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Abstract. Triangular generalized Lie bialgebroids are a generalization of triangular Lie
bialgebroids in the sense of Mackenzie and Xu. For this type of structures two homology and
cohomology theories are considered. Moreover, we prove that the vanishing of a certain cohomo-
logy class, which we will call the modular class, implies the existence of a duality between these
homology and cohomology theories. As a consequence, we recover some previous results for
unimodular Poisson and Jacobi manifolds and unimodular triangular Lie bialgebroids.

1. Introduction. Lie bialgebroids were introduced and studied by Mackenzie and
Xu [MX1] (see also [Kol]) as the infinitesimal invariants of Poisson groupoids. In fact,
a Poisson groupoid has associated a Lie bialgebroid and conversely, a Lie bialgebroid
structure on the Lie algebroid of a (suitably simply connected) Lie groupoid can be
integrated to give a Poisson groupoid structure on the underlying groupoid (see [MX1,
MZX2]). A Lie bialgebroid is a pair (A4, A*) such that A is a Lie algebroid and the dual
vector bundle A* also carries a Lie algebroid structure which is compatible in a certain way
with that on A. If M is a Poisson manifold and on T*M (respectively, T M) we consider
the cotangent Lie algebroid structure induced from the Poisson structure (respectively, the
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trivial Lie algebroid structure) then the pair (T'M,T*M) is a Lie bialgebroid (see [MX1]).
Other interesting examples of Lie bialgebroids are Lie bialgebras [D], or equivalently, Lie
bialgebroids over a single point.

On the other hand, a Jacobi structure on a manifold M is a 2-vector A and a vector
field E on M such that [A, A] = 2EAA and [E, A] = 0, where [, ] is the Schouten-Nijenhuis
bracket [L2]. If (M, A, E) is a Jacobi manifold one can define a bracket of functions, the
Jacobi bracket, in such a way that the space C*°(M,R) endowed with the Jacobi bracket
is a local Lie algebra in the sense of Kirillov [Ki]. Conversely, a local Lie algebra structure
on C*°(M,R) induces a Jacobi structure on M [GL, Ki]. Jacobi manifolds are natural
generalizations of Poisson and contact manifolds. The 1-jet bundle T"M x R — M
associated with a Jacobi manifold M admits a Lie algebroid structure [KS]. However,
if on the vector bundle TM x R — M we consider the natural Lie algebroid structure
then the pair (TM x R, T*M x R) is not a Lie bialgebroid [IM2, V3]. This fact and some
examples of linear Jacobi structures on vector bundles obtained in [IM1] motivated the
introduction, in [IM2], of the definition of a generalized Lie bialgebroid, a generalization of
the notion of a Lie bialgebroid. A generalized Lie bialgebroid is a pair ((A4, ¢o), (A*, Xo)),
where A is a Lie algebroid, ¢g is a 1-cocycle in the Lie algebroid cohomology complex
of A with trivial coefficients, A* is the dual bundle to A which admits a Lie algebroid
structure and Xy is a 1-cocycle of A*. Moreover, the Lie algebroids A and A* and the
1-cocycles ¢p and Xy must satisfy some compatibility conditions. When the 1-cocycles
¢p and X vanish, we recover the notion of a Lie bialgebroid. Furthermore, it was proved
that the base space M of a generalized Lie bialgebroid is a Jacobi manifold (see [IM2]).

Examples of generalized Lie bialgebroids are the so-called triangular generalized Lie
bialgebroids. In fact, if A is a Lie algebroid over M with Schouten bracket [, ], ¢o is a
l-cocycle and P € T'(A%2A) is a section of A2A — M such that [P, P] = 2i(¢o) PAP then it
was proved in [IM2] that the dual bundle A* admits a Lie algebroid structure in such a way
that the pair ((4, ¢o), (A*, Xo)) is a generalized Lie bialgebroid, where Xy = —i(¢g)P.
Under the above conditions, we say that the triple (A, ¢o, P) is a triangular generalized
Lie bialgebroid. An example of this situation are triangular Lie bialgebroids in the sense of
Mackenzie and Xu [MX1] (in this case ¢ = 0). Other interesting examples are triangular
generalized Lie bialgebras [IM2, IM3] and the triples of the form (A = TM x R, ¢g, P),
where (M, A, E) is a Jacobi manifold, ¢ = (0,1) € Q1 (M) & C°(M,R) 2 T(T*M x R)
and P = (A, E) € V2(M) @ X(M) 2 T(A2(TM x R)) (see [IM2]).

In this paper, we consider two homology and cohomology theories associated with
the dual Lie algebroid A* of a triangular generalized Lie bialgebroid (A4, ¢o, P) and we
prove that the vanishing of a certain cohomology class implies the existence of a duality
between these homology and cohomology theories. In fact, if (A, ¢o, P) is a triangular
generalized Lie bialgebroid over M then the presence of the 1-cocycle Xo = —i(¢p)P of
A* allows us to deform the differential d, of the Lie algebroid A* and to define a new
cohomology operator d.x, given by d.x, = d. +e(Xp), where e(X() denotes the exterior
product by Xy. Thus, we have two cohomologies: the cohomology of the Lie algebroid
A*, H*(A"), and the Xo-cohomology of A*, Hy (A*). We show that the cohomology
H*(A*) (respectively, Hx, (A*)) is related with the cohomology of the local Lie algebra
C> (M, R) relative to the representation of C*°(M,R) on itself given by the hamiltonian
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vector fields (respectively, by the Jacobi bracket) of M. These representations also allow us
to introduce two homology operators 9 and 0y, on ['(A*A*) = @, T'(AF A*). Moreover, if
[, ]« is the Schouten bracket of A*, we prove that —0 and —0x, are generating operators
of the Gerstenhaber algebra (I'(A*A*), A, [, ]«). Therefore, if n is the rank of A then,
using the results of [X], we deduce that —0 and —dx, define two flat A*-connections V
and VX0 on A"A* — M and the corresponding homologies H,(A*,V) and H,(A*, VX0).

On the other hand, if the vector bundle A is orientable we introduce, in a natural way,
the modular class M4 4, p of the triple (A, ¢o, P) as an element of the first cohomology
group H'(A*) and we show that if M 4,4,,p) vanishes then

H*(A*) =2 H, (A", V), HEY (A*) =2 H, (A", V*0), for all k.

This theorem generalizes the results of [BZ, ELW, X] about the duality between the
canonical homology and the Poisson cohomology for unimodular Poisson manifolds, the
results of [Ko2] for unimodular triangular Lie bialgebroids and the results of [LLMP,
V3] about the duality between the LJ-cohomology and the canonical LJ-homology (in
the terminology of [LLMP]) for unimodular Jacobi manifolds. We also apply the above
theorem to the particular case when A is a real Lie algebra g of finite dimension, ¢g = 0
and P = r is a solution of the classical Yang-Baxter equation on g, that is, the pair (g, r)
is a triangular Lie bialgebra.

2. Lie algebroids. Homology and cohomology theories. If M is a manifold
of dimension n, we will denote by C°°(M,R) the algebra of C'™ real-valued functions
on M, by Q¥(M) the space of k-forms, by V¥(M) the space of k-vectors, with k > 2,
by X(M) the Lie algebra of vector fields, by [ , ] the Schouten-Nijenhuis bracket on
V*(M) = @, V¥(M) and by 6 the usual exterior differential on Q*(M) = @, Q% (M).

