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SOLVABILITY OF SINGULAR FRACTIONAL ORDER
ELASTIC BEAM SYSTEMS WITH NONLINEARITIES
DEPENDING ON LOWER DERIVATIVES

Abstract. In this article, existence results for positive solutions of a class
of boundary-value problems for singular fractional order elastic beam sys-
tems with nonlinearities depending on lower derivatives are established. The
nonlinearities in fractional differential equations may be singular at ¢t = 0
and t = 1. A weighted function space is constructed and complete continuity
of a nonlinear operator is proved. Our analysis relies on a well known fixed
point theorem.

1. Introduction. Fractional differential equations have many applica-
tions in modeling of physical and chemical processes and in engineering,
and have been of great interest recently. Moreover, mathematical aspects
of fractional differential equations were discussed by many authors; see the
textbooks [27], the survey papers [Il [17], papers [3, 6l [7, [8, 9], 10, 18], 24}, 26,
30, 32, [33] and the references therein.

The study of coupled systems of fractional differential equations is also
important, as such systems occur in various problems of applied nature; see
for instance [4], [5], [I1], [12], [13], [16], [19], [25].

In [4], the authors studied the solvability of the following boundary value
problem for a fractional differential system:

D& u(t) + f(t,v(t), DI o) =0, te(0,1),1<a<2,
1) DY u(t) + g(t,u(t), DT u(t)) =0, te(0,1),1<p<2,
u(0) =0, u(l)=~u(n), v(0)=0, v(l)=ryu(n),
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where Df is the Riemann-Liouville fractional derivative, f,g : [0,1] x R?
— R are continuous functions, and v € R and n € (0, 1) are such that the
homogeneous problem

D0+u(t) =0, te(0,1),l<a<?2,
D0+u():0, te(0,1),1<p8<2,
w(0) =0, w(l) =~u(n), v(0)=0, v(1)=r~u(n)
has nontrivial solutions (u(t),v(t)) = (c1t® 1, cot®~1). The methods used in

[4] are based upon coincidence degree theory.

In [28], Su studied the existence of solutions of the boundary value prob-
lem

0+u(t) f(t,o(t), Df o(t)) =0, te(0,1),1<a<2,
(II) 0+u(t) g(t,u(t), D(q)+u(t)) =0, te(0,1),1<p<2,
uw(0) =0, wu(l)= v(0) =0, wo(1)=0,

where f,g:[0,1] x R? = R are continuous functions.
In [5], existence of solutions was studied for the boundary value problem

D0+u(t)+f(t,v( ),Df o(t) =0, te(0,1),l<a<?2,

(IIT) D0+u(t) +g(t,u(t), Dl u(t)) =0, te(0,1),1<p8<2,
u(0) =0, wu(l)= ’W(n), v(0) =0, v(1) =~u(n),

where 1 < o, 6<2,p,¢,7v>0,0<n<l,a—q¢g>1,B8—p>1m*t<1

and y7%~1 < 1, and f,g:[0,1] x R x R — R are continuous functions.
The main assumptions imposed on f, g in [4, [5, 28] are as follows:

(BA1) there exists a nonnegative function @ € L'(0,1) and numbers
€1,€2 > 0, p1,p2 € (0,1) such that

[f(t,2,9)] < a(t) + ez + eafy|™,

(BA2) there exists a nonnegative function b € L(0,1) and numbers
91,02 >0, 01,09 € (0,1) such that

lg(t; @, y)[ < b(t) + dufx|™ + daly[72.

One sees that (BA1) and (BA2) imply that both f and g are at most of
linear growth. A natural question arises: Do BVP(I), BVP(II) and BVP(III)
have solutions if (BA1l) and (BA2) do not hold?

On the other hand, existence of positive solutions of fractional elastic
beam equations was studied in [I4} 20, 21]. To the best of our knowledge,
there has been no paper discussing the solvability of singular elastic beam
systems with nonlinearities depending on lower derivatives.
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With this motivation we discuss the following new boundary value prob-
lem for a singular fractional order elastic beam system:

(1)
Dgu(t) = f(t,v(t),v'(t),0"(s), Dyrv(t), € (0,1),
Dy, o(t) = g(t, u(t), ' (8),u”(t), Dyhu(t), ¢ € (0, )

lim £4-u(t) = 0, D§-%u(0) =0 D5;2<> . D (1) =0,
limt'oo(t) =0, DgIt(0) =0, DYu(1) =0, Dgte(1) =0,

where a, 3 € (3,4 and m € (2,a— 1), n € (2,8 —1), f,g: (0,1) x R?*

— [0,00) are continuous, maybe singular at ¢ = 0 and ¢ = 1, and such

that |z|, |yl,|z],|w|] < r > 0 implies that on each subinterval (0,c] with
€(0,1),

g(t, ta_QZL', to‘_3y, ta_4Z, toa—m—Qw) i—é O,
F(t, 89722, t8 73y, 19742 1P 2w) £ 0.

A couple of functions (z,y) with z,y : (0,1] — R is called a positive so-
lution of BVP(1) if 2, 2', 2", 2", D§, x and y,y', y", y", Dngy are in C°(0, 1]
and all equations in (1) are satisfied and [z(¢)]? + [y(¢)]> > 0 on (0,1). The
purpose of this paper is to establish existence results for BVP(1) by using
a fixed point theorem in Banach spaces.

Our methods are also useful to establish existence results for BVP(I),
BVP(II) and BVP(III). We omit the details. But we point out that our
assumptions imposed on f,g are weaker than (BA1l) and (BA2) (see Re-
mark 3.1).

We note that fourth order two-point boundary value problems are useful
for material mechanics because this kind of problems usually characterize
the deflection of an elastic beam [I4]. The boundary conditions are given
according to the controls at the ends of the beam. For example, the nonlinear
fourth order problem

{x(4)(t) = Mt 2(b),2'(t), telo1],

(2) o o o _
z(0) =2/(0) =2"(1) =2"(1) =0

describes the deformations of an elastic beam with one end fixed and the
other free. The existence of positive solutions of various boundary value
problems for elastic beam equations was extensively studied (see [2, 14, 22]
23, 29, [31]).

Few paper deals with the situation where all lower order derivatives are
involved in the nonlinear term explicitly. In fact, the derivatives are of great
importance in the problem in some cases, for example, in the linear elastic
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beam equation (Euler-Bernoulli equation)

(EIu"(8)" = f(t), te€(0,L),

where u(t) is the deformation function, L is the length of the beam, f(t) is
the load density, E is the Young modulus of elasticity and I is the moment of
inertia of the cross-section of the beam. In this problem, the physical mean-
ing of the derivatives of u(t) is as follows: u(*)(¢) is the load density stiffness,
u”(t) is the shear force stiffness, u”(t) is the bending moment stiffness and
u'(t) is the slope. If the payload depends on the shear force stiffness, bending
moment stiffness or slope, the cases where the derivatives of the unknown
function are involved in the nonlinear term f explicitly occur [15]. In ap-
plications, coupled elastic beam systems occur. This leads us to study the
solvability of the following BVP for coupled elastic beam equations:

2B (1) = f(ty(t),y' (1), y"(0),y"(1), telo,1],
3) y W () = g(t,z(t), 2/ (1), 2" (1), 2" (1)), te0,1],
2(0) = 2/(0) = 2"(1) = 2"(1) = 0,

y(0) =y'(0) =y"(1) =y (1) = 0.

It is easy to see that BVP(1) is a generalization of BVP(3). Hence BVP(1)
is a fractional elastic beam system model, and our studies on BVP(1) may
be useful.

The remainder of the paper is divided into two sections. In Section 2,
we present some preliminary results, i.e., we construct a Banach space and
prove complete continuity of a nonlinear operator. In Section 3, we establish
sufficient conditions for the existence of positive solutions of BVP(1) by
using a fixed point theorem.

2. Preliminary results. For the convenience of the readers, we present
some necessary definitions from fractional calculus theory [27]. Let o; > 0,
1 =1,2,3. Denote the Gamma function and Beta function, respectively, by

00 1
I'(oy) = S s717le™5ds,  B(og,03) = S (1—x)72 g7 da.
0 0

DEFINITION 2.1. The Riemann—Liouville fractional integral of order

a > 0 of a function f : (0,00) — R is given by

~+

a St_salf)

0
provided that the right-hand side exists.
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DEFINITION 2.2. The Riemann—Liouville fractional derivative of order
a > 0 of a continuous function f : (0,00) — R is given by

;ﬁSLdS
I'in—a) alt”o(t—s)o‘*”+1 ’

t
D+ f(t) =

where n — 1 < a < n, provided that the right-hand side exists.

