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Abstract. The aim of this paper is to extend from manifolds to vector bundles some classical
geometric objects, associated with Lagrange and Hamilton metrics. Considering vector bundles
endowed with almost Lie structures, defined in [24] by one of the authors, some geometric objects
like R-(semi)sprays and R-connections of Cartan type are defined and studied. It is proved that
the Lagrange equations deduced for Lie algebroids by A. Weinstein have a similar form for almost
Lie structures.

1. Introduction. An anchored vector bundle (AVB) (or a relative tangent space in
[23, 26]) is a couple (0, D), where 8 = (R, ¢, M) is a vector bundle and D : § — 7M is a
vector bundle morphism called an anchor (an arrow, or a tangent map), where the vector
bundle TM = (TM,p, M) is the tangent bundle of M.

A Lie algebroid on a vector bundle 6 with a skew symmetric bracket [-,-]s : T'(8) %
I'(#) — I'(A) on the module of sections is the most known situation involving an AVB.
The bracket of a Lie algebroid must verify some restrictive conditions, such as: the Leib-
niz identity, the compatibility with the Lie bracket and the Jacobi identity. If the last
two conditions are not fulfilled by a bracket on an AVB, then, following [24], the triple
(0, D, -]o) is called an almost Lie structure (ALS). An interpretation of an ALS is given
in [24], where it is proved that it is a one to one correspondence between ALS’s and
1-degree derivations on the exterior algebra of skew symmetric forms on 6. In this order
of ideas, a Lie algebroid corresponds to a 1-degree derivation with a null square (see also
[34, Lemma 2.2]).

In the case when the bracket of an ALS verifies all the conditions of a Lie algebroid,
except the Jacobi identity, the ALS is called an algebroid. Generalized algebroids with
arbitrary brackets (when the Leibniz’ and Jacobi’s conditions are not fulfilled) are stud-
ied in [27]. The Courant algebroids studied in [11] are particular cases of generalized
algebroids. The role played by the Jacobi identity in the case of Lie algebras and Lie
algebroids is underlined in [3].
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If 0 is an arbitrary vector subbundle of 7M (i.e. a geometric regular distribution) and
1: 80 — 7M is the inclusion morphism, then the AVB (6, 4) is a non-holonomic space of G.
Vranceanu ([32]). This non-holonomic space was the background to consider geometric
objects related with mechanics, differential equations etc. The modern sub-Riemannian
geometry studies also the non-integrable regular distributions, but a metric tensor on the
fibers of the distribution is also given (see, for example, [30, 19]). Many problems which
arise in the sub-Riemannian geometry (for example in [30]) may be considered in a more
general situation of an arbitrary AVB.

The AVB is the background of linear pseudoconnections of Wong [33], which gener-
alize the usual linear connections. The non-linear R-connections introduced in [23] and
called below R-connections can be interpreted as (non-)linear pseudoconnections of Wong.
Moreover, a bracket on an AVB (i.e. an ALS) enables to consider also the curvature of an
R-connection (see [24]). In the particular case of Lie algebroids, the linear R-connections
(respectively linear pseudoconnections of Wong) are just the A-connections defined by
Fernandez in [4].

An R-(semi)spray is defined and it is interpreted in this paper as a second order
differential equation (SODE) on an ALS. The particular case of an R-spray (using another
equivalent definition) and of an injective anchor (i.e. when 6 is isomorphic with a vector
subbundle of 7M) is considered in [29], where the author generalizes a result of Ambrose-
Singer-Palais, proving that every R-spray can be associated with a linear connection on
0. In the last section this result is extended for every R-spray which is not necessary
differentiable on the image of the null section.

From the algebraic view point, AVB’s correspond to finitely generated modules of
vector fields (a submodule M C X(M) is finitely generated iff there is an AVB (6, D)
over the base M such that M = D(I'(d))). When M has a non-constant rank, then the
AVB (0, D) can be considered as a desingularization of M.

The case of an infinite dimensional AVB is studied in [20], where it is proved that
every AVB defines a smooth distribution on the base manifold. As in the case of a finite
dimensional manifold, this distribution is generally non-regular (i.e. it is not defined by
a vector subbundle of the tangent bundle). In our paper we deal only with the finite
dimensional manifolds and bundles, but most of our constructions work in the infinite
dimensional case, too.

The aim of this paper is to show how the classical lagrangian and hamiltonian formal-
ism can be extended and developed for ALS’s, pointing out some aspects based on presym-
plectic forms, exterior calculus, second order differential equations and (non-linear) con-
nections considered in this frame. Notice that the lagrangian formalism on Lie algebroids
is described in [35] (related especially to Lie groupoids) and in [10].

In the second section we start from [23, 24], where it is shown that a given AVB or
an ALS can be used as a substitute of the tangent bundle of the base. Some adapted
ALS’s are considered and some presymplectic forms and symplectic connections (used in
the next sections) are studied.

In the third section we show that a Cartan-Kern R-connection can be associated with
a lagrangian on an ALS. This connection is a symplectic one and it corresponds to itself
when Proposition 2.4 is applied. We define also the Legendre transformation and we show
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that its R-differential is a symplectic morphism, which sends the Kern-Cartan connection
to a symplectic R-connection on the dual.

