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1. Introduction. Let k;(z,y) be the integral kernels of the semigroup of linear op-
erators {T}}+~0 generated by a Schrodinger operator —A = A —V on R?, d > 3.

Throughout this paper we assume that V' is a nonnegative potential on R? that belongs
to the reverse Holder class RHY, q > %, that is, there exists a constant C' > 0 such that

1 Ve ¢
(1.1) (—/ V(y)qdy) < —/ V(y)dy, for every ball B.

|B| /i |B| /i

Since V is nonnegative and belongs to quOC(Rd) the Feynman-Kac formula implies
that
(12) 0< ke(a,y) < (4m) =200 = py (2 —y).
We say that f is an element of the space HY if the maximal function
(13) M§(w) = sup [T (a)| = sup| [ kile,)f(0)dy
t>0 >0

belongs to LP(R?).
For 0 < p <1 we define the quasi-norm || f||%,, by setting
A

(1.4) £ = MLy

Our main result is about atomic decomposition of the elements of H for p < 1,
p close to 1. The notion of HY atom is determined by the following auxiliary function
m(x, V) which is defined by

(1.5) m(a:,V)_lzp(x):sup{r>0: 7"‘1%/3( )V(y)dygl}.
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A function a is an atom of the space HP, associated with a ball B(yo,r) if

(1.6) supp a C B(yo,T),

(1.7) lallz= < |B(yo.r)| 717,

(1.8) r < p(yo),

(1.9) if 7 <27 2p(yo) then /a(x) dx = 0.
The atomic H?, quasi-norm is defined by

(1.10) 11, =it S A0,
where the infimum is taken over all decompositions f = ) j Ajaj, a; being HE and )

being scalars.
Let 6 =2 — %, and ¢’ = min{1, ¢}. Our main result is the following

THEOREM 1.11. Assume that ﬁ < p < 1. Then there exists a constant C > 0 such
that for every compactly supported function f € L*(R?) we have
(112) O A1y, < 11 < CUF 2.

In the case where p = 1 and V satisfies (1.1) the space H} was studied in [DZ2], where
the atomic and Riesz transforms characterizations of the space were proved. Therefore in
the present paper we shall consider the case where ﬁ <p<l.

REMARK 1. The atoms for the HY spaces satisfy the same size conditions as the
classical HP(R?) atoms. The main difference is that the mean-value zero condition for
H" atoms is required only for these that are supported on small balls. Therefore, the
classical Hardy space HP(R?) is always a proper subspace of H A for ﬁ <p<l.

REMARK 2. Let us recall that in the classical theory of Hardy spaces HP(R?) the
condition [ a = 0 is required for all atoms and higher order cancellation conditions are
not needed provided d;j_l < p < 1. Therefore it is natural to ask if there is an atomic
decomposition of the elements of the space HY for % <p< ﬁ. The answer is yes,
however, for these values of p’s different type cancellation conditions for atoms may occur.
This will be studied in a forthcoming paper.

The function m(x, V) appeared in [Sh] where fundamental solutions and boundedness

of Riesz transforms associated with the operator A on L? spaces, p > 1, were investigated.

2. Useful estimates. In this section we state some result concerning properties of
the function m(z, V). Further we present a number of estimates of the kernels associated
with the semigroup {7} }+>0.

LEMMA 2.1. There exists a constant C > 0 such that for every 0 < r < R we have

1 T

s 1
—_— Vv dy < C _— Vv dy.
/B Vs (%) = /B LV

Proof. See [Sh, Lemma 1.2]. m
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COROLLARY 2.2. Ifr < p(z) = m(x, V)™t then

/ V(y)dy < C(rm(x, V))‘Srd_Z.
B(z,r)

LEMMA 2.3. For every Cy > 0 there exists a constant Co > 0 such that

_ V) Cy
2.4 1@ V) _ul<

24 Sy =R TS an Y
Moreover, there exist constants C' > 0, kg > 0 such that

(25) m(y, V) < O+ |z — ylm(z, V))*om(z, V),
(26) m(y V) > ol V)

= O+ [ — ylm(a, V)l
Proof. This is Lemma 1.4 of [Sh]. =

LEMMA 2.7. There exists a constant C > 0 such that if r > p(x) = m(x,V)~! then
[ vy < omiev)Cme v
B(z,r)

Proof. See [Sh, Lemma 1.8]. m

We say that a function w defined on R? is rapidly decaying if for every N > 0 there
exists a constant Cx such that

lw(z)] < Cn(1+ |z|)~ .