A Lie algebroid A over a manifold M is a vector bundle A over M together with a Lie
algebra structure [, ] on the space I'(A) of the global cross sections of A — M and a bun-
dle map p: A — T M, called the anchor map, such that, if we also denote by p: I'(A) —
X(M) the homomorphism of C*°(M,R)-modules induced by the anchor map, then:

(i) p: (T(A),[,]) = (X(M),[,]) is a Lie algebra homomorphism and
(i) for all f € C*°(M,R) and for all X,Y € I'(4), one has

[X, 7Y] = FIX, YT+ (p(X)(f)Y-
The triple (A, [, ], p) is called a Lie algebroid over M (see [M, P]).
If A is a Lie algebroid, the Lie bracket on the sections of A can be extended to the
so-called Schouten bracket [, ] on the space I'(A*A) = @,I'(AFA) of multi-sections of A
in such a way that

[X; /1= p(X)(]),

[[P7 Pl]] = (_1)kk/[[P/7P]]7 1
[P,P'AP"] = [P,P'| AP" + (~1)F +D P' A [P, P"], o
(=D [IP, P'L P"T+ (=)**[[P", P, P'] + (=) [[P", P"], P] = 0,

for f € C®(M,R), X € I'(A), P e T(A*A), P’ € T(A¥ A) and P” € T(AF" A). The triple
(D(A*A) = @, T(A*A), A, [, ]) is a Gerstenhaber algebra (see [M]).
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REMARK 2.1. The definition of Schouten bracket considered here is the one given
in [V2] (see also [BV, L1]). Some authors, see for example [ELW], define the Schouten
bracket in another way. In fact, the relation between the Schouten bracket [ , ] in
the sense of [ELW] and the Schouten bracket [, | in the sense of [V2] is the following
[P,Q) = (—1)**[P,Q], for all P € T(A*A) and Q € T'(A*A).

EXAMPLES 2.2. i) A trivial example of a Lie algebroid is the triple (T'M,[, ], Id),
where M is a differentiable manifold and Id : TM — T'M is the identity map.

it) The Lie algebroid (TM x R,[ , ],7): Let M be a differentiable manifold and
A — M a vector bundle over M. It is clear that A x R is the total space of a vector
bundle over M. Moreover, the dual bundle to A xR is A* xR and the spaces I'(A"(A X R))
and T'(A*(A* x R)) can be identified with ['(A"A) @ T(A""1A) and T'(AFA*) @ T (A1 A¥)
in such a way that

(PaQ)((alvfl)v"'7(arafr)) = Pala"'v +Z ’L+1f’b alv"'a&ia"'ﬂar)a

(o, B (X1 91), - (Xky gk)) = a(Xy,..., X +Z D giB(X1, 0, Xy, Xa),

for (P.Q) € (A" A) & TV A), (a,) € T(AFA%) @ T(A 1A%, (an, ) € (A°) &
C*(M,R) and (Xj,9;) €'(A) @ C*°(M,R), with ¢ € {1,...,7} and j € {1,...,k}.
Under these identifications, the contractions and the exterior products are given by

i(, B)(P, Q) = ((@)P+i(B)Q, (-)*i(a)Q),  ifk<r,

. B)(PvQ) = 0, ifk)>7’,

i(P,Q)(a, B) = (i(P)a+i(@)B,(-1)"i(P)B),  ifr<k, @)
Q)(O‘aﬁ) = 0, if r > ]{),

(
(
( Y
(P,Q) N (P, Q) (PAP,QAP +(=1)"PAQ"),

(@,B)A (e, B) = (and, BAd +(-D)ranp),

for (P',Q") e T(A" A) & (A" ~1A) and (o, B') € T(AF A*) @ T(AF —14%).

Now, suppose that A is the tangent bundle T M of an arbitrary manifold M. In this
case, the spaces ['(A"(TM x R)) and T'(AF(T*M x R)) can be identified with V"(M) ®
Vr=Y(M) and QF(M) @ QF—1(M).

Using the above identifications, we will exhibit a natural Lie algebroid structure on
the vector bundle TM x R. If 7 : TM x R — T'M is the canonical projection on the first
factor and [ , ] is the bracket given by

[(X, 1), (V. 9)] = ([X, Y], X (9) = Y (/)),
for (X, f),(Y,g9) € X(M) & C*(M,R) 2 T'(TM x R), then (TM x R,[ , ],7) is a Lie
algebroid over M (see [M, NJ).
iii) The Lie algebroid (T*M x R, [, ]](A7E),%E(A7E)) of a Jacobi manifold: A Jacobi
structure on a manifold M is a 2-vector A and a vector field E on M satisfying (see [L2])
[A,A] =2E A A, [E,A] =0. (3)

The manifold M endowed with a Jacobi structure is called a Jacobi manifold. If (M, A, E)
is a Jacobi manifold, we can define a bracket of functions (the Jacobi bracket) by the
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formula
{fi9}=A(0f,09) + fE(g) — gE(f), (4)

for all f,g € C°°(M,R). The space C*°(M,R) endowed with this Jacobi bracket is a local
Lie algebra in the sense of Kirillov (see [Ki]). Conversely, a structure of local Lie algebra
on C*°(M,R) defines a Jacobi structure on M (see [GL, Ki]).

If (M,A,E) is a Jacobi manifold, the 1-jet bundle 7*M x R — M admits a Lie
algebroid structure ([, (s, z), %E(A’E)), where [, ](a, ) and %E(A,E) are defined by

[(e, 1), (B, D) a,5)= (Lpr(a)B—Lyn )= (Aev, B))+fLEB—gLpo — i(E)(a A B),
A(B, o)+ () (9)—#a(B)(f)+E(9)—gE(f)), (5)

#nm(a, f) = #ala)+ [E,
for (o, f),(B,9) € Q' (M) & C°(M,R) (see [KS]). Here, £ denotes the Lie derivative

operator and #x : Q' (M) — X(M) the homomorphism of C°°(M,R)-modules given by
#a(a) = i(a)A. Note that from (4) and (5) it follows that

[(6f. 1) (09, 9)a,p) = (6{f, 9}, {]. 9})- (6)

In the particular case when (M, A) is a Poisson manifold (i.e., E = 0) we recover,
by projection, the Lie algebroid (T*M, [, Ja,#a), where [, Ja is the bracket of 1-forms
defined by (see [F]):

[, I QUM) x QUM) > QU(M), [ Bl = L (@) — Lo — 5(A(0 B)). (7)
Next, we will recall the definition of the Lie algebroid cohomology complex with trivial
coeflicients. For this purpose, we will recall the definition of the cohomology of a Lie
algebra A with coefficients in an A-module (we will follow [V2]).

Let (A, [, ]) be a real Lie algebra (not necessarily finite dimensional) and M a real
vector space endowed with a R-bilinear multiplication

AXM—= M, (a,m)—a-m,
such that
[a1,a2]-m =ay - (az-m) —az - (a1 - m), (8)
for a1,as € A and m € M. In other words, we have a representation of A on M. In

such a case, a k-linear skew-symmetric mapping ¢* : A¥ — M is called an M-valued
k-cochain. These cochains form a real vector space C*(A; M) and the linear operator

ok CF(A; M) — CFHL(A; M) given by

k
(Ukck)(a07 . '7ak) = Z(_l)iai : Ck(a07 . '7di7 . '7ak)+
= o)
Z(_1)1+]0k([aivaj]ﬂa0a'"a&ia"'adjv"'vak)
1<j

defines a cohomology operator. Hence, we have the corresponding cohomology spaces
H*(A; M). This cohomology is called the cohomology of the Lie algebra A with coefficients
in M, or relative to the given representation of A on M.
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Now, if (A, [, ], p) is a Lie algebroid, we can define the representation of the Lie algebra
(T(A), [, ]) on the space C°(M,R) by X-f = p(X)(f), for X € T'(A) and f € C>*(M,R).
We will denote by d the cohomology operator of the corresponding cohomology complex.
Note that the space of the k-cochains which are C°° (M, R)-linear is just T'(AF A*), where
A* is the dual bundle to A. Moreover, we have that d(I'(A*A*)) C T(AFT1A*), for all k,
and thus one can consider the subcomplex (I'(A*A*), djp(a+a+)). The cohomology of this
subcomplex is the Lie algebroid cohomology with trivial coefficients and the restriction
of d to T'(A*A*) is the differential of the Lie algebroid A (see [M]). We will denote the
corresponding cohomology spaces by H*(A).