In the fourth section, a physical interpretation concerning the constructions performed
in the previous sections is given. Using the formalism presented in this paper, we prove
that the Lagrange equations for a Lie algebroid, given in [35], keep the same form in the
general case of an ALS. In order to emphasize the link between the two approaches, two
different proofs of the Lagrange equations are given: the first is a direct one, using the
previous constructions, and the second one follows the Weinstein’s ideas, using an almost
Lagrange Poisson bracket (see [35]). Thus, our construction is a natural extension of the
classical case and of the Lie algebroids case, too.

A result from [29], which, in turn, generalizes a theorem of Ambrose-Palais-Singer,
is extended in the last section. It refers to the possibility to define an R-spray using a
suitable homogeneous non-linear connection, in the case when the anchor is injective on
fibres. In [29] the R-spray S (called a spray-like) is differentiable on the entire R, while
in our paper S is differentiable on R = R\{0}.

Notice that, in order to simplify the exposition, we use often local coordinates. In
spite of this fact, all the objects have global definitions. All the differentiable structures
considered below are of class C*°.

2. Lagrangian and hamiltonian geometry on anchored vector bundles. In
this section we start from [23, 24], where it is shown that a given AVB or an ALS can be
used as a substitute of the tangent bundle of the base. Some adapted ALS’s are considered
and some presymplectic forms and symplectic connections (used in the next sections) are
studied.

Let (0, D) be an arbitrary AVB and £ = (E,w, M) be another vector bundle on the
same base M. Let RE = TE xpp R = {(x,y) € TE x R : m.(x) = D(y)} be the
fibered product of the differential tangent map 7, : TE — TM and the given anchor
D:R— 7M. Let A: RE — TFE be the canonical projection, 7 the canonical projection
of the tangent bundle 7F and s = 7 o A. Then the fibered manifold R¢ = (RE, s, E) is
a vector bundle, A is an anchor on R¢ (called the canonical anchor) and (RE, A) is an
AVB, called the R-AVB of £&. The diagram:

R LM
Tt tw (1)
RE = E
commutes; it has all the arrows as projections of vector bundles, the arrow ¢ is a n-
morphism and the arrow s is a g-morphism of vector bundles. Notice that the diagram
(1) implies that (RE, R, E) is a double vector bundle (see [9, 5]). If ¢ = 6, then (RR, R, R)
becomes also a double vector bundle.

Notice that the couple (R¢, A) is an AVB, too.

The R-vertical bundle of £ related to the AVB (6, D) is the vector subbundle ker ¢ net-
V RE C RE. Since V RE is canonically isomorphic with the vertical bundle V¢, we identify
VRE with VE. A non-linear R-connection (or simply an R-connection) on & related to the
AVB (6, D) is a left splitting of the inclusion morphism i : V€ — R¢, i.e. a vector bundle
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morphism C': R — V¢ such that C o7 = idy¢. Since C is a surjection, there is a vector
subbundle ker C "2 H &, called the R-horizontal bundle of &, which is supplementary to
V& in RE. Thus, to give an R-connection C on ¢ is equivalent to give a vector subbundle
H¢ C R¢ which is supplementary to V€.

A linear R-connection (or a linear pseudoconnection of Wong [33]) on the vector
bundle ¢ related to the AVB (6, D) is amap V : I'(8) x I'(§) — T'(€) such that the Koszul
conditions hold. As it is shown in [23, 25], a linear R-connection defines a homogeneous
R-connection.

Notice that (1) is a natural generalization of the diagram:

™ -4 M

tr tm (2)

TE 5 E,
where the bottom and the top arrows were replaced by the canonical projections of certain
anchored vector bundles. This allows us to reconsider most of the basic constructions
related to tangent bundles.

A bracket (or a Lie map) on an AVB (0, D) isamap [-,-]g : T'(0) xT'(¢) — I'(#) which is
bilinear over IR, skew symmetric and [X, fY]y = (DX)(f)Y + f[X,Y]s, (V)X,Y € I'(0),
f e F(M). The triple (0, D, [-,-]p) is an almost Lie structure (ALS). The construction of
the exterior differential calculus on an ALS is performed in [24], where it is also proved
that there is a one to one correspondence between the ALS’s on a vector bundle 6 and
the 1-degree derivations of the exterior algebra of the dual bundle #*. The 1-differential
dp which corresponds to the ALS (6, D, [-,]s) is given by the following formula:

dow (Xo,...,X,) = > (1) (DX;) W(Xo,. .., Xi,-... X,)) +

K3

=0
3 (—1)”%([Xi,Xj]e,Xo,...,)’é,...,)?j,...,xp), (3)
0<i<j<p
(V)Xo,..., X, € T'(0), we AP(9), forp > 0,
where AP(0) is the exterior algebra of skew symmetric forms w :I'(#) x --- x I'(§) —
S

p times

F(M). In the particular case p = 0, we have dpf(X) = (DX)(f), ()X € T'(9), f €
F(M) = A%0).

