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Abstract. In this article we present a geometric norm equality for an irreducible homoge-
neous Siegel domain D that leads us to the equivalence between the commutativity of Berezin
transforms with the Laplace-Beltrami operator and the symmetry of D.

Introduction. Homogeneous Siegel domains, being holomorphically equivalent to
bounded domains, have attracted numerous researchers since the first Russian publica-
tion of Pjatetskii-Shapiro’s book [23] in 1961. This class of domains contains Hermitian
symmetric spaces, which immediately makes it an interesting problem to characterize
symmetric domains among homogeneous Siegel domains. Characterizations in terms of
the defining data of the domain are given by Satake’s book [26, Theorem V.3.5] and
a paper by Dorfmeister [6, Theorem 3.3]. A differential geometric criterion is found in
[5]. Commutativity of the algebra of invariant differential operators is also a distinctive
feature of symmetric Siegel domains by [4], in which paper several others are presented
issuing out of a detailed study of the isotropic representation. In this article we report
one another characterization obtained by the present author in [19], which states that
commutativity of Berezin transforms with the Laplace-Beltrami operator is equivalent to
the symmetry of the domain.

Let D be an irreducible homogeneous Siegel domain and G the split solvable Lie
group acting simply transitively on D. The group manifold G being diffeomorphic with
D, our analysis will be done on G rather than on D. The Lie algebra g of G has a
structure of normal j-algebra by [23]. Thus there is a linear form w € g* such that
(z|y)w = ([Jx,y],w) defines a real inner product on g, where J is the almost complex
structure attached to the normal j-algebra structure of g. The inner product (-|-),

2000 Mathematics Subject Classification: 22E30, 32M15, 43A85.
Received 20 February 2001; revised 28 August 2001.
The paper is in final form and no version of it will be published elsewhere.

[323]



324 T. NOMURA

defines a left invariant Riemannian structure on G, through which we have the Laplace-
Beltrami operator £, on GG. On the other hand, Berezin transforms B), when transferred
to operators on L?(G), are convolution operators by functions ay from the right (see
(2.2)). Let ¥ € g be the element for which ( X | ), = tr (ad X) holds for all X € g. The
key formula to our study of the commutativity for By and L, is the following:

Loax(g) = Aaa(g) (=M [IC(g- o)l +(¥,a)) (g€ ),

where « is some linear form on g, C the Cayley transform introduced in [17] that is defined
through the Bergman kernel of D, and e € D the reference point specified in (1.4) (see
Proposition 2.4 for the precise statement). From this formula we deduce that the Berezin
transforms B) commute with £, if and only if

IC(g-e)ll = IC(g™" - )]l

holds for any g € G. Investigation of this norm equality is presented in section 3 of this
article. Actually the validity of this norm equality for any g € G is equivalent to the
symmetry of D (and the reduction of w essentially to the Koszul form). This is the main
theorem in [18]. The proof requires not only a lot of calculations but also the result due
to D’Atri and Dotti Miatello [5] concerning a characterization of quasisymmetric Siegel
domains and the above-mentioned works done by Satake and Dorfmeister.

1. Preliminaries

1.1. Normal j-algebras. Since every homogeneous Siegel domain is described by
means of normal j-algebra (see the book [23], the paper [25] or the lecture notes [24]),
we begin this article with the definition of normal j-algebra. A triple (g, J,w) of a split
solvable Lie algebra g, a linear operator .JJ on g with J2 = —I and a linear form w € g*
is called a normal j-algebra if the following two conditions are satisfied:

(1.1) [Jz, Jy| = [x,y] + J[Jz,y] + J[z, Jy] (for all z,y € g),
(1.2) (z|y)w = ([Jx,y],w) defines a J-invariant inner product on g.