By the above definitions, a 1-cochain ¢ € I'(A*) is a 1-cocycle if and only if

X, Y] = p(X)(6(Y)) — p(Y)($(X)), for all X, Y € T'(A). (10)
On the other hand, if X € I'(A) then one can introduce the Lie derivative by X as the
operator Lx : I'(AFA*) — T'(A¥A*) given by Lx = i(X)od+doi(X).
EXAMPLES 2.3. i) For the Lie algebroid (T'M, [, |, Id), the Lie algebroid cohomology
with trivial coefficients is just the de Rham cohomology of M.
it) The Lie algebroid (T'M x R,[ , ],m): In this case, the dual bundle to TM x R
is T*M x R and, under the identification T'(AF(T*M x R)) = QF(M) & Q¥ 1 (M), the
differential 0 of the Lie algebroid (TM xR,[, ], ) is given by
d(a, B) = (6c, =63), (11)
for (o, B) € QF(M) @ QF~1(M).
i) The Lie algebroid (T*M x R, [, J(a,5), #(A,E)) of a Jacobi manifold: It (T*M x
R, [, ] B, %Z(A’E)) is the Lie algebroid associated with a Jacobi manifold (M, A, E) then,
under the identification T'(AF(T'M x R)) = V¥(M) @ VE=1(M), the differential d‘®#) of
the Lie algebroid is given by (see [LLMP, LMP])

dMEN(P.Q) = (—[A, Pl + kEAP+ANQ,[A Q] — (k—1DEAQ+[E,P]), (12)

for (P,Q) € V*(M) @& V*~1(M). The resultant cohomology Hj ;(M, A, E) was termed
in [LMP] the Lichnerowicz-Jacobi cohomology (LJ-cohomology, for brevity) of M. This
cohomology plays an important role in the geometric quantization of the Jacobi manifold
M and in the existence of prequantization representations for complex line bundles over
M (for more details, see [LLMP, LMP]).

Another description of the LJ-cohomology is the following. Consider the representa-
tion of the Lie algebra of functions on itself given by the hamiltonian vector fields, that is,

C>®(M,R) x C*(M,R) — C*(M,R)
(f.9) = Xy(g) = A(0f,09) + FE(9)-

The resultant cohomology is called the H-Chevalley-Eilenberg cohomology of M (see
[LLMP, LMP]). The LJ-cohomology is just the cohomology of the subcomplex of the
H-Chevalley-Eilenberg complex which consists of the 1-differentiable cochains, i.e., the
k-linear skew-symmetric differential operators of order 1 (see [LLMP] for more details).

When (M, A) is a Poisson manifold, the differential of the Lie algebroid (T*M, [, ],
#4) is the operator d* = —[A,-]. This operator was introduced by Lichnerowicz in [L1]
to define the Poisson cohomology Hj (M, A) of M.
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Now, we will recall the definition of the homology operator associated with a Lie
algebroid A over M of rank n and a flat A-connection on A" A — M (see [X]).
Let (A, [, ],p) be a Lie algebroid over M of rank n. An A-connection on a vector
bundle E — M is a R-bilinear mapping
V: T'A) xI'(E) — TI(E)
X®s — Vxs
such that
Vixs=[Vxs, Vx(fs) = (p(X)(f)s+ [Vxs, for all f € C=(M,R).

The curvature R of an A-connection V may be defined as for the usual connections. V
is said to be flat if R vanishes.

Any A-connection on A"A — M defines a differential operator D : T'(AFA) —
['(AF~LA) locally given by

n
D(i(w)®) = (~1)"* (i(dw)(I) +Y iy A w)VXj<I>>, (13)
j=1
where ® € I'(A"A4), w € T(A"FA*), {X;} is a local basis of I'(A) and {a;} is the dual
basis of I'(A*). The operator D generates the Gerstenhaber algebra (I'(A*A), A, [, ),
that is, for all U; € I'(AF1 A) and U, € T(AF2 A),

[U1,Us] = D(Uy AUs) — DUy AUs — (—1)1U; A DUS,
or, equivalently
[f,X] =D(fX) - fD(X), [X,Y]=DXAY)-(DX)Y +(DY)X,

for f € C*°(M,R) and X,Y € T'(A).
Moreover, the connection V can be recovered from the operator D. More precisely,
we have that
Vx®=XADOo, (14)

for all X € T'(A) and ® € I'(A"A).

In fact, (13) and (14) define a one-to-one correspondence between A-connections on
A" A — M and linear operators D generating the Gerstenhaber algebra (T'(A*A), A, [, ]).
Under this correspondence, a flat A-connection V corresponds to an operator D of zero
square. Thus, a flat A-connection V induces a homology operator 9 = —D. The resultant
homology H.(A,V) is the homology of the Lie algebroid A with respect to the flat A-
connection V.

If V and V' are two A-connections on A™A, then there exists o € I'(A*) such that

Vi®=Vx®+a(X)®, for ® € [(A"A). (15)
As a consequence,
D' — D =i(a), (16)

where D and D’ are their corresponding generating operators. Moreover, (D')? — D? =
—i(da). Therefore, if V and V' are two flat A-connections, then o € I'(A*) is a 1-cocycle.
In particular, if o = df, with f € C*°(M,R), one has that Hy(A, V) = Hi(A, V'), for all
k (for more details, see [X]).
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REMARK 2.4. There are some differences of sign between the above formulas and
those ones in [X]. The reason is the definition of the Schouten bracket (see Remark 2.1).

EXAMPLE 2.5. Let (M, A, E) be a Jacobi manifold of dimension n and {, } the as-
sociated Jacobi bracket. Then, one can consider the flat (T*M x R)-connection V on
AMFHT*M x R) = {0} & A"T*M defined by

Via,)(0,®) = (0, foi(E)P 4+ a A (§i(A)P —ni(E)D)),
for (a, f) € QY(M)®C>(M,R) and ® € Q"(M). The connection V induces the homology
operator dME) L QF (M) @ QF 1 (M) — QF 1 (M) @ QF2(M) given by
OME)(a,B) = (i(A)da —di(A)a +ki(E)a — Lgp,
—i(A)oB+ 6i(A)B — (k—1)i(E)B + i(A)w).
This homology operator was introduced by Vaisman in [V3]. The corresponding homology
H.(T*M x R, V) was studied in [LLMP, V3].
If (M,A) is an n-dimensional Poisson manifold, then the flat 7™M -connection on

AYT*M defined by
Vo® = a A§i(A)®, for & € Q*(M) and o € Q' (M),

(17)

induces the homology operator 0" given by the commutator of i(A) and &, that is,
0N = i(A)6 — di(A). The complex (Q*(M),0") is just the canonical homology complex
introduced by Koszul [K] and studied by Brylinski in [B].

3. Differential calculus on Lie algebroids in the presence of a 1-cocycle ¢,

3.1. ¢o-cohomology. Let (A,[,], p) be a Lie algebroid over M and ¢g € I'(A*) be a
1-cocycle in the Lie algebroid cohomology complex with trivial coefficients. Using (10),
we can define a representation pg, : I'(A) x C°(M,R) — C*°(M,R) of the Lie algebra
(T'(A), [, ]) on the space C*°(M,R) given by

Poo(X)f = p(X)(f) + do(X)F, (18)

for X € T'(A) and f € C*°(M,R) (see [IM2]). Thus, one can consider the cohomology of
the Lie algebra (I'(A), [,]) with coefficients in C*°(M,R) and the subcomplex I'(A*A*)
consisting of the C° (M, R)-linear cochains. The cohomology operator dg, : T(AFA*) —
[(A**1A*) of this subcomplex is called the ¢o-differential of A. We have that

dpoor = do+ ¢o A v, (19)
where d is the differential of the Lie algebroid (4, [, ], p). The corresponding cohomology
spaces will be denoted by Hj (A) (see [IM2]).

REMARK 3.1. If ¢ is a 1-coboundary, that is, there exists f € C*°(M,R) such that
$o = df then the map T'(AFA*) = T'(AFA*), ¢ — e T ¢, induces an isomorphism between
the cohomology groups H*(A) and H éfo (A).