One sees from [27], for o1 > 0, 09 > 0, that

J1402 — F(UZ + 1) (o1+0o2 D12 — F(UQ + 1) o2—01
0+ F(Ul—i-ag—l-l) ’ 0+ F(02—01+1)
Furthermore for n — 1 < a < n, u € C°(0,1) N L(0,1), we have
I8, Dg u(t) = u(t) + Crt* ! + Cot* 2 4+ + Cpt™™™,
where C; € R, i =1,...,n [27].
For our construction, we choose
x, 2’ 2", Dt w € C%(0,1]
and the limits
X=qz: O =Ry 2oy, im 3o/ (1),
t—0 t—0
: 4—a I : 24+m—a mym :
%g%t x'(t), %I—%t D{ x(t) exist

with the norm

Jullx = max{ sup 2=Ju(t)], sup £*=u (1))
t€(0,1] t€(0,1]

sup t472u" (t)|, sup t2+m_a]D6’5ru(t)]}, ue X.
te(0,1] t€(0,1]

LEMMA 2.0. Suppose that o € (3,4) and m € (2, — 1). Then X is a
real Banach space.

Proof. It is easy to see that X is a normed linear space. Let {x,} be a
Cauchy sequence in X. Then |z, — zy|| — 0 as u,v — oo. It follows that

sup t2_a|xu(t) - xv(t)| - 07

te(0,1]

sup £57|al, () — 2/, ()| = 0,
te(0,1]

sup 47y (¢) — 2 (t)] — 0,
te(0,1]

stlp]t2+m_a|D6’1xu(t) — Dgixy(t)) =0,  wu,v— o0.
te(0,1
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Define
thaf(t) — { tht—>0+ t2_a$(t)a t=0,
t*x(t), t e (0,1],
30T (1) = { limy o+ £3-2'(t), t=0,
372! (1), t € (0,1],
poogl (1) — { limy o+ 472" (t), t=0,
t=ag(t), t € (0,1],
f2+m—a pym _J limy o+ t2+miaDmix(t)a t=0,
0+ ( ) 24+m—o
t Dy x(t), t € (0,1].

We know that

te 27OT(t), e PTOT(), te tTOT(1), e 2TTTODIE(L)
are continuous on [0, 1]. Thus

ts 27T, (1), te PTOTL(1), te tTOT(t), te tTTTTODI T, ()

are Cauchy sequences in C[0,1]. Hence as u — oo, t27°7,(t) uniformly
converges to some xg € C]0,1], t*~9% (t) uniformly converges to some
yo € C0,1], t*=°Z”(t) uniformly converges to some zy € C[0,1], and
t#m=apim 7, (t) uniformly converges to some wg € C[0, 1].

For some ¢,, € R we have

t

Ty(t) — ey — S s 3y0(s) ds‘ < S 1Z,(s) — s*3yo(s)| ds

0 0
t t
= {27357, (s) — yo(s)| ds < | s ds sup [£*7°F,(t) — yo(t)|
0 0 te[0,1]
o2 3—az 3oz
= 5 sup [T, (1) —yo(t)| < sup 77T, (t) — yo(t)]
QO — 2 4e0,1] t€[0,1]

— 0 uniformly as n — co.
S0 limy oo (T (t) — cu) = Sg 5% 3yq(s) ds. Tt follows that 2%z (t) — co =

[ 5% 3yo(s) ds. Thus yo(t) = 3 [t2*xo(t)]'.
For some ¢,,d, € R we have

Ty(t) — ey — dyt — S (t — 5)s* 1z(s) ds‘
0

t

¢
‘ S (t — 8)[T!(s) ds — s*20(s)] ds’ = S (t — )5 s (5) — 2o(s)| ds
0 0

t

S (t —5)s* 1 ds sup [t17OT!(t) — 2o(t]
0 t€[0,1]

IA
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1
= S w* dw sup [t7OT(8) —20(t)| < sup 147y (1) — 20 ()]
0 tel0,1] t€[0,1]
=t*2B(2,a—3) sup [t77TL(t)—20(t)| < sup |t*OTL(t)—20(t)| — 0
tel0,1] t€[0,1]

uniformly as u — 00. So limy—y00 (T (t) — ¢y — dyt) = Sg(t — 5)s%2(s)ds.
It follows that t2=%z¢(t) — co — dot = Sé(t — 8)s%420(s) ds. Thus z(t) =
t4fa[t2fam0(t)]//.

For some ¢, d,, e, € R we have

T (t) + cut™ 1+ dyt™ 4 e ™ — TNt 2w (1)

= |17 DI T (t >— ]
(t _ 8) ; (t — S)mil a—m—2
_ (S) F( ) D0+xu( )ds_[s)l_'('rn/)s wO(S)dS
t
(t = sy am
S(S) I'(m) | Dt Tu(s) — s “wo(s)| ds
¢
t — S m—1 —m— m—o ym =
< (S) ( F(Tzl) ¢ 2’82+ D0+xu(3) — wo(s)\ ds
t
(t—s)m-t 2 2+
<\ —————5""""%ds sup |t"T"T*DI Ty (t) — wo(t)
\ bl " |
ta_2§ (1—w)™ 1 a-m-2 |t2+m DM E, (1) ()]
_ 7w w sup Zy(t) — wo
5 I'(m) t€[0,1] "
B _ _
_ ja2B(m,a—m—1) sup [t2FMTODIE, (1) — wo(t)] — 0

I'(m) te0,1]
uniformly as u — 00. S0 limy 5o (T (t) + cut™ ™t + dyt™ 2 + e t™m3) =
1749720 (t). Tt follows that t2~%zo(t) + cot™ " + dot™ 2 + egt™3) =
I +t°‘ m=2uo(t). Thus wo(t) = 27D [2 o (t)].
So x, = xg as n — oo in X and t* %z € X. It follows that X is a
Banach space. =n

Choose

y,y/ y// Dn yGC (0 1]

and the limits

%im tz_ﬁy(t), lim t3_5yl(t),

—0

lim t4_5y//( £), hm $2+n— ﬂy///( t) exist
t—0

Y=qy:(0,1] - R:
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with the norm
Jelly = max{ sup 2=%Jo(t)], sup €|’ (1),
te(0,1] t€(0,1]

sup t47 8" (t)], sup t2+n*ﬁ]v”’(t)]}, vey.
te(0,1] t€(0,1]

One can show similarly that Y is a real Banach space.
Thus, (X x Y,| -||) is Banach space with the norm defined by

(@, y)|| = max{[|z|| = [|z[lx, [[yll = lylly} for (z,y) € X x Y.
LEMMA 2.1. Suppose that

(B0) h € C°0,1) and there exist M > 0, k > —1 and o < 0 such that
24+ 0+k>0 and|h(t)| < MtF(1 —t) for all t € (0,1).

Then x € X is a solution of

{D%:(t) =h(t), 0<t<l,

lim tho(t) = 0, lim DSTPx(t) =0, D§a(1) =0, DS ta(l) =0

if and only if x satisfies

t (t _ S)a—l ta—l ta_2 1
(5) z(t) = \—=——~—h(s)ds — — h(s)ds
) ) @ M=) )

a—2 1
- F(ta—l) § (1— 8)h(s)ds = §G(t, $)h(s) ds,
where G is defined by
(1 -s) ! N o2 L= syt Y
G(t, s) = 11(201— 1) F(fvl) F(aj21) L) 7 77
t*2(1—s) to to

s >t.