An algebroid is an ALS (0, D, [-, -]g) provided that [DX, DY] = D([X,Y]y), (V)X,Y €
I'(0), where the first bracket is the Lie bracket on X' (M). A Lie algebroid is an algebroid
(0, D, ]o) such that the Jacobiator is null:

J(X.Y,2) =) [[X,Yy], Z]p = 0,(V)X,Y, Z € T(0).
cycl.
Notice that an ALS (0, D, [-,]g), which defines the 1-derivation dp, is:

- an algebroid iff d3 f = 0, (V) f € F(M);
- a Lie algebroid iff d3f = 0 and djw =0, (V)f € F(M), w € AY(0), i.e. di = 0.

But, for an arbitrary ALS, we have to remark that d3 # 0.
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Let (0, D, [-,]o) be a given ALS and consider the AVB (6 A0, D), where D(X AY) =
[D(X),D(Y)] — D([X,Y]p), (V)X,Y € T'(A). Let £ = (E,m, M) be a vector bundle (or,
generally, a fibered manifold) over the same base. If {L§ } are the components of the
bracket [-,-Jy in a local base of the sections of ¢ and {L%_ } are the components of an
B—connegtion on &, related to the AVB (6 A 6,D) , then {Lg‘,y =Lg. Ly, L. =Ly, =
Lg. = Lj. = 0} are the components of an adapted bracket [-,-|ge on RE. The ALS
(RE, A, [, -]re) on RE is called adapted. (See [24, 25] for more details.) In the particular
case of an algebroid (or a Lie algebroid), D = 0, thus {I’%’v} are the components of a
mixed tensor and can be taken (canonically) zero.

In the sequel, using ALS’s, we extend the canonical symplectic form on the cotangent
space of a manifold to a presymplectic form on RO*.

In this order of ideas, we recall some definitions. Given a vector bundle, one says that
a non-degenerate bilinear 2-form on the fibers is a Leibniz form and a skew symmetric
Leibniz form on the fibers is a presymplectic form; the vector bundle is called a symplectic
vector bundle (a Leibniz vector bundle) whenever it has a presymplectic form (a Leibniz
form) on fibers.

We start from a given AVB (0, D), where § = (R,q, M), and we consider the R-
anchored vector bundle R§* = (RR*,s*, R*) of the dual bundle §*. In this case the
diagram (1) becomes:

R LM
Tt T, (4)

s*

RR* — R*
A canonical 1-form w € T'(R*0*) = A'(R0*), where R*0* = (R0*)*, can be defined using
the formula w, (X,) = u(t}(Xy)), V)u € R*, X,, € RR}.
Using this canonical 1-form and an adapted ALS on RA* we prove the following result.

PROPOSITION 2.1. If (0, D, [-,-]g) is an ALS, then the 2-form Q = dge-w € A*(RO*)
does not depend on the adapted ALS on RO* and it is non-degenerate, thus (R6*,Q) is a
symplectic vector bundle.

Proof. In an analogous way as in [24], we use the adapted local coordinates: (x*) on
M, (z', X) on R, (2%, pa) on R*, (z,pa, X?, P,) on RR* and (2%, pa,Us, Q7) on R*R*.
We denote by {w?, S,} and {s,} the local bases of T'(R*6*) and I'(#) respectively, which
correspond to the above coordinates and by {L” ﬁ} the local functions on M defined by
the bracket on 0: [s4, sglp = L], 35~ Then, using the local base {drg~pa, wP} of AL(RO*),
w has the local form w,: p, ) = paw® and formula (3) gives d gprw® = —%Lg‘wwﬂ AwY. It
follows that

1
Q) = dpo~w = d Ro~Pa N W* + Padry-w" = dRo<pa NW* — >Pa §w’ AW, (5)
thus € is non-degenerate, since {drg*pa A dro*Dg, dro*Pa N wﬂ, w* A wﬂ} is a local base
in A2(RO*). m
In the particular case § = 7M we obtain that w = p;da® € T'(7*T*M) = X*(T*M)

is the canonical 1-form on the vector bundle 77*M. Then Q = dw is the canonical
symplectic structure on T* M, which defines the well-known Poisson structure on T*M.
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In the case of an ALS (6, D, [, ]9), the presymplectic form €2 is related with an almost
Poisson structure on R*, defined and studied below in section 4.

We recall now a very simple result from the linear algebra of symplectic vector spaces
[2, p. 40].

LEMMA 2.1. Suppose that Q2 : V xV — IR is a skew symmetric bilinear map which
is non-degenerate on the 2n-dimensional real vector space V. Let U C V' be a lagrangian
subspace of V' (i.e. Quxy = 0 and dimU = n) and W C V be another subspace which
is a complement to U. Then there is a lagrangian vector subspace canonically associated
with W and complement to U.

If 6 is a symplectic vector bundle, we say that a lagrangian subbundle is a vector
subbundle p C 0 such that, at every point of the base, the fibre of p is a lagrangian
subspace of the fibre of 6.

It is easy to see that the R-vertical subbundle V#* is a lagrangian subbundle of the
symplectic bundle RO*. We say that an R-connection on 6* is lagrangian if its horizontal
subbundle is lagrangian.