Linear forms w € g* satisfying (1.2) are said to be admissible. Throughout this article
we fix one admissible linear form. Let (g, J,w) be a normal j-algebra. Let n := [g, g] be
the derived algebra of g, and a the orthogonal complement of n in g relative to the inner
product (-] -),. We note that a is independent of the choice of the admissible linear form.
We have g = a + n. We know that a is a commutative subalgebra of g such that ad(a)
consists of semisimple operators on g. We have a simultaneous eigenspace decomposition
g=0a+) ,caNa, where

ng:={xen; [hz] = (h,a)xz forall h €a},

and the finite set A C a* is described shortly. The dimension r := dima is called the
rank of the normal j-algebra. One can choose a basis Hy,..., H, of a such that if we
set E; := —JHj, then [Hj,Ex] = 0;5Ex. Let ai,...,a, be the basis of a* dual to
Hy,...,H,. Then elements of A, which we call the roots of g, are of the following form
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(not all possibilities need occur):
Hoam+ap) (1Sk<mZr), Hom —ap) 1Sk<m=r),
Tay, (1<k<=r), Qg (1<k<r).
Moreover we have n,, = RE. Put
H:=H +..+H, E:=FE+. +E,.
With g(1/2) := "] n4,/2 and

9(0):=a® > fan—anz 91 =3 N0, ® Y Naptan/2
1

m>k m>k
we have the eigenspace decomposition g = g(0) + g(1/2) + g(1) of ad (H), which gives a
gradation [g(i),g(j)] C g(i + j), where we understand g(:) = 0 for 4 > 1. Furthermore
we have
Jn(am—ak)/Z = n(am+()¢k)/2 (m > k)v Jnoz,;/Q = nai/Z (]- g ? g 7")7
so that Jg(0) = g(1) and Jg(1/2) = g(1/2). We remark here that
JT=—-[TE] (Teg(0),  JTji=—[Tj, Bl (Tji € na;—as)/2)-

The following is a list of constants used in this article:

Nk = dimp N(q,, —a,)/2 = dimg Mo, 1a,)/2 (I1<k<mZETr),
Dj ::anj, q; Z:ani (I=j=n),
1.3 > <
b; ::§dimRnaj/2, d; :=1+§(pj—|—qj) (1<j5<r),
o= (Bovi) = | Bill2 > 0 1<k,

1.2. Homogeneous Siegel domains. Let (g, J,w) be a normal j-algebra, and G = exp g
the corresponding connected and simply connected Lie group. We denote by G(0) the
subgroup exp g(0) of G. The group G(0) acts on V' := g(1) by adjoint action. Let Q :=
G(0)E, the G(0)-orbit through E. By [25, Theorem 4.15] {2 is a regular open convex cone
in V, and G(0) acts on Q simply transitively. On the other hand, the subspace g(1/2) is
invariant under J, so that we consider it as a complex vector space U by means of —.J.
We put W := V¢, the complexification of V. The conjugation of W relative to the real
form V is written as w +— w*. The real bilinear map @ defined by

Qu,u) := %([Ju,u'] — i[u, u']) (u,u" € g(1/2))

turns out to be a complex sesqui-linear (complex linear in the first variable and antilinear
in the second) Q-positive Hermitian map U x U — W. The Siegel domain D = D(Q2, Q)
corresponding to these data is defined to be

D :={(u,w) eUxW; w+w" —Q(u,u) € Q}.

Throughout this article, we assume that D is irreducible.
Consider the nilpotent Lie subalgebra np := g(1) 4+ g(1/2), and the corresponding
connected and simply connected nilpotent subgroup Np := expnp of G. Elements of Np
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are written as n(a,b) (a € g(1), b € g(1/2)). The group operation is described as follows:
n(a,b)n(a’,b’) =n(a+a —ImQ(b,b"), b+¥').
The group Np acts on D by
n(a,b) - (u,w) = (u+b, w+ia+ 3Q(b,b) + Q(u,b)) ((u,w) € D).

On the other hand, the adjoint action of G(0) on g(1/2) commutes with J, that is,
G(0) acts on U complex linearly. Moreover the adjoint action of G(0) on V = g(1)
extends complex linearly to W, so that G(0) acts on D complex linearly. In this way
G = Np x G(0) acts on D simply transitively. As a base point of D we fix

(1.4) e:=(0,E).