C TI(a-1) _F(a)—I_F(a—l)’

Proof. Since h € C°(0,1) and there exist M > 0, k > —1 and o €
(=2 — k, 0] such that |h(t)] < Mt*(1 — )7 for all t € (0,1), we have

t t
(t—s)a_l t—Sal k o
2t Ms"(1 —
S @ s)ds S @ s"(1—s)%ds
0 0
t 1
(t S)a+0’ 1 otk (1 _ w)a+o 1 )
< _ a+o
_M(S)F(a) sk ds = Mt (S) T w” dw

B MtaJrUJrkB(a—Fa,k—F 1)
a I'(a) ’
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—~
~
|
»
~—
Q
)

Bla+o—-1,k+1)
< ato+k—1 )
(s)ds Mt T 0 ,

~
Q

|
=

—~
~
|
»
~—
Q
w

oB(a+0—-2,k+1)
< Mtoe—i—a—‘rk 2 )
(s)ds| < Ia—2)

~
Q

|
2

—~
~
VA

S~—

ol
W~

Y-8 h(s)ds| < Mto‘+”+k_3B(a to=3k+1)
) B (o —3) ’

=

= |
!

w

~+

(t — 8)h(s) ds’ < | (t = s)Ms*(1 - 5)7 ds
0

Ot o+ Ot &+ Ol O e

1
( )1+0‘ kdg — t2+a+kz§ (1 _ w)l-i—awk dw
0

<M

O ey

= Mt**°T*B(24 0,k + 1),
t
‘ [A(s) ds‘ < MEHHRB(1 4 o)k + 1),
0
O

So the integrals

(t —s)o 1

O ey
=
£

are convergent.
For t € (0,1], D, u(t) = —h(t) implies that there exist constants c;
(1 =1,2,3,4) such that

t_sa 1

T h(s)ds + 1t + et @2 4 ¢33 4 eyt

(6)

OL’%H—

with
(t—s)*
2

o
7
w

8

—~
~~

SN—
I

r
h(s)ds + c1 (;)tQ +clNa—1)t+ 3l (a—2),

D(‘)"jQx(t) (t —s)h(s)ds + c1I'(a)t + col (o — 1),

i
7
L

8

(t)

I
Ot o+ Ol o O ey

h(s)ds+ c1I'(w).
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One sees that
t

t — a—1
(7) t4*“5¢h(s)d8—>0 ast— 0 (note 4 +o0+k > 0),

t
(8) St—s s)ds =0 ast— 0 (note 24+ 0+ k > 0).
0

Now, (6) and (7) with lim;_,o#*~%x(t) = 0 imply that c; = 0.
Furthermore, (8) with lim;_o D(O]‘;?’:E(t) = 0 implies ¢3 = 0.
Using D 22(1) = 0 and Dgflzr(l) =0, we get

1 1
al'(a)+cl(a—1)=— S (1 =s)h(s)ds, cl'(a)=— S h(s) ds.
0 0
It follows that
1
)
1 1 1
co = Ta=1 [— (S) (1 —3s)h(s)ds + éh(s) ds} .
Then
t (t _ S)afl tafl tafZ 1
z(t) = h(s)ds h(s)ds
} ey ) @ T J ()
tozfQ 1 L
a1 §(1 s)h(s) ds = (S)G(t, s)h(s) ds,

where G is defined above. Hence x satisfies (5).
Conversely, if x satisfies (5), then

, _ t (t _ S)a—Z toz—2 ta—3 1
2 (t) = —(S)Mh(s)ds+ [F(a 7y~ F(QZ)] (S)h(s)ds
ta—3 1
+ Ta=2) S(l — s)h(s)ds,
0
" _ L (t — s a—3 ta73 taf4 1
2 (t) = —(g) e =7 h(s)ds + [F( —5 —F(a_g)]éh(s)ds
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t a m—1
t — s
Dt a(t §) Tla h(s) ds
a—m— 1 tafmf2 1
+[F (a—m—l)]éh(s)ds
ta—m—? 1
+ Tla—m=1) (S)(l —s)h(s)ds

It is easy to see that z, 2, 2", 2™ € C°(0,1] and

(a+o0,k+1)

—~
&~

|
w

Ot + Ol o O ey
~Nl=
—~
Q

N

Q
|

2)

< Mt?—ata+a+k B

< Mt?)—ozta-‘ro-i-k—l B(

I'(a) ’

at+o—1k+1)

I'a—1) ’

a+o—2k+1)

I'a—2) ’

B(a+o0—m,k+1)

t2+mfa
I'(a—3)

h ds| < Mt2+mfata+o+k7m
I'(la—m) (s)ds| <

t t_soz—m—l
X( )
0

So

lim t4~%2" (),

lim lim ¢~ Dy ()

lim 2~z (t
&y z(®), t—0

t—0
exist. We can show that z € X and z is a solution of BVP(4).

So z € X is a solution of problem (4) if and only if z satisfies (5). The
proof is complete. =

lim 3~/ (¢
lim 772" (2),

REMARK 2.1. G(t,s) > 0 for all (¢,s) € [0,1] x [0,1]. In fact, for s > ¢,
we have
toz—Q(l _ S) ta_l toc—2 ta—2
- - - (a—1)(1—s)—t+(a—1
Ta-1) T@ Fa-1) e @ D=8 -t+(a=-1)

=(a—1)s—t>(a—-1)s—s=(a—2)s>0.

For 0 < s <t set

_ toc—2(1 _ S) toc—l ta—2 (t _ S)a—l
YO =~ Ta-D T Te-1 T Tw @ °St
One finds ¢(0) = 0 and
, ta—2 (t o S)a 2
¢(s) I'a—1) INa—1) 2 0.
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Hence ¢(s) > 0 for s € [0, t]. From the above discussion, we have G(t,s) > 0
for all (¢,s) € [0, 1] x [0, 1].

REMARK 2.2. If h is nonnegative on (0, 1) and h(t) # 0 on each subinter-
val (0, ¢] with ¢ € (0,1), then z(t) is positive on (0, 1). In fact, by Remark 2.1,
x(t) > 0 on (0,1). Suppose that there exists ¢ty € (0, 1) such that z(ty) = 0.

From —ti:(z(iz)s) ta( 1) + F’Ea ’ = 0 for every t,s € [0, 1], we have
to 1 a—1 a—2 1
(to — 8)* to to
—a(te) = | Y0 pis)ds — - h(s)d
0= z(to) § Ty M= |2y ~ T =) é (s) ds

As h € C°(0,1) and h is nonnegative, we have h(t) = 0 on (0, ), which is
a contradiction. Hence z is positive on (0,1).

LEMMA 2.2. Suppose that (B0O) holds. Then y € Y is a solution of
DPy(t) =h(t), 0<t<1,
lim ¢~y (#) = 0, lim DG *y(t) =0, Dgi*y(1) =0, DG y(1) =0

t—0

(9)

if and only if y satisfies

‘ (t— S)ﬂ_l tB8-1 +8-2 1
(10) (t) = \—=—+—"h(s)ds — h(s
V0= 1) e F(ﬂ—l](S)
B2 1 1
S (1= s)h(s)ds = SH(t, s)h(s) ds,
0 0
where H is defined by
B k) N S k) P
H(t,s) = rg-1) rp) re-1 rE o °=h
(t,s) t572(1 —5) 81 B—2
_F(B—l) _F(ﬁ)+p(g_1)v 5> 1.

Proof. The proof is similar to that of Lemma 2.1 and is omitted. =

REMARK 2.3. Similarly to Remark 2.1, we can prove that H(t,s) > 0
for all (¢,s) € [0,1] x [0, 1].

REMARK 2.4. If h is nonnegative on (0,1) and A(t) # 0 on each subin-
terval (0, c] with ¢ € (0, 1), then y(t) is positive on (0,1).
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Define an operator T' on X x Y, for (z,y) € X x Y, by T(z,y)(t) =
(T1y)(t), (Tox)(t)) with

I'la) I'la i
toz—2 1
~ Ta 1) )4~ 9 (:9(),¥/(5).5(), Diy(s)) ds
0
and
o o8-
(Toy)(t) = | (t F(ﬁ)) (s, z(s), 2/ (s), 2" (s), DIt (s)) ds
0
-1 B—2 1
[fw) ~ T 1)] Jg(s,2(s),2/(5), 2" (5), Df(s) ds
0
= 1 / 7
(g1 ) (4~ )9, a'(5),a"(5), D a(s) ds

REMARK 2.5. If both f, g are nonnegative, and
Ft, P20, 4773y 4542 P72y £ 0,

on each subinterval (0, ¢] with ¢ € (0,1), we know from Lemmas 2.1 and 2.2
and Remarks 2.1-2.4 that (z,y) € X x Y is a positive solution of BVP(1)
if and only if (z,y) is a fixed point of T'.

LEMMA 2.3. Suppose that

(B1) f(t,z,y,2,w) is continuous on (0,1) x R* and for each r > 0
there exist M, > 0, ky > —1, 01 < 0 such that 2+ o1+ k1 > 0
and

|f(t, P22, 193y, P22 1P 20) | < MR (1 — )t
for allt € (0,1) and |z, |yl, |z, |w| < 7.
Then T1 1Y — X 1s completely continuous.
Proof. We divide the proof into four steps.
STeP 1. T1 : Y — X is well defined.