Using Lemma 2.1 we can state:

PROPOSITION 2.2. Let (0, D, [-,-]o) be an ALS and C be an R-connection on 0*. There
is an R-connection C' on 6%, lagrangian with respect to £ and canonically associated
with C.

In the case of the Lie algebroid § = 7M we obtain:

COROLLARY 2.1. If C' is a connection on 7*M , then there is a lagrangian connection
C’" on 7™M, canonically associated with C.

For the given vector bundle § = (R,q, M) the vertical bundle V8 is canonically
isomorphic with the induced bundle ¢*# and there is a canonical Lie algebroid structure
on V6, where the anchor is the inclusion V8 — 7R and the bracket is induced by the
Lie bracket on X(R). If f : R — IR is a real function, then the vertical Hessian of f is
defined using local coordinates by:

0 p O\ def y Of
H Xxe Y'— ) = XY .
esSU(f) ( aya 5 8yb> 8y“8yb

Notice that Hess,(f) is a symmetric bilinear form on the fibres of V¢ ant its definition
does not depend on the adapted local coordinates.

A hamiltonian on the vector bundle 6 is a function H : R* — IR which is differentiable

of class C* on R* = R*\{0} (where {0} is the image of the null section) and continuous
on the null section. A regular hamiltonian on 0* is a hamiltonian H which has Hess,(H)
non-degenerate. According to [14, 15], a Hamilton space is a manifold M with a regular
hamiltonian H on the cotangent bundle 7* M. In this case, a canonical connection can be
defined on T* M.

A lagrangian on the vector bundle 6 is a function £ : R — IR which is differentiable
of class C™ on R = R\{0} and continuous on the null section. A regular lagrangian on 6
is a lagrangian £ which has Hess, (L) non-degenerate.
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Let (0, D,[-,-]o) be an ALS and consider a real function f : R — IR. Using adapted
local coordinates, we define a linear vertical form wy on Rf by the formula wy = %QO‘
where {w®, drey”} is the dual base (of I'(R*6)) of the adapted local base {sq, %}. When
the adapted local coordinates change, we have @ = ¢ @* and %ggl = %, thus wy
is globally defined.

In the sequel we consider only adapted ALS’s on R6.

)

PROPOSITION 2.3. If (0, D,[-,-]g) is an ALS and L is a lagrangian on 0, then the
2-form Qp = dpowe € A?(RO) does not depend on the adapted ALS on RO. If L is
a reqular lagrangian, then Qp is non-degenerate, thus (RO,{z) is a symplectic vector
bundle.

Proof. We have:

oL oL
Qr =dpowr = dre (8—ya> Aw® + 8—yadmwa =

%L . 1 0L
hdadi B i B a_ Y~ qga B v
<8y58y°‘dmy + 8ya8xiDﬁw > A w 20y gyw” ANw? =
%L 0L , 0L . 10L
T~ B « i i - Y~ ra B 0%
OyP oy~ droy” N <8y78xi B yBori T 28y°‘Lﬂ7>w A

Since {drey® Adrey®, drey® Aw?, w® AwP} is a local base in A?(R6), it follows that
Q, is non-degenerate. m

In the particular case § = 7M, we have w,y = gyﬂi dz?, thus
2 ‘ 2
8'5 ~dy’ + 8.£ (.
OyI Oyt 0xI Oy*
is the well-known symplectic form on T'M, defined by the regular lagrangian £. Notice
that the vertical subbundle VoM < 7TM is a lagrangian subbundle related to the

symplectic form Q.
Using Lemma 2.1 we can state:

Q[;:dw[;:( xj>Adxi

PROPOSITION 2.4. Let (0, D, [-,-]g) be an ALS, L be a regular lagrangian and C be an
R-connection on 0. There is an R-connection C' on 6 which is lagrangian with respect to
Qr and depends on C and L.

It is well-known that a lagrangian on a manifold gives rise to a canonical connection
called the Cartan-Kern connection (see for example [16, 17]). It also known that the
horizontal bundle of this connection is also a lagrangian subbundle, thus the Cartan-Kern
connection is a lagrangian connection. In the next section we extend these classical results
on vector bundles endowed with arbitrary ALS’s. It is interesting to remark that the
formalism concerning the holonomic mechanics (such as symplectic forms, (semi)sprays,
non-linear connections etc.), can be extended in the non-holonomic case of almost Lie
structures, too.

3. Canonical R-connections defined by lagrangians and hamiltonians. The
aim of this section is to show that a Cartan-Kern R-connection can be associated with



224 M. POPESCU AND P. POPESCU

a lagrangian on an ALS. This connection is a symplectic one and it corresponds to itself
when Proposition 2.4 is applied. We define also the Legendre transformation and we show
that its R-differential is a symplectic morphism, which sends the Kern-Cartan connection
to a symplectic R-connection on the dual.