We have a surjective diffeomorphism ¢ : G — D by ¥(g) :=g - e.
Let us put A := expa and set for t = (t1,...,¢.) € R"

a; :=exp(tiH1+ ...+ t.H.) € A.

For every s = (s1,...,s,) € R", let x, be the one-dimensional representation of A de-
fined by x(a:) = exp(zk sktk). We put ng := > <1 D(an—ax)/2- 1t is a nilpotent Lie
subalgebra of g(0), and we have n = ng + np. Let Ny := expng and N := expn. Clearly
G =N x A and G(0) = Ny x A. We extend x, to a one-dimensional representation of G
by defining x4 (n) =1 for n € N. Let us define functions Ag (s € R") on 2 by

As(hE) = xs(h) (b€ G(0)).

Evidently it holds that Ag(hx) = xs(h)As(z) (h € G(0), x € Q). Further, we know that
Ag extends to a holomorphic function on the tube domain 2 + iV (cf. for example [13,
Corollary 2.5]).

For h € G(0), let Adg(1)(h) := (Ad h)|g4(1). Moreover let Ady (h) stand for the complex
linear operator on U defined by the adjoint action of h € G(0) on g(1/2), and det Ady (h)

its determinant as a complex linear operator. Then, with d := (d1,...,d,) and b :=
(b1,...,b,), we have for h € G(0)
(1.5) det Adg(1y(h) = xq(h), |det Ady (h) | = xp(h).

1.3. Weighted Bergman spaces. By [12, §5] or [26, §I1.6], it is known that D has a
Bergman kernel . Using the known covariance property of x together with the simply
transitive action of G on D, we see by (1.5) that

K(21,22) = Asa—p (w1 + w3 — Q(ur,uz)) (2 = (uj,w;) € D)

up to a positive number multiple. We put 1 := A_sq_p in what follows for simplicity.
Now we introduce an inner product (-|-), on V by

(1.6) (vi|v2)y := Dy, Dy, logn(E)  (vi,v2 € V),

where D, stands for the directional derivative in the direction v € V : D, f(x) =
(d/dt) f(x + tv)|t:0. We extend (-|-), to a complex bilinear form on W x W, which we
still denote by the same symbol. Then we have a Hermitian inner product (wi | ws), :=
(w1 |ws ), on W. On the other hand, it is easy to see that U has a Hermitian inner
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product (-|-), given by
(1.7) (w1 u2)y == (Qur,u2) | E)y  (u1,u2 € U).

We denote by dm(w) and dm(u) the Euclidean measures normalized by these inner
products on W and on U respectively. By (1.5), the measure du defined by

(1.8) dp(u, w) == n(w + w* — Q(u,uw)) dm(u)dm(w)
is a G-invariant measure on D. Let us set for A € R
(1.9) dpx(u,w) = e - n(w + w* — Qu,u)) " dm(u)dm(w),

where ¢y > 0 is determined shortly. The weighted Bergman space Hf(D) is the Hilbert
space of holomorphic functions on D which are square integrable relative to the measure
dyix. We know by [25, Theorem 4.26] or [13, Theorem 4.8] that H}(D) # {0} if and only
if

b, + di, + % pi

1<Sk<r br + 2dg
In view of (1.3), we have 0 < A\g < 1. If A > )¢, the Hilbert space H3 (D) has a reproducing
kernel k) (cf. [13, Proposition 4.6]). We choose the constant ¢y in such a way that
(1.10) ra(21, 22) = n(wr + wh — Q(u1, us))* (zj == (uj,w;) € D).

Explicit expression of ¢y is not necessary in this article.

1.4. Pseudoinverse map. For every z € Q we define Z(z) € V* by
(v,Z(2)) = —=Dylogn(z)  (veV).
The map Z is called the pseudoinverse map. By [7, §2], T is a bijection of Q onto the dual
cone Q* in V* where
Q ={¢eV"; (2,8) >0 forallzcQ\{0}}.