248 Y. Liu and S. Chen
For y € Y, there exists r > 0 such that
max{ sup 2~ 7y(t)], sup I/ (1),

te(0,1] te(0,1]

sup 4Ply" (1)), sup 2P| y(0)] <7
t€(0,1] te(0,1]

Then there exist k& > —1, 094 < 0 and M, > 0 such that 24+ k1 +01 > 0
and

(A1) [f(y(),y 1),y (1), Dgey(t))]
= [f(t 47722y (1), 4772070y (1), 677440y (), 007 2O Dy ()
< MptFr(1 — )7t for all t € (0,1).
On the other hand, by direct computation, we can get the formulas for

(T1y)'(t), (Tax)"(t), Dy (Tiy)(t). Similarly to Lemmas 2.1, from (11), we
can prove that Thy € X. So Ty : Y — X is well defined.

STEP 2. T} is continuous.

Let {y, € Y} be a sequence such that y, — yo in Y as u — oo. Then
there exists r > 0 such that

max{ sup 2 yu(t)], sup 1y (1),
t€(0,1] t€(0,1]

sup £ yl()], sup 0PIy (B)]} <7
t€(0,1] t€(0,1]

for n =0,1,2,.... Then there exist M, > 0, k1 > —1 and o1 < 0 such that
2+01+ k>0 and
(a8, 90 (8), 9 (2), D yu(t))] < Myt (1 — 1)
forallt € (0,1),n=0,1,2,....
Denote f,(t) = f(t,y(t),y'(t),y"(t), Di y(t)). We have

(t —s)o1

F(Oé) ‘fyu(s)_fyo(3’d3

t
270 (Tuy) () — (Togo) (8)] < 27|
0

[ fyu(5) = fyo(s| ds

O e =

1 1
" r<a—§<1 = )\ (5) = fin(s]ds
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t
t— a—1
< 2 S ¢2Mrskl(1 —5)%tds
0

I'(a)

2M,s*1 (1 — 5)7t ds

O ey =

+{r@>+rmilﬂ

(1 — 8)2M,s* (1 — 5)7t ds

OM}—‘

(o — 1
t a—1
<onppe (=2 t—s)1d
(S) o) (t—s)7tds
1 1 1
2M, (1 - s)7
#2 | iy + rm—nhs( o) ds
1
2Mr
—|— S 1(1-s)tds
I'a—1)
0
1 a—l—al 1
= 2M, 1201tk S s ds
0 )
+2M, ! + ! B(o1 +1,K; +1)
"[T(@) " Tla—1)| 0t 50
2M,
—B(2 k141
+ Tla—1) (2+01,k1+1)
< 2MTB(CX—|— o1, k1 + 1)
I'(a)
oM |+ — 1 B+ 1, K+ 1)
"IT(@) T T(a—1)| ot o
2M,
—B(2 k 1

and similarly

B(a+ o1 — 1,k +1)

27| (Trya)' () — (Tago) ()] < 2M,

I'a—1)
+2MT[ + ! ]B(aﬁl K1+1)+%B(2+a1 k1+1),
INa—1) I'a-2) ’ Ia—2) ’
t4WﬂmV@—ﬂMdﬁﬂéM@maE%%2?+D
+2Mr[ + ! :|B(O'1+1 K1+1)+%B(2+01 ki1+1)
I'a—2) I'(a-3) ’ I'la—3) ’ ’
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B(a+o01 —m, ki +1)

t2rm=a pm (T ) (t) — DT, | < 2M,
| Do (Thyu) (t) o (Tryo)(t)] < Tla—m)

1 1
I'(a —m) +F(oz—m—l)
2M,
—B(2 k1 +1).
+F(a—m—1) @+onk+1)
By the dominant convergence theorem, we have

lim sup >~ ¥|(Tiy)(t) — (Tiyo) (1))
N0 42 (0,1]

+2M,

B(O‘l + 1,K1 + 1)

= lim sup >~ ¥|(Tiy.) (t) — (T1yo) (t)| = 0
=00 te(0,1]

and
. 44— " "
lim sup ¢ *[(Tiy)" (t) — (T1yo)" (t)|

= lim sup t2+m_°‘|Dgi (T1yu)(t) — Dyt (Thyo) ()] = 0.
n—o0 tE(O,l]

Thus ||Thyw — Thyol] — 0 as u — oo, so 17 is continuous.

Now we prove that 77 maps bounded sets in Y into relatively compact
sets in X. Let {2 C Y be a bounded subset. Then there exists r > 0 such
that |ly|ly <r for all y € £2.

Hence there exist M, > 0, k1 > —1 and 01 < 0 such that 2+ 01+ k1 > 0
and (11) holds.

STEP 3. {T1y:y € 2} is a bounded set in X for every bounded 2 CY.
Similarly to Step 2, we can show that

B(Oé—l—Ul,/ﬁ + 1)
I'(a)

27 (Tiy)(1)] < M,

+ M, [F(la) + I’(al— 1)}B(01 +1,K1+1)+

M,

mB(Q + o1, k1 + 1),

B(a+o1— 1,k +1)
I'a—1)

27 (Twy) ()] < M,

1 1 M,
M, B(o1+ 1,k +1)+ ——"  B(2+01, ki +1),
+ [F(a—l)+F(a—2)] (o1+ 1,k + )+F(a—2) (2+o01,k1+1)

a—|—01—27k1+1)
I'a—2)

10 (T (0] < My

1 1 M,
M, B(oy+1, K 4+1) 4+ ——" _B(2+01, ki +1),
+ [F(a—2)+F(a—3)] (o1 +1, K1+ )+F(a—3) (2+01,k1+1)
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B(a+o01 —m, ki +1)

t4 72 D (T1y) (8)] < M,

I'(aw—m)
+M L . L B(oy + 1, K, + 1)
s g 9
I'la—m) TI'(a—m-—1) ! !
M,
— B(2 k1+1).
+F(a—m—1) @+onki+1)

So 177 maps bounded sets into bounded sets in X.

STEP 4. {Thy :y € 2} is a relatively compact set in X for every bounded
set 2CY.

We prove that
{P7(Tiy) (1) :y € 2}, {7 (Tay)'(t) 1y € 2},
{t7(Twy)"(t) :y € 2}, {TODG (Tay)(t) : y € 2}
are equi-continuous on (0, 1].
First, let t1,ts € [e,d] C (0,1], t1 <t3,0<e<d <1, and y € {2. Then
67 (Thy) (1) — 5 (Tay) (ta)]

141 (t — S)a—l

S A ey

F(s,u(s),9/'(s),y"(s), Dgvy(s)) ds

IN

We find that
t1

—_ s a—1
e (S) (tll“m))f(s,y(S),y’(S)’y"(S)a Do+ y(s)) ds
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t1

<l (o450, (50 (5): Die () s

+tg e s.0(5).4/ (9,05, D)) ds

e § =0 2 0,/ 60050, D) s
< I

N }j (752;(‘;);‘_1Msk1 (1— s)°' ds

Lo S (1 - s>a—;(—a<)t2 =9 s 1 — )7 ds

a—1

T (=)
4—2aa—2 a—2 1=
< MT |:€ ‘tQ - tl ’ (S) F(Oz)

s*(t, — 5)7Lds

t2 a—1
2—a (tQ — S) k o
+ e SWS l(tQ—S)ldS
t1
t2 a—1 a—1
2 (L2=8)"" = (ti =) 4
+ 15 (S) (@) s (1 — )7t ds
1 —1
420,02 —apatkidey | (1 —w) Tt
= MT |:€ a‘tg —ttll ’t?—i_ 1+ 1§)1_1(Oé)w dw
1 -1
2—a atkito (1 —w)orn k
+e t2 1 1 S Tw 1 dw
tl/tQ
t2 a—1 a—1
2—a (tQ - S) - (tl - 5) k o
+e S (@) s (1 — )7t ds|.

We can prove that 1 —2” < -Z5(1—2)" 2 for all z € [0,1] and 7 € (2,3). In
fact, let g(z) =1 —a™ — Z5(1 — 2)7 2. It is easy to see that g(1) = 0 and

Jdx)=—rm2" +r(1—2)"2>0, =z€(0,1).

Thus g(x) < g(1) = 0 for all € [0,1]. Choose 7 = a — 1 and = = v/u. It
follows that

a—1

v a—1

u(u —v)*73,  u>w.

u - oa—3
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Hence
t1 —s a—1
e (S] mF(a))f(S,y(S),y/(S%yﬁ(S) Dgry(s)) ds
to _ )1
= %ﬂs,y(sms),y”(s) Di-y(s)) ds
sw@%ﬁ2ﬂ@f?—ﬁ‘ﬂB&%:;Z?_kn
1 o Nator—1
4 e2a S ulujga;rwkl dw
t1/t2
1 a1 t2 _ tl)

el

< M, |:€42a|tg—2 . t(lx—2’

%1—de%

B(Oé + o1, k1 + 1)

I'(a)
1 o1—1
2—a (1 —w)ota k
+e S TU} ldw
tl/tg
+e 2-a T 1( to —tl)a_liB(Ul + 1,k +1)
a—3 I'a) ’ ’

As t1 — tg, the right-hand side tends to zero uniformly. So
(12) |67 (Tay)(t1) — &5 (Tay)(t2)| — 0

uniformly as t; — t2 on [e,d] C (0, 1].
Furthermore,
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It follows that
(13) t27%(Tyy)(t) is uniformly convergent as t — 0.

