is holomorphic at 0 (0) = —r} .
(=) By the analytic Fredholm alternative, the function w(o) is meromorphic with a

possible pole at o (0). It follows from the definition ([3.2.3]) of @x+i0(r») and Lemmal13.1.1

that
f{ o) do = /ITm Tx0(Hop) 7{ — JTvi0(Ho)) tdo
C(O’)\(O)) O’,\(O
= 27TZ\/III’1T)\_H*O HO Q/\+i0 ’I“)\ = 0, (13.1.4)
where C(0,(0)) is a small closed contour enclosing o5(0) = —ry'. Hence, the coeffi-

cient of (¢ — ox(0))~! in the Laurent series of w(c) is 0. Now Proposition and
equality imply that the coefficients of the terms (o — 0(0))™" with n > 1 also
vanish.

(<) If w(o) is holomorphic at o(0), then fc o) do vanishes. On the other hand

this integral is equal to 2miv/Im Thi0(Ho) Qatio(r )\) It now follows from Lemma

that ry has type I. m

The function w(s) is holomorphic, but the adjoint function w*(s) is not. For this
reason, instead of w*(s), the meromorphic continuation w?(s) of the restriction of w*(s)
to the real axis will be used:

C3s—wi(s):=(1+sTr_io(Ho)J) /Im Ty yio(Hp).

LEMMA 13.1.3. Ifw(s) is a meromorphic operator-valued function in some domain G C C
which is symmetric with respect to the real axis, then w(s) is holomorphic at a real point
ro € G if and only if the function w(s)w'(s) is.

Proof. If (s—rg) ¥ X}, is the lowest order term in the Laurent series of w(s) at s = rg, then
the lowest order term in the Laurent series of w(s)w'(s) at s = rg is (s — ro) "2* X, X ;..
Since X = 0 if and only if X, X} = 0, the claim follows. m

PROPOSITION 13.1.4. Let w(s) be given by (13.1.3). The following assertions are equiv-
alent:

(i) rx is of type L
(ii) C 3 s+ w(s) is holomorphic at ry.
(iii) C > s+ w'(s)w(s) is holomorphic at ry.
(iv) C > s+ w'(s) is holomorphic at 7.
(v) C3 s+ ImThi0(Hs) is holomorphic at ry.
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Proof. The equivalence (i)<(ii) is the content of Lemma (ii)<(iv) is obvious;
(iii) < (v) follows from (2.7.11)); and (i)« (iii) follows from Lemma[[3.1.3] =
OBSERVATION 13.1.5. The equality is plainly equivalent to

Py—io(rx)V/Im Ty yi0(Ho) = 0,
which gives another characterization of points of type L.

LEMMA 13.1.6. A real resonance point ry is of type I if and only if

\/ Im T)\+i0(H5) JP,\,Z'()(T)\) = 0
That is, the definition (13.1.1) of a resonance point ry of type I does not depend on the
choice of sign in Pxyio(Ty)-
Proof. Since ImTy_;0(Hs) = —Im Th140(Hs), the function Im T y,0(Hy) is holomorphic
at some point s if and only if Im T _;o(H;) is. Since, by (2.7.11]),
Im Ty _io(Hs) = (1 + sTxyio(Ho)J) ™  Tm Ty _so(Ho)(1 + sJT\_i0(Ho)) ™",

it follows from Proposition [13.1.4(v) and Lemma [13.1.3|that a real resonance point 7y is
a point of type I if and only if the function

h(S) =/ ImT)\_H'()(Ho) (1 + SJT,\_io(Ho))_l

is holomorphic at ry. Hence, making the change of variables ¢ = —s™" and taking the
contour integral of the function s - h(s) over a small circle C' enclosing 77’;1 shows that
if ry is a point of type I, then

VIm Ty io(Ho) Qa—io(r2) = 0.

It follows from Lemma [B.1.4] that

VIm Tayi0(Ho) JPr—i0(ry) = 0.
Now, the argument of Lemma shows that the last equality implies that h(s) is
holomorphic at ry; hence, the “if” direction is also proved. m
LEmMA 13.1.7. The equality holds if and only if

Im Ty 440(Hs) JPxtio(ry) = 0. (13.1.5)
Proof. Plainly, implies (13.1.5). If (13.1.5)) holds, then by the C*-equality ||T'||? =
|IT*T||, we have

[V/Im T yio(Hs) J Paiio(ra) > = [|@a—io(ra)J Im Tayio(Hs) J Pasio(ra)[| = 0. m

LEmMmA 13.1.8. If holds for one real non-resonant value of s, then it holds for

any other such value.

Proof. Assume that (13.1.1]) holds for s = r. By Lemma(13.1.7] the square root in (|13.1.1]
can be removed, so that

T)\+i0(HT)JP)\+i0(7",\) = T)\_io(HT)JP)\_;,_io(T)\). (13.1.6)
Hence, the restrictions of Axiio(r) = Thavio(H:)J and Ax_o(r) = Th_iw(H,)J to
Tario(ra) = im Pyxyio(ry) coincide. By Corollary YTario(ry) is invariant under
Axyio(r), and therefore, by (13.1.6]), Tx1i0(ry) is invariant under Ay_;o(r) too. It now

1
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follows from (2.7.4]) that the restrictions of Ax10(s) and Ax—_;o(s) to Trtio(ra) coincide
for all non-resonance s. Hence, Ax10(s)Prrio(rx) = Ax—io(8)Pxtio(ry) for all such s, as
required. m

These results are summarized in the following theorem.

THEOREM 13.1.9. Let A\ be an essentially regular point for the pair (A, F). Let Hy € A
be an operator reqular at A and let V € Ag. Let ry € R be a resonance point of the path
{Ho+rV:r eR}. The following assertions are all equivalent to ry being of type I:

(ix) For any regular point v, \/ImThy,0(H,) JPxxio(rx) = 0.

(i%) There exists a reqular point r such that \/ImTx10(Hy) JPxtio(ra) = 0.

(iix) For any regular point v, \/ImTxy;0(H,) Qrxio(ry) = 0.

(ii%) There exists a reqular point r such that \/ImTr10(Hy) @rzio(ra) = 0.
) The meromorphic function

’w:t(S) =/ ImT)\Jrio(Ho) [1 + SJT)\:H()(H())]71

18 holomorphic at s = r}.
(iii’,) The meromorphic function

wi(s)J = +/Im TA—H’O(HO) J[l + ST,\iio(Ho)J]_l

is holomorphic at s = .
(ive) The meromorphic function

wh (s) = [1+ sTzi0(Ho)J] ™ v/Tm Thyi0(Ho)

18 holomorphic at s = r).

(ve) The residue of wi(s) at s =1y is zero.

(vig) For all £-resonance vectors the real numbers c_; from Proposition are all
zero.

(vil) The function s — ImTxy,0(Hs) is holomorphic at s =r).

(viii) The function s — JIm Txy,0(Hs)J is holomorphic at s = ry.

Moreover, the assertions obtained from (ix)—(iix) and (i%)—(iiL) by removing the square
root are also equivalent to the above ones.

Proof. Equivalence of (ix), (%), (iix), (ii%), (ilix), (ivy), (v4) and (vii) has already been
proved.

It is not difficult to see that (iiiy) implies (iii’,). Now it will be shown that (iii,)
implies (ix). Making the change of variables ¢ = —s~! and taking the contour integral
over C(c(0)) (where o (0) = —r; ') of the function sw(s).J gives

0= f o wy (=071 T do = /Tm Ty i0(Ho) J Pxrio-
C(oa(0))

Item (vii) obviously implies (viii). Item (viii) combined with Lemma [13.1.3|and (2.7.11)
implies (iii’).

Finally, (vii) implies (viy), and (viy) implies (iL). =

COROLLARY 13.1.10. If the right hand side of (8.1.1) is non-zero, then it is strictly pos-
itiwe for all non-resonance points s.



122 13. Resonance points of type I

Proof. If the right hand side of (8.1.1) vanishes at some point s, then by the implication
(i%)=(ix) of Theorem [13.1.9|it vanishes at all points s. m

REMARK 13.1.11. Properties (iii.) and (ivy) have something in common with the fact
that the scattering matrix and the S-function, defined by (|11.1.3)), are holomorphic in
a neighbourhood of R. One can see this from the stationary formula for the scattering

matrix, recalling the relation 1) between +/Im T :0(Hop) and Ex(Hp).