The group G(0) acts on V* by the coadjoint action: h- & = £ o h=!, where h € G(0)
and £ € V*. Moreover G(0) acts on 2* simply transitively. It is easy to show that Z is
G(0)-equivariant: Z(hx) = h-Z(z) (h € G(0), x € ). In particular, Z(Az) = A" Z(x) for
all A > 0. We know that the map Z analytically continues to a birational map W — W*.
Furthermore Z maps the tube domain Q+4V biholomorphically onto its image Z(Q2+iV)
(see [17, §2]). We note that in general Z(Q2 +iV) € Q* +iV* (see [17, §5]).

1.5. Cayley transform. First we define EY, ..., E¥ € V* by

<Z£L’jEj + Z Xk, E:> =x; ({Ej eER, Xk € n(am+ak)/2).
j=1

m>k
Elements of V* are canonically considered as elements of W*, the space of complex linear
forms on W. Then for every s = (s1,...,8,) € C" we set

E; =s1Ef+...+s.E: e W™
Now we define for w € W
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We have C'(w) € W* for generic w. It is evident that C is a rational map W — W* which
is holomorphic on Q 4 iV. Let UT denote the space of all antilinear forms on U. We set
for z = (u,w) €U x W

(1.11) C(z) = (2(Q(u,-),Z(w + E)), C(w)).

We have C(z) € UT x W* for generic z. Clearly C is a rational map U x W — UT x W*,
It should be noted that if z = (u,w) € D, then we have w € Q + ¢V, so that C(z)
is holomorphic on D. We shall call C a Cayley transform. This Cayley transform is
introduced in [17] as a slight modification of Penney’s [22]. We know by [17, §3] that the
image C(D) is bounded and that C is a birational map which sends D biholomorphically
onto C(D).

REMARK 1.1. In a recent paper [20], the present author has introduced a family of
Cayley transforms Cs defined by the functions A_g with s; > 0 for all j = 1,...,r in
place of n = A_zq_1. The proof given in [20] for the boundedness of Cs(D) is independent
of Penney’s argument unlike the one presented in [17].

2. Berezin transforms

2.1. Berezin transforms as convolution operators. The weighted Bergman space
HZ(D) (A > Xo) is a closed subspace of L?(D,du,) and has a reproducing kernel .
Then, associated to Hf(D), we can define the Berezin transform Bf on the L2-space
over D relative to the measure dpg(z) := ka(z, 2)dux(z) (cf. for example [16]). We note
that the formulas (1.8), (1.9) and (1.10) imply dpo = cxdp. The Berezin kernel Ay
associated to H2(D) is given by

|kx(z1, 22)]?

A = € D).
A1, 22) K21, 21) K22, 22) (e1,22€ D)
It is G-invariant:
(2.1) Ax(g-z1, g 22) = Ax(21,22) (9 €G).
The Berezin transform Bf is an integral operator on L2(D,duq):
BPf(» /szw w)dpo(w)  (f € LA(D, duo)).

Bf is a bounded positive selfadjoint operator which is G-invariant by (2.1). Normalizing
the left Haar measure dz on G in such a way that

/fwem—/f ) (2 /f ) djao(z

we transfer the operator BY to an operator By on L%(G). Put

ax(g) == Ax(g-e, e)  (9€G).

By (2.1) it is evident that ax(g) = ax(g™!), and the reproducing property of ) shows
that ay € L'(G) provided A > \g. Then an easy computation leads us to

(2.2) mﬂm:qLﬂWMy%mWwﬁ*mw (f € L(G)).
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2.2. Laplace-Beltrami operators. If X € g, we set
Xf(x) := %f(exp(—tX)a:) ‘t:o’ Xf(x) := %f(a: (exp tX)) ’t:O,

where f € C®(G) and x € G. These two actions of g on C*°(G) are extended to
the universal enveloping algebra U(g) of g by homomorphisms. Let (-|-), be the inner
product on g that we are working with. This inner product induces a left invariant
Riemannian metric on G, and we have the corresponding Laplace-Beltrami operator L.
Though the following lemma holds for any connected Lie group [27, Theorem 1], we write
it down here in our situation.