An R-semispray on the AVB (6, D) is a section S : R = R\{0} — RR in the both
vector bundles of the double vector bundle (RR, R, R), as in diagram (2) for R = E;
it follows that ¢(S) = s(S). Using adapted local coordinates, the local form of an R-
semispray S is (z¢,y*) — (2, Yy , S8 (2, y)). An R-spray is an R-semispray which is
2-homogeneous on the fibres of R _An R-(semi)spray is defined by a vector field S e X(R),
S : R — TR such that ¢, o S = D, where D is the restriction to R of the anchor D and
q : R — M is the canonical prOJectlon of 0. According to [35], the vector field S is called
an admissible vector field on R. Certainly, S and S are related by S = A o S, where
A : Rf — TR is the canonical anchor on Rf. Using S, an R-spray is defined in [29], where
it is called a spray-like.

There is well-known (see [6]) that a semi-spray on a vector bundle defines in a canonical
way a non-linear connection on the given vector bundle. Using local coordinates, a more
simplified description of this theory is given in [16, 17]. In an analogous way, in order
to avoid a more complicate exposition, we use adapted local coordinates. Despite of this
fact, the definitions of the considered objects are free of coordinates.

In the case of an ALS, the classical theory has a natural extension. Thus, an R-
semispray S on an ALS defines canonically an R-connection on 6. More exactly, using
local coordinates, if {S%(z%,y”)} are the local components of S, then it can be proved,
by a straightforward computation, that the local functions {%( ayﬁ + LS 7gﬂ)} are the
local components of an R-connection on 6.

ProprosITION 3.1. If (0, D,[-,"]g) is an ALS and L : R — IR is a non-degenerate
lagrangian on R, then there is an R-connection canonically associated with L and called
the Cartan-Kern R-connection.

Proof. Let us denote by gog = 6‘;2—[;5 the local components of the metric tensor on
the R-vertical bundle of §. Notice that these components have a tensorial meaning, since
the local sections {%} change according to the formula % = gg/(xi) 850,

By a straightforward computation, one proves that

o’L oL oL
a _ _af i
5% = g (_ 8y68x1 D’Yy’y oxt Dﬁ ayp, Lg’YyFY> (6)

are the components of an R-semispray S on 6. Thus
o_ L 05%

are the components of an R-connection on 9, canonically associated with £. m

In the particular case of a lagrangian on M, when D,i = 5}; and L;k = 0, then the
R-connection defined above becomes the well-known Cartan-Kern non-linear connection.

Notice also that in the case of a 2-homogeneous lagrangian (i.e. £ is a Finsler metric)
the R-semispray is 2-homogeneous, thus it becomes an R-spray.
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PRrROPOSITION 3.2. The Cartan-Kern R-connection, defined by a non-degenerate la-
grangian L on R, is a symplectic R-connection according to the symplectic structure
defined on RO by L.

Proof. We use adapted local coordinates and we consider a new local base of T'(R6*)
(which is adapted to the Cartan-Kern R-connection): {&®, drey” = drey” + NJw?}. This
local base of T'(R*0) is the dual base of the adapted local base {S, = sq — Ng%, %}
of T'(RO), where {NZ} are the local components of the R-connection C. The almost

symplectic form €, is given by:

oL oL
Qr = drowrs = dre (—) A%+ —anglﬂa

oy~ oy
0L 190L
_ B SO0 T =B A S
_<[“)y/38 —0roy” + Lpaw )/\w 59y — LG 07 A&
82L’ 8E o ) - _

where

oL 9 (oL o (oL . 0L o’L
o . N80 (LN _ NP
ﬁ'ya A(S’Y) (aya) D’Y ozt (8ya> N,), 8yﬁ <8ya) D’y 8xi8ya N,), 8yﬁ8ya .

Thus

1
Qr =dpowr = Sroy” N@* + §Tﬁv@ﬁ A&,

0’L
OyP oy~
where TB’Y - Dﬂ oz* By’Y Ng ayl’ay’Y + égyﬂ LV

Using (6) and (7) (which give the components of the Cartan-Kern R-connection), by
a straightforward computation one proves that T3, = T,g. Therefore, in the local base
{0roy™ A Srey”, Srey® NP, @™ AP} of A%(RO) we have:
2

OyoyP

Qr = drowe = Oroy® /\CI)B.

Thus the conclusion follows. m

The Legendre transformation associated with £ is the function £ : R — R* defined
by

oL
Then £ can be regarded as well as defined on each fibre of R by £ = 251, where the

local base {w®} of T'(#*) is the dual base of the local base {s,} of I'(# ) It is easy to see
that the local form of the Legendre transformation £ is

@) - (o5 ). ®)

Notice that £ is a fibered manifold morphism which is globally defined, but, generally it
fails to comes from a vector bundle morphism.

Taking into account the local form of the Legendre transformation, it follows that the
lagrangian L is regular iff its Legendre transformation £ is a local diffeomorphism, when
£ induces local diffeomorphisms on each fiber.
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The lagrangian £ is L-regular if its Legendre transformation £ is a global diffeomor-
phism of R on R*.

Consider now a hamiltonian H. The Legendre* transformation associated with H is
the function §) : R* — R defined by

oH
9 (uqw®) = ua@.
It can be regarded as well as defined on each fibre of R by = —sa The local form

of the Legendre* transformation §) is
; , OH
(') = (o 5. )
Notice also that §) is a fibered manifold morphism, but generally it fails to come from a
vector bundle morphism.