In addition to the equivalent conditions of Theorem [I3.1.9] one has the equivalent
conditions

Axtio(s) = Ax—io(s) on Txtio(ry), (13.1.7)
Biyio(s) = Ba—io(s) on Wyy0(ry), (13.1.8)
Axiio(ra) = Ax_io(ra)  on Tagio(ry), (13.1.9)
Bitio(ry) = Ba—io(ra)  on Wapri(ry). (13.1.10)

The equality and Lemma imply that the restrictions of Thy;0(Hs) and
Th—io(Hs) to Wap0(ra) coincide. Hence, the restrictions of By10(s) = JTh+i0(Hs) and
Bi_io(8) = JTx—io(Hs) to Wxiio(ry) also coincide. Therefore, implies .
Further, and Lemmaimply that Bario(s)J = Ba—io(Hs)J on T x1i0(7y)-
Hence, JAxii0(s) = JAx_s0(H,) on YTyii(ry), and so, by Lemma Axiio(s) =
Ax_io(Hyg) on Txyio(ry). Consequently, implies .
Further, the definition of Axtio and imply that (13.1.7) and (13.1.9)

are equivalent. Similarly, (13.1.8)) and (13.1.10) are equivalent. Finally, ((13.1.7)) is just a
reformulation of Theorem [13.1.9(i).

By Corollary the vector spaces T3 ;o(ra) and YT5_,(rx) of +-resonance and
—-resonance vectors of order 1 coincide for any real resonance point ry. For k > 1 the
vector spaces T§+iO(T)\) and Y5, (ry) are different in general, but if r) is a type I point,
then they coincide for all £ = 1,2,... as the following proposition shows.

PROPOSITION 13.1.12. In the conditions of Proposition [811], if vy is a real resonance
point of type I, then for all k = 1,2, ... solutions of the resonance equations

(1+ (rx = 7)Trgio(Hy) J)Fu =0
and
(L4 (ra — ") Tr—io(Hr)J)fu=0
coincide, that is,
YK i0(ra) = X io(ra)- (13.1.11)

Proof. This follows directly from Lemma Nevertheless, we give another proof.
The case k = 1 follows from Proposition (and holds for all resonance points).
Assume that the claim holds for k£ — 1. If u is a solution of

(1+ (ra — 1) Tagio(Hy)J)fu =0,
then (1 + (rx — r)Txti0(Hy)J)u is a solution of
(14 (ra = 1) Tagio(H,)J)* ' f = 0. (13.1.12)
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Since the real resonance point ry is of type I, we have Im T ;0 (H,)Ju = 0. It follows that
(1+ (ra —r)Th—io(H;)J)u is also a solution of (13.1.12). From the induction assumption
we see that (14 (rn — r)Th—(H,)J)u is a solution of
(1+ (rx — ")Th_io(H) )1 f =0.
It follows that u is a solution of (1 + (ryx — r)Tx_io(H,)J)*u =0. m
The same argument shows that for points 7y of type I we have
‘I’I;ﬂo(?”/\) = ‘I’I;—io(T/\)-

This equality also follows from and Lemma

Proposition implies, in particular, that for points r) of type I the ranges of
the idempotent operators Pyyio(7x) and Py_;o(7) coincide. In fact, for points of type I
these idempotents coincide, as the following theorem shows.

THEOREM 13.1.13. Let Hy be a self-adjoint operator from A, let A\ be an essentially
reqular point and let V' be a regularizing direction. If a real number ry is a resonance
point of type I, then Px_;o(rx) = Pryio(ry).

Proof. Let y be a small positive number. Proposition implies that

1

7% ImTA_Hy(HS)JdS = P/\-&-iy(r/\) — P)\_iy(’l“)\),

T JC(ra)
where C(ry) is a contour which encloses all poles r}\Hy, . ,rf\\g_iy of the group of r) and
their conjugates 77/1\+iy, e ,fi\g_w (see Subsection for the definition of the poles of the

group of ry). By Lemmas and taking the limit as y — 0 in the above equality

gives
1
7}4 ImT)\+iO(HS)JdS = P)\+i0(/r)\) — P)\,io(’r}\). (13.1.13)
C(rx)

™

By Proposition |13.1.4{v), the integrand is holomorphic in a neighbourhood of ry, and
therefore the integral vanishes. Hence, Py y0(rx) = Pr—io(rx). =

Theorem [13.1.13| and (13.1.9) provide another proof of Proposition [13.1.12

ProrosiTiON 13.1.14. A point ry is of type I if and only if for some and thus for any
non-resonant r we have

OA(Hy) L Watio(ra),
where hy(H,) is the fibre Hilbert space as defined by (L.4.1]).
Proof. This follows from items (ii}.) and (ii% ) of Theorem and the equality ¥ y;0(7)
=im Qxpio(ry). =
By Propositionfor any real resonance point r the relation bx(H,) L U3 ;0(rx)
holds. The vector space Wyi;0(ry) is in fact also the image of the resonance matrix

Qx+io(rx)J Py_io(rx), as shown by (9.1.2) and Lemma This gives another charac-
terization of points of type I.

ProrosITION 13.1.15. A point ry is of type I if and only if for some and thus for any
non-resonant r,

Im T yi0(Hy )Qr—io(r2)J Pxgio(ra) = 0.
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13.2. Examples of points of type I. In this subsection we give several conditions
which ensure that a resonance point has type 1.

THEOREM 13.2.1. Let \ be an essentially reqular point, let Hy € A and let V € Aq be
a reqularizing direction at A. If A does not belong to the (necessarily common) essential
spectrum of operators from A, then every resonance point of the triple (A\; Ho, V') is of
type I.

Proof. In this case the function R 3 r — ImTyy;0(H,) is zero. Thus, the claim follows
from, for example, Theorem [13.1.9(vii). =

The next assertion is immediate from Proposition and the definition (13.1.1)) of
resonance points of type I.

THEOREM 13.2.2. Let \ be an essentially regqular point, let Hy € A and let V € Ay be a
reqularizing direction at A. All resonance points of the triple (\; Hy, V') which have order 1
are of type I

Since resonance points generically have order 1, Theorem [13.2.2] shows that points of
type I are in abundance. An example of a resonance point not of type I will be given in

Section [T4]

THEOREM 13.2.3. Let A be an essentially reqular point, let Hy € A and let V € Ay be a
reqularizing direction at A. If the perturbation V is non-negative (or non-positive), then
every resonance point of the triple (\; Hy, V') is of type L

Proof. This follows from Proposition and Theorem L]

COROLLARY 13.2.4. If ry is not a point of type I, then A\ € 0qss and the order of vy is
greater than 1. Moreover, in this case the perturbation J is not sign-definite.

ProPOSITION 13.2.5. Let ry be a real resonance point corresponding to X\ +1i0 € OIl. If
the resonance matric Qxio(ra)J Paio(Ty) is either non-negative or non-positive, then ry
is of type L

Proof. This follows from Proposition and Theorem [13.2.2] =m

13.3. Resonance points with property S. In this subsection a class of real resonance
points is introduced which is strictly larger than the class of points of type I. Let A be
an essentially regular point. A real resonance point r) will be said to have property S
if

ker Pytio(ry) = ker Pyx_;o(7).
ProprosSITION 13.3.1. Let A be an essentially reqular point and let ry be a real resonance
point. The following assertions are equivalent:

(i) rx has property S.

(i) Patio(ra)Pr—io(rx) = Patio(ra) and Px_io(rx)Prrio(rx) = Pa—io(rx)-
(iii) 1mQA+zO( ) imQ@y_ ,0(’/“,\) that is, \I/,\_H‘o(r)\) = \I/A_io(’l“)\).

(iv) Qx+io(ra)Qx—io(rx) = Qr—io(rr) and Qx—io(rx)Q@xti0(rx) = Qxrio(rx).
(v) @x—io(ra)J Patio(ra) = J Pxjio(Tr)-

(vi) Qxyio(ra)JPr_io(ra) = JPx_io(rx).
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(vil) @a—io(rx)J Prxtio(ra) = Qx—io(rx)J.
(viii) @xtio(rx)JPr—io(rx) = Qxtio(ra)J.
(ix) Qx—io(rx)J Pryio(ra) = Qatio(ra)J Pr—io(rx).
P’/‘OOf. (11):>(1) If P)\,Z‘()f =0, then P)\Jri()f = P)\+iOP)\7i()f =0. Similarly, if P)\Jﬂ'of =0,
then Py_jof = Prx—ioPxyiof = 0.
(i)=(ii). Let f € K and let f = f' + f”, where f' and f” satisfy Py_;of’ = f’ and
Py_iof" =0. Then tPyyiof" is also zero, and therefore

PytioPr—iof = Pxtiof' = Pxyio(f' + f") = Payiof-
By the same argument, Py_;oPx+i0f = Pr—iof-

(i)« (iii) follows from im A* = kerA and -

(if)e(iv) follows from (3.2.5]).

(iii)<(v) follows from Lemma [3.1.4] (3.2.12) and (9.1.2]). The equivalence (iii)<(vi)
is proved by the same argument.

(v)&(vii) and (vi)<(viii) follow from self-adjointness of Qx_io(7x)J Prrio(rx) and
from (3.2.5)).

(il)=(ix). We have

Qx—io(r2)J Patio(ra) = Qxa—io(rx)J Patio(1a) Pa—io(r)

= Qx-io(rA)@xr+io(ra)J Pa—io(rx) = Qx+io(ra)J Pa—io(r),

where the first equality follows from (ii), the second from ([3.2.10)) and the third from (iv).