LEMMA 2.1. Take ¥ € g such that (X | V), = tr(ad X) holds for all X € g. Then
Lo =—A+T, where A := X2+ ... + X2y € U(g) (2N := dimg g) with an orthonormal
basis {X;}3N, of g relative to (-|-).. Note that A remains the same under any change
of orthonormal basis of g.

With the constants in (1.3), it is not difficult to see that the element ¥ in Lemma 2.1
is given by

U=> w;'g+bj+1)H; € a.
j=1

Let ¢ be a smooth function on G which is integrable with respect to the left Haar
measure. Consider the following convolution operator T,:

T, f(z) = /G F(g)plg2)dg = f » pl2).

A standard argument shows that T}, is a bounded operator on L?(G). Moreover T,
commutes with left translations.

PROPOSITION 2.2. The operator T,, commutes with L, if and only if
(A +V)p = (A + )y
This is a statement that generalizes Proposition 4.1 in [19] in an obvious manner, and
the proof given there works in a completely parallel way. If, moreover, ¢ is symmetric,
that is, ¢(z) = @(z~!) for any x € G, then we get easily X¢p(x) = Xp(z~!) for all
X € U(g) and x € G. Therefore

PROPOSITION 2.3. The operator T, with symmetric ¢ commutes with L., if and only
if
(A —W)p(x™t) = (A — ¥)p(x) for any z € G.
2.3. Berezin transforms and Laplace-Beltrami operators. By (2.2) we know that the
Berezin transforms By are of the form T, with symmetric ¢. In view of Proposition 2.3,

we are led to calculating (A — U)ay. In order to perform the calculation, we note that
(1.10) shows

ax(nh) := 4lelr X2d+b(h)/\ |77(7TW(TLh -e) + E)
where 7y, stands for the projection U x W — W. To present the formula for (A — ¥)ay,
we recall the Cayley transform C defined in (1.11), and introduce a norm in Ut x W*, the

* (neNp, heG(0)),
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ambient vector space of the bounded domain C(D). Let ¢ : G — D be the diffeomorphism
¥(g) = g - e. Its differential dip : g — U + W at the identity is described as

dp(T +u+x) =u+ (=JT +iz) (T € g(0), ueg(l/2), z € g(l)).

Let us regard g as a complex vector space by means of —J. Then, as is easily verified,
di is complex linear, that is, dy(—JX) = ¢ - dy(X) for all X € g. We equip the complex
vector space (g, —J) with a Hermitian inner product (-|-),, defined by

(X | Y)w = <[JX, Y]7w> - Z<[X7 Y],OJ>.

We then transport it to U +W by diy and get a Hermitian inner product (- | ), on U+W.
Identifying UT + W* with U + W through (- |-).,, we get an inner product on UT + W*
which we still denote by (- |-)w-

PROPOSITION 2.4 ([19]). Withc:=2d+b = (c1,...,¢r) one has
(A~ W)ax(g) = Aax(@)[AClg -2 — (W.ae)] (g€ G),
where ae 1=}, cja; € a*.
Consequently we arrive at

PROPOSITION 2.5. The Berezin transform By (A > X\g) commutes with L, if and only
iflIc(g-e)llw =lC(g™" - e)llw holds for any g € G.

3. Symmetry characterization

3.1. Norm equality. Let 8 € g* be the Koszul form given by
(x,B) :=tr (ad (Jx) — J (ad x)) (x €g).

It is known by [15, Théoréme 1] that ([Jz,y], ) is the real part of the Hermitian inner
product on g induced by the Bergman metric of D up to a positive multiple. In particular,
f is admissible. By virtue of [18, Lemma 5.2] we know that 3|g1) = E34,y,- We recall
that the domain D is said to be symmetric if for every z € D, there exists an involutive
holomorphic automorphism o, of D such that z is an isolated fixed point of o, .