From (12) and (13), we know that {t>=%(Tyy)(t) : y € £2} is equi-continuous
on (0,1].

Secondly, let t1,ty € [e,d] C (0,1] with t; < t2, 0 < e < d < 1, and
y € §2. Then

5 (Try) (t1) — 65 (Try)' (t2)]

< tSfoz tSl (tl — S)a72f( ( ) / " D d

Sy $,y(s),4/'(s), 4" (s), D+ y(s)) ds
_ 3 tsz (t2 — 3)a72f( ( ) / " D d

>V Ta-n) $,9(8),9'(s),y" (), Dyry(s)) ds
1
+ [t — t2|1_,(al_1) S £ (s,y(s),9'(s),y"(s), Dg+y(s))| ds
0

< 't3—a tSl M]ﬂ( ( ) / " D" d

=~ 1 ) F(CM— 1) S, Y\s),y (8)73/ (8)7 0+y(3)) S
_ 3« tSQ (t2 — S)a_2f( ( ) / " Dn d

Ay Y $,9(5),y'(s),y" (), Dy+y(s)) ds
+ M,«|t1 — tg‘r(al_l)B(Jl + 1,k + 1).
We find that
3—a T (tl — 3)0472 / " n
tl (S) mf(say(s)vy ($)7y ($)>D0+y(5)) ds
3—a ? (t2 - 8)a_2 / " n
- t2 (S) mf(87y(8),y (S)7y (3)7 D0+y(8)) ds
1 — s a—2
<16 = e | G 090, 61,079, D)) s
0
3 2 (tl - 3)a 2 / "
+ 67 ) gy (e (), v/ (),9 (), Diy(s) ds
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1
1— ato1—2
< Mr |:€6—2a‘tg—3 - t?—3|t?+k1+01718 ( F(Z)_ 1) wkl dw
0

1

_ ato1—2
+e3fatg+k1+a1—1 S (1 ’U))

wk dw

" I'la—1)
t2 -2 a—2
3—a (t2 - 8)a - (tl — S) k1 o
1—s)7tds|.
+e (S) Ta—1) s"(1—s)%tds
We can prove that 1 —2” < -Z-(1—2)" ! forall z € [0,1] and 7 € (1,2). In
fact, let g(z) =1 —a™ — -Z5(1 —2)7 L. It is casy to see that g(1) = 0 and
Jd@)=—12" t4+7(1-2)7"2>0, xe(0,1).

Thus g(z) < g(1) =0 for all € [0,1]. Choose T = & —2 and = v/u. Then

-2
T %(u —0)273 w>w.
Hence
t1 a—2
—a (tl - 8)
t (S) T 1) f(s,9(5),9'(s), 4" (5), Dy y(s)) ds

_ 43—« K (t2 — S)a72 / " n
1570 N S E S5 (9). 4/ (). 4(), Dvy(s) ds
0

Oé—|—0'1—1,/€1—|—1)

B
< M, |:€62a|t121—3 . t(lx—?)’ (

I'a—1)
1
7 (1—w)xto—2
+ e3¢ S ———wl dw
" I'a—1)
1
3—aa_2 a—3 1 k1 o
— —_ 1—s)7t .
+e T ——(ta — 1) F<a_1)gs (1—s) ds]

0
As t; — tg, the right-hand side tends to zero uniformly. So

(14) [t (Tay)' (t) — &5 (Tay) (t2)| = 0
uniformly as t; — t2 on [e, d] C (0, 1].

Furthermore,
1
tS—O‘(le)’(t) — _% S f(s,y(S),y'(s),y”(s),Dg+y(s)) ds
I'a—2)
1 T
* Fa =37 ) (1~ 0/ (5): 4 (). D) is)
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“S;_S £ (s,9(5), 4/ (5),y"(s), Dyy(s))| ds
0

1
1 / !
- Dn
+ F(a_l)t§)|f(say(s)’y(s)ay (S)a 0+y($))|d$
t 1
(t—s M,
—o 1(1—5)ds + ————t\s*1 (1 —5)71d
(S)F(a—l s) S+F(a—1) (S)s (1—-s)%tds
1 a—l—al -2 M.
< M, g#torth Mdw+ ———tB(o1, k1 + 1).
= (S) Fa—l W Ty Blonki+1)
It follows that
(15) t37%(Tyy)'(t) is uniformly convergent as t — 0.

From (14) and (15), we know that {t3=%(Tyy)(t) : y € £2} is equi-continuous
n (0,1].
Thirdly, let t1,t2 € (0,1] with t; < t3 and y € 2. Then

|t (Try)" (t) — 5 “(T1y)" (t2))|

4—a F (tl - 5)a_3 / "
< tl S f(S,y(s),y (3)7y (3) D0+y( ))dS
0

I'a—2)
e [ o 6y (5), Dl () ds
) F(O[—2) Y 'Y Y ()+y
1
1t = tal g 110500615/ (9,05 D)) ds
0

1
——B 1,k +1).

We find that

t _
t4—a Sl (tl - 5)o¢ s

Ta—2) &) Y'(s),y"(s), Djry(s)) ds

t _
_ 25470: SQ (t2 — S)a 3

a2y ()9 (8),y"(5). Dyy(s)) ds
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131 (t — S)O‘_?’

<ty =7 £ (s,9(5), 9/ (s),5" (), D-y(s))| ds

5 I'a—2)
to
— (tl — 3>a 3 / "
ty @ D d
+ 2 tsl F(Oé _ 2) |f($7y(8)ay (S)7y (S) 0+y( ))| S
t2 le% a—3
41—« ’(tl — S) — (t2 — S) ‘ "
D
rii P )59 (). D) s
t1 a—3
4—a 4—a (tl - S) k o
SMr[|t2 -1 ’(S)F(a_Q)Sl(l—S)ldS
to
caf (t1=9)70
+tam o\ L M1 - s)7 ds
2 tsl I'a—2)
t2 a—3 a—3
o f [t = 8)* 7 — (b2 = 8)* 7| 4
t4 « 1 1_ o1 d
T (S] T(a-2) 1= s)7ds
i1 a—3
dea oy f (L1 —8) k o
SMT|:|t2 —t |§)F(a_2)51(t1—8)1d5
to 3
—af B1—8)"" 4
+ 37 s (tg — 8)7t ds
2 tgl I'(a—2)
to a—3 a—3
—af [t =8)*7" = (t2 = 8)* "] 4
the 11— s)7t ds|.
+ 1, (S) Tla—2) s (1 —s)%tds
We can prove that 1 — 2”7 < (1 — z)7 for all z 6 [O, 1] and 7 € (0,1).
Choose 7 = a — 3 and © = v/u. Then u® 3 —v* 3 < (u —v)* 3 if u > v,
Hence
t1 a—3
— (tl — 8) / "
e\ =— D} d
(S) F(a N 2) f(S,y(S),y (3)7y (3)7 ()er(s)) s
4—a K (t2 _ 3)0473 / " n
— ty (S)F(a—2) f(s,9(5),9'(s),y"(s), Dyry(s)) ds
. o Bla+o1 —2,k +1)
< Mr 4 o 41—« )
1
(1 - w)a+01—3 .
+ S —F(a—Z) w™ dw
t1/t2

-« a— 1
+t§ (tQ—tl) 3mB(01+1,k1+1) .
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As t; — tg, the right-hand side tends to zero uniformly. So
(16)  |t1(Twy)"(t1) — t3 “(T1y)" (t2)| — O uniformly as t; — t5 on (0, 1].