(ix)=>(iii). By Propoition [9.1.2] the ranks of Qx_ lo(r)\)JPA+lo(r,\) and Qx+io(rx)
JPy_;0(ry) are both equal to N = rank Qx+;0(ry). Hence,

im Qx—io(rx) = 1im Qxa—io(rx)JJ Pario(ra) = im Qxpio(ra)J Pr—io(rx) = im Qxtio(ry). =
According to Theorem [TT.1.4] the operators
Pryio(ra)Pr—io(rx) — Pagio(ra) and  Pax_ijo(ra)Prrio(ra) — Pr—io(r)

are nilpotent. Hence, a real resonance point has property S if and only if the nilpotent
parts of Pyii0(ra)Pa—io(rx) and Px_;o(rx)Pxti0(r)) are zero.

PRrROPOSITION 13.3.2. FEvery resonance point of type I has property S. There are resonance
points which do not have property S, and there are points with property S which are not

of type I.

The first part of this proposition is trivial; to prove it one can note that by Theo-
rem for points ry of type I we have Pyyio(rx) = Pr—io(7x), and therefore r) has
property S. Examples of resonance points with the required properties will be given in
Subsection

Propositions[I3.3.1and[13.3.2] give answers to some natural questions, such as whether
the operators Qx—io(rx)J Patio(rx) and Qx1i0(rx)J Pa_io(rx) always coincide or not.

ProprosiTION 13.3.3. If T,\_H‘o(’/’)\) = T,\_io(’r‘)\), then P)\_H'()(’I”)\) = P)\_io(’/‘)\).
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Proof. If Txyio(ra) = Ta—so(ra), then since Txii0(ry) = im Qxtio(ry), it follows from
Proposition iii) that the kernels of the idempotents Pyiio(ry) and Py_;o(ry) co-
incide. Since the ranges Yx10(rx) and Tx_;0(rx) of these idempotents are also equal by
assumption, it follows that Pyyi0(ry) = Pr_io(7x)- ®

Plainly, the equality Pxiio(ra) = Pa_io(ry) is also equivalent to Qxyio(ry) =
Qx—io(ry), but these equalities are not equivalent to Wy y;0(ry) = WUx_io(rx), which is
property S.



14. Perturbation of an embedded eigenvalue

In this section we study the behaviour of an eigenvalue of a self-adjoint operator embedded
into the essential spectrum as the operator undergoes a perturbation. This is a classical
problem, but in this section some new results will be given. Not only is the behaviour of
embedded eigenvalues under perturbations interesting on its own, but this investigation
will also provide examples and counter-examples to many possible relations which may
be contemplated in regard to the material of previous sections. In fact, from the point
of view of the deductive structure, this section is quite independent of the previous ones;
on the other hand, this section was written almost in parallel with previous sections,
and it is this study of embedded eigenvalues that gave many suggestions about possible
properties of resonance points.

14.1. Two lemmas

LEMMA 14.1.1. Let N be a positive integer and let H = H & CN be a decomposition of a
Hilbert space H into the orthogonal direct sum of another Hilbert space H and CN. If

An Bn _
(Cn Dn)’ n=12,...,

is a sequence of operators on H which converges to an operator

A B
(e v)
in the uniform morm, then this convergence also holds in p-norm if and only if the se-
quence A,, n=1,2,..., converges to A in p-norm.

Proof. The “only if” part is trivial. Since the ranks of the operators B, By, Bs, ... and
C,C1,Cs,. .. are bounded by N, the “if” part follows from Lemma [2.1.4] m

Usually we denote by r, a resonance point corresponding to z. In the following two
lemmas we divert from this convention. The reason for this is that later in this section we
are going to embed the Hilbert space on which the operators Hy and V act in a slightly
larger Hilbert space, where a non-resonance point r, will become a resonant one.

LEMMA 14.1.2. Let r, be a non-resonance point for z. For any regular points s and t the

operator (1 + (r, — s)A.(s))~! is a linear combination of 1 and (1 + (r, — t)A,(t))~1,
namely, :

-s s—r

1 —5)A.(s) ! = -

(14 (= 5)Auls) ! = o + 70

Proof. This is a direct calculation based on (2.7.5) and (2.7.3). m

(L+ (s = DAL(8) .

[127]
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COROLLARY 14.1.3. Let r, be a non-resonance point for z. For any integer k > 1 and
for any regular points s and t the operator (1+ (r, — s)A,(s)) % is a linear combination
of

L (T4 (r.—A() 7Y o, 14+ (r — ) A1) R

Proof. This follows from the previous lemma and induction. m

14.2. The vector spaces Tiim(m). Let H,, be a self-adjoint operator on a Hilbert
space H with an eigenvalue A of multiplicity one. No assumptions are made about the
location of this eigenvalue yet: it can be outside of the essential spectrum or inside of it.
Let x be the corresponding eigenvector:

Hy x = Ax. (14.2.1)

The orthogonal complement of y will be denoted by 7. The subspace # reduces H,,,
and the reduction will be denoted by H.,.,. Thus, H becomes split into an orthogonal sum
‘H @ C, and in this representation the operator H,, has the form

H. 0
H, = ™ . 14.2.2
=) (1422)
We have to choose a rigging operator F. To simplify calculations, we choose

F= <§ ?) (14.2.3)

where F': 7 — K is a rigging operator in #, so that F' itself acts from H to K = K & C.
Since A is a non-degenerate eigenvalue of H,,, it cannot be an eigenvalue of H.,, but it
is still possible that A\ & A(H,, , F'). By Proposition [2.6.3] since \ is an eigenvalue of H,., ,
we have A € A(H,,, F), but we assume that

AeA(H,,, F). (14.2.4)

This means that there are no other singularities of H,, at A except that (14.2.1)) holds.
Let V be a self-adjoint operator on H. Then

"= <<@V,-> a)

where V is a self-adjoint operator in #L. We assume that there exists a bounded self-adjoint
operator J on K such that V' has a well-defined factorization

V =F"JF.
Let ) .
7=(y ) (14:2)

be the representatlon of J in the orthogonal sum IC@(C where J is a bounded self- adjoint
operator on K, 1/} € K and « € R. Then one can see that

V=FJF (14.2.6)

and R
b= F*q).
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In particular, 0 € ’}:t+ (F) and V € AQ(F). The eigenvector x of H,, in H®C has the form

const ((1)) The matrix components 1) and « of J can be recovered from the equalities
a={x,Vx)=(Fx,JFy) and v ®0=JFy—aFy.
LEMMA 14.2.1. Ifa =0, then ’(/AJ @ 0 is a co-resonance vector of order 1.

Proof. By Theorem [d.1.1] F'y is a resonance vector of order 1. Hence, by Lemma [3.1.4
¥ @ 0= JFYx is a co-resonance vector of order 1. m

For a real number s define

o ., _ H, (s — 1))
Hy:=H,, + (s—r\)V = ((S )6 A4 (on m)@)’ (14.2.7)

where
H,=H, +(s—r\)V. (14.2.8)

A direct but lengthy calculation shows that the operator T,(Hs) = FR,(H,)F* is given
by

L)+ (s — )DL () is(3), Yials)  (ra— 8)Da()0s(s)
T-(H,) = ( (s — )D, (s) {02 (5), D.(s) ) (14.2.9)

where

G- (s) = T.(H,)1b, (14.2.10)
Da(s)=A—z+ (s —ra)a— (s — )@, . (s)) L. (14.2.11)

The condition means that the operator H'” is regular at A, and thus any
perturbation operator V of the form is a regularizing direction at A for flm. We
wish to find conditions which ensure that V is a regularizing direction at A for H,, . Recall
that V is a regularizing direction at A for H,, if for some real number s the operator
T.(Hs) has the norm limit Th0(H;). Since the norm limit TAHO(IYS) of T,\Hy(ﬁs) exists
for some s (namely, for s = ry) by , it follows from and Lemma
that the norm limit T);o(Hs) exists for some real s if and only if the limit Dy10(s)
exists for some real s. From the definition it is easy to see that Dy4o(s) exists

if and only if either o # 0 or both a = 0 and (¢, i\ 1i0(s)) # 0. Thus, we have proved

LEMMA 14.2.2. The operator V.= F*JF, where F' and J are defined by (14.2.3) and

(114.2.5), is a regularizing direction for the A-resonant operator H,, given by (14.2.2)) if
and only if « # 0 or both a = 0 and

(th, tinyio(s)) # 0 for some real number s. (14.2.12)

From now on we shall assume that V is a regularizing direction for H,, .
Let

A.(s)=T,(H,)J and B.(s)=JT.(H,). (14.2.13)
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The operator A,(s) = T,(H,)J is equal to

A(s) = ( TL(HL) + (s — 1) D (s)(i1=(s), Yia(s)  (ra — ) D (s)ia (s) ) (< J ¢>

(rx — 5)D=(s)(dz(s), ) D-(s) b)) @
_ (Az(s) +(ra—5)X210.(s) [1+(s— m)Xz,g]ﬁz(s))
Xa1 —Xa2,2 ’

where
Xo1 = D.(s)( + (rx — 5)Jtiz(s), ),
X =D.(s)((s — )iz (s),9) — ). (14.2.14)

In what follows, 1 + (ry — s)A,(s) will be encountered very often. Therefore, we
introduce a special notation for this operator:

F.(s) =1+ (rx — s)A.(s). (14.2.15)

Note that R
Fi(s) =14 (rn—s)Bz(s). (14.2.16)
LEMMA 14.2.3.
Frtio(s) =1+ (5 = ra)Axpio(ra).
Proof. This follows from . ]
Since by (14.2.10) and (14.2.13)),
b+ (ra = 8)Jis(s) = [1+ (ra = 8) Bz ()] = F2(s)4),

the following lemma has been proved.