THEOREM 3.1 ([18]). One has ||C(g-€)|lw = |C(g7' - €)||w for all g € G if and only if
the following two conditions are satisfied:

(1) D is symmetric,
(2) wln is equal to a positive number multiple of Bn.

Since C : D — D := C(D) is biholomorphic with C(e) = 0, the previous theorem can
be rephrased as follows.

THEOREM 3.2. One has ||h- 0|, = ||h=1- 0|y, for all h € Co G oC~1 if and only if D
s symmetric and w|y is equal to a positive number multiple of B|n.

Theorem 3.1 together with Proposition 2.5 immediately yields

THEOREM 3.3 ([19]). Let A > Ao be fized. Then, By commutes with L, if and only if
D is symmetric and w|, is equal to a positive number multiple of B|.
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3.2. Qutline of the proof. The proof of the “only if” part of Theorem 3.1 requires
quite a good deal of computations as well as results due to Satake, Dorfmeister, D’Atri
and Dotti Miatello. We would like to present here its outline. Suppose that we have the
following norm equality for all g € G:

(3.1) IC(g-e)llw=lIC(g™" - &)l
Supposing further that the rank r of our normal j-algebra satisfies r = 2 and that 7 < 7,
we first try to extract informations from (3.1) for

(3.2) g =exp(T) exp(t;H; + t;H;) (tit; €ER, T € i —ay)/2)-
Since g € G(0), we have g -e = (0,gE), so that (1.11) yields C(g-e) = (0,C(gE)).
LEMMA 3.4. Let ¢; be as in Proposition 2.4. For g in (8.2) one has
aB: +bE; — ¢
C(yE) = - —1_(t;—t;)/2 2
8 cosh(t;/2) cosh(t;/2) + w; eti=t))/2||T7||2

where a,b € R and ¢ € n?aj+ai)/2 are given as follows:

o . ti 1 (t-ty)2 Cisinh(ti/2) — et
a := 8¢; sinh 5 cosh £ tw;e cosh(t,/2) 17z,
i .t 1 (ti—ts
b:=c; (8 cosh 3 smhij + w; Lelti ltJ)/2||T||i)v
¢ :=4c; elti=ti)/2 5 q* (T)E} o Py;
with Pj; the orthogonal projection operator V. — N, +a;)/2 -
Computing the norm ||C(gE)|?, we deduce
LEMMA 3.5. If nj; # 0, then one has 2d; + b; = 2d; + b; and w; = w;.

Since we are supposing that our Siegel domain is irreducible, the cone Q is also
irreducible ([14, Theorem 6.3]). Thus we can make use of [1, Theorem 4], which states as
follows: putting ny; := ny, when k < [, we can find, for any pair ¢ < j, a finite sequence
{ix}V (fo = J, tm = @) such that n;, ,;, # 0 for any . See [5, p. 536] for the translation
of normal j-algebra language into Vinberg’s T-algebra language. In consequence we get

LEMMA 3.6. Both 2d; + b; and w; are independent of i.

We put wp := w; (independent of ¢) in what follows. To see that nj; (i < j) is
independent of 7, j, we take (under the assumption that r» 2 3 and i < j < k)

g = exp(Ty;) exp(Th;) exp(t(H; + H; + Hy)) € G(0),

where t € R, Ty € Nay—a;)y2 and Trj € Mg, —a,)/2- We can calculate C(gFE) and
|C(gE)||? explicitly for this g and obtain from (3.1) the following lemma.

LEMMA 3.7. If ni; # 0, then one has nj; = ny;.
Keeping to i < j < k, we next take
g = exp(Tk; + Tj;) exp(t(H; + Hj + Hy)) € G(0),

where ¢ € R, Tyi € N(a,—a,)/2 and Tj; € n(q;_q,)/2- In a way analogous to the preceding
two cases, though the computations are much harder, we get
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LEMMA 3.8. If nji # 0, then for all Ty; € n(ay —a;)/2 and Tj; € Mo, —a,)/2 one has
1
2
NI Ti, Thilll, = 2—%||sz'||i||Tm||i-

In particular, ny; > ny; provided nj; # 0.