COROLLARY 2.8. Ifw is a rapidly decaying nonnegative function, then there exists a

constant C' > 0 such that
S (m(z, V)t'/?)° for t <m(z, V)2
Vv _ dy < t ) = ) ’
Jrosats v < { L oy vis e S
where wy(x) =t~ 2w(t=2z).
Proof. The estimate is a consequence of Corollary 2.2 and Lemma 2.7. =
The corollary below follows from Lemma 2.3.

COROLLARY 2.9. For every rapidly decaying function w there is a rapidly decaying
function & such that for every N > 0 we have

wi(z —y) < wr(x —y)
(L+Vim(z, V)N = (1 + Vim(z, V) + Vim(y, V)NV

The Kato-Trotter formula asserts that
t
210) w9 ko) = [ [ ple - V) deds = o)
o JR

THEOREM 2.11. There exists a rapidly decaying function w > 0 such that for every
N > 0 there exists a constant Cn such that

ki(x,y) < On (1+ Vm(z, V) + Vim(y, V)" wi(z — y).
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Proof. Let G(x,y) denote the fundamental solution of the operator A. Theorem 2.7
of [Sh] asserts that for every n > 0 there exists a constant C,, such that

Cn
(1+ [z = yl(m(z, V) +m(y,V)))" |z — y|9-2
It is not difficult to check using (2.12) that for every positive integer [ there exists a
constant Cj such that

(2.13) m(x, V)" A~ f(2)| < CM' f(2),

(2.12) 0<G(z,y) <

where M is the classical Hardy-Littlewood maximal operator.
Since {T}} is a holomorphic semigroup on L?(R?) we have

(2.14) 107 T\ emr2 < Cpt™™.
Now (1.2) combined with (2.14) leads to

n

|8;lkt(xa y)' — tn+d/2

Applying (2.13) we get

Cn

(2.15) Ikt(x,y)I < W

Finally Theorem 2.11 follows from (1.2), (2.15) and symmetry of the kernel k;(x,y). =
PROPOSITION 2.16. There exists a rapidly decaying function w > 0 such that

a(z,y) < (Vim(z,V)) wi(z — y).

Proof. By definition

qt(x,y):/ot/ps(x—z)V(z)ktS(z,y)dzds:/ot/Q/ —|—/t/t2/:11—|—I2.

Using Theorem 2.11, we have

/2
I §/ / ps(2)V(z + z)wi(x — y) dz ds
|2|<|z—yl/2

t/2
+ / / s~ W2=d2g=cle—ul/ Vs o=clZl/VoY (5 4 2) dz ds.
|z|>]z—yl/2

Applying Corollary 2.8, we obtain
I <wi(z — y)(\/%m(x, V))6~
The estimates for I» go in the same way by using Lemma 2.3. m

Using the same arguments as in the proof of Proposition 2.16 and the fact that
qt(x,y) = q:(y, ) we can show the following

PROPOSITION 2.17. For every 0 < §" < ¢’ there exists a rapidly decaying function
w > 0 such that for every C > 0 there exists a constant C' such that for every h,z,y € R?,
|h| < [z —yl/4, |h] < Cp(y) we have

(2.18) lae(z,y + h) — gz, y)| < C'(|hl(m(z, V) wi(z —y). =
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3. Scale of atomic H? spaces. Fix 0 < ¢ < 1 We say that a is an atom for the
space HZ,, associated to a ball B(yo,r) if

(3.1) supp a C B(yo,r),
(32) lall o < [B(yo,r)[/?,
(3.3) r < ep(yo),
) 1

(3.4) if r< Zsp(yo) then [ a(x)dz =0.

The atomic HZ,, quasi-norm is defined by
(35) 1 =it 3" AP,
where the infimum is taken over all decompositions f = }_; Aja;, a; being HE,, atoms
and ); being scalars. Let us note that Hf"%f;m =115 -

Obviously, there exists a constant C' such that if ¢ < ¢ then
(36) 51 < CIfI,
Moreover if ¢’ <& <1 then there exists a constant C.s . such that
(3-7) ||f||€{5m < CEZEHJCHIE{:/_”L
For fixed 0 < ¢ <1 we define the maximal operator P} by the formula
(3.8) Pif(x) = sup |f*p()l.