LEMMA 14.2.4. In the above notation, the operator A,(s) = T,(H)J is equal to
<Az(5) + (rx = 8)D2()(F(5)dh, Yita(s)  [14 (s — m)Xz,z]ﬁz(S)>
D (s)(Fz(s), ) —Xo22
Now we study the operator (14.2.17)) when z belongs to the boundary of II, that is,
z = A +10. It will be assumed that z = A 440, but all the equalities and assertions have

analogues for z = A — i0 too. If z = X + i0, then, using the definition (14.2.11)) of D, (s)
and noting that

(14.2.17)

(az(s),9) = (. a(s)),
one can see that the (1,2)-entry of (14.2.17)) vanishes and therefore
Ao (s) — Axtio(s) + (1 = ) Dario(8)(Fi o (), Viiapio(s) 0
)\—HO(S) - * 2 1]
Diio(s)(Fi1io(8)¢, ) (s =)
(14.2.18)
Hence, the resonance equation of order k (see (3.1.1))
[1+4 (ra — 5)Axio(s)]u =0
takes the form

Fatio(s) + (s — TA)2®A+1'0(S)<3"§+Z-O({)1/3, Vigio(s) 0 ku _
( (T)\ - S)D)‘+i0(s)<?§+io(8)¢v > 0) 0. (14219)
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Hence, the vector space T} +io(rx) of solutions of this equation when k = 1 consists of all

i
b b
where b € C and 4 is a solution of
Fapio(s)i =0 and (T, .0(s), @) = 0. (14.2.20)

vectors of the form

The vector space of resonance vectors of E)rder < k for the pair (I:Is, V) at s = ry will
be denoted by T4, ,o(r). In particular, @ € T ;o(rx) if and only if Fy1i0(s)a@ = 0. Since
the second equality of follows from the first one, we have
Tirio(ra) = Thpio(ra) @ C.
In fact, the condAitionA , which says that A is a regular point of (ﬁ“,ﬁ'), is equiv-
alent to Y3 ;o(Hy,,V) = {0}, and therefore
Tiiio(ra) = {0} & C. (14.2.21)
We introduce the following notation for convenience.

NoOTATION. Let j = —1,0,1,2,.... We define

ﬁE\];&)-iO(S) = ?;iio(s)ﬁ/\+io(7“/\)~ (14.2.22)
The operator A a+io(8) is compact, and the assumption means that the operator

Fario(s) =1+ (ra — 8)Axpio(s)

has zero kernel. Hence, it is invertible and therefore the vectors (14.2.22)) are well-defined.
LEMMA 14.2.5. We have

Frrio(8)rrio(s) = @rsio(rr)- (14.2.23)
That is,

a5 4(5) = @agao(s).
In particular, the vector ff"}iio(s)ﬁ)\“o(s) does not depend on s.
Proof. This follows from (or rather its proof) and the definition of
Grpio(s). m
Plainly, also ﬂg\olio () = Gario(ra).

LEMMA 14.2.6. Let Hy, V and F' be as above. For each j =1,2,... the resonance vector
space Tf\+i0(r)\) is the linear span of the j vectors

@’ <ax+i8<m>>’ (aﬂéo(s)), (ﬂ&];b?(s)), (14.2.24)

In particular, dim T§\+io(r>\) <j.

Proof. For j = 1 this has already been observed (see (14.2.21)). Assume that (¢) is

a vector of order two, that is, (¢) is a solution of (14.2.19) with k& = 2 and é # 0.
Applying to this vector the operator [1 + (ry — s)Axario(s)] gives a vector of order 1.
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Since by (|14.2.21)) such a vector has the form (2) with non-zero b, the first component
of [14 (rx — s)Ax+io(s)](¢) must be zero:

a
Fario(8)d + (5 = 12)*Dario(s)(Fx a0 ()0, D)iiatio(s) = 0, (14.2.25)
and the second component must be non-zero:
<-rff\+i0(3)¢» ¢A5> # 0.
Applying ?;iio(s) to (|14.2.25)) and using (14.2.23) gives
¢+ (5 = 72)*Dasio()(Fiio ()1, Diiatio(ra) = 0. (14.2.26)
It follows that if (ﬁ) is a vector of order two, then ¢ has to be collinear with @ 44(7).

Hence Y3 ,,(rx) has dimension < 2 and Y3, ,,(r) is a subspace of the linear span of
() and
Frrio()irtio(s)\ _ ((drrio(ra)
0 0 '
This proves the assertion for j = 2.

Now, assuming that the assertion holds for j = k, we will show it for j = k + 1. Let
(3) be a vector of order < k + 1. Then

[L+ (rx — s)Axtio(s)] @)

has order < k. By the induction assumption, the first component of this vector, given by
the left hand side of (|14.2.25)), is a linear combination of

~ ~(1 ~(k—2
U)\Jrio(r)\)v u&lio(s)» sy U(AHO)(S)

Thus, R o
¢+ (s = 72)*Dasio(8)(Frpio (), ¢>9-)T-§1-i0(5)a>\+i0(5)

is a linear combination of

- . 1 (2 . (k—1
Titio(®)iario(ra) = ul) o (s), A io(s), .y al0) (s).
It now follows from ((14.2.23) that é is a linear combination of
" (1 . (k—1
Untio(T'2), “g\-s)-io(s)v e ug\+i0)(s). n

LEMMA 14.2.7. The order of the real resonance point ry is greater than 1 if and only if
a = 0. In that case the vector space T§\+i0(7')\) 18 two-dimensional and is generated by

Fy= <$) and (%Hg(ﬁ)),

which have orders 1 and 2 respectively.

Proof. By Lemma [14.2.6] a resonance vector of order < 2 has the form

(ﬁxwg(m)) .
(ﬂ,\ﬂ'g(ﬁ))

The vector
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is a resonance vector of order 2 if and only if

(L4 (rx = 8)Axio(s)] (a/\ﬂg(r,\))

is a vector of order 1, and thus has the form (g). That is, the first component of this
vector is zero:

Fagio(8)tirnrio(ra) + (8 — 72)*Dagio(8)(Firpio (8)9, Grsio(ra)) iiatio(s) = 0.

Applying the operator ?;iio(s) and using Lemma [14.2.5| we infer that this equality is
equivalent to

1+ (s = 72)*Dagio(s) (P, diatio(s)) = 0.
The definition (14.2.11)) of Dyy;0(s) implies that this is equivalent to
(s = )2 (W, ario(s)) = (5 — 1) (¥, ario(s)) — als — 7).

Hence the order d of r) is greater than 1 if and only if « = 0. m

Since throughout this section we are assuming that V is a regularizing direction,
Lemma [I4:2.7] combined with Lemma [I4:2.2] imply

COROLLARY 14.2.8. If the order d of the real resonance point vy is greater than 1, then
for some real number s,

(¥, tingio(s)) # 0.

Since the vector spaces YZ(r,) have the stability property YI(r,) = Yiti(r,) =
Yi(r,) = Y.(r,), Lemma [14.2.6leads to

THEOREM 14.2.9. Let d be an integer > 2. The following assertions are equivalent:

(1) The order of the real resonance point ry is equal to d.
(2) The dimension of the vector space Y xyio(ry) is equal to d.
(3) The wvectors

" (1 . (d—2
Wagio(ry), i3Lio(s), -0 B0 (5)
are linearly independent and ﬁ&i—ié)(s) is their linear combination.

Further, if the order of ry is equal to d, then for allj = 1,...,d the vector space Tiﬂo (ra)
is j-dimensional and is generated by

<?)’ <m+i8(m)>’ (ﬁ(xl%o(s)), o (ﬁ&@gﬁ(@),

which have orders 1,...,d respectively.

This theorem gives a criterion for the order of r) to be equal to d but is not very
tangible. To get a better criterion, one needs to find out when a vector

~(j—2
(“(A]Ho)(s)) j=1,2
0 ) )

is a resonance vector of order j. Lemma [I4:2.7] gives an answer in the case of j = 2.
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THEOREM 14.2.10. Let d be an integer > 2. The order of the real resonance point ry is
d if and only if for some real s, and thus for any real s, the vectors

ngio(ra), 4 lio(s), «ony @300 (s) (14.2.27)
are all orthogonal to 1 but the vector 115\0;(2))(3) is not.