EXAMPLES 3.2. ) If w is a closed 1-form on a manifold M then w is a 1-cocycle for
the trivial Lie algebroid (T'M, [, ], Id) and we can consider the operator d,,. Some results
about the cohomology defined by d,, were obtained in [GL, LLMP, V1]. These results
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were used in the study of locally conformal Kéhler and locally conformal symplectic
structures.

ii) For the Lie algebroid (T'M x R,[ , ],7), the 1-cochain ¢y = (0,1) € QY(M) &
C™®(M,R) = T(T*M x R) is a 1-cocycle (see (11)) and the ¢o-differential is given by

S (@ B) = (da,a = 3B), (20)
for (o, B) € QF(M) @ QF~1(M). Note that, in this case, Hj, (TM x R) = {0}.

iii) Let (T*M x R, [, ]](A7E),%E(A7E)) be the Lie algebroid associated with a Jacobi
manifold (M, A, E). Denote by d¥) the differential of this Lie algebroid. From (3) and
(12), it follows that Xo = (—E,0) € X(M) & C*(M,R) = I'(TM x R) is a 1-cocycle.
Then, using (2), (12) and (19), we obtain the following expression for the Xo-differential
(dNE)) = (dAE)) g o),

(@M Cpoy(P,Q) = (—[APl+(k—1)EAP+AANQ, (21)
(A, Q] = (k=2)EAQ+[E, P)),

for (P,Q) € V¥(M) & V*=1(M). Note that (d“F))_p o) is just the cohomology op-
erator of the I-differentiable Chevalley-Eilenberg cohomology complex of M (see [GL,
L2]). We denote by Hy_; (M, A, E) the cohomology of this complex. In fact, in [GL]
the 1-differentiable Chevalley-Eilenberg complex is described as the subcomplex of the
Chevalley-FEilenberg complex which consists of the 1-differentiable cochains. We recall
that the Chevalley-Eilenberg complex is the one defined by the representation of the Lie
algebra of functions on itself given by

C™(M,R) x C*(M,R) — C=(M,R), (f,9)— {f g},
for all f,g € C°°(M,R), where {, } is the Jacobi bracket of M.

3.2. ¢o-Schouten bracket. If (A, [, ], p) is a Lie algebroid then, imitating the defini-
tion of the Schouten bracket of two multilinear first-order differential operators on the
space of C* real-valued functions on a manifold N (see [BV]), we introduced in [IM2]
the ¢o-Schouten bracket of a k-section P and a k’-section P’ as the (k + k' — 1)-section
given by

[P, P'lgo = [P. P']+ (1) (k = 1)P A (i(¢0) P') — (K" = 1)(i(d0) P) A P', (22)
where [, ] is the usual Schouten bracket of A. The ¢o-Schouten bracket satisfies the
following properties. For f € C*°(M,R), X,Y € I'(A), P e T(A*A), P’ € T(AF A) and
P" e T(AF" 4),

[[Xa f]]¢o = ,0¢0(X)(f),

[[Xa Y]]¢o = [[Xa Y]]v/

[[Pa P/]]¢o = (_1)kk [[P’,P]]%’ ,

[P, P A P"lgy = [P, P'ly A P+ (~1)F G0 P A [P, PPy, — (i(60)P) A P’ A P,
(=DM, Pggs P]go + (1) 1P, Plgo, P'lso + (=1)* [[P", P40, Pls, = 0.

EXAMPLE 3.3. For the Lie algebroid (TM x R,[ , ],7), we have that the Schouten
bracket is given by

[(Pv Q)a (P,aQ/)] = ([Pa P,]v (_1)k+1[Pv Q,] - [val])v
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for (P,Q) € V(M) & V¥=1(M) and (P',Q’) € V¥ (M) & V¥ ~1(M). Consequently (see
(2) and (22)),
(P.QLF. @Noy = (PP + (01— DPAQ ~ (K~ DQAP
(“DMPQ = QP+ (DM (k= K)QA Q).
Note that (A, E) € T(A%2(TM x R)) defines a Jacobi structure on M if and only if
(A, E), (A, E)](g,1) = 0 (see (3) and (23)). Moreover, using (21) and (23), we have that
the Xo-differential (dMF))x, = (dF))_p o) of the Lie algebroid associated with a
Jacobi manifold (M, A, E) is given by
(AN .0 (P,Q) = ~[(A, ), (P, Q)] 0,1, (24)

for (P,Q) € V¥(M)@® VE~1(M). Compare equation (24) with the expression of the differ-
ential of the Lie algebroid associated with a Poisson manifold (see #ii) of Example 2.3).

(23)

4. Homology and cohomology theories and triangular generalized Lie bial-
gebroids. Let (A, [, ], p) be a Lie algebroid over M and ¢y € I'(A*) a 1-cocycle. More-
over, let P € I'(A%A) be a bisection satisfying

[P, Pls, = [P, P] — 2P A i(¢0)P = 0. (25)
The triple (A, ¢o, P) is a triangular generalized Lie bialgebroid in the sense of [IM2] (note
that if ¢o = 0 then the pair (A, P) is a triangular Lie bialgebroid [MX1]).
Denote by #p : I'(A*) — I'(A) the homomorphism of C*° (M, R)-modules given by

#p(0) =i())P. (26)
If A* — M is the dual bundle to A, (4*,[, ]«, p«) is a Lie algebroid, where the bracket
[,]«:T(A4*) x T'(A*) — T'(A*) and the map p, : T'(4*) — X(M) are defined by
[0, ¢]« = i(#pP(9))deot — i(F#p(¥))dd + do, (P (0, 1)),
(27)
px = pod#tp,
for ¢, € T'(A*). Moreover, Xg = —#p(¢o) € ['(A) is a 1-cocycle for the Lie algebroid
(A*,[, ]+, p«) (see [IM2]). In what follows, we will say that (A*, [, ]«, p«) is the dual Lie
algebroid associated with the triple ((A,[, ], p), ¢o, P).

EXAMPLE 4.1. Let (M, A, E) be a Jacobi manifold. Then, (0,1) € QY (M)&C>(M,R)
is a 1-cocycle in the cohomology of the algebroid (T'M x R, [, ],7) and the pair (A, E) €
V2(M) @ X(M) 2T(A2(TM x R)) satisfies [(A, E), (A, E)]g,1y =0 (see Example 3.3).

Thus, ((TM x R,[,],7),(0,1),(A,E)) is a triangular generalized Lie bialgebroid.
In this case, the dual Lie algebroid is just the algebroid (T*M x R, [[,]](A’E),%E(A’E))
associated with the Jacobi structure. Indeed, using (2), (5), (20) and (26), we deduce

[ 1), (B D ae) = iFnm ()01 (8:9) = i#nr)(B8:9) 001 (@ f))
+ 001 (A, E)((a, £), (8,9))),
#(A,E) = mo#n k),
for (e, f), (8,9) € Q' (M) & C>(M,R).
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4.1. Cohomology theories and triangular generalized Lie bialgebroids. The following
result shows an explicit expression of the differential d. and of the Xo-differential d.x,
of the dual Lie algebroid (A*, [, J«, p«)-

PROPOSITION 4.2. Let ((A,[, ], p),P0, P) be a triangular generalized Lie bialgebroid.
Then,
diQ = =[P, Q] + P Ni(d)Q —kXo A Q,
dix,Q = =[P, Qo
for Q € T(AFA), where d. (respectively, d.x,) is the differential (respectively, the Xo-
differential) of the dual Lie algebroid (A*,[, J«, p«)-

Proof. Let ¢, two sections of A* and X a section of A. A direct computation, using
(18) and (27), proves that

P xo (@) (f) = poo (# P () (f), (28)
for « € T(A*) and f € C*°(M,R). Then, from (9), (27) and (2
) =

) 8),
dexo X(9,0) = paxo(9)(¥(X)) — P*Xo(@/}g@(i{) [4, ]+ (X)
(

we obtain that

P (#P(9))((X) = pgo (#p (1)) (0(X))
— (P (8))dsot) — i(Hp (V) sy + di (P(6,1)) ) (X)
= poo(X)(P(¢,9)) + ¥([#r(8), X]) — o([#r(¥), X]).
On the other hand, if £ denotes the Lie derivative of the algebroid A, we have that

[Z,i(w)Q] = i(Q) (Lzw) +i(w)[Z,Q],
for w € T(AFA*), Q € T(AFA) and Z € T'(A). Using this fact and (1), we get that
p(X)(P(g,¥) = (Lx¥)(#p(8)) — v([#pr(9), X])
= —(Lx9)#r)) + o([#r (), X]).