0<t<e2p(w)?

PROPOSITION 3.9. For every p € (ﬁ, 1) there exists a constant C' > 0 independent
of € € (0,1] such that for every compactly supported function f € L'(R?) we have

(3.10) CMNPEFI < £ < CIPEFI.
Proof. First we prove that there is a constant C' > 0 such that
(3.11) IPZflle < Clifllmr

Let a be a HE,,, atom associated with a ball B(yo, 7). If a has the cancellation condition
[a =0, then [[PZa|z» < C.If [a # 0 then, by the definition, tep(yo) < r < ep(yo).
Obviously ||PZallLr(B(yo,ary) < C. If 2 & B(yo,4r) = B(yo,r)* then, by Lemma 2.3,
p(x) < Cmax(|x — yo|Fo/FotD) p(ye)t/ ko) p(yg)). Therefore for 0 < t < (ep(x))?, we
have

[pe * a(x)| < Cllal| e p(yo) M=V OHE) g — yo| (M Hko)/(tko)

+Cllallie™ 4 p(yo) M~ — yo M.
This leads to flx_y0|>4r(73;"a(x))p dx < C. Thus (3.11) is proved.
The proof of the second inequality in (3.10) is a combination of a number of lemmas.
Let (@) be a family of C* functions on R and B, = B(ya,7a) be a family of balls
such that there exists a constant C' > 0 such that

(312) sSupp pa C B(yavra) = Ba; Ta = P(ya)v
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(3.13) #{o : B(yar, Rrar) N B(Ya,7a) # 0} < CRC for R > 2,
(3.14) 0<pa <1, [[Vealre < Cm(ya,V),
(3.15) D pa=1.
«
LEMMA 3.16. There is a family of constants c(e) > 0, lim._¢ c(¢) = 0, such that
G| sup ) 5@ ey < N F@ By

0<t<(e max(p(ya),p(x)))?
Proof. Tt suffices to prove (3.17) if fol® is replaced by an HE,, atom a associated
with a ball B(yo, ), where B(yo,r) N B # (). Let us note that for z € BX*, we have
max(p(ya), p(x)) < Cla — yo| /T p(yo) 1/ o).
Therefore, if the atom a does not satisfy the cancellation condition, then
ax pe(@)] < Care™ ol o) M=/ TR — | Mk 1540,

Consequently, the left hand side of (3.17) is estimated by CjeP—4.
If a satisfies the cancellation condition, then r < ep(yo)/4 and

| pe(z)] < Cratt=a/Plg — yo| =271,
Thus the left hand side of (3.17) is bounded by Ce®*P=4, u

COROLLARY 3.18. There exists 0 < eg < 1 and a constant C' > 0 such that for every
0 < e <egg we have

(3.19) 1o @IE, < CIP(fe )L,

Proof. Since f¢(® is supported on B(ya, p(ya)) the theory of local Hardy spaces (cf.
[G]) asserts that

1@, <Cl sup |(F) xpe(a)IE,
' 0<t<(ep(ya))?

<Cl s (e 1 p @Iy Ol sup () 5 pe@) D
0<t<(ep(ya))? « 0<t<(ep(ya))? *

Using Lemma 3.16 we obtain
12, < CIPIIE )L, + e Te I -
This ends the proof of (3.19). m

For € € (0,1] we set

(3.20) T f(z)=>_ sup

o 0<t<eZp(x)?

[ @) = w)pite ) ) dy
LEMMA 3.21. There exists a family of constants c(e) > 0, lim._g c(e) = 0 such that

(3.22) 172 11150 < ()£
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Proof. Since 0 < p < 1 it suffices to show that

(323 % / ( sup |sa<a><x>Ptf<x>—Pt<so<a>f><x>|p)dxsc<s>||f||§z,gm,

0<t<(ep(z))?

where P, f(x) = f * pe(x).
Set

Taif(@) = o' (@) P f(z) — P f)(z) = / [0 (z) — o) ()] pe(z — y) f(y) dy.

Let a be an HZ,, associated with a ball B(yo,r). Let Zy = {a: B(yo,r) N By" = 0}, and
I, ={a: B(yo,r)NBL" # 0}. We note that the number of elements in 7y is bounded by
a constant independent of a. If o € Ty, then J,, a(x) = [ ¢\ (x)p(x — y)a(y) dy. Thus,
by the same arguments as in the proof of Lemma 3. 16 we get

Z / sup | Taca(2)|P dz < c(e).

acTy 0<t<(ep(z))?