Proof. It can be seen that it is enough to prove the following assertion: the order of the
real resonance point 7y is not less than d if and only if for some s the vectors

~ ~(1 ~(d—3
Anrio(ra)s 3 Lio(s)s -ony @S2 (s)

are all orthogonal to 1[) We prove this using induction on d = 2,3,....
According to Theorem [14.2.9] the real resonance point ry has order > 3 if and only

if the vector e
<“>\+io (3))
0

is a resonance vector of order 3. This happens if and only if
(1)

1+ (s = s pn(el] () (14.2.98)

is a vector of order 2, which by Theorem [14.2.9] is collinear to a vector of the form
(ﬁ“ig(”)). We calculate the first component of the vector (14.2.28)):

Farios)i§Lio () + (5 = 72)*Drio (8) (Fis0 (), 1510 () ircrio ()

= diatio(r2) + (5 — 72)*Dageio(8) (1, tirrio(ra)) apio(s)
@: Uxyio(Ta)) fixsio(s),
(1, Wrsio(s))

where the second equality follows from (14.2.11)) and o = 0. Hence, v is a resonance
vector of order 3 if and only if

= Uxyio(ra) —

<77/}A’ UA)\—H'O (TA)> ﬂk—l—i()(s)

(1, Uxtio(s))

is non-zero and collinear to Gy440(ry). On the other hand, by Theorem the order
of v is 3 if and only if 4 y0(ry) and 4 A1+i0 (s) are linearly independent. Since the operator
Fxtio(s) is invertible, this holds if and only if

Uxyio(ra) —

Fatio(8)lUnrio(ra) = Gatio(s) and §A+i0(s)ﬁg\1+)i0(5) = Uxyio(Tx)
are linearly independent. We conclude that v has order 3 if and only if

(, tixio(rr)) = 0.
If this is the case then the vector space T3 ,,(rx) is 3-dimensional and is generated by

() (3 ()

which have orders 1, 2 and 3 respectively. We have also proved that d = 2 if and only if
(,iario(ra)) # 0.

This gives the induction base.
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Now assuming that the assertion holds for the order of r) less than d we will prove it
for the order of ry equal to d. According to Theorem the real resonance point r)
has order > d iff the vector

PG
Ux+i0 (s)
0

is a resonance vector of order d. This in turn is equivalent to

- (d-2)
[14 (rx —s)Axtio(s)] ( ’\“6) (S)> (14.2.29)

being a vector of order d — 1; by Lemma [T4.2.0] it is a linear combination of

0 Uxnti0(Tx) u(flzo(S) E\izg) (s)
1 ) 0 ) O > ottt 0 *
The first component of ([14.2.29) is

&”wo(s)ﬂ&‘i?(s) + (5 = 72)*Dario ($)(F5si0(5), ﬁ&i‘?(s»axﬂo(s)

- ag\izg)(s) + (S - r)\>2’D>\+iO(S)<’([}7 ﬁ&ig)(3)>ﬂ)\+lo<s>
e, Al
=y (8) = 7%\“0(8). (14.2.30)

W, U>\+i0( )>

Thus, the order of ry is > d iff this vector is a linear combination of
. (1 . (d—3
Uatio(Tr), ug\lio(s), . ug\ﬂ.o)(s).

By Theorem [I4:2.9] the order 7y is > d iff the vectors

. (1 . (d—2
Untio(T)), ug\_?_io(s)7 e ug\+20)(s)

are linearly independent. Since the operator Fyy;0(s) is invertible, this holds iff

N . (1 . (d—3
Uryio(s), Uatio(rr), “(Alio(s)’ R “(A+zo)(s)

are linearly independent. Hence the order of ry is > d iff the coefficient of wx10(s)
- (d—3)

in 1) is zero, that is, iff <w,u>\+10 (s)) = 0. Combined with the induction assump-
tion, this completes the proof. m
THEOREM 14.2.11. Let d be an integer greater than 1 and let
Uy = Urti0(rr)-
The order of the real resonance point ry is equal to d if and only if the vectors
gy Axgio(ra)ig, .., A3 (ra )iy (14.2.31)

are orthogonal to 7,/; but Aiﬁo(m)ﬁ_;_ is not. If this is the case, then for all j =1,...,d

the vector space T])'\HO(T,\) is j-dimensional and is generated by the vectors

((1)>7 (ﬁ(;r) <A>\+i0(()7'/\)ﬁ+)7 o (Az\ﬁoé )“+)7 (14.2.32)

which have orders 1,...,j respectively.
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Proof. By Lemma [14.2.3| and the definition (14.2.22)) of ﬂg\j}rio(s) we have

a{)i0(5) = [14 (5 = ra) Axio(ra)itnsio(ry)-

Hence, the assertion is a direct consequence of Theorem [14.2.10] =
COROLLARY 14.2.12. Under the conditions of Theorem [I14.2.11], if ry has order d then

the vector space Wy y0(ry) is d-dimensional and is generated by the vectors

<¢> (jfhr) (j“i(,i\:jo(rx\)mr) <Ajf‘ij\1?o(7",\)ﬁ+ )
0/’ o) 0 ’ <¢7A7\1?0(7"/\)ﬁ+> 7

which have orders 1,...,d respectively. Further, the second component of the last vector
18 Mon-zero.

Proof. By Lemma Wtio(ry) is the image of YTx4i0(ry) under the mapping J given
by (14.2.5). Applying J to the vectors (14.2.32)), which by Theorem [14.2.11| generate

T 0(72), one infers that the d vectors

<1/AJ> < Jiy > < J Axpio(ra)iis ) < JAS 3 (ra )iy )

0" \(yis))” N, Anrio(ra)iie) )" 777 (o AL (r )it

form a basis of Wy, (ry). It remains to note that by Theorem the second com-
ponents of all these vectors except the last one are zero. m

14.3. Type I vectors for an embedded eigenvalue. In order to simplify formulas,
we write

G = Gaeio(ry), Ax = Axiio(ry), Bx = Bagio(ry). (14.3.1)
FOI' Convenience we set
Gj,+ = <1[)v‘4§\ii0(7‘>\)"l/\ii0(7"/\)>- (14.3.2)

In what follows, a vector f € K will often be identified with (/) € K. Also, () € K will
be written as 1. By Theorem [T4.2.T1] the vectors

A2, A3, Avay, ag, 1
form a basis of Txtio(ry). By Corollary [14.2.12] the vectors
B Yt ag_a_, B2, ..., Bap,

form a basis of Wy_;o(ry).
The following lemma is a direct consequence of Theorem but still we give another
proof.

LEMMA 14.3.1. Let k be a positive integer. If d > 2k +1, then 44 = 4_, A+ﬂ+ =A_u_,
Ak—lﬂ _ Ak—lA
ey + + = _ —.

Proof. If k =1 then d > 3, and therefore, by Theorem [14.2.11} a4 and ag,_ are zero,
that is,

0= (P, ax) = (P, T1)).

It follows that 1/Im T+ zZAJ = 0, and therefore TH@ = TJZJ, that is, 44 = 4_.
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Assume that the assertion is true for Kk =n and let k = n + 1. Then d > 2n + 3 and
therefore, by Theorem [14.2.11] as, + = 0, that is,

(W, (T > T4i)) = 0.
This implies that
0= ((JT)"h, (T4 J)"Tyap) = (JA™ Yy, Ty JAT Vag) = (JAT Yag, Ty JAT May),
where the last equality follows from the induction assumption. So (Im T+)J Aﬁ_1ﬂ+ =0,
that is,
A Aoy = A_AT a, = A_AM Y,

where the last equality follows from the induction assumption. m

14.4. The idempotents Py1,0(ry) and Qxti(rx). In this subsection we calculate
Pr1io(ry). Since by the operator-function TAHO(IYS) is holomorphic at s = ry,
the functions TAHO(EAI s) and (1/;, @ia+io(s)) can be expanded into a Taylor series convergent
in some neighbourhood of s = r) as follows:

Tovio(Hs) = > (=1)"(s = ra) " AY 4 io (1) Tasao(Hry )
k=0
Hence
(s firtio(s)) = (&, Drrio(Hs) )
=apt —a14(s—7ra)+asi(s—ra)? —az (s =)+ (14.4.1)

If d is the order of ry, then by Theorem [14.2.11] we have
a0+ =01+ = - =aq-3+ =0
and the number a4—2 + is non-zero.

We shall need a Taylor series expansion for the function

1
(rax — 8)Dario(s) = _a +(ry— 5)<1ﬁ7fu+i0(3)>.

For this, we write the first few terms of the Taylor expansion of the inverse function:

(co—ci(s —7rx) +ea(s —ma)2 —es(s —ry)> 4 )7t

1 c1 2 — coc 3 — 2cpcicq + e3¢
1 — CoC2 2 1 0€1€2 T €3¢0 3
— — S+ A2 -t : (s =)
o c e} 5
4 2 2 2.2 .3
c] — 3cgcica + 2cgeics + cges — cgca 4
= (s=ry\) 4. (14.4.2)
¢
0

Using (14.2.18)) for Axi0(s) and Proposition one can calculate the idempotent
Py 10(ry) for points of small order.