Fourthly, let t1,t3 € [e,d] C (0,1] with 0 < e < t; <ty < d < 1 and
y € §2. Then

D (Tiy) (8) — 857 D (Tay) (t2)|
t1

2+m—a (tl - S)Q_m_l / " n
tl S f(S,y(S),y (S)7y (S)7D()+y(3))d8
0

= I'la—m)

[2)

24+m—a (tQ_S)a_m_l / " n
~ 57 | S vy (9. 0). D) ds

1
R S
-1

t o
$2tm—a Sl (tl - 3)
! I'(a —m)

|f(s,9(s),9'(s),y"(s), Dgry(s))| ds

3 O ey

IN

fs,y(s),9/(s),4"(s), Dgry(s)) ds

to

24+m—a (tQ_S)aimil / " n
o § e —m) &)y () y(s), Doeyls)) ds

—|—Mr|t1—t2‘ B(O’l—}-l,k‘l—}—l).

v
I'la—m)
We find that

t1

— 3 a—m—1
gpimee [ O o)./ (61,0 (5): D ()
0

2+m—« 2 (t2 - S)Q_m_l / " n
_t2 (S) Wf(suy<s>7y(s)7y (S)7D0+y(8))d8

t2 (tQ _ S)szmfl

< |gtmee —ifmee | |f(s,9(5),9'(s),y"(s), Dgry(s))| ds

5 Ila—m)
t2 _ Ja—m—1
e U (60,0 (5).0(5) D) ds
t1
t
2+m—a 3 ‘(tl - S)a mol— (tQ - S)aimil‘
i (S) I'la—m)
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[

< Mr |:|t§+mo¢ . t%+mfa| s 1(1 _ 5)01 ds

5 I'(a —m)
to —m—1
A )
fgFtmoma\ 22 2L M1 —5)tds
! tsl I'(a—m)
t1 —m—1 —m—1
_ tl—S)a m —(tQ—S)a m
t2+m [o% ( k1 1 _ o1 d
+ 1 (S) F(Oé _ m) ( S) S
1 o1 —m—
< M |t2+m o t2+m—a|ta+o1+k173x (1 _w)aJr 1mm-l k1 dw
! 2 3 I'(a —m)
1 —m—1
+t2+m ata+al+k1 m S (]' - w)OH‘O'l m wkl d’l,U
I'(la—m)
tl/tg
t a—m—1
24+m—a (tl - S) k1 _ \O1
+1t] (S) Tla—m (t1 —s)7t ds
t1 —m—1
_ t2 _ S)Oc m
_t2+m a ( k1 t — 5)91 d
(S)F(am) s"H(t; — s)7t ds

< M, [|t§+ma _ t?+mfa| max{ea—&-m—&-kl—m’ da+al+k1—m}

B(a+o01 —m, ki +1)

I'(a—m)
1 +o1—m—1
+ max{e®Torthi—m gatorthi—m} S u —Fug)a i )m wkt dw
" a—m
1
+t2+m—o¢ta+01+/€1—mS Oé m=1 k’l dw
1 1 F
. 0
1 1
to — g)x—m
— 3t | (b — )77 e (;)_ ) s (b — 5)7 ds]

0
< M |:|t2+m « t?+mfa| maX{ea+U1+k1—m’da+01+k1—m}

B(a+o01 —m,k1 +1)

I'(la—m)
1 +o1—m—1
+ max{e¥torthimm gatorthimmy S (1= w)™ wh dw
" I'la—m)

1 a+01 m—1
+ t%+mfat(1l+01+k1—m S kl dw

5 m)

1/t2 i
o t2+m—ata+01+k‘1*m S (1 - w)a+0'1 " lwlﬁ dw

! 2 I'(a—m)

0
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< Mr |t§+mfa _ t%+mfa| maX{€a+a1+k1 —m’ da+01+k1 —m}

B(a+o1—m,k1 +1)

I'(a—m)
1 —m—1
+ max{ea+01+k1—m da+o1+k1—m} S (1 — w)a+01 " wkl dw
’ I'(a—m)
tl/t2
1 +o1—m—1
24+m—ajato1+ki—m (1 — w)a k
T | o) wht dw
tl/tQ
t1/t2

(1 _ w)a+01—m—1
I'la—m)

+ t%—i—m—a’ttlx-i—al—&—k:l—m - tg—i—al—i-kl—m‘ S wkl dwl .
0

We consider two cases:

CASE 1: a«+ 01 + k1 —m > 0. We have

24 m—a i (tl - S)Q_m—l / " n
tl S f($7y(s>7y (S)>y (3)>D0+y(3)) ds
0

I'(a —m)

24+m—a F (tQ — S)Oé_m_l / 1" n
8 Ty T 60 6), D)) ds

< Mr |:|t§+ma o t%+mfa| max{ea+a1+k1—m’ fa+01+k1—m}

B(a+ 01 —m,k1 + 1)

I'la—m)
1 o
+maX{ea+Ul+k1—m da+a1+k1—m} S (1 — w)a+01 " 1wk‘1 dw
’ I'(a—m)
tl/tg
1
(1 _ ,w)a—i—al—m—l .
d
+ S Tla—m) w™ dw
tl/tz

ato1—m—1
wh dw].

1
_ _ 1—w)
ta+o'1+k1 m toz+a'1+k1 m (
+ | 1 2 | (S) F(Oé _ m)
As t; — tg, the right-hand side tends to zero uniformly. So

(17) [T DE (Tiy) () — 657Dy (Thy) (t2)] = 0

uniformly as t; — t2 on [e,d] C (0, 1].
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CASE 2: a4+ 01+ k1 —m < 0. We have

e | T ) 960, Do)
1 ; F(a—m) $Y(8),Yy\(s)Yy (8), Vg+Y\s S
_ $2+m—a T (t2 — S)a_m_l / " n
t2 S F(a - m) f(S,y(S),y (S)v Y (S)v D()er(s)) ds
0

S Mr |:|t§+ma _ t%+mfa| max{ea+01+k1 —m, da+al+k1—m}

B(a+ o0y —m,k +1)

I'(la—m)
1 m—
+ max{ea+ol+kl_m fa+01+k1_m} S (1= w)orn 1wk1 dw
’ I'(a —m)
tl/tz
1
(1 _ w)cx—i—al—m—l .
dwl.
+ S Tla—m) w™t dw
t1/t2

As t; — t2, the right-hand side tends to zero uniformly. Hence (17) holds.

Furthermore,
1 1
DL (Tiy)(t) — <_F(a—m—1) (S) f(5,9(5),9'(s),4"(s), Dyry(s)) ds
1 ‘ ! !
i (Y (000, D) )
<o { L ) (5)4 ). D) ds
0 I'(a —m) ’ ’ ’ 0T
1
+ et 60 60:0(0): Do s

t o 1
<M t2+mfozs (tI:(Z)_ m) ' Skl(l — 8)01 ds + F(Oé]\4—r m)tSSkl (1 — 3)01 ds

0 0

1— a+o1—m M.
(kal dw+ ———tB(oy 4+ 1,k +1).

<M t2+01+k1
- I'(a—m) I'(a—m)

O e =

It follows that

(18) t2+m_°‘D81 (Thy)(t) is uniformly convergent as ¢t — 0.
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From (17) and (18), we deduce that {t>*"~ Dy (T1y)(t) : y € 2} is equi-
continuous on (0, 1].

Therefore, T {2 is relatively compact.

From the above discussion, T} is completely continuous. The proof is
complete. m

LEMMA 2.4. Suppose that
(B2) g(t,z,y, z,w) is continuous on (0,1) x R* and for each r > 0 there
exist N > 0, ko > —1, 09 < 0 such that 2+ o9 + ko > 0 and
lg(t, 19 22, 1973y, 19742 147 2)| < Nptk2 (1 — t)°2
for allt € (0,1) and |z|, |yl ||, |w| < 7.
Then Ty : X — 'Y is completely continuous.
Proof. The proof is similar to that of Lemma 2.3 and is omitted. =

REMARK 2.6. Suppose that (B1) and (B2) hold. It follows from Lemmas
2.3and 24 that T: X XY — X X Y is completely continuous.

3. Main results. In this section, we prove our main results. We need
assumptions imposed on f, g given in Section 1 and the following assump-
tions:

(B3) v € C°(0,1) and there exist cog > —1, =1 < dy < 0 (24+cp+dp > 0)
and Ny > 0 such that |¢(t)] < Not®(1 —t)% for all t € (0,1).

(B4) ¢ € C°(0,1) and there exist ag > —1, —1 < by < 0 (2+ag+by > 0)
and My > 0 such that [¢(t)| < Mgt (1 — t)% for all t € (0,1).