Substituting these expressions in (29), we deduce that

dixo X (¢,9) = =p(X)(P(9,¥)) + (Lx ) (#p(¢)) — (Lx ) (#p(¥)) + do(X)P(, ).
Finally, using (22) and the properties of the Schouten bracket, we conclude that

*Xo (¢ 1/1) ([[ 7X]]_(ZSO(X)P)((bvw):_[[PaX]]tbo((bvw)
In order to prove that this relation holds for Q € T'(AFA) it is sufficient to proceed by
induction on k£ and to use the following fact,
dixo,(RAR)=dux,RAR + (-1)"RAdix, R — Xo NRA R/,
for R e I'(A"A) and R’ € T'(A*A).
Finally, from (19), (22) and since Xo = —i(¢o)P, we deduce that
d.Q = —[[P,Q]] +P/\Z'((250)Q—/€X0/\Q. ]

Now, denote by #p : A* — A the bundle map induced by the homomorphism of
C>®(M,R)-modules #p : ['(A*) — I'(A) and by #5 : AFA* — AFA the bundle maps
characterized by

(A ANGR) = H#p(01) A AF#p(dk), for ¢1,...,¢r € T(A"). (30)

(29)
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PROPOSITION 4.3. Let ((A, [, ], p), ¢o, P) be a triangular generalized Lie bialgebroid.
Then:

i) The map #p : A* — A defines a homomorphism between the Lie algebroids (A*,
[, 1w pe) and (A, ], p)-
i) For all k, d.o#%5 1 = —#% od (resp. (di)x, o # ' = —#% o dy, ).
i) The map #% : T(AFA*) — T'(AFA) induces a homomorphism between the cohomo-
logy groups H*(A) and H*(A*) (resp. Hfgo (A) and H% (A*)).

Proof. Note that

#p (1) (6 0) = v(#p(8), #p W), (31)
for v € T(A2A*) and ¢, € T'(A*). Using (1), (26) and (31), we obtain
Sil@)[P, P] = #3(do) — [#p(a), P] (32)
for o € T'(A*). Thus, from (25), (32) and Proposition 4.2, we deduce that
d.(#p(a)) = —#p(da). (33)

Therefore, since p. = p o #p, (33) implies that #p[p, V]« = [#p(0), #p ()], for ¢,¢ €
I'(A*). This proves i).
i1) follows from i), (19) and (30). Finally, using ) and 47), we obtain #i). m
On the other hand, if (A, ¢, P) is a triangular generalized Lie bialgebroid over M,
one can define a Jacobi bracket on the base space M as follows (see [IM2])
{f7g} = d¢of(d*Xog) = _d¢og(d*X0f) = P(d¢0fa d¢og)a for fag € Coo(Ma R) (34)
The Jacobi structure (A, E) induced by this bracket {, } is characterized by
A(0f,09) = df (d+g) = P(df,dg), for f,g € C>(M,R),
E = —p(Xo) = p«(¢0),

(see [IM2] for more details).

Now, if (A, [, ],p) is a Lie algebroid over M and ¢g € T'(A*) is a 1-cocycle, we can
consider the homomorphism of C*° (M, R)-modules (p, ¢o) : T'(A) = X(M) & C>(M,R)
given by

(35)

(P, $0)(X) = (p(X), po(X)), for all X € T(A). (36)

This homomorphism induces a Lie algebroid homomorphism, which we also denote by
(p, ¢0), between the Lie algebroids (A, [, ],p) and (TM xR,[ , ], 7). We will denote by
(p,d0)* : T*M x R — A* the adjoint homomorphism of (p, ¢p).

PROPOSITION 4.4. Let ((A,[, ], p), ¢o, P) be a triangular generalized Lie bialgebroid
over M. Suppose that (A, E) is the associated Jacobi structure over M. Then, the bundle
map (p,¢0)* : T*M x R — A* induces a Lie algebroid homomorphism between (T*M x
R, [, ]](A,E),%Z(A’E)) and the dual Lie algebroid (A*,[, J«, ps)-

Proof. If (a, f) € QY(M)®C> (M, R) and dim M = n then for every point z € M there
exists an open subset U of M, x € U, and there exist h;, g; € C*°(U,R), i € {1,...,n+1},
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such that on U
n+1

(a, f) = Z hi(6gi, gi)-
i=1

Thus, it is sufficient to prove that (p. o (p,¢0)*)(0f, f) = #(&E)(&f, f), for all f €
C>(M,R).
Now, we have that
(p:00)" (0, f) = da, [- (37)
Using this fact, (5), (19) and (35) we conclude that

p«((ps 90)"(0f, F))(9) = puldso F)(9) = df (dug) + [ p«(¢0)(9)
for all g € C>°(M,R).

Next, we will show that (p, ¢o)* induces a homomorphism of Lie algebras, i.e.,

(pa ¢0)*[[(aa f)7 (57 g)]](A,E) = II(,O, (bo)*(aa f)7 (P7 ¢0)*(/87 g)]]*
Again, it is sufficient to prove this equality for pairs of the form (3 f, f) and (dg, g).
But, from (6), (27), (34) and (37), we obtain that

(0, 0)*[(0f, ), (6. 9] ae) = (p,00)"(6{f, 9}, {f,9}) = doo{f, 9}
= dy(P(dg, f,dg,9)) = [doo f, do 9]«
= [(p,#0)* (31, ), (p, 0)* (69, 9)]+. m
Using Proposition 4.4, we deduce that

COROLLARY 4.5. Let ((A,[, ],p), 9o, P) be a triangular generalized Lie bialgebroid
over M. Suppose that (A, E) is the associated Jacobi structure on M and that (p, ¢o)* :
I'(AFA) — T(AF(TM x R)) is the homomorphism of C>(M,R)-modules induced by the
map (p,¢o) : T(A) = X(M) @ C>*(M,R) =T(TM x R).

i) If dME) s the cohomology operator of the LJ-cohomology complex of M and d.
is the differential of the dual Lie algebroid (A*,[, ]+, p«) then dF) o (p, ¢o)* =
(ps d0)F 1 o d.

i) If Hi ;(M, A, E) is the LJ-cohomology of M then the map (p, ¢o)* induces a homo-
morphism between the cohomology groups H*(A*) and HEJ(M, A E).

Note that (p, ¢o)(Xo) = (—E,0). Therefore, from (19), (21) and Corollary 4.5, we con-
clude that

COROLLARY 4.6. Under the same hypotheses as in Corollary 4.5, we have that:

i) For all k, (d™)) _g o) 0 (p,¢0)* = (p,¢0)*! 0 dux,, where Xo = —#p(do).
i) If Hi 4;;;(M, A, E) is the 1-differentiable Chevalley-Eilenberg cohomology of M
then the map (p, ¢o)* induces a homomorphism between the cohomology groups

HY (A*) and HE 4, +(M, A E).

REMARK 4.7. A triangular generalized Lie bialgebroid is an example of a generalized
Lie bialgebroid (see [IM2]). A generalized Lie bialgebroid over a manifold M is a pair
(((4, [[7 ]]vp)v $o0), ((A", [[a ]]*vp*)vXO))a where (4, [[7 ]],P) is a Lie algebroid over M, ¢y is
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a l-cocycle in the Lie algebroid cohomology complex of A with trivial coefficients, A*
is the dual bundle to A which admits a Lie algebroid structure ([, ], p«) and X is a
1-cocycle of A*. Moreover, the Lie algebroids A and A* and the 1-cocycles ¢y and Xg
must satisfy the following conditions

d*Xo[[Xa Y]] = [[Xv d*XOY]]¢O - [[Ya d*XoX]]¢o
d0(Xo) =0, p(Xo) = —px(¢o)
i($0)duxto X + dix, (¢0(X)) + [Xo, X] = 0.

for X, Y € T'(A) (see [IM2]). When ¢y = 0 and Xy = 0, we recover the notion of a Lie
bialgebroid.

Every generalized Lie bialgebroid on M induces a Jacobi bracket {, } on M. {, } is
defined as in (34) and satisfies the following condition

d%{fvg} = [[d¢of7 d¢og]]*a for all f,g € COO(MaR)'

Using these facts, one can prove that Proposition 4.4 and Corollaries 4.5 and 4.6 are true
for generalized Lie bialgebroids (not necessarily triangular).