14.4.1. Order d = 1. By Lemma the order d of the real resonance point ry is 1
if and only if @ # 0. If @ # 0, then the (1, 1)-entry of the matrix ((14.2.18) is holomorphic
at s = ry, and therefore its residue vanishes. Hence, in this case the (1,1)-entries of
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Pytio(ry) are also zero, and as a result these idempotents have rank one:
0 0
Pytio(ra =< 1,7 )
)= \at) 1
It follows that
0 a4 a N, o
7 - d —i JP: i = o A
Qxio(Tx) (O 1 ) and  Qx—io(7x)J Pryio(rx) ( () N
Hence, Qx—io(rx)J Prxrio(ry) is a rank one operator with range generated by (}i’) Also,
in this case the operators A1,0(ry) are zero.

14.4.2. Order d = 2. By Theorem [14.2.11f in this case « = 0 and <1&,a+> # 0. Since
a =0, it follows from (14.2.11)), (14.4.1) and (14.4.2)) that
1

—Divio(s) = =
' (s = 72)2(¥, Uxyio(s))
1 2 -1
BECETNE (ao+ = a1,4(s =) +az4(s —ra) )
1 a a? — Qg,+a2,
— 7(5_73\)*2_’_%(3_7»)\)*1+1’+3—H+...
@o,+ ap,+ @p,+

Hence the coefficient of (s —7)~! in the (1, 1)-entry of Ayi0(s) is ao_,i_@, 4 and the
coefficient of (s — ry)~! in the (2,1)-entry of Axi(s) is

B A - S
a%)+ <’¢)7 >+ ao.+ <B_1,Z)7 >
Therefore,
p B a01,+ <1&’ ->’I]+ 0 14.4.3
Ai0(Th) = (Zé: W, ) + a01,+ (B_1,") 1>' (14:43)
Similarly,
aol <’&7>ﬂ— 0
Py [ o . 14.4.4
ol <— (6, + (B ) ) B

Using these equalities one can check that in general
Pyyio(ra)Pa—io(rx) # Payio(rx)-

It follows from Proposition [13.3.1| that the real resonance point ) in general does not
have property S. Further, since by (3.3.16) the operator A)i;o(ry) is the coeflicient of
(s —7x)~? in the Laurent expansion of Ay ;(s) at r = 7y, it follows from (14.2.18) that

A () ( 0 0)
0lT = " .
A0\ A _ <¢j}i) <w7 > 0

One can calculate that

Qx—io(r2)J Patio(ry) = ( (*). ¢>,
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where
1 A~ A ~
*) = 2 <u+7 B+1/)><,(/) > —2Re 45— 7+ <wa >’(/)
|ao,+| ag ¢
1 A A ~ ~
ap,+ ap,—
A similar equality holds for Qxio(7x)J Pr—io(r)), which shows that in general

Qx—io(rA)I Patio(rx) # Qatio(ra)J Pa—io(rr)-
It is another way to see that in general a real resonance point r) does not have property S.

From ([14.4.3)) and (14.4.4)) one can see that the kernel of the idempotent Py1;(ry) is
ker Pxiio(ra) = {¢ — (th, @)™ (¢, Arg) - 1: ¢ L ¥}
If J = 0, then
ker Patio(ra) = span {1, ¢} .

Thus, in this case ker Py_;o(ry) = ker Px_;o(r)), which is the definition of resonance
points with property S. Since the vector spaces Y 1i0(ry) = span{l,d4} are in gen-
eral different, there exist real resonance points with property S for which Yy yio(ry) #
YTx—io(rx). By Theorem [13.1.13] it follows that in this case 7 is not a resonance point of
type 1. Hence, this gives an example of a resonance point of order two with property S

which is not of type L.
These examples give a proof of the second part of Proposition [13.3.2

14.4.3. Order d = 3. By Theorem [14.2.11} in this case the vectors 4, and 1/; are
orthogonal while A+u+ and w are not, so that
aoy = (,0) =0 and a4 = (), A a,) #0. (14.4.5)

The first of these two equalities implies that (1&, Im Tg[)) = 0, and therefore Im T+1/AJ =0.
It follows that

Gy =4_, Byp=DB_1p and a1, =@, A0 )=as_. (14.4.6)

Further, (14.4.5)) implies that the first term of the Neumann series ([{14.4.1]) for <1/A1, Gxrtio(s))
vanishes:

(0, @ri0(8)) = —ar,+ (s = 72) +ag (s —r2)> + -
and we get

1
Ditio(s) = — —
(s =A% (¥, drio(s))
1 1 a a3, —ay ya:
_ 3( I RO N 31,+ 3’+(5—T)\)2+"->.
(s —ra)? \a1 ar + ay,+

Also,

14 (ra—8)Ba_io(s) =14 (ra — s)B_ + (s —r\)2B% + (ry — s)°B% + ...
and
Giapio(s) = g + (ra — 8)Ayag + (s —ry )2 A5 ay — -+ .
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From this we find the coefficient of 1/(s — ry) in the (1, 1)-entry of Axyio(s), that is, the
(1,1)-entry of Pxtio(ra):

N A 1 N A A oA
Pyim =50, )i+ o () Aty + (B i),
,+ )

and similarly we find the (2, 1)-entry of Pyy0(r)):

0,2 — 41,403 + - a A oA 1 Ao A
2t ) = (B, )+ —— (B2, ).
ay 4 ai 4 a1+
Hence,
(1), iy + a1+<<z/?,->fi+a++ <sz/3,->a ) 0
P)\+i0(r)\) = a2 + a1 +as,+

a:f# <7JJ, > - = +< 1/), > a1, + <32 U}a > 1

The structure of this operator becomes a bit more transparent if it is written as a matrix
in the basis (B2 +a1,—, B_1, 1) of the range of Qx_io(ry) and in the basis (A G, 4, 1)
of the range of Py10(ry) as follows:

1
0 0 L
0 1 _ a2+
Pyrio(ra) = et
1 _ a2+ a3, —91,4+043,+
a1+ ai 4 a4

Similarly, one can find Py_;o(ry). Further, one can calculate that

_a11,+ <1;7 >12+ 0
Axtio(ry) = (“g*(@,) — L (B_4,) 0) .

ai 4 ai,+

In the pair of bases (Bzz/z—l—al,,, B_1), 1[)) and (AJJLJF, @4, 1) this operator takes the form

0 0 0

1
Axpio(ra)= |0 0 Tag
_ 1 az 4

ai, + aer

Omne can check that the (1,1)-entries P+ and P_ of Pyiio(rn) and Pyx_jo(ry) satisfy
P_P_ = P,. This implies that the image of Py4io(rx)Pxr—io(rx) — Pryio(rx) consists of
vectors of order 1.

These examples also show how to calculate Pyiio(rx) and Axt,o(ry) in the case of
arbitrary order.

14.5. Example of calculation of resonance index. The function Ayi,(s) of the
coupling constant s has an eigenvalue o (s) = (s —ry)~'. When \+10 is shifted to A+ iy
with small positive y, the eigenvalue o (s) in general splits into N1 non-real eigenvalues
in C4 respectively. The difference Ny — N_ is the resonance index. To calculate it we
need to find the eigenvalues of Ay, (s) which belong to the group of the eigenvalue
ox(s), that is, which converge to o)(s) as y — 07. The eigenvalue equation

A, (s)u = ou,
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where u = (11‘) and where A, (s) is given in (14.2.17)), leads to the equations

AL(s)a+ (ry — 9)D2(s)(F5 (5) 8, @)z (s)
+ L+ (5 = ) D= (5) (s — ra) (i), ¥) — @) iz (s) = o
and
D ()(F5(s)ih, @) = Do(5)((s — ra)(@z(s),4) — @) = .
From the latter it follows that the former is equivalent to
AL ()i + o(ry — 8)i(s) + Gz(s) = ot

We consider the case J = 0. Then A,(s) =0, F,(s) = 1, and (¢}, 4.(s)) does not depend
on s and is equal to (¢, 4. (ry)). The first equation becomes

o(ry —s)l.(s) + 4.(s) = o,
while the second turns into (using (Gz(s), ) = (i, i~ (s)))
D.(s)(($,0) + (ra — 8) (¢, 12(s)) + o) = 0.

If we exclude the vector @ from these two equations we obtain the following quadratic
equation for o:

0% — oD, (5)(2(rs — $) (i, i1x(s)) + @) — D (8) (8, i (s)) = 0. (14.5.1)
We consider first the case of @ = 0. Then by the definition of D, (s) we have
D.(s) = —(iy + (s = ra)* (¢, 42(5)) 7,
where as usual z = A\ 4 1y. Let
w(y) = =D.(5) (e, @=(s)) = (b, a2 (5)) (iy + (5 — 72)° (&, 22 (s))) " (14.5.2)
The equation for o then becomes
0? —2(s —ry)wo +w = 0.
Its roots are
o12(y) = (s —ra)w £ /(s — 72)?w? — w,
where we agree that the complex square root belongs to either the upper half-plane or
the positive semi-axis. From one can find that as y — 0T,
w

— 7 (s—m) "+ 003
iy © YO

w(y) = (s —r2)"% =
Consequently,

(s —ry)w? —w = —M(s —r) "+ 0>?).
y Un+io\S

Let pe’2® be the polar form of i/(1), ix440(s)). Then one can see that
o12(y) = (s = ra) " £ Vpye(s —ra) 72 + O(y).