(B5) f:(0,1) x R* — [0,00) is continuous and there exist a; > —1,
b; <0 (7, = 1,...,w) with 2 +a; +b; > 0, 71,72, T3, Tia > 0
(t=1,...,w)and 4; >0 (i =1,...,w) such that

|f (#8772, 8770y, 7742 1P Pw) — (1)
w
<D A (1= )|y |2 2] |
i=1
forall t € (0,1) and z,y, z,w € R.
(B6) g : (0,1) x R* — [0,00) is continuous and there exist ¢; > —1,

d; <0 (l = 1,...,w) with 2 + ¢; +d; > 0, 6;1,0:9,0i3,0i4 > 0
(t=1,...,w)and B; >0 (i =1,...,w) such that

|g(t, ta_2:13, toz—?)y’ ta_4$, ta—m—Qy) _ ¢(t)|

w
<D Bitti(L =) |y 2 ] |
i=1

forallt € (0,1) and z,y, z,w € R.
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Set
Ti=Tin+Tie+Tis+7a (i=1,...,w), 7T=max{r:i=1,...,w},
0i =01 +dia+dis+ds (i=1,...,w), d=max{d;:i=1,...,w},
by \B-1 B—1 B—2 1
v =) St O ] (o) ds
-2 ¢
“ T §<1 — 5)(s) ds,

S 1—39)p

a—l

a—i—bz,az—i—l 1 1
p =Bl e )+[F<a>+F(a_1):|B(bi+1,ai+1)
B(b; +2,a; + 1)
Na-1) ~
Bla+b —1,a; +1 1 1
== Tla—1) )%r(a—n*r(a—z)
B(b; +2,a; + 1)
a-2)
B(a+bi—2,ai+1)+{ 1 N 1
I'la—2) I'a—2) I'(a—3)
B(b; +2,a; + 1)
a-3)
B(a—i—bi—m,ai—i-l)_i_[ 1 N 1 }
I'la—m) I'la—m) I'a—m-1)
B(b; +2,a; + 1)
'a-m-1)"~
Ei = max{Pi,Qi,Ri,Wi}, 1= 1,...,w,

:|B(bz +1,a; + 1)

:|B(bz +1,a; + 1)

W; =

and
*A:B(ﬂ%’diaci‘l’l) [ 1 1 } , ,
P; T03) + F(ﬁ)+F(ﬁ—1) B(d;+1,¢;+ 1)
B(di +2,¢i+ 1)
rp-1

263

B(bl—l-l, ai—l—l)
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B(ﬁ—l—di—l,ci—l—l) I 1 1 ]
+ + B(d; + 1,¢; +1
1) LCEDRNCED) )
B(dz +2,¢; + 1)
-2
*‘_B(B+di*2aci+1>+_ 1 " 1]
Z rp-2) (-2 I'(6-3)]
B(d; +2,¢;+ 1)
re-3
B(5+di—n,ci+1) 1 1
= + + B(d;+1,¢;+1
T —n) FG—m " TE-n-1 )
B(dz +2,¢; + 1)
TB—n—1)
Ei = max{?i,@i,ﬁi,wi}, 1= 1,...,(.4}
THEOREM 3.1. Suppose that (B3), (B4), (B5) and (B6) hold. Then
BVP(1) has at least one positive solution if
(i) 70 <1, or
(ii) 70 =1 with

w L w
> BEN@|P S AE |
=1 =1

@i:

_l’_

B(d; +1,¢i + 1)

_l’_

=

or
(iii) 70 > 1 with
(32 + |12l ses 7] L
B;=;||® < .
(37) e Z I ) L A

Proof. 1t is easy to show that (B5) and (B6) imply (B1) and (B2). Let
the Banach space X x Y and the operator 7" on X x Y be as defined in
Section 2. By Lemmas 2.3 and 2.4, T : X xY — X x Y is well defined and
completely continuous. By the assumptions on f, g in Section 1, together
with Remark 2.5, we know that (z,y) € X X Y is a nonnegative solution of
BVP(1) if and only if (z,y) € X x Y is a fixed point of T'. If there exists
to € (0,1) such that [z(t9)]? + [y(t0)]? = 0, we have z(ty) = y(tp) = 0. Then
similarly to Remark 2.2, we get

[g(t, tanx? ta73y7 ta7427 tafmew)]Q
+ [f(t, 1972, P73y, P22 P 22 = 0

on some subinterval (0, c] with ¢ € (0, 1), contradicting the assumptions of
Section 1. So (x,y) is a positive solution of BVP(1) if (z,y) is a fixed point
of T
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It is easy to see from (B3), (B4) and Lemmas 2.1 and 2.2 that ¥ € Y
and ¢ € X. By direct computation, we have

Lo i (t—s)P2 #h=2 -3 ¢
0 = oy e i1~ t7-3] yvids
8
BACED) (S)(l — s)(s)ds
nep (= 9)7 9 ik
V0= gy v ds -5 -9 Juts)ds
1
~ T3 §(1 s)¢(s) ds,
t — g B—n—1
Dyt = |t ds
0
tﬁfnfl tﬁfan 1
i R J (o) ds
t,B—n—2 1 4
TG00 (S)(l — s)i(s)ds
, B t (t _ S)a—2 tcx—2 ta—3 1
7 = (S) Ta—1) *()ds = [F(a “1) T(a- 2)] §¢(3) ds
ta73 1
" Ta_2) (S)(l — 5)o(s) ds,
" - t (t _ S)a—?) 7504—3 ta—4 1
) = §) Ta—2) &) ds - {F(a —2) T(a— 3)] §)¢(S) ds
taf4 1
— 1—s)p(s)ds,
a3 [ (1= s)p(s)d
0
i t—s a—m—1 ta—m—l ta—m—Q 1
Dy (t) = (S) ( F(a) m) ¢(s) ds [F(a -m) I'(la—m-— 1)} §¢(S) ds

For r1,79 > 0, denote

Dy ={(2,y) € X XY 1 ly =W < gy o — B <1}
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One sees, for (z,y) € {2, r,, that
]l <l =l + [l < v+ (1],
Iyl < lly = 2| + [[2] <72 + [ 2]
Hence for (z,y) € §2,, we have

|ty (), (1), 4" (1), Dgey () — 9 (8)]

<ZA 1% (1 — t2 B ()‘7'11|t3 B /( )|Tl2|t4 B //( )’713|t2+" 5D" y ()|
< ZA 14 (1 1)y + et

— Z Ait% (1 —t)i[ry + |||
=1
and

l9(t, 2(t),2'(t), 2" (t), Dy a(t ()] < ZB it (1 — )%y + |2
Firstly, we have

27 (Tay)(t) — (1))

to, gs)a—1
< S 9/ 600750, D) — ) s
0

£ (5,9(5),4'(5), 4" (s), Dgry(s)) — ¢(s)| ds

O e =

" [F(loo " F<al— 1)]

—

e ) (1 (9,9 (8),87(5). Diey(s) = o(s)] ds

0

t(t_s)a—l m
< 2o [N 4t (1 — )i + )] ds
0

=1
1 1 m
Ais%(1 — v d
+[F(a) O‘_l]é; s )% [ry + ||| d

1
f(1-s) ZAS% (1— )" [ry + ||¥]]]7 ds
0 i=1

a—l
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s%(t — s)b ds

m 1
T [ SR ] ZAi[TQ + @] | 5™ (1 — 5)" ds

1

+ T o) 2 Al + I

m
Z ilra + || [reectet
1

[ Ia) ' I(a 1 ]ZA [r2 + [IZ]]"B(b; + 1,0 + 1)

1 & _
* Fa o) 2 Al + IR+ 20+ 1)

S T'Ba+bi>ai+1
< 3" Al + || ( s )

=1
1 1 Ui -
+ [F(a) t I(a— 1)] ;Ai[r? + @)™ B(b; + 1,a; + 1)
1 & ;
) 2 Al B+ 2 a4 )
= 2 Ablra + 7
It follows that
(19) sup t2_a|(T1y)(t) —P(t)| < ZAiPi[?”2 + |||
te(0,1] P
Secondly,
272 (Ty) () — /(1)
¢ (t—s)2?
<) P WOV 605", Diry(s) — ()] ds

1
! [F(al— el F(al— zJ §'f (5:(5), 5/ (5), 4" (5), Dvy(s) — @(s)] ds
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+ (1 =)l (s,y(s),5/(5), 4" (5), Dgsy(s)) — ¢(s)| ds

I'law—2)

—_
O e =

w
<> AQifr + 7))
i=1
It follows that

w

(20) sup ¢°%((Tyy) (¢ Z ilr2 + (1@ ]
te(0,1] i=1
Thirdly, we have similarly
(21) sup ¢17|(Tiy)" (1) — @"(t Z ilra + [
te(0,1] i=1
Finally,
(22) sup t2+m_a|Dgﬁr(T1y)( ) — DL o(t)] < ZA Wilra + ||&]|]]7.
te(0,1] i=1

Thus (19)—(22) imply that

w w
(23) | Tay— @l <Y AiSilra + @™ < fra+ 217 Y AsSill @)™ 7
i=1 =1
Similarly we can prove that

w w
(24) Tz —w|| < BiZifri + B[] < [+ 2] ) B2
i=1 i=1
In order to apply Schauder’s fixed point theorem, we will construct §2,., ,,
such that T'(2,, ,) C 2, r,. From (23) and (24), our purpose is to choose
r1 and r9 such that

w
[ra + IZ)7 > AZ| @777 <,
1=1

w
[r1+ [ 2[1° ) BiEi|| @]~ < ra,

i.e.,
IPS BE 5 < s < n' v
[r1 + |12]]] ; =il 2 ST 9| A S| 1]
or
rl/(s
[r2 + [|@[]]" ZAzquWHn T<n< 2 — 2.