Taking into account the local form of the Legendre* transformation, it follows that
the hamiltonian H is regular iff its Legendre* transformation ) is a local diffeomorphism,
when $ induces local diffeomorphisms on each fibers.

The hamiltonian H is H-regular if its Legendre* transformation §) is a global diffeo-
morphism of R* on R.

As in the classical case, the link between the Lagrange and Hamilton geometry is
given by the following result.

PROPOSITION 3.3. @) If L : R — IR is an L-regular lagrangian, then H = (Z(L) —
L)o £7Y is an H-reqular hamiltonian on 0*, where Z € X(R) is the Liouville vector field
and £ : R — R* is the Legendre transformation.

b) If H : R* — IR is an H-regular hamiltonian, then L = (E(H) — H) o H ! is an
L-regular lagrangian on 0, where 2 € X (R*) is the Liouville vector field and $ : R* — R
is the Legendre® transformation.

Proof. We prove only b), since the proof of a) can be performed in an analogous way.
The proof uses classic arguments.

We denote by & = $~ 1. In adapted local coordinates the local form of & is (2%, y®) —
(2%, Kg(z*,y*)). The condition Ko § = id has the local form:

Kﬂ(xiaHu(xkapv)) = Ps, (10)
where H* (2, p,) = g;"( * p,). Differentiating with respect to p, the relation (10), it
fOHOWb tha‘t BKB( ‘ HH( /7p’)’)) ’ %IZ;IS (mk7p’)’) - 50z, 83[;? (mi7 H'u(mk7p’)’)) ’ h()cts = 6103[7
where h®% = agzyp Denote (hag) = (h*#)~1; then

0Kg, ; ...
Gy (@ @ p2) = has (o) (11)

The Liouville field has the local form = = pﬂ%. Using the definition of £ it follows:

i i oH . ; i i i
L(z',y") = Kg(x ,w%(x Ks(2',y7)) — Hiz', Ks(a',y7)).
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We have
2 2
B 0 s s~ B s~ N G By~ e = Ko
thus using (11) we have % = %yif = hqg. It follows that
02L

Gy (' o07) = haale', Ks(at, 7). m

In the particular case of a Finsler metric on 6 (i.e. the lagrangian £ is 2-homogeneous),
we have Z(L£) =2 L, thus H = L o £71. For a 2-homogeneous hamiltonian H on §* we
obtain a similar result: Z(H) = 2+ H, thus L=HoH L.

Consider now the Legendre transformation £ : § — 6* (associated with a lagrangian
L), viewed as a fibered manifold morphism. Following [25], we can consider the R-
differential of £, denoted by £7 : Rf — RO* and given in local coordinates by:

T/ i a vB (i 9L g 0’L , 0’L
Lzt y*, X ,Y”)—<x,a—ya, ,WDIJAX“—F&ZJM&WY“).
A symplectic morphism of two symplectic vector bundles ¢’ = (E',n',M') and £ =
(E,m, M) is a vector bundle morphism ( fo, f), where fo : M — M and f : E' — E, which
is compatible with the presymplectic forms w’ and w respectively, i.e. w}o(x,)(fx/(X’),
for(Y) = wl (X',Y"), V)2’ € M’ and X', Y’ € E/,. It is easy to check the following
result.

PROPOSITION 3.4. Let (8, D, [-,-]g) be an ALS on 6. Consider the canonical symplectic
structure on RO* and the symplectic structure on R, defined by a regular lagrangian L
on 0. Then the R-differential £7 : RO — RO* of the Legendre transformation of L is a
symplectic morphism.

Now we can prove the following result:

PRrROPOSITION 3.5. If H is a regular hamiltonian on 0%, then it defines canonically a
lagrangian R-connection on 6*.

Proof. According to Proposition 3.3, there is a regular lagrangian £ on 6, canonically
associated with H. Let H6 C R6 be the horizontal subbundle of the Cartan-Kern con-
nection defined by £. Then H§* = (£7)~1(H@) C RO* is a horizontal subbundle of an
R-connection on §*. Since Hf C Rf is a lagrangian subbundle and (£7)~1! is a symplectic
morphism it follows that H6* C RO* is a lagrangian subbundle. m

4. Lagrange’s equations for almost Lie structures. In this section, a physical
interpretation concerning the constructions performed in the previous sections is given.
Using the formalism presented in this paper, we prove that the Lagrange equations for a
Lie algebroid, given in [35], keep the same form in the general case of an ALS. In order
to emphasize the link between the two approaches, two different proofs of the Lagrange
equations are given: the first is a direct one, using the previous constructions, and the
second one follows the Weinstein’s ideas, using an almost Lagrange Poisson bracket (see
[35]). Thus, our construction is a natural extension of the classical case and of the Lie
algebroids case, too.
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Let us consider an AVB (6, D), where § = (R,q, M). According to [35], a tangent
vector X, € TyR, y € R, is admissible if g, ,(X) = D(y). A vector field X € X(R) is
admissible if it is admissible in every point of R. In adapted local coordinates, a vector
field X is admissible iff it has the local form (z?,y®) — (z%, y®, Diy®, FP(z,y%)). It
is easy to see that X defines on @ an R-semispray by (z¢,y®) — (2%, y%, y®, F5 (2%, y®)).
Conversely, an R-semispray S : R — RR on 6 defines an admissible vector field X = AoS,
where A : Rf — TR is the canonical anchor considered before. Thus, an admissible vector
field is an equivalent way to define an R-semispray on an ALS.