Since (1, tiario(s)) # 0, it follows that the roots approach (s — ry)~! from different
half-planes C.. Therefore, in the case of &« = 0 the resonance index is equal to 1 —1 = 0.
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Now let o # 0. Since the resonance index does not depend on s, to simplify calculations
we choose s = 1 + 7). In this case

D (s) = a — iy — (4, s)
and the eigenvalue o5 (s) = (s—rx) ™" is equal to 1. One can calculate the roots of (14.5.1):

o — 2<’([}7’&Z> + a2 - 42y<1&,a2«>
a— 2<’([}7'&Z> + |a|(1 B 2iy<}ﬁadz>/a2 + O<y2>) )
2o — iy — (¥, 1))
Hence the root which approaches the eigenvalue ox(s) =1 as y — 07 is
_ o= (i) iyl i) /a+ O®) _ | iy — iyl dz)/a+ O(*)
Q_Zy_<¢’@z> Oé—ly—<¢,’llz>

012 =

o(y)

Since

a— (i inrio(ry)) @
the root o(y) approaches 1 from above (and moreover, at the right angle) if & > 0, and
from below if o < 0. It follows that, in the case of J = 0,

indyes(A; Hry, V) = sign a.

o'(0) = i — (Y, inio(ra))/a i

)

14.6. Examples of resonance points of orders three and four (in finite di-
mensions). One feature of the resonance index theory is that it makes sense and gives
non-trivial results for spectral points A outside of the essential spectrum (that is, for the
classical spectral flow) and even in finite dimensions. For example, assume that there
is a straight path of self-adjoint matrices H, = Hy + rV; then the eigenvalues of H,
are analytic functions of r which may have extrema, or critical points. Critical points of
eigenvalues of H, may have different orders. A natural question is: how to construct a
path of self-adjoint matrices such that an eigenvalue of the path has a critical point of a
given order? Theorem [T4:2.T1] gives an answer.

14.6.1. Example 1. Let

Ate 0 0
H(): 0 A—e O
0 0 A

Since A is an eigenvalue of Hy, the point 7 = 0 is a A-resonant point of the path Hy +rV
for any perturbation V. The direction
0 0 1
Vi=10 0 1
1 1 0
is not regularizing for the matrix Hy, since X is a common eigenvalue of all operators H,..
That Vi is not regularizing can also be seen from the fact that (14.2.12)) fails.
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The following direction is regularizing:
1 0 1
Vo=10 1 1
110
Since a = 0, the order of the resonance point » = 0 is at least two. The resonance index
of (\;Hp, Vo) is2—-1=1.
14.6.2. Example 2. For the matrix
A+1 0 0

Hy =
0 0 0
the direction
-2 0 0 1
0 -2 0 1
Vi= 0 011
1 1 1 0

is not regularizing at A\ for the same reason as above: ((14.2.12)) fails.
If V5 is chosen as

4 0 1

0 -1 0 1
2=l g 001 1)

1 110

then (14.2.31)) holds with d = 3. As a result, = 0 has order at least three. According to
Theorem [14.2.11] the order of ry = 0 is in fact three, since for the perturbation V5 the
following condition fails:

(0, Trrio(Ho)J T vi0(Ho)db) = 0.

But the regularizing direction

-3 0 0 1
0 -1 0 1
‘/3_0011
1 1 10

satisfies ((14.2.31]) for d = 4, and therefore the corresponding resonance point r) = 0 has
order 4. Computer shows that

indyes(A; Ho, Vo) =2 —-1=1 and indyes(A; Ho, V) =2—-2=0.



15. Open problems

15.1. On points A which are not essentially regular. According to Theorem [£.2.1]
if a real number A is an eigenvalue of infinite multiplicity of an operator from the affine
space A, then )\ is not essentially regular. Is there a real number \ which is not essentially
regular and such that some H € A has finite multiplicity in a neighbourhood of A?

15.2. Some questions about the resonance matrix. In Section [J] it was shown
(Theorem [9.2.1)) that the finite-rank self-adjoint operators

Qxatio(ra)JPx—io(ra) and  Qx_io(rx)J Pario(rx) (15.2.1)

have equal signatures. In Subsection [13.3] it was shown that if a real resonance point r)
has the generic property S then these operators are in fact equal and vice versa, but
points without property S also exist.

Do the eigenvalue counting measures of the operators coincide? What meaning
do eigenvalues of self-adjoint operators have?

15.3. Some questions about type I points. In Section [I3]it was shown that if 7 is
a real resonance point of type I, then Pyy;0(rx) = Pr—io(rx). This equality is equivalent
to Tatio(ra) = YTa_io(ry) (see Subsection [13.3)).

CONJECTURE 1.

(a) If Payio(ry) = Pr—io(rx) then ry is of type L
(b) More generally, if a vector u belongs to both Yxyio(rx) and Txa_io(ry), then u is of
type 1.

15.4. On multiplicity of Hy. Recall that a self-adjoint operator Hy on a Hilbert
space H has multiplicity m if m is the smallest positive integer k such that for some
k vectors fi,..., fi the linear span of the vectors Hifj, i = 1,2,... and j = 1,...,k, is
dense in the Hilbert space H.

CONJECTURE 2. If a self-adjoint operator Hy € A has multiplicity m, then for every
essentially reqular number A at which Hy is resonant, dim Tiﬂ‘o(”) <m.

Combined with the U-turn Theorem [10.1.6] this conjecture would imply that the
resonance index cannot be greater than the multiplicity of Hy for any regularizing per-
turbation V. This is a reasonable conjecture, since one would not expect the multiplicity
of the singular spectrum to be greater than the multiplicity of Hy.

[144]
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15.5. Resonance index as a function of perturbation. In this paper a fixed per-
turbation V' has been considered. An open matter of study is the dependence of the
resonance index ind,es(A; Ho, V') on the perturbation V.

Let Hp be resonant at an essentially regular point A. A regularizing direction V' will
be called simple if the resonance point ) = 0 has order 1. In this case

T§+i0 (ra) = Tagio(ra),

and therefore by Theorem for simple directions V' the vector space Y x1i0(ry) does
not depend on V.

CONJECTURE 3. If Hy is resonant at an essentially reqular point A\, then the set of simple
directions is open in the norm of Ao, given by ||[F*JF |4, = ||J||. Moreover, the set of
non-simple directions is a meager subset of Ag. Finally, ind,es(\; Ho, V') is stable under
small perturbations of a simple direction V.

15.6. Resonance lines and eigenvalues. Recall that a pair of self-adjoint operators H
and V is called reducible if there exists a non-zero proper (closed) subspace £ of the
Hilbert space H such that HL € L and VL C L.

By Proposition for every essentially regular point A € A(A, F'), the resonance set
R(X; A, F) is analytic, in the sense that every analytic curve either intersects R(\; A, F')
in a discrete set of points or is entirely contained in this set. There is a distinguished class
of analytic curves—the straight lines. We suggest that the straight lines {Ho+7V : r € R}
in the resonance set R(\; A, F) have a special meaning.

CONJECTURE 4. If {Ho+ rV:r € R} is a line which is resonant at A, then X is a
common eigenvalue of all operators Hy + rV.

This is motivated by the fact that embedded eigenvalues are highly unstable, and
there has to be a reason for them not to get dissolved under perturbations rV for all
reR.

If {Hy+rV: r € R} is a line which is resonant at A, then as simple finite-dimensional
examples show, the eigenvectors corresponding to A may not in general be common for
all operators Hy +rV, r € R.

15.7. On resonance points r, as functions of z

15.7.1. On the analytic continuation of resonance points r,. A resonance point 7,
corresponding to z is a holomorphic function of z. Here we write r(z) instead of r, and
call r(z) a resonance function. This function is in general multi-valued and it can have
continuous branching points of a finite period; examples can easily be constructed even
in a finite-dimensional Hilbert space H. A point zg of the complement of the essential
spectrum will be called an absorbing point if r(z) — oo as z approaches 2y along some
half-interval v; from the domain of holomorphy of r(z). It can be shown that if 2z is an
absorbing point, then r(z) — oo as z approaches z¢ along any half-interval vo from the
domain of holomorphy of r(z) which is homotopic to 71 in the domain of holomorphy.
Recall that the domain of holomorphy of r(z) is in general a multi-sheet Riemannian
surface.
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CONJECTURE 5.

(1) If ragio := limy_,o+ rxpiy exists and is a real number, then as y — 0t the number
Ta+tiy approaches rxiq0 at a non-zero angle.

(2) The derivative of a resonance function r(z) at a continuous branching point zy is
equal to co.