REMARK 3.9. In general, we only have the inequality

1

2

NI Tys, Tralll;, = EHsz‘HiHTMHia
J

because ng; can be equal to 0 even if ng; > 0 and nj; > 0. See [18, Lemma 4.6].

Using Lemmas 3.6, 3.7 and 3.8, we arrive at

PROPOSITION 3.10. The dimensions nj; (i < j) of the root spaces N, 4a;)/2 are
constant, and by = dimn,, /o (k=1,...,7) are independent of k.

By [5, Proposition 3], Proposition 3.10 implies that our Siegel domain is quasisym-
metric, that is, the cone Q is selfdual with respect to the inner product (1.6). Then
our normal j-algebra turns out to be comprised of a Euclidean Jordan algebra and a
x-representation of its complexified Jordan algebra. Let us explain this more precisely.
We introduce a (non-associative) product in V' by the formula

1 .
<.131J)2|J33 >77 = _E Déchﬂszﬂfs(lOgn)(E) (xj € V;j = 17253)'

The proof of [5, Proposition 3] says that this is a Jordan algebra product, by which V/
is a Euclidean Jordan algebra in the sense of [11]. Thus W = V¢ is a complex Jordan
algebra. Moreover, using the Hermitian inner product (1.7) on U, we define, for every
w € W, a complex linear operator ¢(w) on U by

(w)ulu)y =(Qu,u) |w)y  (u,u’ €V).
A result due to Dorfmeister [6, Theorem 2.1 (6)] (see also [17, Section 4]) tells us that

w — (w) is a *-representation of the complex Jordan algebra W.
Now we define f € W for f € W* and F € U for F € UT by

(w,f>:<w|f>n (Vw € W), (u,F>=(ﬁ|u)77 (Vu € U).
We note here that any element in 2+ ¢V is invertible in the Jordan algebra W.

PROPOSITION 3.11. (1) For w € Q+4V one has Z(w)” =w™ L.
(2) When z = (u,w) € D, one has

Cz)" = (2¢((w+E) Hu, (w—E)(w+E)™").
Finally we consider the elements
g =n(0,ux)n(0,u;) € Np (j<k)
in (3.1), where u; € ng, /o and uy € ng, /2. The result that we obtain is:
PROPOSITION 3.12. For every pair j < k, one has
e(Qur,uj))ue =0, @(Q(uj,ur))u; =0,

where uj € ny, /2 and uy, € Ny, o are arbitrary.
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Since one can show that (F;) is the orthogonal projection operator U — n,, /o for
each i, Dorfmeister’s theorem in [3, Corollary 1] guarantees that our Siegel domain is
symmetric.

3.3. The case of symmetric domains. We conclude this article by indicating the proof
of the “if part” of Theorem 3.1. Suppose that D is symmetric. We have the inner product
(-]-)g on U + W, through which we define 15(f) € W for f € W* and 13(F) € U for
FcU' by

(a(f) |w)pg = W™, f) (weW),  (p(F)|u)s=(u,F) (uel).

We set C3 := 13 0C and Dg := Cg(D). We can show that the bounded symmetric domain
Dpg is circular and that the derivative Cj(e) at the base point e is a scalar operator. In
particular, Dg can be considered as the Harish-Chandra model of a bounded symmetric
domain. The group Hol(Dg) of the holomorphic automorphisms of Dg is a semisimple
Lie group, and we denote by G its connected component of the identity. Let K be the
stabilizer in G at the origin 0 = Cg(e). Then K is a maximal compact subgroup of G. Put
A:=CgoAo Cgl. We have a Cartan decomposition G = KAK. Every element h € G may
be written as h = kja:ke, where k1,k2 € K and a; := Cg o ay OCﬁ_1 € A (t € R"). The
only thing to be noted is that K is a closed subgroup of the unitary group. Therefore
|h-0[g=|h~"-0]|p if and only if ||a; - 0] is invariant under ¢ — —¢. But this is clear
from the fact that

T

a;- 0= Z(tanh%)Ej.

j=1
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