4.2. Homology theories and triangular generalized Lie bialgebroids. Let (A, ¢o, P) be
a triangular generalized Lie bialgebroid over M. Then, it is possible to define a Lie
algebroid structure ([, J«, p«) on the dual bundle A* and, moreover, M admits a Jacobi
structure (A, E).

As we have previously mentioned, the LJ-cohomology (respectively, the 1-differen-
tiable Chevalley-Eilenberg cohomology) of M, H} ;(M,A, E), (respectively, Hy . i (M,
A, E)) is the cohomology of a subcomplex of the H-Chevalley-Eilenberg (respectively, the
Chevalley-Eilenberg) complex of M. Furthermore, Hy ;(M, A, E) and Hy_,, (M, A, E)
are related with the cohomologies H*(A*) and Hy, (A*) (see Corollaries 4.5 and 4.6).

Next, we will introduce two homologies on the dual Lie algebroid (A*, [, ]«, p«) as-
sociated with the triple ((4, [, ], p), @0, P). These homologies are related with the ones
defined by the representations of the Lie algebra (C°°(M,R),{, }) on itself using the
hamiltonian vector fields and the Jacobi bracket { , } of M.

In order to describe these homologies, we recall the definition of the homology of a
Lie algebra A with coefficients in an A-module (see, for instance, [CE]).

Let (A, [, ]) be a real Lie algebra (not necessarily finite dimensional) and M a real
vector space endowed with a R-bilinear multiplication A x M — M, (a,m) — a-m
satisfying (8).

An M-valued k-chain is an element of the vector space Cy(A; M) = M @ AFA. We
can consider the linear operator dy : Ci(A; M) — Ci_1(A; M) characterized by

k
6k(m®(a1/\.../\ak)) = Z(—l)i“ai'm@(al/\.../\&i/\.../\ak)—k
i=1
S (D)m@ (laia] Aar Ao N A Ny AN ag),
1<j

which satisfies dy_1 0 0 = 0, for all k. Thus, we have the corresponding homology spaces
Hj.(A; M). This homology is said to be the homology of the Lie algebra A with coefficients
in M or relative to the given representation of A on M.
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In particular, for a Jacobi manifold (M, A, E) with associated Jacobi bracket {, }, we
can consider the homology of the Lie algebra (C*°(M,R),{, }) on itself relative to the
representation defined by the hamiltonian vector fields (respectively, the Lie bracket {, }).
This homology is called the H-Chevalley-FEilenberg (respectively, Chevalley-Eilenberg) ho-
mology associated with M.

Now, let ((4,[, [, p), 0, P) be a triangular generalized Lie bialgebroid over M. Denote
by (A, E) the associated Jacobi structure on M, by Cy(M) the space of k-chains in the
Chevalley-Eilenberg and H-Chevalley-Eilenberg homology complex of M and by 8;?&?
(respectively, 8(CAéE)) the homology operator of the H-Chevalley-Eilenberg (respectively,
Chevalley-Eilenberg) complex.

Imitating the construction of the canonical homology operator of a Poisson manifold
[B] and of the canonical LJ-homology operator of a Jacobi manifold [LLMP], we consider
the skew-symmetric k-linear mapping 7, : C®°(M,R)x .*. xC=(M,R) — I'(AFA*)
defined by

T(fi N A fr) =de f1 Ao Ndgy fr-

This mapping induces a linear mapping 7y, : Cx (M) — T'(AFA*) characterized by
T(F @ (inN. . Afe) = fdgofi N  Adgg fr

A direct computation, using (19), shows that

d¢0(d¢0f1 VANIAN dti?ofk) = —(/f — 1)¢0 A d¢0f1 VANIAN d¢0fk,
i(P)(anB) =i(#p(a))B+aNi(P)B,
for all fi,..., fr € C°(M,R), a € '(A*) and B € T(A*A*).
These formulas allow us to deduce the following facts

AE AE
Doﬂkz—ﬂk—103§mE)7 0x, Oﬂkz—ﬂk—loa(cE ),

where d : [(A*A*) — (AF=1A*) and 0x, : T(A*A*) — (AF=1A*) are the operators defined
by
0(¢) = i(P)do — di(P)$ — ki(Xo)¢ + do Ni(P), (39)
dx,(6) = 2(6) — i(Xo)- (40)
The following result proves that —9 and —dx, are generating operators of the Gersten-
haber algebra (I'(A*A*), A, [, ]«) with zero square.

THEOREM 4.8. Let (A, [, ], p), @0, P) be a triangular generalized Lie bialgebroid over
M. If 0 and dx, are the operators defined in (39) and (40), then —d and —0x, are
generating operators of the Gerstenhaber algebra (T(A*A*), A, [, ]«) and

%2 =0, 2%, =0.
Proof. Using (1), (27) and (39), we obtain that
o0(fd) — fod = —pu () (f) = =[], Sl
for f € C*°(M,R) and ¢ € T(A*).
Furthermore, from (19), (27), (38), (39) and since that Xo = —#p(¢o), it follows that
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for ¢, 1) € T'(A*). Thus, —0 is a generating operator of the Gerstenhaber algebra (I'(A*A*),
A, [ J«). Consequently, using (40), the fact that Xy is a 1-cocycle and the results of [X]
(see Section 2), we have that —dx, is also a generating operator of the Gerstenhaber
algebra (D(A*A*), A T, ]+)-

Next, we will show that 92 = 0.

Denote by « the commutator of i(P) and d, that is,

~v = [i(P),d] =i(P)d — di(P). (41)
Then,
72 = —i(P)i(Xo)d — di(P)i(Xo). (42)
Indeed, it is clear that
7?2 = i(P)di(P)d — di(P)i(P)d + di(P)di(P). (43)
Moreover, since Xg = —#p(¢o) and
[i((R),d],i(Q)] = i([R,Q]), for R,Q € T'(A"A), (44)
we deduce that
vi(P) —i(P)y = [[i(P),d],i(P)] = i([P, P) (45)

i([P, Plg,) — 21(X0)i(P) = —2i(Xo)i(P).
On the other hand, using (41), we have that

Vi(P) —i(P)y = 2i(P)di(P) = di(P)i(P) = i(P)i(P)d. (46)
Therefore, from (45) and (46), we conclude
i(P)AI(P) = ~i(Xo)i(P) + 5 (di(P)i(P) +i(P)i(P)d). (47)

Substituting (47) in (43), we obtain (42).
Now, using (38), (39), (41), (42) and the fact that d¢o = 0, we deduce that

0%(¢) = k([[i(Xo0), d], i(P)])(¢) — o A (vi(P) — i(P)y + 2i(Xo)i(P))(¢),  (48)
for ¢ € T(A*A*). Thus, from (44), (45), (48) and since 0 = d. Xy = [P, Xo], it follows
that 92 = 0.
Finally, using that ? is a generating operator of the Gerstenhaber algebra (I'(A* A*), A
[,]+), that 9> = 0 and that Xj is a 1-cocycle for the Lie algebroid (A*, [, J«, p«), we
conclude that Og(o =0.m

If the rank of A is n then the generating operators —0 and —dx, define the following
flat A*-connections on A"A* — M (see (14) and (38))

Vod = —andd=aA (di(P)(I) Fni(Xo)® — o A z’(P)(I)) )
= aA (di(P)fI) +(n— 1)i(X0)<I>),
VXD = —aAdx,d=aA (di(P)(I) + (n— 1)i(Xo)® — do A i(P)<I>) 0

A (@i(P)® + ni(Xo)D),
for all @ € I'(A*) and @ € T'(A"A*).
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4.3. Triangular generalized Lie bialgebroids, duality and modular class. In this Sec-
tion, we will introduce the modular class for a triangular generalized Lie bialgebroid.
Moreover, we will study the role played by this cohomology class in the duality between
the cohomology and homology theories introduced in Sections 4.1 and 4.2.

Assume that (A, [, ], p) is an orientable Lie algebroid of rank n and let v € T'(A™ A*)
be a nowhere vanishing n-section. If ¢ € T'(A*) is a 1-cocycle and P € T'(A2A) is a
bisection satisfying [P, P]s, = 0, we can consider the dual Lie algebroid (A,[, ]+, p+)
associated with the triple ((4,[,], p), ¢o0, P).