Let us consider « being in Zs. If © ¢ B(yo, p(yo))*, then

Tapa(z) = / pe(x — y)' (y)aly) dy.
Since ||ga(a)a|\H5:m < C, where the constant C is independent of ¢, a and «, the same
arguments as in the proof of Lemma 3.16 can be applied to obtain

Z /B sup | Jaa(x)]P dr < c(e).

ey’ Byo,p(yo))=e 0<t<(ep(x))?

If = € B(yo, p(y0))*, then p(x) ~ p(yo). Thus

Vi
Tasa(o)] = | [ =Lswa)aty) dy| < Ce| [ Wilaals)ay.

where Uy (2, y) = p(yo)t/* (0™ () —¢'®) (y))pe(z—y). We note that [¥y(z, y) < wi(z—y)
and |V, (z,y)| <t~ 2wi(z —5y) for 0 < t < Cp(yo)?. Therefore the standard methods
can be used in order to show that

/ sup  |Jaa(z)|Pdr <c(e). m
B

(y0,p(y0))* 0<t<(ep(x))?

o€y
Now we are in a position to finish the proof of the second inequality in (3.10). By
(3.15), Corollary 3.18, and Lemma 3.21, we obtain

111z <CZH¢“‘ e

5 m

<CZHP @ HIE,

< CIPfIls + CHT*fHLp < CIP:fIlL, + Cele) I
Taking ¢ sufficiently small we get
[ fll ez, < CIPZFIL,

provided 0 < € < gy. From (3.6) and (3.7) we conclude that (3.22) holds for 0 < ¢ < 1.
This completes the proof of Proposition 3.9. m

5 m
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We define the maximal function

Qf(x)=  sup

0<t<e?p(z)?

[ati) dy\.

PROPOSITION 3.24. Assume that ﬁ < p < 1. Then there exists a family of con-

stants ¥ > 0, v — 0 as € — 0, such that

192710 <l .-

Proof. Let a be an HZ,, atom associated with a ball B(yo,r). Applying Proposition
2.16, we get

Qa(z) < C°|B,|' 7.
Therefore

/ Qra(z)P dr < CeP°.
B(yo,4r)

In order to estimate Q*a(z) outside the ball B(yo, 47) we need to consider two cases.
If a satisfies the cancellation condition [ a = 0, then, by Proposition 2.17,

[atevatwas] = ‘ [@te) — ates0)aw)dy

< C(WVim(z, V) 70 Py (@ — yo)r® Hi=a/p,

Thus
Qa(x) < ce®” |z — yo|_"l_‘sﬂ7“‘5”4"71_61/7”7

and, consequently,

/ (QFa(z))? dz < Ce'P.
|z—yo|>4r

If [a#0, then r ~ p(yo). Since ¢ < e?p(z)?, applying Proposition 2.16 and Lemma 2.3,
we get

| [ e vawdy] < Vim(a.v))* [ law)lerta - ) dy

<0 (Vtm(z,V))ord=d/p
= "m(yo, V) x — yol

Therefore

/ (Qfa(x))P do < CeP. m
|z—yo|>4r

4. Proof of Theorem 1.11. First we prove the first inequality in (1.12), that is,
(4.1) £, < CIFIZs
By (3.6) and (3.7) it suffices to show that there is € > 0 such that
(4.2) I1£18 < CIFIE.
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Applying Proposition 3.9 we have that there exists a constant C; independent of &
such that

112 < Sllpallle < C S P2 pal)E

ST +C1 Y lea(POIG,.

By Lemma 3.21, we obtain
171 < Cre@IF I, +C Y lealPNIE,

< Cre(@)lIf s +Co Y lleal QNI +C1 D lpalMAIE-

Finally, taking e sufficiently small using (3.12)-(3.15) and Proposition 3.24, we obtain
(4.2).
For proving the converse inequality it suffices to show that

[Mallr» <C

for every a being an HE, atom. So, let a be such an atom associated with a ball B(yo, r).
Obviously it follows from (1.2) that

HMGHiP(B(yoAT)) =C.

In order to estimate Ma(x) for x ¢ B(yo,4r) we use (2.10) combined with Proposition
2.17 if a satisfies the cancellation condition, and with Proposition 2.16 otherwise. m
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