P D2 BiEil|o)ei—0) /e

We consider three cases:
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CASE (i): 70 < 1. Since 76 < 1 implies that there exists 71 > 0 suffi-
ciently large such that

1/7
T

Do A

w
1) _ 6;—0
[r + 1BIN°  BiES|| ]| + |2]| <
i=1
we can choose
w
1) = 6;—0
ro = [r1 +||B]]° > BiZ[|o]|”°.
i=1
Then

1/7

w
—= T
r1 + 19112 BiEi]|9]|% % =y < 1
perd 2, AE ||y

Set 2, r, ={(z,y) € X XY : |ly=¥| < ro, ||z — 2P| <ri1}. From the above
discussion,

— [l

w
1Ty — @ < [r2+ IZI)7 > AZ| @777 <,
=1

w
| Toz — @) < [r+ |@]]° > BiZ| @)% 0 < ro.
i=1
Hence T'(x,y) € (2, r,. By Schauder’s fixed point theorem, T" has at least
one fixed point (z,y) € 2, ,,. Then (z,y) is a solution of BVP(1).

CASE (ii): 76 = 1. Since
w J—
> BiE|®|% 0 <
i=1

there exists r1 > 0 sufficiently large such that

1
Doy AsE|| || T

1/7
51

w
re+1201° Y BiZill2l”~° + 2| < T -
2 B, D2y AiSi |||

=1
Choose
w
1) - §;—0
ro = [r1 4+ |2[1° Y BiZi|| @)%
i=1
Then
T

w
(25) [ri+[2I)° ) BiZi| @] = ra < = — Y]
; o Doy AEillw ||l

Set $2v o = {(z,y) € X XY i |ly =¥| < 1o, ||z — P|| < 71}. From the above
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discussion,

w
1Ty — @] < [ra + 127 S A2 <,
=1

w
| Tox — || < [+ |2 Y BiZil| @)% < 7.

i=1

Hence T'(z,y) € {2, r,. By Schauder’s fixed point theorem, 7" has at least

one fixed point (z,y) € 2, ,,. Then (z,y) is a solution of BVP(1).

CASE (iii): 76 > 1. Choose
||
or—1°
It is easy to show from the inequality in Theorem 3.1(iii) that

(r1 +1|19])° = 100 4 H H 1
1/7 ZB ”¢” [Zz lAl_zuan—r]l/T

r =

Then
w TI/T
(ri+ 121D° >~ BiZil|®]|% 0 + [|@]| < L :
Z o (i, A

Choose "
6 = 0;—0
ry = (r1+12])° Y BiZil|]%°,
i=1
We also have (25). Set £2,, , = {(z,y) € X XY : ||[y=¥| <7y, [|[z—D| < r1}.
From the above discussion,

w
1Ty — @] < [ra + 127 S A2 <,
=1

w
1Ty — @) < [y + [P S B0 < ro.
i=1
Hence T'(z,y) € 2, r,. By Schauder’s fixed point theorem, 7" has at least
one fixed point (z,y) € 2, ,,. Then (z,y) is a solution of BVP(1).
The proof of Theorem 3.1 is complete. m

THEOREM 3.2. Suppose that both (B3) and (B4) hold, and there exists
M > 0 such that

F A7 20 4073y P74 1P 20)| < M,
g(t, ta72$’ taf?)y, to‘74z, tafm72w)’ <M

for allt € (0,1) and xz,y,z,w € R. Then BVP(1) has at least one positive
solution.
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Proof. In Theorem 3.1, choose ¢(t) = ¢(t) =0and w =1, 7; = d1; =0
(j=1,2,3,4), Ay = B, = M. »
Now, we list the following assumptions:
(B7) ¢ € L*(0,1) and there exists Ny > 0 such that |1)(t)| < Ny for all
€ (0,1).
(B8) ¢ € L'(0,1) and there exists My > 0 such that |¢(t)| < My for all
te(0,1).
(B9) f:(0,1) x R* — [0,00) is continuous and there exist 71,72, 73, T4
>0and A; >0 (i = 1,2,3,4) such that
(8,672, 4773y 19742 77 2w) — o t))
< Aufel" + Aoly|™ + Aolel™ + Agful™
forall t € (0,1) and z,y, z,w € R.
(B10) g: (0,1) x R* = [0,00) is continuous and there exist d1, da, &3, 4
>0and B; >0 (i =1,2,3,4) such that
\g(t, ta_Q.%', 1504—3y7 ta_4$, ta—m—2y) _ ¢(t)’
< Bifa|* + Baly|” + Bs|z|” + Baw|*
for all t € (0,1) and z,y,2z,w € R.
Denote 7 = max{7; : i = 1,2, 3,4} and 0 = max{¢; : i = 1,2, 3,4} and

IR VAN t/” ‘
W(“‘é g V¢ [F(ﬁ) ](Sf"
tBQ :
s
t(t S)oa 10 to 1 toc—2 1
o) _§ Ta) 718) s [F(a) F(a—l)]é“sﬂs
toc2 1
oz—l(sJ
1 1 302 —a+2
Pi:F(a+1)+F(a)+2F(a—1): (et 1)
1 a—1 1 3a?—Ta+6
Q’_F(a)+r(a—1)+2r(a—2)_ 2 (a)
R o—2 1 30 — 130+ 16
T Ta=1) Ta=2 Tara=3 " 2(a-1
1 a—m 1

Wi:I’(a—m—l—l)+F(a—m)+2F(a—m—l)

_3a? — (6m+ 1)a+ 3m? + m + 2
B 2l —m+1) ’
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max{
and

302 — (6§ + Do+ 352 +j+2
P.

2l (a—j+1)

1
r@) " 2r(E-1)
T ik
@) TE-1)
— 1

M= TE
W

i =

j=0,1727m},

382 -B+2
- 2r(B+1)°
382 —T78+6

1
2I'(B —2)
-2 1

"TGE-2)

1

2rp) -’
2I(8 - 3)
I
rg—n+1) I'B-n) 2
:mﬁ—mn+nﬂ+&ﬁ+n+2

2I'(B—n+1)
5 max{

382 — (65 +1)B+35%+j+2

_'_

332 —138+16
C2r(g-1)
1

rg-n-1)

)

i=1,2,3,4,
2r(B—j+1)
BVP(1) has at least one positive solution if
(i) 76 <1, or

ij=
THEOREM 3.3. Suppose that (B7), (B8), (B9) and (B10) hold. Then
(ii) 70 = 1 with

0,1,...,m}.

4 4
= _ Y
Z2VN B0 S AT <1,
=1 =1

or

(iii) 76 > 1 with

—

()3

o —1

and

> Billoll” + 7]l <
=1

( 2l

1/7

57’—1)
and (B4) respectively. Choose w =4, a; = b; = ¢; =d; =0 (i = 1,2,3,4),
(711, T12, T13, T14

(&Y Al
Proof. Choose ag = by = ¢y = dp = 0. Then (B7) and (B8) imply (B3)
) = (7'1,0,0,0), (T21,722,723,7'24)= (0,7‘2,0,0),
(731,732,733, 734) = (0,0,73,0), (741,72, 743, 744) = (0,0,0,74),
(011,012,013, 014) = (1,0,0,0),  (d21, 22, 623, 624) = (0, 02,0, 0),
(031,032, 633, 034) = (0,0,03,0), (41,042,643, 044) = (0,0,0,4).
Then (B9) and (B10) imply (B5) and B6) respectively. By Theorem 3.1, we
get (1), (ii) and (iii).
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REMARK 3.1. From (B5), (B6), we know that our assumptions on f, g
are different from (BA1) and (BA2). When one considers BVP(I), BVP(II)
and BVP(III), similar results can be obtained. We omit the details. But we
point out that our assumptions on f and g are weaker than (BA1) and (BA2)
since po = max{p1, p2} max{o, 02} < 1is weaker than max{p1, p2} < 1 and
max{oy, o2} < 1.
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