Define the *-operator from I'(A¥A) to I'(A" "% A*) as follows

*Q = i(Q)v, for Q € T(AFA).
Clearly, * is an isomorphism of C'*° (M, R)-modules. Moreover, we have that
P(Q) = (15 (4Q),  (B)x(Q) = (D k(@) (1)
where d, (respectively, d.x,) is the differential of the Lie algebroid (A*, [, J«, p«) (respec-

tively, the Xo-differential) and dy and (dp)x, are the homology operators associated with
the flat A*-connections Vo and V5© on A" A* — M characterized by

(Vo)ar =0, (V5)ar = a(Xo)v, (52)
for all o € T'(A*). Thus, (51) implies that
Hk(A*) = Hn—k(A*v vO)a H;C(O (A*) = Hn—k(A*v vé(o), (53)

for all k € {0,...,n}.

Now, we will compare the homology Hy(A*, Vy) (respectively, Hy (A*, Vé(o)) with the
homology of the dual Lie algebroid (A*, [, ]+, p«) associated with the flat A*-connection
V (respectively, VX°) defined in (49) (respectively, (50)).

In fact, using (49), (50) and (52), we obtain that

Var — (Vo)av = V¥ou — (VX0) v = a A (di(P)u +(n— 1)i(X0)u), (54)
for all o € T'(A*).
On the other hand, if £ is the Lie derivative on A, from (38), we deduce that

0=d(i(P)(aAv)) d(i(#p(a))v) +da Ni(P)v —a Adi(P)v
Ly p(ayV +da Ni(P)v —a Adi(P)v
Ly p(ayv +i(P)(da)y —a Ndi(P)v,

0=1i(Xo)(aAv) = a(Xo)v—aAi(Xo)v.
Substituting in (54), we conclude that
Vav — (Vo)av = VXU = (VX)) v = Loy ayv + (i(P)(da) +(n— 1)a(X0))V. (55)
Now, we consider the section ./\/ll(’A@mP) € I'(A) characterized by the condition
MYy g0 )V = Lippayv + (i(P)(da) +(n— 1)a(X0))1/, (56)
for all & € T'(A*). From (55) and (56), it follows that
Vaov — (Vo)av = VXU — (Vg(o)au = O‘(MI(IA7¢O7P))V5 (57)
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and, since V and V (respectively, VX0 and VS(O) are flat A*-connections, we have that
M4 40,p) I8 @ 1-cocycle for the Lie algebroid (A, [, [+, p«) (see Section 2).
Furthermore, using (15), (16) and (57), we obtain that
0—30p =0x, — (Oo)x, = _i(M’(A,¢0,P))7 (58)
where ? (respectively, 0x, ) is the homology operator given by (39) (respectively, (40)).
The cohomology class Ma,¢,,p) = [M{4 4, p)] € H'(A*) does not depend on the
chosen section v. In fact, if v/ € T'(A™A*) is another nowhere vanishing section, there

exists f € C°(M,R), f # 0 at every point, such that v/ = fv. We can suppose, without
loss of generality, that f > 0. Then, a direct computation, using (56), proves that

’

(4.60.P) = M{a,60,p) T dulln f).

DEFINITION 4.9. The cohomology class M (4,4,,p) = [M{4 4, p)] € H'(A*) is called
the modular class of the triangular generalized Lie bialgebroid (A, ¢o, P). The triangu-
lar generalized Lie bialgebroid is said to be unimodular if its associated modular class
M 4,¢0,p) Vanishes.

From (53) and (58), we conclude

THEOREM 4.10. Let (A, [, ], p) be an orientable Lie algebroid of rankn, ¢pg € T'(A*) a
1-cocycle and P € T'(A?A) satisfying [P, P], = 0. If the triangular generalized bialgebroid
(A, ¢o, P) is unimodular then

HY¥(A*) = H, (A", V), HY (A%) =2 H,_ (A7, VX0),
where Xo = —#p(¢o), and V (respectively, VX°) is the flat A*-connection defined by
(49) (respectively, (50)).

Next, we will relate the modular class of a triangular generalized Lie bialgebroid
(A, ¢g, P) over M with the modular class of the Lie algebroids A and A* and with the
modular class of the base Jacobi manifold M. For this purpose, we will recall the definition
of the modular class of a Lie algebroid introduced by Evens, Lu and Weinsten [ELW] (see
also [W]) and the definition of the modular class of a Jacobi manifold introduced by
Vaisman [V3] (see also [LLMP]).

Let (M, A, E) be an orientable Jacobi manifold of dimension m and ) a volume form
on M. We consider the section M?A’ E) of the vector bundle TM x R — M given by

M gy = (X} gy — mE, divgE) € X(M) ® C™(M,R) =2T(TM x R),  (59)

where X(?\ B is the vector field characterized by the relation
Ly, 60 = (XX () for all f € C*°(M,R), (60)
and divgF is the divergence of the vector field E with respect to €, that is, LgQ =
(divg E)). The section M?AE) is a 1-cocycle in the LJ-cohomology complex of M and

the cohomology class My gy = [M?&E)] € H} ;(M, A, E) is the modular class of M (see
[LLMP, V3]). As we know (see Example 4.1), the triple (TM xR, [, ],7),(0,1), (A, E))
is a triangular generalized Lie bialgebroid and (T*M x R, [, J(a, &), #(A,E)) is the dual
Lie algebroid of ((TM xR, [, ],7),(0,1), (A, E)). Using this fact, (2), (56), (59) and (60),
we deduce that M, gy is the modular class of (M x R, [, ],7),(0,1), (A, E)).
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On the other hand, if (£, [, ], p) is an orientable Lie algebroid of rank n over an orien-
table manifold M of dimension m, one can introduce the modular class of £ as follows
(see [ELW]). Let v € T'(A™E*) be a nowhere vanishing n-section and let Q € Q™ (M) be
a volume form on M. Then, we define the section M(gy’m of £ — M given by

MY (X) = divap(X) — div, X, (61)

for all X € T'(€), where divgp(X) is the divergence of the vector field p(X) with respect
to Q and div, X is the function on M characterized by Lxv = (div, X)v. The section
Mg"ﬂ) is a 1-cocycle in the Lie algebroid cohomology complex of £ and the cohomology
class Mg = [M(SV’Q)] € H!(&) is the modular class of €.

REMARK 4.11. Let (M, A, E) be an orientable Jacobi manifold of dimension m and
(T*M xR, [, [(a,B) #a,5)) the 1-jet Lie algebroid associated with M. Suppose that
Qe Q™(M) is a volume form on M and denote by Vq the m-vector on M defined by

o Ao ANam =Valag,. .., am)Q, for all aq,...,au, € Ql(M)
From (5), we obtain that ﬁ#(,\ E)((vaf)Q = (diva#a(0f) + fdivaE + E(f))S? and, using
(2) and (12), we deduce that

dNEE(51, £)(0, Vo) = —(diva#a(5f) — mB(f) + fdivaB)(0, Va).
Thus, from (59), (60) and (61), it follows that

Mrpiprxr = 2Mp py + (m + 1)[(E,0)],

where Mz R (respectively, M, g)) is the modular class of the Lie algebroid (7 M x
R, [, Ja,m): #(a,p)) (respectively, of the Jacobi manifold M).