(3) Let r(z) be a resonance function. If r(z) is holomorphic at a point zy (and does not
branch at z) then r'(z) # 0.

(4) If zp is a continuous branching point of a resonance function r(z), then the inverse
z(r) of r(z) is a single-valued function in a neighbourhood of ro = r(zo).

(5) On any compact subset of C\ 0ess a resonance function r, can have only a finite
number of isolated continuous branching points. In general, what can be said about
the distribution of branching points of r,7

(6) A resonance function r(z) has a cycle of largest period d at a continuous branching
point z = zq if and only if r,, has order d.

(7) Resonance functions do not have (a) non-real (b) real absorbing points, including
isolated absorbing points.

(8) Any resonance function r(z) admits analytic continuation, possibly multi-valued, to
the complement of the essential spectrum with only one possible type of isolated sin-
gularity: continuous branching points of finite period.

Clearly, implies @ It can be shown that these two statements are equivalent.
Further, it is not difficult to prove that an isolated absorbing point zg, if it exists, must
have infinite period; in particular, a resonance point r(z) cannot be single-valued in a
neighbourhood of an isolated absorbing point.

15.7.2. On the splitting property of resonance points r,. Let A be an essentially
regular point, let Hy be a self-adjoint operator from A and let V' be a regularizing direction
at \. Let 7\ be a real resonance point of the line H, = Hy + 7V and let rl,... 7Y be
resonance points of the group of r).

CONJECTURE 6.

1) If the pair (Hy,V) is irreducible, then all resonance points rL, ... .rN of the group
z

1z
of r\ considered as functions of z are mon-degenerate. More generally, for an irre-
ducible pair every resonance point v, as a function of z is non-degenerate.

(2) All resonance points rl, ... v of the group of rx considered as functions of z have

1z

order 1. More generally, every resonance point v, as a function of z has order 1.

15.7.3. Analytic continuation through gaps in the essential spectrum. Assume
that there is an island I in the essential spectrum, that is, I is a closed interval such that
for some € > 0 the intersection of gess and (@ — e,b + ¢€) is equal to [a,b]. Assume that
a resonance function r(z) can be continued analytically over the island. The analytic
continuation back to the initial point may differ from the original function, of course.
What can be said about the period of this analytic continuation?

What can be said about an integral of r, over a contour which encloses an island of
essential spectrum?



15.8. Mittag—LefHler representation of A;(s) 147

15.8. Mittag—Leffler representation of A.(s). Is it true that the function A,(s)
satisfies the equality

A(s) =) A.(s)P.(r2),

where the sum is taken over all resonance points ., and where the product A,(s)P,(r,) is
the Laurent series ([3.4.11))7 Note that this assertion holds for finite-rank perturbations V,
in which case the sum above is finite. In general, though, this seems to be unlikely.

15.9. On regular resonance vectors. Theorem asserts that if yx € #H is an
eigenvector of a A-resonant operator Hy, then F'y is a resonance vector of order 1. The
resonance vector F'y is regular by definition.

CONJECTURE 7. If F'x is a resonance vector of order 1, then x is an eigenvector of Hy.

This is proved in Theorem under the additional condition that A does not belong
to the essential spectrum.

15.10. On singular ssf for trace class perturbations. Similarly to the definition
of the singular spectral shift function one can define pure point and singular continuous
spectral shift functions as distributions by

1
£0P) () = /O Te(VO(HPP)dr, ¢ € Cu(R),

1
£69) (g) = /0 Te(VO(HE) dr, ¢ € Cu(R),

where H{P” and H*® are the pure point and singular continuous parts of H, respectively.
Clearly, £(5) = ¢p) 4 g(s0),
The density of the distributions £(PP) and £¢) will be denoted by the same symbols.

CONJECTURE 8. Let Hy be an arbitrary self-adjoint operator. If V is trace class then
the restriction of the pure point spectral shift function for the pair (Ho, Hy + V') to the
essential spectrum of Hy is zero.

That is, for trace class perturbations the restriction of £(%) to g coincides with &),

We say that for an irreducible pair (Hy, V') of self-adjoint operators, where V is trace
class, the singular spectral shift function &) (\; Hy+V, Hy) is non-trivial if the restriction
of this function to gess(Hp) is a non-zero element of Lq(cess(Hp),d)), where dX is the
restriction of the Lebesgue measure to oess(Hp).

There is a question of existence of non-trivial singular spectral shift functions. If the
essential spectrum of H contains an open interval I which has no absolutely continuous
spectrum, then it is not difficult to prove the existence of non-trivial singular spectral
shift functions. Indeed, the absolutely continuous spectrum is stable under trace class per-
turbations, and therefore, on the interval I the singular spectral shift function coincides
with the spectral shift function.

For this reason, in discussing the problem of existence of non-trivial singular spectral
shift functions we shall assume that the absolutely continuous spectrum is everywhere
dense in the essential spectrum.
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An example of a non-trivial singular spectral shift function was constructed in [Azg].
This example relies on tools such as Cantor sets and Luzin—Privalov’s theorem on the
boundary behaviour of analytic functions. A more natural approach to constructing a
non-trivial singular spectral shift function would be to take a self-adjoint operator Hy
with an eigenvalue \g embedded into the essential spectrum of Hy, and to try to perturb
Hj by a trace class self-adjoint operator V' so that the eigenvalue Ao would change and
not dissolve in essential spectrum. My numerous attempts to construct such an example
of moving and stable embedded eigenvalue did not succeed, and as a result I developed
a “gut-feeling” that this is not possible at all. This is the reason for Conjecture [8]

At the same time it is quite possible that non-trivial pure point spectral shift functions
can be constructed if we allow relatively trace class perturbations V.

An embedded eigenvalue moving continuously inside the essential spectrum without
dissolving in it is a peculiar phenomenon; in particular, by the Schwarz reflection prin-
ciple, the existence of a moving embedded eigenvalue would imply that the corresponding
resonance point r, = r(z) admits analytic continuation through an interval inside essen-
tial spectrum.

Speculating further on this topic, it is possible that moving embedded eigenvalues
might have some connections with physical phenomena such as superconductivity.

15.11. On the pure point and singular continuous parts of the resonance index.
The material of this subsection and motivation for it are based on Section El

In addition to our usual assumptions about Hy, F' and V' we assume that V' is positive.
Let 7y be a resonance point of (A\; Hy, V). Since V is positive, we have

indyes(A; Hry , V) = dim YTy 140(ry) = dim T}\_H-O(r)\).
We define the pure point and singular continuous parts of the resonance index by

indPP)(\; H,.,V) =dimVy and ind®9(\; H,.,V) = indyes(X; Hy.,, V) — dim Vy,

Tes Tes X0
where V) is the vector space of eigenvectors of H,, corresponding to the eigenvalue A.
CONJECTURE 9. For a.e. A,
¢PPY(\ Hy, Ho) = Y ind® (X H,, V).
rel0,1]
By Theorem 6.3.2, this equality is equivalent to
§EIVN Hy, Hy) = > ind() (X H,, V).
rel0,1]

For non-sign-definite operators V' it is not clear how one can define the pure point
and singular parts of the resonance index.

15.12. On the singular spectral shift function for relatively compact pertur-
bations. The singular spectral shift function is well-defined for relatively trace class
perturbations. For such perturbations it admits three other descriptions as the singular
p-invariant, the total resonance index and the total signature of the resonance matrix.
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These three descriptions are well-defined for relatively compact perturbations too, pro-
vided that the limiting absorption principle holds, and in this case they are all equal
(see Theorem and [Azs]). While for relatively compact perturbations the spectral
shift function in general is not defined, it is quite possible that in this case the singular
spectral shift function still makes sense and is equal to the other three integer-valued
functions. Indeed, while VEX for a bounded Borel set A may fail to be trace class, it is
still possible that V EX “ s trace class for a sufficiently large class of Borel sets A (for
example for compact subsets A of A(Hy, F')). This would allow us to use a modification of
the Birman—Solomyak formula to define the singular spectral shift function. The second
step would be to show that this function is integer-valued and equal to the other three.

CONJECTURE 10.

(a) Assume that for an affine space A of self-adjoint operators with rigging operator F the
assumptions of Section [2] are satisfied including the Limiting Absorption Principle.
Let Hy be a self-adjoint operator from the affine space A, and V be a relatively
compact (and not necessarily relatively trace class) self-adjoint operator from the
corresponding vector space Ag. For any compact subset K of the set A(Hy, F') the
operator FE]I'(I(S) is Hilbert-Schmidt, where H®) is the singular part of H = Ho+V .
(b) The measure

L )
K / T(VE™) dr
0

is well-defined on compact subsets of A(Hy, F') and is absolutely continuous, where
Hr = HO +rV.
(¢c) The density of this measure is a.e. integer-valued and coincides with the total reso-
nance index
> indes(A; Hy, V)
re(0,1]
of the pair (Hy, Hy).

For relatively trace class perturbations the only non-trivial part of this conjecture
is (c). A proof of this conjecture for relatively trace class perturbations with applications
to Schrddinger operators will be given in [AzD].
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