Let S : R — RR be an R-semispray and « be a integral curve of the correspond-
ing admissible vector field X = A o S. If S and v have the local forms (z%,y%) —
(2%, y*, y*, 8P (2%, y®)) and t — (v*(t),u®(t)) respectively, then the local form of the sec-
ond order differential equation defined by the semispray S is given by:

(03
D Dy, B = ey, (12)

THEOREM 4.1. Let us consider an ALS (0, D, [-,]g), a reqular lagrangian L : R — IR
which define the semispray S and an integral curve v of the admissible vector field X =
Ao S. If ¥ has the parametrization t — (Y*(t),u®(t)), then the Lagrange equation hold:

oL oL ., OL
B — i wo v
(8 ~ (7', u )) 5 D5 = gy Lot (13)

Proof. We have:
a %( Ay = 0°L dy' 0°L M
dt \ Oy~ C0zi0y> dt - OyPoye dt
Using the local form (6) of the semispray defined by £ and the equations (12), we obtain:
4 (25 (0 =

8L i 8L oL oL
grrag= D’ + gapg™ ( o Dt + 5 D5 — 55 L, V) :

Thus the Lagrange equation (13) holds. m

In the particular case of a Lie algebroid, the Lagrange equation (13) becomes the
Lagrange equation (2) from [35]. Notice that the Lagrange equation (13) is meaningful
even the lagrangian is not regular.

The Weinstein proof of Lagrange equation uses the Poisson bracket on the dual of
the Lie algebroid. It is interesting that this method can be used in order to prove the
Lagrange equation on an ALS, without major modifications, using instead an almost
Poisson bracket.

Let us call an almost Poisson bracket on a manifold M a skew-symmetric and bilinear
R-map {-,-} : F(M) x F(M) — F(M), which satisfies the Leibniz rule:

{7 =L 7+ AL (DAL 7 e F(M).

The Leibniz rule associates with every function f € F(M) a vector field Xy € X (M),
called the almost hamiltonian vector field of f. If the bracket satisfy the Jacobi condition,
then it is the well-known Poisson bracket.
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If (,D,]]o) is a Lie algebroid, then a Poisson bracket can be defined on the dual
R*. Every f € F(M) and s € T'() lift to f, § € F(R*), where f = ¢*f and §(w) = w(s),
(V)w € R*. According to [1], the Poisson bracket is defined by:

{f, f,} =0,{35, f} = D(s)(f), {5, gl} =—[s, s, (V) f, fre F(M), s, s’ € N (14)
(see also [4, 5, 35]). The local form of the bracket is given by:

{mzvxj} =0, {xz,pa} :D}w{pmpﬂ} = _Llﬂp’ya (15)
where (D},) and (L] 3) are the local components of the anchor D and of the bracket [, -]o
respectively.

Let (0, D, [-,-]o) be an ALS. Using the Leibniz rule, the formulas (14) extend to a map
{-,-} : F(R*) x F(R*) — F(R*), which is an almost Poisson bracket on R*. Notice that
this almost Poisson bracket is a Poisson bracket on R* iff (8, D, [, ]p) is a Lie algebroid.
Using the presymplectic form €, given by formula (5), the bracket given by (14) can
be defined also as follows. Since the form () is non-degenerate on the fibers of R#*, its

inverse on each fiber defines an isomorphism of the vector bundles R§* and (R6*)* = R0,
denoted as #q. If A',h"” € F(R*), then

{W 0"} = Q(#a(dre-h), #a(dre<h")). (16)
Consider a regular lagrangian £ : R — IR. An almost Lagrange Poisson structure on

R, which pulls back the almost Poisson structure on R* to an almost Poisson structure
on R, can be defined. This can be done using the bracket relations:

o . 0L . oL oL oL
T J) 7 — 7 — T
ety =0 {x ’ 3ya} Do {8y“’ 8y’3} Fangy

which use the Legendre transformation and the Leibniz rule.
The action A is the real function on R, defined by A(y) =< £(y),y >, where L is
the Legendre transformation. The energy E is E = A — L. In adapted local coordinates,

A=yt gyﬁi and E = ¢ gyz:i — L. The almost lagrangian vector field associated with the

regular lagrangian £ is the almost hamiltonian lagrangian of the energy E. The almost
lagrangian vector field X g has the local form {xi, E} % +{y*, E} 8;%' If 7 is an integral
curve of this vector field, which has the local form ¢ — (v(¢),u®(t)), then the following

equations follow:
dyt g
o g (1)
S =W B
Let us prove that the almost lagrangian vector field is admissible. Indeed, using the
first equation (17) and the bracket formula {xi, E} = {xi, ya} OL e have:

W?

d’}/i_ i _ A aa‘c
i, o oL dad o i _
={=hy }@+{x’aya}“ v oy =

za’c o 7, «
—{x,a—ya}u = D u”,

thus the vector field is admissible.
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Let us prove the Lagrange equation (13) using the almost Lagrange Poisson bracket.
We have along ~ :

d (dL ac e . oL
== ) 2= BZ=
dt (dy“) {dya’E} {dy“’y oy E}

e oL fdc oLy fac
- dy@’y oyP dye’ 0yP dye’

_{dﬁ ﬁ} OL _ ppn 9£

T LT
fae ac o fac ) ac
dy> 7 dye’ 4 dyP
dﬁ dc
i uP LM
=Dl v Ly

5. Homogeneous connections and R-sprays. A result from [29], which, in turn,
generalizes a theorem of Ambrose-Palais-Singer, is extended in this section. It refers to
the possibility to define an R-spray using a suitable homogeneous non-linear connection,
in the case when the anchor is injective on fibres. In [29] the R-spray S is differentiable
on the entire R, while in our paper S is differentiable on R = R\{0}.

Let (6,D) be a given AVB. In the sequel we denote by 6§ = (R, G, M) the fibered
manifold obtained in an obvious way from R.

A connection on 6 is a left splitting C' : 7R — V0 of the inclusion 7 : V@ — TR; it is
homogeneous if it is compatible with the homothety on the fibers of R. For example the
R-spray can be defined by a Finsler metric £ : R — IR, which is continuous on R and it
is smooth on R.

If C and C’ are two homogeneous connections, then there is a vector bundle map
m : ¢*TM — V6, which is 1-homogeneous on the fibers of R (we say that m is a
homogeneous vector bundle morphism), such that C' —C = moll, where I : TR — §*t M
is the canonical projection. Conversely, if m : ¢*7M — Ve is a homogeneous vector
bundle morphism and C': TR > Vlisa homogeneous connection, then C' = C +m o I
is also a homogeneous connection.

If C' is a homogeneous connection and S : R — RRisan R-spray then 5 =CoAoS:
R — VR is 2-homogeneous on the fibers of R (i.e. C o Ao S(AX) = A2C o Ao S(X),
(MA >0, X € T'(0)). If B = 0, then, according to [29], we say that the R-spray S is
geodesic related to the homogeneous connection C'. Notice that for every homogeneous
connection C' on 6 there is a geodesic R-spray related to C. If the anchor D is injective
on fibres, then a similar relation between the integral curves of the regular distribution
defined by the image of D and the geodesics of the geodesic R-spray S, as performed in
[29], can be done. (See also [30] for a similar situation.) We do not use any curve here,
but we made this observation in order to motivate the name geodesic given to S.

A 2-homogeneous map 3 : R — VR defines a homogeneous vector bundle morphism
B:VR = VR (i e. it is homogeneous on the fibres of R), according to the formulas
(2%, y2, YY) — (2%,y ,éaiLgydchd), where (z%,y%) — (2%,y% B8%(z%,y*)) is the local
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form of 3; the 2-homogeneity of 8 implies that the local functions {%(mi,y“)} are

the local components of a bilinear map VR ® VR — V R. We have that 3 is related to (8
by 8 = B(Z), where Z is the Liouville vector field.

Notice that a linear connection on # defines and it is defined by a associated homo-
geneous connection C': TR — V6.

The following result generalizes a Theorem of Ambrose-Palais-Singer.

THEOREM 5.1 [29]. Assume that the anchor map is injective on fibers. Then for every
R-spray S : R — RR there exists a linear connection on 6 such that S is the geodesic
R-spray related to the associated homogeneous connection.

In fact, taking into account the restrictive conditions of this theorem, the R-spray
S defines and it is defined by a linear R-connection on 6. The above Theorem can be
improved as follows.

THEOREM 5.2. Assume that the anchor map is injective on fibers. Then for every
R-spray S : R — RR there exists a homogeneous connection C on 0, such that S is the
geodesic R-spray related to C.

Proof. Since the anchor D : § — 7M is injective on fibers, there is a left splitting
F:7M — 6,ie. FoD =idg, where § = (R,q,M). Thus ¢*F : ¢*7M — ¢*0 = V0 is
a left splitting of D* : V§ — ¢*7M. Consider now an arbitrary homogeneous connection
C': TR — V@ (for example C’ can be defined by a linear connection on ). Thus,
according to some observations made in the beginning of this section, 5 = C' 0o Ao S is
2-homogeneous on the fibers of R and it defines a homogeneous vector bundle morphism
B : VR — VR such that 8 = 3(Z), where Z is the Liouville vector field. Then C =
C' - /3’ o(q*F)o II defines a homogeneous connection on ¢, where IO:7R — ¢*tM is the
canonical projection. Since (¢*F) o MoAoS = (¢"F)ogq*DoZ = Z and B(Z) =f, it
follows that COAOS:C’OAOS—BO(q*F)OfIOAOS:C’OAOS—B:O, thus S
is a geodesic R-spray related to C. m
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