Now, suppose that ((4,], ],p), ¢o, P) is a triangular generalized Lie bialgebroid of
rank n over an orientable manifold M of dimension m. Let v € T'(A™A*) be a nowhere
vanishing n-section and Q € Q™(M) a volume form. We consider the section V,, of
A" A — M characterized by the relation

g Ao Nap =Vo(a,. .., an), for aq,...,a, € T(A*).
A direct computation proves that
(divy, a)v = —[a, V], for o € T'(A*). (62)
Therefore, using (56), (61) and (62), we conclude that
v, Vu,Q
#p(MYD) = MY = MYy — (0= 1) X — T, (63)

where ¥ and ¥’ are the 1-cocycles of the Lie algebroid (A, [, ], p) characterized by the
relations

a(V)v = Ly, + [a, V], a(V') = divap(#p(a)) +i(P)(da), (64)
for all o € T'(A*).
From (63), we obtain that
#p(Ma) = —Max + [¥] = Ma,49,0) — (n = 1)[Xo] = [¥], (65)
#p: HY(A) — H'(A*) being the homomorphism between H'(A) and H'(A*) induced
by the map #p : I'(A*) — I'(A) (see Proposition 4.3).
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Finally, if (A, E) is the Jacobi structure induced by the triangular generalized bialge-
broid (A, ¢, P) over the base manifold M, using (65), we conclude that

(P, ¢0)(#p(Ma)) = (p, ¢0)(M(a,40,P)) = Ma,p) + (n —m = 1)[(E,0)],  (66)
where (p, ¢o) : H'(A*) — H} ;(M, A, E) is the homomorphism in cohomology induced
by the map (p, ¢o) : T(A) = T(TM x R) 2 X(M) & C*°(M,R) (see Corollary 4.5).

4.4. Ezxamples

1. Triangular Lie bialgebroids. Let (A, P) be a triangular Lie bialgebroid over M
in the sense of [MX1], that is, (A, [, ], p) is a Lie algebroid and P € T'(A%A) satisfies
[P, P] = 0. Then, (A, ¢o =0, P) is a triangular generalized Lie bialgebroid and the dual
bundle A* — M to A admits a Lie algebroid structure ([, ]+, p«) given by (27).

In this case, Xo = —#p(¢o) = 0, the base space M is a Poisson manifold, the
cohomology operators di and d.x, coincide and H*(A*) = Hx (A*). Moreover, the
homology operator 0 : ['(A*A*) — T(A*~1A*) defined as in (39) is just 0 = i(P)d —
di(P) = [i(P),d].

If n is the rank of A, the flat A*-connection on A" A* — M associated with 0 is given
by Vo® = a Adi(P)®, for « € T(A*) and ® € T'(A"A*) (see (49)).

Now, assume that A is orientable and that v € TI'(A™A*) is a nowhere vanishing
n-section. Then, the section M{, ; p) € I'(A), which we will denote by M{ 4 py, Is char-
acterized by the condition (see (56))

a(ME/A,P))V = ﬁ#r,(a)l/ + i(P)(dOz)l/,

for o € T'(A*). The cohomology class M4, p) = [M{, p)] € H'(A*) is just the modular
class of the triangular Lie bialgebroid (A, P) introduced in [Ko2]. Furthermore, from
Theorem 4.10, it follows that if M4 p) is zero then HF(A*) = H,,_(A*,V), for all k.
This result was also proved in [Ko2].

Next, we will consider some particular examples.

1a) Poisson manifolds. Let A be a Poisson structure on a manifold M. If we consider
the trivial Lie algebroid structure ([, ],Id) on T M then the pair (T'M, A) is a triangular
Lie bialgebroid. Moreover, the corresponding Lie algebroid structure on T*M is the one
associated with the Poisson structure A, that is, [, ]« = [, ]Ja and p. = #a. Thus,
H*(T*M) is the Lichnerowicz-Poisson cohomology H; p(M,A) of M.

On the other hand, in this case, 0 is just the homology operator of the canonical
homology complex of M and H,(T*M, V) is the canonical homology HS*" (M, A) of M.

Furthermore, if M is orientable, the modular class of (TM, A) is just the well-known
modular class of the Poisson manifold (M, A) (see (56) and [W]). As a consequence, we
deduce the following result (which it was proved in [BZ, ELW, X]): if the modular class
of M vanishes then Hf p(M,A) = HE (M, A), for all k.

1b) Triangular Lie bialgebras. Let (g, [, ]%) be a real Lie algebra of dimension n and let
7 be a solution of the classical Yang-Baxter equation on g, that is, 7 € A%2g and [r,7]® = 0,
where [, ]9 is the algebraic Schouten bracket of g or, in other words, [, ]¢ is the Schouten
bracket of the Lie algebroid g — { point }. The 2-vector r can be viewed as an algebraic
Poisson structure on g.
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Using this algebraic Poisson structure, one can introduce the homology complex
o NRRLgE B kg B kg
where 0 is the operator given by 0 = i(r)od — doi(r). The resultant homology H*"(g,r)

is the algebraic canonical homology of g associated with r.
The condition [r, 7] = 0 also implies that the operator o : AFg — AFT1g given by

J(Q) = _[Ta Q]gv
is of square zero. Thus, we have the cohomology complex
oo AL S ARG S AR

The corresponding cohomology H}(g,r) is the algebraic Poisson cohomology of g asso-
ciated with r.

On the other hand, since the pair (g,) is a triangular Lie bialgebroid, the dual space
g* admits a Lie bracket [, ]9" defined by (27). Moreover, if d, is the algebraic differential
of (g%, [,]9") then d. = o (see Proposition 4.2) and therefore H*(g*) = H5(g, ).

Now, denote by M, € g* the modular character of (g, [, |¢) and by M4,y € g the
modular class of the triangular Lie bialgebroid (g,r). My is the modular class of the
Lie algebroid g — {point} (see [ELW]). Therefore, using (63) and (64), we can prove
that Mg ,) = #,(My) + &, where #, : g* — g is the homomorphism induced by r and
¢ € g is characterized by the condition ¢(§) = i(r)(d¢), for all ¢ € g*. Consequently,
if #,.(My) = —€ then we deduce that HE(g,r) = H (g,r), for all k. A particular
example of the above situation is the following one.

Let (u(2),[, ]*®) be the Lie algebra of the unitary group U(2). Then, there exists a
basis {X,Y, Z, T} of u(2) such that T belongs to the center of u(2) and

X, V'@ =2z [X,2]'"® =y, [v,2*?® =X.

Thus, the 2-vector r € A%g given by r = X AT satisfies [r, r]u(Q) = 0. Therefore, since
u(2) is a unimodular Lie algebra and i(r)(d¢) = 0, for all ¢ € u(2)*, we conclude that

HEW(2),r) = H{ (u(2),7), for all k.
On the other hand, a direct computation shows that
Hu(w(2),r) = H{ (w(2),r) 2 R, fori=0,4,
H}(u(2),r) =2 H{™ (u(2),r) = R?, for j =1,2,3.

2. Jacobi manifolds. Let (M,A, E) be a Jacobi manifold of dimension n. For the
dual Lie algebroid (T*M x R,[, ]](A7E),#(A7E)) associated with the triangular gener-
alized Lie bialgebroid ((TM x R,[,],7),(0,1), (A, E)), the cohomology operator d,
(respectively, d.(_g,0)) is just the LJ-cohomology operator dME) - (respectively, the 1-
differentiable Chevalley-Eilenberg cohomology operator (d(A’E))(_ £,0)) described in (12)
(respectively, (21)).

On the other hand, in this case, the homology operator ? (see (39)) associated with
the flat (T*M x R)-connection V given by (49) is just the homology operator 9(F)
introduced by Vaisman in [V3] (see (17)). Moreover, the modular class of the triangular
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generalized Lie bialgebroid ((T'M x R, [, ],7),(0,1),(A, E)) is the modular class of the
Jacobi manifold (M, A, E) (see Section 4.3).
Therefore, for unimodular Jacobi manifolds (i.e., with vanishing modular class) we
have that
H} ;(M,A,E) = Hyy1_,(T*M x R, V), (67)
HY sy (M, A E) = Hyp,(T*M x R, V), (68)
where H} ;(M, A, E) (respectively, fidiff(M, A, E)) is the LJ-cohomology (respectively,

the 1-differentiable Chevalley-Eilenberg cohomology) of M and V(=#:0) is the flat (T* M x
R)-connection given by

VL 500,8) = Vi) (0,9) + (o f) A i(—E,0)(0, ),

for (o, f) € QY (M) ® C°>°(M,R) and (0,®) € T(A"T(T*M x R)) = {0} & Q*(M).
H.(T*M x R, V) is the canonical LJ-homology (respectively, the Jacobi homology)
of M in the terminology of [LLMP] (respectively, [V3]) and the isomorphism in (67) was
obtained by Vaisman in [V3].
Examples of Jacobi manifolds such that its modular class vanishes (respectively, does
not vanish) can be found in [LLMP, V3].
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